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Preface

In recent years there has been renewed interest in the calculus of variations,
motivated in part by ongoing research in materials science and other disci-
plines. Often, the study of certain material instabilities such as phase transi-
tions, formation of defects, the onset of microstructures in ordered materials,
fracture and damage, leads to the search for equilibria through a minimization
problem of the type

min {I (v) : v ∈ V} ,

where the class V of admissible functions v is a subset of some Banach space V .
This is the essence of the calculus of variations: the identification of neces-

sary and sufficient conditions on the functional I that guarantee the existence
of minimizers. These rest on certain growth, coercivity, and convexity condi-
tions, which often fail to be satisfied in the context of interesting applications,
thus requiring the relaxation of the energy. New ideas were needed, and the in-
troduction of innovative techniques has resulted in remarkable developments
in the subject over the past twenty years, somewhat scattered in articles,
preprints, books, or available only through oral communication, thus making
it difficult to educate young researchers in this area.

This is the first of two books in the calculus of variations and measure
theory in which many results, some now classical and others at the forefront
of research in the subject, are gathered in a unified, consistent way. A main
concern has been to use contemporary arguments throughout the text to re-
visit and streamline well-known aspects of the theory, while providing novel
contributions.

The core of this book is the analysis of necessary and sufficient conditions
for sequential lower semicontinuity of functionals on Lp spaces, followed by
relaxation techniques. What sets this book apart from existing introductory
texts in the calculus of variations is twofold: Instead of laying down the theory
in the one-dimensional setting for integrands f = f(x, u, u′), we work in N
dimensions and no derivatives are present. In addition, it is self-contained in
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the sense that, with the exception of fundamentally basic results in measure
theory that may be found in any textbook on the subject (e.g., Lebesgue
dominated convergence theorem), all the statements are fully justified and
proved. This renders it accessible to beginning graduate students with basic
knowledge of measure theory and functional analysis. Moreover, we believe
that this text is unique as a reference book for researchers, since it treats both
necessary and sufficient conditions for well-posedness and lower semicontinuity
of functionals, while usually only sufficient conditions are addressed.

The central part of this book is Part III, although Parts I and II contain
original contributions. Part I covers background material on measure theory,
integration, and Lp spaces, and it combines basic results with new approaches
to the subject. In particular, in contrast to most texts in the subject, we do
not restrict the context to σ-finite measures, therefore laying the basis for
the treatment of Hausdorff measures, which will be ubiquitous in the setting
of the second volume, in which gradients will be present. Moreover, we call
attention to Section 1.1.4, on “comparison between measures”, which is com-
pletely novel: The Radon–Nikodym theorem and the Lebesgue decomposition
theorem are proved for positive measures without our having first to introduce
signed measures, as is usual in the literature. The new arguments are based on
an unpublished theorem due to De Giorgi treating the case in which the two
measures in play are not σ-finite. Here, as De Giorgi’s theorem states, a diffuse
measure must be added to the absolutely continuous and singular parts of the
decomposition. Also, we give a detailed proof of the Morse covering theorem,
which does not seem to be available in other books on the subject, and we
derive as a corollary the Besicovitch covering theorem instead of proving it
directly.

Part II streamlines the study of convex functions, and the treatment of the
direct method of the calculus of variations introduces the reader to the close
connection between sequential lower semicontinuity properties and existence
of minimizers. Again here we present an unpublished theorem of De Giorgi,
the approximation theorem for real-valued convex functions, which provides
an explicit formula for the affine functions approximating a given convex func-
tion f . A major advantage of this characterization is that additional regularity
hypotheses on f are reflected immediately on the approximating affine func-
tions.

In Part III we treat sequential lower semicontinuity of functionals defined
on Lp, and we separate the cases of inhomogeneous and homogeneous func-
tionals. The latter are studied in Chapter 5, where

I(u) :=
∫

E

f(v(x)) dx

with E a Lebesgue measurable subset of the Euclidean space R
N , f : R

m →
(−∞,∞] and v ∈ Lp(E; Rm) for 1 ≤ p ≤ ∞. This material is intended for
an introductory graduate course in the calculus of variations, since it requires
only basic knowledge of measure theory and functional analysis. We treat both
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bounded and unbounded domains E, and we address most types of strong and
weak convergence. In particular, the setting in which the underlying conver-
gence is that of (Cb (E))′ is new.

Chapter 6 and Chapter 7 are devoted to integrands f = f (x, v) and f =
f (x, u, v), respectively, and are significantly more advanced, since the proofs
of the necessity parts are heavily hinged on the concept of multifunctions. An
important tool here is selection criteria, and the reader will benefit from a
comprehensive and detailed study of this subject.

Finally, Chapter 8 describes basic properties of Young measures and how
they may be used in relaxation theory.

The bibliography aims at giving the main references relevant to the con-
tents of the book. It is by no means exhaustive, and many important contri-
butions to the subject may have failed to be listed here.

To conclude, this text is intended as a graduate textbook as well as a ref-
erence for more-experienced researchers working in the calculus of variations,
and is written with the intention that readers with varied backgrounds may
access different parts of the text.

This book prepares the ground for a second volume, since it introduces
and develops the basic tools in the calculus of variations and in measure the-
ory needed to address fundamental questions in the treatment of functionals
involving derivatives.

Finally, in a book of this length, typos and errors are almost inevitable.
The authors will be very grateful to those readers who will write to either
fonseca@andrew.cmu.edu or giovanni@andrew.cmu.edu indicating those that
they have found. A list of errors and misprints will be maintained and updated
at the web page http://www.math.cmu.edu/˜leoni/book1.

Pittsburgh, Irene Fonseca
month 2007 Giovanni Leoni
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Part I

Measure Theory and Lp Spaces



1

Measures

Measure what is measurable, and
make measurable what is not so.
(Misura ciò che è misurabile, e
rendi misurabile ciò che non lo è)

Galileo Galilei (1564–1642)

1.1 Measures and Integration

This chapter covers a wide range of properties of measures. Those that we con-
sider basic and well known (for example the Lebesgue dominated convergence
theorem) will only be stated, and the reader is referred to classical textbooks
such as [DB02], [EvGa92], [Fol99], [Rao04], [Ru87], [Z67]. The reader should
be warned that in some of these books outer measures are called measures.

Results that are difficult to find in the literature, that are new, or that
may be presented in a more contemporary way will be proved in this text.

1.1.1 Measures and Outer Measures

Definition 1.1. Let X be a nonempty set. A collection M ⊂ P (X) is an
algebra if

(i) ∅ ∈M;
(ii) if E ∈ M then X \ E ∈ M;
(iii) if E1, E2 ∈ M then E1 ∪ E2 ∈ M.

M is said to be a σ-algebra if it satisfies (i)–(ii) and

(iii)′ if {En} ⊂ M then
⋃∞

n=1En ∈ M.
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To highlight the dependence of the σ-algebra M on X we will sometimes
use the notation M (X). If M is a σ-algebra then the pair (X,M) is called
a measurable space. For simplicity we will often apply the term measurable
space only to X.

Using De Morgan’s laws and (ii) and (iii)′, it follows that a σ-algebra is
closed under countable intersection. In particular, if E, F ∈M then E ∩ F ∈
M, and this leads to the notion of restriction of M to a set E ⊂ X (not
necessarily measurable), i.e., the induced σ-algebra

M	E := {E ∩ F : F ∈M} .

Example 1.2. (i) In view of (i) and (ii), every algebra contains X. Hence the
smallest algebra (respectively σ-algebra) is {∅,X} and the largest is the
collection P (X) of all subsets of X.

(ii) If X = [0, 1), the family M of all finite unions of intervals of the type
[a, b) ⊂ [0, 1) is an algebra but not a σ-algebra. Indeed,

E :=
∞⋂

n=1

[
0,

1
n

)
= {0} /∈ M.

Let X be a nonempty set. Given any subset F ⊂ P (X) the smallest (in
the sense of inclusion) σ-algebra that contains F is given by the intersection
of all σ-algebras on X that contain F .

If X is a topological space, then the Borel σ-algebra B (X) is the smallest
σ-algebra containing all open subsets of X. The elements of B (X) are called
Borel sets. Unless indicated otherwise, in the sequel it is understood that the
Euclidean space R

N , N ≥ 1, and the extended real line R := [−∞,∞] are en-
dowed with the Borel σ-algebras associated to the respective usual topologies:
In R

N we consider the Euclidean norm

|x| :=
√

(x1)
2 + . . .+ (xN )2

with x = (x1, . . . , xN ), and we take as basis of open sets in R the collection
of all intervals of the form (a, b), (a,∞], [−∞, b) with a, b ∈ R.

Remark 1.3. If X is a topological space and Y ⊂ X then

B (Y ) = B (X) 	Y . (1.1)

Indeed, B (X) 	Y is a σ-algebra in Y that contains

{A ∩ Y : A is open in X} = {A′ : A′ is open in Y } .

By definition of B (Y ) we deduce that B (Y ) ⊂ B (X) 	Y . Conversely, let

N := {F ⊂ X : F ∩ Y ∈ B (Y )} .

Then N is a σ-algebra in X that contains all open sets in X. Hence B (X) ⊂ N

and so B (Y ) ⊃ B (X) 	Y .
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Definition 1.4. Let X be a nonempty set, let M ⊂ P (X) be an algebra, and
let µ : M → [0,∞].

(i) µ is a (positive) finitely additive measure if

µ (∅) = 0, µ (E1 ∪ E2) = µ (E1) + µ (E2)

for all E1, E2 ∈M with E1 ∩ E2 = ∅.
(ii) µ is a (positive) countably additive measure if

µ (∅) = 0, µ

( ∞⋃
n=1

En

)
=

∞∑
n=1

µ (En)

for every countable collection {En} ⊂ M of pairwise disjoint sets such
that

⋃∞
n=1En ∈M.

Definition 1.5. Let X be a nonempty set, let M ⊂ P (X) be a σ-algebra.

(i) A map µ : M→ [0,∞] is called a (positive) measure if

µ (∅) = 0, µ

( ∞⋃
n=1

En

)
=

∞∑
n=1

µ (En)

for every countable collection {En} ⊂ M of pairwise disjoint sets. The
triple (X,M, µ) is said to be a measure space.

(ii) Given a measure µ : M → [0,∞], a set E ∈ M has σ-finite µ measure if it
can be written as a countable union of measurable sets of finite measure;
µ is said to be σ-finite if X has σ-finite µ measure; µ is said to be finite
if µ (X) < ∞. Analogous definitions can be given for finitely additive

measures.
(iii) A measure µ is said to be a probability measure if µ (X) = 1.

Exercise 1.6. (i) Let X be a nonempty set. Show that the function µ :
P (X) → [0,∞] defined by

µ (E) :=
{

cardE if E is finite,
∞ otherwise,

is a measure. Here card is the cardinality. The measure µ is called the
counting measure. Prove that µ is finite (respectively σ-finite) if and only
if X is finite (respectively denumerable).

(ii) Given a sequence {xn} of nonnegative numbers we introduce µ : P (N) →
[0,∞] as

µ (E) :=
∑
n∈E

xn, E ⊂ N.

Prove that µ is a σ-finite measure.
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If (X,M, µ) is a measure space then the restriction of µ to a subset E ∈M

is the measure µ	E : M→ [0,∞] defined by

(µ	E) (F ) := µ (F ∩ E) , F ∈M.

Often, when there is no possibility of confusion, we use the same notation µ	E
to denote the restriction of the measure µ to the σ-algebra M	E.

Among properties of measures we single out the following monotone con-
vergence results.

Proposition 1.7. Let (X,M, µ) be a measure space.

(i) If {En} is an increasing sequence of subsets of M then

µ

( ∞⋃
n=1

En

)
= lim

n→∞
µ (En) .

(ii) If {En} is a decreasing sequence of subsets of M and µ (E1) <∞ then

µ

( ∞⋂
n=1

En

)
= lim

n→∞
µ (En) .

Proof. (i) If µ (En) = ∞ for some n ∈ N then both sides in (i) are ∞ and
there is nothing to prove. Thus assume that µ (En) < ∞ for all n ∈ N and
define

Fn := En \ En−1,

where E0 := ∅. Since {En} is an increasing sequence, it follows that the sets
Fn are pairwise disjoint with

⋃∞
n=1En =

⋃∞
n=1 Fn, and so by the properties

of measures we have

µ

( ∞⋃
n=1

En

)
= µ

( ∞⋃
n=1

Fn

)
=

∞∑
n=1

µ (Fn) = lim
l→∞

l∑
n=1

µ (Fn)

= lim
l→∞

l∑
n=1

(µ (En)− µ (En−1)) = lim
l→∞

µ (El) .

(ii) Apply part (i) to the increasing sequence {E1 \ En}.

Example 1.8. Without the hypothesis µ (E1) <∞, property (ii) may be false.
Indeed, consider the counting measure defined in Exercise 1.6 withX := N and
define En := {n, n+ 1, . . . , }. Then {En} is a decreasing sequence, µ (En) =∞
for all n ∈ N, but

µ

( ∞⋂
n=1

En

)
= µ (∅) = 0 �= lim

n→∞
µ (En) =∞.
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It turns out that for a finitely additive measure, property (i) is equivalent
to countable additivity. Indeed, we have the following proposition.

Proposition 1.9. Let X be a nonempty set, let M ⊂ P (X) be an algebra,
and let µ : M → [0,∞] be a finitely additive measure. Then µ is countably
additive if and only if

µ

( ∞⋃
n=1

En

)
= lim

n→∞
µ (En) (1.2)

for every increasing sequence {En} ⊂ M such that
⋃∞

n=1En ∈M.
In addition, if µ is finite then µ is countably additive if and only if

lim
n→∞

µ (En) = 0 (1.3)

for every decreasing sequence {En} ⊂M such that
⋂∞

n=1En = ∅.

Proof. If µ is countably additive, then (1.2) and (1.3) follow as in the proof of
Proposition 1.7. Suppose now that (1.2) holds. Let {Fn} ⊂ M be a sequence
of mutually disjoint sets such that

⋃∞
n=1 Fn ∈M, and define

En :=
n⋃

k=1

Fk.

Then by (1.2) we have

µ

( ∞⋃
k=1

Fk

)
= µ

( ∞⋃
n=1

En

)
= lim

n→∞
µ (En)

= lim
n→∞

n∑
k=1

µ (Fk) =
∞∑

k=1

µ (Fk) ,

and with this we have shown that µ is countably additive.
Finally, assume that µ is finite and that (1.3) holds. We claim that (1.2) is

satisfied. Let {En} ⊂ M be an increasing sequence such that
⋃∞

n=1En ∈ M.
Then the sequence

Fn :=

( ∞⋃
k=1

Ek

)
\ En

is decreasing and
⋂∞

n=1 Fn = ∅. Hence from (1.3),

0 = lim
n→∞

µ (Fn) = µ

( ∞⋃
k=1

Ek

)
− lim

n→∞
µ (En) ,

and this proves (1.2).
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Exercise 1.10. Let X := N and let M be the algebra consisting of all finite
subsets of N and their complements. Show that the set function µ : M →
{0,∞} given by

µ (E) :=
{

0 if E is finite,
∞ otherwise,

is a finitely additive measure satisfying property (ii) of Proposition 1.7 but it
is not countably additive.

Using the previous proposition one may characterize finitely additive mea-
sures that are not countably additive. This brings us to the following defini-
tion.

Definition 1.11. Let X be a nonempty set and let M ⊂ P (X) be an algebra.
A finitely additive measure µ : M→ [0,∞] is said to be purely finitely additive
if there exists no nontrivial countably additive measure ν : M → [0,∞] with
0 ≤ ν ≤ µ.

Theorem 1.12 (Hewitt–Yosida). Let X be a nonempty set, let M ⊂ P (X)
be an algebra and let µ : M → [0,∞) be a finitely additive measure. Then µ
can be uniquely written as a sum of a countably additive measure and a purely
finitely additive measure.

Proof. For E ∈ M define

µp (E) := sup
{

lim
n→∞

µ (En) : {En} ⊂ M, En+1 ⊂ En for all n,

En ⊂ E for all n,
∞⋂

n=1

En = ∅
}

,

µc (E) := µ (E)− µp (E) .

One can verify that µp and µc are finitely additive measures. We now show
that µc is countably additive. Let {En} ⊂ M be a decreasing sequence with⋂∞

n=1En = ∅. Then from the definition of µp for each l ∈ N we have

∞ > µ (El) ≥ µp (El) ≥ lim
n→∞

µ (En) ,

and so, letting l→∞, we obtain

lim
n→∞

µp (En) = lim
n→∞

µ (En) <∞,

which implies that limn→∞ µc (En) = 0. The claim now follows from Propo-
sition 1.9.

Next we show that µp is a purely finitely additive measure. Let ν : M →
[0,∞] be a countably additive measure with 0 ≤ ν ≤ µp. For any E ∈ M

set r := 1
3ν (E). Then µp (E) ≥ 3r, and so if r > 0 there exists a decreasing

sequence {En} ⊂M of subsets of E, with
⋂∞

n=1En = ∅, such that
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lim
n→∞

µ (En) > 2r.

Then µp (En) > 2r for every n ∈ N (since the sequence {Ek}∞k=n is admissible
in the definition of µp (En)), while limn→∞ ν (En) = 0. Hence

lim
n→∞

ν (E \ En) = 3r,

and so for all n sufficiently large,

µp (E) = µp (En) + µp (E \ En) > 2r + ν (E \ En) > 4r.

Inductively we would obtain µp (E) > lr for every l ∈ N, and this would
contradict the fact that µp is finite. Hence ν ≡ 0 and µp is a purely finitely
additive measure.

Exercise 1.13. Prove that µp and µc are finitely additive measures and that
the decomposition µ = µp + µc in the previous theorem is unique.

Example 1.14. The finitely additive measure µ defined in Exercise 1.10 is
purely finitely additive. Indeed, if ν : M → [0,∞] is a countably additive
measure with 0 ≤ ν ≤ µ, then since µ ({1, . . . , n}) = 0 for every n ∈ N, we
have that ν ({1, . . . , n}) = 0 and so from Proposition 1.7(i) it follows that

ν (N) = lim
n→∞

ν ({1, . . . , n}) = 0.

Hence ν ≡ 0 and µ is purely finitely additive.

The next proposition will be particularly useful for the analysis of deriva-
tives of measures and in the application of the blowup method (see Theorem
5.14).

Proposition 1.15. Let (X,M, µ) be a measure space with µ finite and let
{Ej}j∈J ⊂ M be an arbitrary family of pairwise disjoint subsets of X. Then
µ (Ej) = 0 for all but at most countably many j ∈ J .

Proof. Fix k ∈ N and let

Jk :=
{
j ∈ J : µ (Ej) >

1
k

}
.

We claim that the set Jk is finite. Indeed, if I is any finite subset of Jk, then

∞ > µ (X) ≥ µ

⎛
⎝⋃

j∈I

Ej

⎞
⎠ =

∑
j∈I

µ (Ej) ≥
1
k

∑
j∈I

1 =
1
k

card I,

which implies that Jk cannot have more than �kµ (X)� elements, where
�kµ (X)� is the integer part of kµ (X). Thus

{j ∈ J : µ (Ej) > 0} =
∞⋃

k=1

Jk

is at most countable.
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The definition below introduces very important properties of measures
that may be perceived as some sort of Darboux continuity.

Definition 1.16. Let (X,M, µ) be a measure space.

(i) The measure µ : M → [0,∞] is said to have the finite subset property or
to be semifinite if for every E ∈ M, with µ (E) > 0, there exists F ∈ M,
with F ⊂ E, such that 0 < µ (F ) <∞.

(ii) A set E ∈ M of positive measure is said to be an atom if for every
F ∈ M, with F ⊂ E, either µ (F ) = 0 or µ (F ) = µ (E). The measure
µ is said to be nonatomic if there are no atoms, that is, if for every set
E ∈ M of positive measure there exists F ∈ M, with F ⊂ E, such that
0 < µ (F ) < µ (E).

Example 1.17. (i) We will show in Remark 1.161 that the Lebesgue measure
is nonatomic. An important class of non-σ-finite nonatomic measures is
given by the Hausdorff measures Hs, s > 0 (see [FoLe10]).

(ii) To construct an example of a measure with the finite subset property that
is not σ-finite, let X be an uncountable set, and to every finite set assign
a measure equal to its cardinality; to all other sets assign measure ∞.

Exercise 1.18. Let X be a nonempty set and let f : X → [0,∞] be any
function. The set function µ : P (X) → [0,∞] defined by

µ (E) := sup

{∑
x∈F

f (x) : F ⊂ E, F finite

}
, E ⊂ X,

is a measure. Show that

(i) µ has the finite subset property if and only if f (x) <∞ for all x ∈ X;
(ii) µ is σ-finite if and only if f (x) < ∞ for all x ∈ X and the set

{x ∈ X : f (x) > 0} is countable. In the special case f ≡ 1 we obtain
the counting measure, while if

f (x) :=
{

1 if x = x0,
0 otherwise,

for some fixed x0 ∈ X, then for every E ⊂ X,

µ (E) =
{

1 if x0 ∈ E,
0 otherwise.

Then µ is called Dirac delta measure with mass concentrated at the point
x0 and is denoted by δx0 . Prove that the set {x0} is an atom.

Remark 1.19. (i) It follows from the definition that a nonatomic measure has
the finite subset property. Another important class of measures with the
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finite subset property is given by σ-finite measures. Indeed, if µ is a σ-finite
measure, then

X =
∞⋃

n=1

Xn

with Xn ∈ M and µ (Xn) < ∞. Hence if E ∈ M and µ (E) > 0, then
there exists n such that 0 < µ (E ∩Xn) ≤ µ (Xn) <∞.

(ii) The reader should be warned that in the literature there are at least two,
more restrictive, definitions of atoms. In some papers atoms are defined
as above, but they are required to have finite measure, while in others a
set E ∈ M of positive measure is said to be an atom if for every F ∈ M,
with F ⊂ E, either µ (F ) = 0 or µ (E \ F ) = 0. The main difference con-
sists in the fact that with these two definitions there could be nonatomic
measures of the form µ : M → {0,∞}, while with the definition that we
have adopted, any set E ∈ M such that µ : M	E → {0,∞} is considered
an atom. Note that for measures with the finite subset property (and in
particular for finite or σ-finite measures) all these definitions are equiv-
alent, since sets E ∈ M such that µ : M	E → {0,∞} are automatically
excluded. The main advantage with our approach is that nonatomic nonfi-
nite measures preserve many of the important features of nonatomic finite
measures such as the Darboux property given in the following theorem.
Readers more familiar with the other definitions of atoms should simply
assume in all the theorems on nonatomic measures that the finite subset
property holds.

The next two results play an important role in the study of the well-
posedness of energy functionals as illustrated in Theorem 5.1.

Proposition 1.20. Let (X,M, µ) be a measure space with µ nonatomic. Then
the range of µ is the closed interval [0, µ (X)].

Proof. Fix 0 < t < µ (X) and let

C := {E ∈ M : 0 < µ (E) ≤ t} .

We claim that C is nonempty. Indeed, since µ is nonatomic, there exists X1 ∈
M with 0 < µ (X1) < µ (X). Using again the fact that µ is nonatomic, it is
possible to partition

X1 = F1 ∪ F2,

where Fi ∈ M and 0 < µ (Fi) < µ (X1), i = 1, 2. Therefore one of the two
sets F1 and F2 has measure equal to at most 1

2µ (X1), and we call that set
E1. By induction, assuming that E1, . . . , En have been selected with

0 < µ (En) ≤ 1
2n
µ (X1) , (1.4)
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as before we find En+1 ⊂ En such that En+1 ∈ M and 0 < µ (En+1) ≤
1
2µ (En). We have constructed a sequence {En} ⊂ M satisfying (1.4), and so
for n large enough, En ∈ C.

Next we claim that there exists a measurable set with measure t. The
proof is again by induction. Set F0 := ∅, and suppose that Fn has been given.
Define

tn := sup {µ (E) : E ⊃ Fn, E ∈ M, µ (E) ≤ t}
and let Fn+1 ∈ M be such that Fn+1 ⊃ Fn and

tn −
1
n
≤ µ (Fn+1) ≤ tn. (1.5)

Note that 0 ≤ tn+1 ≤ tn ≤ t, and so there exists

lim
n→∞

tn = s ≤ t. (1.6)

Set
F∞ :=

⋃
n

Fn. (1.7)

By Proposition 1.7(ii) and (1.5),

µ (F∞) = lim
n→∞

µ (Fn) = s.

It remains to show that s = t. If s < t then

µ (X \ F∞) = µ (X)− µ (F∞) > t− s > 0,

and so reasoning as in the first part of the proof with X\F∞ in place of X and
t− s in place of t there would exist a set E ∈M such that E ⊂ X \ F∞ and

0 < µ (E) ≤ t− s.

Thus
s = µ (F∞) < µ (E ∪ F∞) ≤ t,

and so by (1.6) it would follow that tn < µ (E ∪ F∞) for all n sufficiently
large. Since Fn ⊂ E ∪ F∞ by (1.7), this would contradict the definition of tn
for all n sufficiently large.

A consequence of the previous theorem is the following result, which will
be repeatedly used in the second part of the book (see, e.g., the proof of
Theorem 5.1).

Corollary 1.21. Let (X,M, µ) be a measure space with µ nonatomic. Let
{rn} be a sequence of positive numbers such that

∞∑
n=1

rn ≤ µ (X) .

Then there exists a sequence of mutually disjoint measurable sets {En} such
that µ (En) = rn for all n ∈ N.
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Proof. By Proposition 1.20 there exists a measurable set E1 such that
µ (E1) = r1. Since µ (X \ E1) ≥ r2, again invoking the previous proposition
we may find a measurable set E2 ⊂ X \ E1 such that µ (E2) = r2. A simple
induction argument yields a family of measurable sets En with

En ⊂ X \
n−1⋃
i=1

Ei, µ (En) = rn.

This concludes the proof.

If a measure µ has atoms, then it is possible to decompose it into the sum
of a nonatomic measure and a purely atomic measure, that is, a measure such
that every set of positive measure contains an atom. Precisely, we have the
following result.

Proposition 1.22. Let (X,M, µ) be a measure space. Then there exist mea-
sures µ1, µ2 : M→ [0,∞] such that µ1 is purely atomic, µ2 is nonatomic, and
µ = µ1 + µ2.

We begin with a preliminary result that is of interest in itself.

Lemma 1.23. Let (X,M, µ) be a measure space and let N ⊂ M be a family
closed under finite unions and such that ∅ ∈ N. Then the set functions µ1,
µ2 : M→ [0,∞] defined by

µ1 (E) := sup {µ (E ∩ F ) : F ∈ N} , E ∈ M, (1.8)
µ2 (E) := sup {µ (E ∩ F ) : F ∈ M, µ1 (F ) = 0} , E ∈M, (1.9)

are measures, µ = µ1 + µ2, and µ1 (E) = µ (E) for all E ∈ N. Moreover, for
each E ∈ M the suprema in the definition of µ1 and µ2 are actually attained
by measurable sets.

Proof. Step 1: We begin by showing that µ1 and µ2 are measures. Observe
that if E ∈ N, then the right-hand side of (1.8) coincides with µ (E), and
so µ1 (E) = µ (E). In particular, since ∅ ∈ N we have that µ1 (∅) = 0. Let
{En} ⊂ M be any sequence of pairwise disjoint sets. Then for every F ∈ N,

µ

(( ∞⋃
n=1

En

)
∩ F

)
=

∞∑
n=1

µ (En ∩ F ) ≤
∞∑

n=1

µ1 (En) ,

and taking the supremum over all F ∈ N, we obtain that

µ1

( ∞⋃
n=1

En

)
≤

∞∑
n=1

µ1 (En) .

To prove the reverse inequality it suffices to assume that µ1 (
⋃∞

n=1En) <∞.
Since µ1 is monotone with respect to inclusion, it follows that µ1 (En) < ∞
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for all n ∈ N, and so for very fixed ε > 0 and for each n ∈ N we may find
Fn ∈ N such that

µ1 (En) ≤ µ (En ∩ Fn) +
ε

2n
.

Hence for every l ∈ N,

l∑
n=1

µ1 (En) ≤
l∑

n=1

(
µ (En ∩ Fn) +

ε

2n

)
≤ µ

(
l⋃

n=1

(En ∩ Fn)

)
+ ε

≤ µ

( ∞⋃
n=1

En ∩
(

l⋃
k=1

Fk

))
+ ε ≤ µ1

( ∞⋃
n=1

En

)
+ ε,

where we have used the fact that
⋃l

k=1 Fk belongs to N. By letting first l→∞
and then ε→ 0+ we conclude that µ1 is a measure.

Moreover, since N is closed under finite unions, for every E ∈ M we may
find an increasing sequence of sets {Fn} ⊂ N such that

µ1 (E) = µ (E ∩ F∞) , where F∞ :=
∞⋃

n=1

Fn. (1.10)

This shows that the supremum in the definition of µ1 is attained.
Since µ1 is a measure, the family M1 := {F ∈M : µ1 (F ) = 0} is closed

under finite unions and contains ∅, and so, applying what we just proved with
µ1 and N replaced by µ2 and M1, respectively, we obtain that also µ2 is a
measure and that the supremum in the definition of µ2 is attained.

Step 2: It remains to show that µ = µ1 + µ2. Fix E ∈ M. Since µ1 (E),
µ2 (E) ≤ µ (E), then if µ1 (E) =∞ or µ2 (E) = ∞, there is nothing to prove.
Thus assume that µ1 (E), µ2 (E) <∞ and let F∞ be defined as in (1.10). We
claim that µ1 (E \ F∞) = 0. Indeed, if µ1 (E \ F∞) > 0 then we would be able
to find F ∈ N such that

µ1 (E \ F∞) ≥ µ ((E \ F∞) ∩ F ) > 0.

But then

µ1 (E) = µ (E ∩ F∞) < µ (E ∩ (F∞ ∪ F )) = lim
l→∞

µ

(
E ∩

(
l⋃

n=1

Fn ∪ F
))

,

and since
⋃l

n=1 Fn ∪ F ∈ N, if l is sufficiently large we would contradict
the definition of µ1 (E). Hence µ1 (E \ F∞) = 0, and so by (1.9) we have
µ2 (E) ≥ µ (E \ F∞). Thus

µ1 (E) + µ2 (E) ≥ µ (E ∩ F∞) + µ (E \ F∞) = µ (E) .

To prove the reverse inequality find an increasing sequence of measurable
sets {Gk}, with µ1 (Gk) = 0, such that
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µ2 (E) = µ (E ∩G∞) , where G∞ :=
∞⋃

k=1

Gk.

Note that
µ1 (G∞) = 0. (1.11)

We claim that
µ (E ∩ F∞ ∩G∞) = 0.

Indeed, if not, then for all l sufficiently large,

µ

(
E ∩

(
l⋃

n=1

Fn

)
∩G∞

)
> 0,

and so

µ1 (E ∩G∞) ≥ µ

(
E ∩

(
l⋃

n=1

Fn

)
∩G∞

)
> 0,

which contradicts (1.11). Hence the claim holds, and in turn,

µ1 (E) + µ2 (E) = µ (E ∩ F∞) + µ (E ∩G∞) = µ (E ∩ (F∞ ∪G∞)) ≤ µ (E) .

This concludes the proof.

We are now ready to prove Proposition 1.22.

Proof (Proposition 1.22). Define µ1 and µ2 as in (1.8) and (1.9), where N is
the family of all countable unions of atoms together with the empty set. By
the previous lemma we have that µ1 and µ2 are measures, that µ = µ1 + µ2,
and µ1 (E) = µ (E) for all E ∈ N. We show that µ1 is purely atomic. Suppose
that E ∈ M and µ1 (E) > 0. By (1.8) we may find a countable family {Fn}
of µ-atoms such that

µ

(
E ∩

⋃
n

Fn

)
> 0.

Then µ (E ∩ Fn) > 0 for some µ-atom Fn. We claim that E∩Fn is a µ1-atom.
To see this, assume by contradiction that there exists G ∈M such that

0 < µ1 (E ∩ Fn ∩G) < µ1 (E ∩ Fn) .

Then

0 < µ1 (E ∩ Fn ∩G) < µ1 (E ∩ Fn) ≤ µ (E ∩ Fn) ≤ µ (Fn) ,

and by (1.8) applied to E ∩ Fn ∩G there exists F ∈ N such that

0 < µ (E ∩ Fn ∩G ∩ F ) ≤ µ1 (E ∩ Fn ∩G) < µ (Fn) ,
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which contradicts the fact that Fn is a µ-atom. This shows that E ∩ Fn is a
µ1-atom and that µ1 is purely atomic.

Next we prove that µ2 is nonatomic. Suppose that E ∈M and µ2 (E) > 0.
By (1.9) there is F ∈M, with µ1 (F ) = 0, such that

µ2 (E) ≥ µ (E ∩ F ) > 0. (1.12)

Then E∩F is not a µ-atom, since otherwise, µ1 (E ∩ F ) > 0. Since µ (E ∩ F ) >
0 and E ∩F is not a µ-atom, we may find G ⊂ E ∩F , with G ∈ M, such that

0 < µ (G) < µ (E ∩ F ) .

Since µ1 (F ) = 0 and G ⊂ E ∩ F , we have that µ1 (G) = 0, and so µ2 (G) =
µ (G). Hence also by (1.12),

0 < µ2 (G) < µ (E ∩ F ) ≤ µ2 (E) ,

which proves that µ2 is nonatomic.

Remark 1.24. In particular, if µ is purely atomic, then µ2 ≡ 0 and so µ = µ1.
By (1.8), for any E ∈ M with µ (E) > 0 we may find a countable family {Fn}
of µ-atoms such that

µ (E) = µ

(
E ∩

⋃
n

Fn

)
.

Letting

En := E ∩
(
Fn \

n−1⋃
i=1

Fi

)

and disregarding those En’s, if any, having measure zero, we have that

µ (E) = µ

(⋃
n

En

)
,

where {En} is a countable collection of pairwise disjoint of atoms.

We call attention to the fact that while the finite subset property may not
prevent atoms from occurring, it eliminates very degenerate measures of the
form µ : M → {0,∞}. Indeed, the following proposition confirms this.

Proposition 1.25. Let (X,M, µ) be a measure space. Then µ satisfies the
finite subset property if and only if for all E ∈M with µ (E) > 0,

µ (E) = sup {µ (F ) : F ∈ M, F ⊂ E, 0 < µ (F ) <∞} . (1.13)
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Proof. If (1.13) holds, then the finite subset property follows by the definition
of supremum. Conversely, let E ∈M with µ (E) > 0 and set

S := sup {µ (F ) : F ∈ M, F ⊂ E, 0 < µ (F ) <∞} .

If µ (E) <∞, then µ (E) = S. If µ (E) = ∞, then we may find a sequence of
increasing sets Fn ⊂ E, Fn ∈ M, with µ (Fn) <∞, and such that

lim
n→∞

µ (Fn) = S.

Define

F :=
∞⋃

n=1

Fn.

Then
µ (F ) = lim

n→∞
µ (Fn) = S.

We claim that S =∞. If not, then µ (E \ F ) = ∞, and so by the finite subset
property we can find F ′ ⊂ E \ F , F ′ ∈ M, such that 0 < µ (F ′) <∞. Hence
F ∪ F ′ ⊂ E with

S = µ (F ) < µ (F ) + µ (F ′) <∞,

and this contradicts the definition of S.

If a measure µ does not satisfy the finite subset property, then it is possible
to construct another measure that satisfies it and that coincides with µ on
sets of finite measure. Indeed, we have the following proposition.

Proposition 1.26. Let (X,M, µ) be a measure space. Then there exist mea-
sures µ1 : M→ [0,∞] and µ2 : M→ {0,∞} such that µ1 has the finite subset
property and µ = µ1 + µ2. In particular, µ1 (E) = µ (E) for all E ∈ M such
that µ (E) <∞.

Proof. Define µ1 and µ2 as in (1.8) and (1.9), where

N := {E ∈ M : µ (E) <∞} .

Since N is closed under finite unions and contains ∅, by Lemma 1.23 we have
that µ1 and µ2 are measures, that µ = µ1 + µ2, and µ1 (E) = µ (E) for all
E ∈ N. In particular, if E, F ∈M and µ (F ) <∞, then µ (E ∩ F ) <∞, and
so µ (E ∩ F ) = µ1 (E ∩ F ). Hence

µ1 (E) = sup {µ (E ∩ F ) : F ∈ M, µ (F ) <∞}
= sup {µ1 (E ∩ F ) : F ∈M, µ1 (F ) <∞} ,

and so µ1 has the finite subset property in view of Proposition 1.25.
It remains to show that µ2 : M→{0,∞}. If by contradiction

0 < µ2 (E) <∞
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for some E ∈ M, then by (1.9) we would find F ∈ M such that µ1 (F ) = 0
and

0 < µ (E ∩ F ) <∞;

but then µ (E ∩ F ) = µ1 (E ∩ F ), which would contradict the fact that
µ1 (F ) = 0.

In applications, the ability to exclude sets of measure zero and to ensure
that subsets of sets of measure zero are still measurable is often of the utmost
importance. In what follows, if µ is a measure we write that a property holds
µ a.e. on a measurable set E if there exists a measurable set F ⊂ E such that
µ (F ) = 0 and the property holds everywhere on the set E \ F .

Definition 1.27. Given a measure space (X,M, µ), the measure µ is said to
be complete if for every E ∈ M with µ (E) = 0 it follows that every F ⊂ E
belongs to M.

The next proposition shows that it always possible to render a measure
complete.

Proposition 1.28. Given a measure space (X,M, µ) let M′ be the family of
all subsets E ⊂ X for which there exist F , G ∈ M such that µ (G \ F ) = 0
and F ⊂ E ⊂ G. Define µ′ (E) := µ (G). Then M′ is a σ-algebra that contains
M and µ′ : M′ → [0,∞] is a complete measure.

Example 1.29. Possibly the most important example of completion of a mea-
sure is the Lebesgue measure defined on the Borel σ-algebra, as will be detailed
at the end of the next subsection.

We now introduce the notion of outer measure.

Definition 1.30. Let X be a nonempty set.

(i) A map µ∗ : P (X) → [0,∞] is an outer measure if
a) µ∗ (∅) = 0;
b) µ∗ (E) ≤ µ∗ (F ) for all E ⊂ F ⊂ X;
c) µ∗ (

⋃∞
n=1En) ≤

∑∞
n=1 µ

∗ (En) for every countable collection {En} ⊂
P (X);

(ii) given an outer measure µ∗ : P (X) → [0,∞], a set E ⊂ X has σ-finite µ∗

outer measure if it can be written as a countable union of sets of finite
outer measure; µ∗ is said to be σ-finite if X has σ-finite µ∗ outer measure;
µ∗ is said to be finite if µ∗ (X) <∞.

Remark 1.31. The reader should be warned that in several of books (e.g.,
[DuSc88], [EvGa92], [Fe69]) outer measures are called measures.
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Just as in the case of measures, if µ∗ : P (X) → [0,∞] is an outer measure
and if E ⊂ X, then the restriction of µ∗ to E is the outer measure µ∗	E :
P (X) → [0,∞] defined by

(µ∗	E) (F ) := µ∗ (F ∩ E)

for all sets F ⊂ X.
Often, when there is no possibility of confusion, we use the same notation

µ∗	E to denote the restriction of the outer measure µ∗ to P (E).
Clearly, a measure µ on a measurable space (X,M) is an outer measure

if M = P (X). Note, however, that when M � P (X) it is always possible to
extend µ to P (X) as an outer measure. Indeed, more generally we have the
following proposition.

Proposition 1.32. Let X be a nonempty set and let G ⊂ P (X) be such that
∅ ∈ G and there exists {En} ⊂ G with X =

⋃∞
n=1En. Let ρ : G → [0,∞] be

such that ρ (∅) = 0. Then the map µ∗ : P (X) → [0,∞] defined by

µ∗ (E) := inf

{ ∞∑
n=1

ρ (En) : {En} ⊂ G, E ⊂
∞⋃

n=1

En

}
, E ⊂ X, (1.14)

is an outer measure.

Proof. Since ∅ ∈ G we have that µ∗ (∅) = 0. If E ⊂ F ⊂ X then any sequence
{En} ⊂ G admissible for F in (1.14) is also admissible for E, and so µ∗ (E) ≤
µ∗ (F ). Finally, let {Fk} ⊂ P (X). If µ∗ (Fk) =∞ for some k ∈ N, then

µ∗

( ∞⋃
k=1

Fk

)
≤

∞∑
k=1

µ∗ (Fk) =∞.

Thus assume that µ∗ (Fk) < ∞ for all k ∈ N and for a fixed ε > 0 and for
each k find a sequence

{
E

(k)
n

}
⊂ G admissible for Fk in (1.14) and such that

∞∑
n=1

ρ
(
E(k)

n

)
≤ µ∗ (Fk) +

ε

2k
.

Since the sequence
{
E

(k)
n

}
k,n∈N

is admissible for
⋃∞

k=1 Fk, we have that (see

Example 1.82 below)

µ∗

( ∞⋃
k=1

Fk

)
≤

∞∑
k,n=1

ρ
(
E(k)

n

)
=

∞∑
k=1

∞∑
n=1

ρ
(
E(k)

n

)
≤

∞∑
k=1

µ∗ (Fk) + ε.

By letting ε→ 0+ we conclude the proof.
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Remark 1.33. Note that if E ∈ G, then taking E1 := E, En := ∅ for all
n ≥ 2, it follows from the definition of µ∗ that µ∗ (E) ≤ ρ (E), with the strict
inequality possible. However, if ρ is countably subadditive, that is, if

ρ (E) ≤
∞∑

n=1

ρ (En)

for all E ⊂
⋃∞

n=1En with E ∈ G, {En} ⊂ G, then µ∗ = ρ on G.

The construction of the measure µ∗ in the previous proposition is com-
monly used to build an outer measure from a family G of elementary sets (e.g.,
cubes in R

N ) for which a basic notion of measure ρ is known.

Exercise 1.34. Let f : R → R be increasing. Let G be the family of all
intervals (a, b] ⊂ R, and define

ρ ((a, b]) := f (b)− f (a) .

The outer measure µ∗ given by Proposition 1.32 is called the Lebesgue–Stieltjes
outer measure generated by f . Show that

µ∗ ((a, b]) = f (b)− lim
t→a+

f (a) ≤ f (b)− f (a) = ρ ((a, b]) ,

and therefore strict inequality occurs at points where f is not continuous from
the right.

Definition 1.35. Let X be a nonempty set and let µ∗ : P (X) → [0,∞] be an
outer measure. A set E ⊂ X is said to be µ∗-measurable if

µ∗ (F ) = µ∗ (F ∩ E) + µ∗ (F \ E)

for all sets F ⊂ X.

Remark 1.36. Note that if µ∗ (E) = 0, then by the monotonicity of the outer
measure, µ∗ (F ∩ E) = 0 for all sets F ⊂ X. Hence E is µ∗-measurable.
Moreover, if E is an arbitrary subset of X and if F ⊂ X is a µ∗-measurable
set, then F ∩ E is µ∗	E-measurable.

Theorem 1.37 (Carathéodory). Let X be a nonempty set and let µ∗ :
P (X) → [0,∞] be an outer measure. Then

M∗ := {E ⊂ X : E is µ∗-measurable} (1.15)

is a σ-algebra and µ∗ : M∗ → [0,∞] is a complete measure.

From Proposition 1.32 and Remark 1.33 we have the following.
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Corollary 1.38. Let X be a nonempty set, let M ⊂ P (X) be an algebra, and
let µ : M→ [0,∞] be a finitely additive measure. Let µ∗ be the outer measure
defined in (1.14) (with G := M and ρ := µ). Then every element of M is
µ∗-measurable. Moreover, if µ is countably additive, then µ∗ = µ on M.

Proof. To show that every element of M is µ∗-measurable fix E ∈ M and
let F be any subset of X. By (1.14), for any fixed ε > 0 find a sequence
{En} ⊂ M such that F ⊂

⋃∞
n=1En and

∞∑
n=1

µ (En) ≤ µ∗ (F ) + ε.

Since M is an algebra we have that {En ∩ E}, {En \ E} ⊂ M are admissible
sequences in (1.14) for the sets F ∩ E and F \ E, and so

µ∗ (F ∩ E) + µ∗ (F \ E) ≤
∞∑

n=1

(µ (En ∩ E) + µ (En \ E))

=
∞∑

n=1

µ (En) ≤ µ∗ (F ) + ε.

Given the arbitrariness of ε > 0, it follows that

µ∗ (F ∩ E) + µ∗ (F \ E) ≤ µ∗ (F ) .

Since by Carathéodory’s theorem µ∗ is an outer measure, the opposite in-
equality is immediate. Thus E is µ∗-measurable.

The last part of the statement is a consequence of Remark 1.33.

Remark 1.39. Note that the previous result implies that every countably ad-
ditive measure µ : M → [0,∞] defined on an algebra M may be extended as
a measure to a σ-algebra that contains M. It actually turns out that when µ
is finite, this extension is unique. Indeed, let ν : M∗ → [0,∞] be any measure
such that ν = µ on M, where M∗ is the σ-algebra of all µ∗-measurable sets.
Note that ν and µ∗ are finite, since

ν (X) = µ∗ (X) = µ (X) <∞.

Let E ∈ M∗ and consider any sequence {En} ⊂ M such that E ⊂⋃∞
n=1En. Then

ν (E) ≤ ν

( ∞⋃
n=1

En

)
≤

∞∑
n=1

ν (En) =
∞∑

n=1

µ (En) .

Taking the infimum over all such covers and using (1.14) yields

ν (E) ≤ µ∗ (E)
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for all E ∈ M∗. Since µ∗ and ν are additive on M∗ and coincide with µ on
M, for any E ∈M∗, we have

µ∗ (E) + µ∗ (X \ E) = µ∗ (X) = µ (X) = ν (X) = ν (E) + ν (X \ E) ,

which in view of the previous inequality (for E and X \E) and the fact that
ν and µ∗ are finite implies that µ∗ (E) = ν (E).

When X is a metric space then the class of metric outer measures on X
is of special interest:

Definition 1.40. Let X be a metric space and let µ∗ : P (X) → [0,∞] be an
outer measure. Then µ∗ is said to be a metric outer measure if

µ∗ (E ∪ F ) = µ∗ (E) + µ∗ (F )

for all sets E, F ⊂ X, with

dist (E,F ) := inf {d (x, y) : x ∈ E, y ∈ F} > 0.

Proposition 1.41. Let X be a metric space and let µ∗ : P (X)→ [0,∞] be a
metric outer measure. Then every Borel set is µ∗-measurable.

1.1.2 Radon and Borel Measures and Outer Measures

In this subsection we study regularity properties of measures and outer mea-
sures. These will play an important role in the characterization of some dual
spaces.

Definition 1.42. An outer measure µ∗ : P (X) → [0,∞] is said to be regular
if for every set E ⊂ X there exists a µ∗-measurable set F ⊂ X such that
E ⊂ F and µ∗ (E) = µ∗ (F ).

An important property of regular outer measures is the fact that Propo-
sition 1.7(i) continues to hold.

Proposition 1.43. Let µ∗ : P (X) → [0,∞] be a regular outer measure. If
{En} is an increasing sequence of subsets of X then

µ∗

( ∞⋃
n=1

En

)
= lim

n→∞
µ∗ (En) .

Proof. Since µ∗ is regular there exist µ∗-measurable sets Fn ⊃ En such that
µ∗ (En) = µ∗ (Fn). The sets

Gn :=
∞⋂

i=n

Fi
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are µ∗-measurable, with En ⊂ Gn ⊂ Fn, and

µ∗ (En) ≤ µ∗ (Gn) ≤ µ∗ (Fn) = µ∗ (En) .

Since Gn ⊂ Gn+1, we may apply Proposition 1.7 to µ∗ : M∗ → [0,∞], where
M∗ is defined in (1.15), to obtain that

µ∗

( ∞⋃
n=1

En

)
≤ µ∗

( ∞⋃
n=1

Gn

)
= lim

n→∞
µ∗ (Gn)

= lim
n→∞

µ∗ (En) ≤ µ∗

( ∞⋃
n=1

En

)
,

from which the result follows.

Example 1.44. The previous proposition fails if µ∗ is not regular. Indeed, let
X := N and for each E ⊂ N define

µ∗ (E) :=

⎧⎨
⎩

0 if E = ∅,
1 if E is finite,
2 if E is infinite.

Then µ∗ is an outer measure, and taking En := {1, . . . , n} we see that

2 = µ∗

( ∞⋃
n=1

En

)
�= lim

n→∞
µ∗ (En) = 1.

The next proposition shows that any measure may be extended to a regular
outer measure.

Proposition 1.45. Let (X,M, µ) be a measure space. Let µ∗ be the outer
measure defined in (1.14) (with G := M and ρ := µ). Then µ∗ is a regular
outer measure, and for every E ⊂ X,

µ∗ (E) = inf {µ (F ) : F ∈ M, F ⊃ E} . (1.16)

Moreover, every element of M is µ∗-measurable and µ∗ = µ on M.

Proof. In view of Corollary 1.38 we have only to show that (1.16) holds and
that the outer measure µ∗ is regular. For any fixed E ⊂ X and for any F ∈ M,
with F ⊃ E, we have

µ∗ (E) ≤ µ∗ (F ) = µ (F ) ,

and so
µ∗ (E) ≤ inf {µ (F ) : F ∈M, F ⊃ E} .

To prove the opposite inequality consider any sequence {En} ⊂ M such that
E ⊂

⋃∞
n=1En. Since

⋃∞
n=1En ∈ M we have
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∞∑
n=1

µ (En) ≥ µ

( ∞⋃
n=1

En

)
≥ inf {µ (F ) : F ∈M, F ⊃ E} .

Taking the infimum over all such sequences {En} ⊂ M yields

µ∗ (E) ≥ inf {µ (F ) : F ∈M, F ⊃ E} ,

and so (1.16) holds.
To prove regularity note that if µ∗ (E) =∞ then X ∈M, X ⊃ E and

µ (X) = µ∗ (X) ≥ µ∗ (E) = ∞.

If µ∗ (E) < ∞, then by (1.16), for each n ∈ N we may find measurable sets
Fn ⊃ E such that

µ (Fn) ≤ µ∗ (E) +
1
n

.

Then the measurable set

F :=
∞⋂

n=1

Fn

contains E, and

µ∗ (E) ≤ µ (F ) ≤ µ (Fn) ≤ µ∗ (E) +
1
n
→ µ∗ (E)

as n→∞. Hence µ∗ (E) = µ (F ).

Remark 1.46. In view of the previous proposition and Proposition 1.28, given
a measure space (X,M, µ), the two measures µ∗ : M∗ → [0,∞] and µ′ : M

′ →
[0,∞] are complete and extend µ. We claim that M

′ ⊂ M∗ and that µ′ = µ∗

on M
′
. Indeed, if E ∈ M

′
then there exist F , G ∈ M, with µ (G \ F ) = 0

and F ⊂ E ⊂ G, such that µ′ (E) := µ (G). Write E = F ∪ (E \ F ). Since
E \F ⊂ G \F , by the monotonicity of the outer measure µ∗ : P (X) → [0,∞]
we have that

µ∗ (E \ F ) ≤ µ∗ (G \ F ) = µ (G \ F ) = 0,

and thus, since µ∗ : M∗ → [0,∞] is complete, it follows that E \F ∈M∗ and
in turn

E = F ∪ (E \ F ) ∈M∗,

where we have used the fact that F ∈M. In particular

µ∗ (E) = µ∗ (F ) + µ∗ (E \ F ) = µ (F ) + 0 = µ (G) = µ′ (E) .

Hence M
′ ⊂ M∗ and µ′ = µ∗ on M

′
.



1.1 Measures and Integration 25

Exercise 1.47. Given an outer measure µ∗ : P (X) → [0,∞] it is possible to
construct a regular outer measure by defining for every E ⊂ X,

ν∗ (E) := inf {µ∗ (F ) : E ⊂ F , F µ∗-measurable} .

Prove that if E is µ∗-measurable, then E is ν∗-measurable and µ∗ (E) =
ν∗ (E). Conversely, show that if E is ν∗-measurable and ν∗ (E) <∞, then E
is µ∗-measurable.

Definition 1.48. Let X be a topological space and let µ∗ : P (X) → [0,∞] be
an outer measure.

(i) A set E ⊂ X is said to be inner regular if

µ∗ (E) = sup {µ∗ (K) : K ⊂ E, K compact} ,

and it is outer regular if

µ∗ (E) = inf {µ∗ (A) : A ⊃ E, A open} .

(ii) A set E ⊂ X is said to be regular if it is both inner and outer regular.

The previous definition introduces concepts of regularity for subsets of X,
and next we address regularity properties of outer measures.

Definition 1.49. Let X be a topological space and let µ∗ : P (X) → [0,∞] be
an outer measure.

(i) µ∗ is said to be a Borel outer measure if every Borel set is µ∗-measurable;
(ii) µ∗ is said to be a Borel regular outer measure if µ∗ is a Borel outer

measure and for every set E ⊂ X there exists a Borel set F ⊂ X such
that E ⊂ F and µ∗ (E) = µ∗ (F ).

There is a class of Borel outer measures that plays a pivotal role in the
calculus of variations. These are the Radon outer measures, as introduced
next.

Definition 1.50. Let X be a topological space, and let µ∗ : P (X) → [0,∞]
be an outer measure. Then µ∗ is said to be a Radon outer measure if

(i) µ∗ is a Borel outer measure;
(ii) µ∗ (K) <∞ for every compact set K ⊂ X;
(iii) every open set A ⊂ X is inner regular;
(iv) every set E ⊂ X is outer regular.

We investigate the relation between Radon outer measures and Borel reg-
ular measures.
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Remark 1.51. Note that a Radon outer measure is always Borel regular. In-
deed, let E ⊂ X. If µ∗ (E) = ∞ then note that X is open, X ⊃ E, and
µ∗ (X) = µ∗ (E) = ∞. If µ∗ (E) < ∞, then by outer regularity, for each
n ∈ N we may find open sets An ⊃ E such that

µ∗ (An) ≤ µ∗ (E) +
1
n

.

Then the Borel set

B :=
∞⋂

n=1

An

contains E, and

µ∗ (E) ≤ µ∗ (B) ≤ µ∗ (An) ≤ µ∗ (E) +
1
n
→ µ∗ (E)

as n→∞.

The converse of the previous remark is false in general (see Exercise 1.59
below), but there are some partial results in that direction.

Proposition 1.52. Let X be a locally compact Hausdorff space such that
every open set A ⊂ X is σ-compact. Let µ∗ : P (X) → [0,∞] be a Borel
outer measure such that µ∗ (K) < ∞ for every compact set K ⊂ X. Then
every Borel set is inner regular and outer regular.

If, in addition, µ∗ is a Borel regular outer measure, then it is a Radon
outer measure.

Proof. Since X is σ-compact we may write

X =
∞⋃

n=1

Kn,

where {Kn} is an increasing sequence of compact sets. By Theorem A.12 we
may find open sets Un such that Kn ⊂ Un ⊂ X and Un is compact. Without
loss of generality we may assume that the sequence {Un} is increasing.

Step 1: Fix n ∈ N and let µ∗
n denote the restriction of µ∗ to P (Un). We

claim that every Borel subset of Un is inner and outer regular with respect
to the outer measure µ∗

n. Note that since Un is compact, µ∗
n is a finite outer

measure. Let

Mn := {E ⊂ Un : E is µ∗
n inner and outer regular} .

If A ⊂ Un is open, then it is outer regular. Since A is σ-compact, there exists
an increasing sequence {Cj} of compact subsets of A such that

A =
∞⋃

j=1

Cj ,
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and so by Carathéodory’s theorem and Proposition 1.7,

lim
j→∞

µ∗
n (Cj) = µ∗

n (A) .

This shows that Mn contains all open subsets of Un, and therefore the claim
is proved provided we prove that Mn is a σ-algebra.

The sets Un and ∅ belong to Mn, and Mn is closed with respect to count-
able unions. To prove the latter, let {Ei} ⊂Mn and let ε > 0. For every i ∈ N

there exist
Ci ⊂ Ei ⊂ Ai ⊂ Un

such that Ci is compact, Ai is open, and

µ∗
n (Ai \ Ci) ≤

ε

2i+1
,

where we have used the fact that µ∗
n restricted to the Borel sets of Un is a

finite measure by Carathéodory’s theorem. Also, by Proposition 1.7,

lim
l→∞

µ∗
n

⎛
⎝ ∞⋃

i=1

Ai \

⎛
⎝ l⋃

j=1

Cj

⎞
⎠
⎞
⎠ = µ∗

n

⎛
⎝ ∞⋃

i=1

Ai \

⎛
⎝ ∞⋃

j=1

Cj

⎞
⎠
⎞
⎠

≤
∞∑

i=1

µ∗
n (Ai \ Ci) ≤

ε

2
,

and therefore we may find l large enough that

µ∗
n

⎛
⎝ ∞⋃

i=1

Ei \

⎛
⎝ l⋃

j=1

Cj

⎞
⎠
⎞
⎠ ≤ µ∗

n

⎛
⎝ ∞⋃

i=1

Ai \

⎛
⎝ l⋃

j=1

Cj

⎞
⎠
⎞
⎠ ≤ ε.

Hence
⋃∞

i=1Ei is inner regular, and outer regularity follows from

µ∗
n

⎛
⎝ ∞⋃

i=1

Ai \

⎛
⎝ ∞⋃

j=1

Ej

⎞
⎠
⎞
⎠ ≤ µ∗

n

⎛
⎝ ∞⋃

i=1

Ai \

⎛
⎝ ∞⋃

j=1

Cj

⎞
⎠
⎞
⎠ ≤ ε.

It remains to show that if E ∈ Mn then Un \E ∈Mn. Again for a fixed ε > 0
there exist

C ⊂ E ⊂ A ⊂ Un

such that C is compact, A is open, and

µ∗
n (A \ C) ≤ ε. (1.17)

Then Un \ C is open, Un \ E ⊂ Un \ C, and

µ∗
n (Un \ C) = µ∗

n (Un)− µ∗
n (C) ≤ µ∗

n (Un)− µ∗
n (A) + ε

= µ∗
n (Un \A) + ε ≤ µ∗

n (Un \ E) + ε,
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and this proves the outer regularity of Un \E. On the other hand, since Un is
σ-compact, it is possible to find a compact set K ⊂ Un such that

µ∗
n (Un) ≤ µ∗

n (K) + ε.

Then K \A is compact, K \A ⊂ Un \ E, and by (1.17),

µ∗
n (Un \ E) ≤ µ∗

n (Un \A) + ε ≤ µ∗
n (K \A) + 2ε,

thus showing that Un \ E is inner regular.

Step 2: Let B ⊂ X be any Borel subset and fix ε > 0. By Step 1 there exists
an open set A1 ⊂ U1 such that B ∩ U1 ⊂ A1 and

µ∗ (A1) ≤ µ∗ (B ∩ U1) +
ε

2
.

Inductively, assume that for k = 1, . . . , n there exist open sets Ak ⊂ Uk such
that B ∩ Uk ⊂ Ak,

A1 ⊂ A2 ⊂ . . . ⊂ An,

and

µ∗ (Ak) ≤ µ∗ (B ∩ Uk) +
k∑

i=1

ε

2i
.

To construct An+1, by Step 1 find an open set A′
n+1 ⊂ Un+1 such that

(B \ Un) ∩ Un+1 ⊂ A′
n+1

and
µ∗ (A′

n+1

)
≤ µ∗ ((B \ Un) ∩ Un+1) +

ε

2n+1
.

Setting An+1 := An ∪A′
n+1, it follows that B ∩ Un+1 ⊂ An+1 and

µ∗ (An+1) ≤µ∗ (An) + µ∗ (A′
n+1

)
≤ µ∗ (B ∩ Un)

+ µ∗ ((B \ Un) ∩ Un+1) +
n∑

i=1

ε

2i
+

ε

2n+1

=µ∗ (B ∩ Un+1) +
n+1∑
i=1

ε

2i
.

We observe that B ⊂
⋃∞

n=1An, and by Carathéodory’s theorem and Propo-
sition 1.7,

µ∗

( ∞⋃
n=1

An

)
= lim

n→∞
µ∗ (An) ≤ lim

n→∞
µ∗ (B ∩ Un) + ε = µ∗ (B) + ε.

We conclude that B is outer regular.
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To prove inner regularity fix t < µ∗ (B) and choose n large enough that

µ∗ (B ∩ Un) > t.

By Step 1 find a compact set C ⊂ B ∩ Un such that µ∗ (C) > t. This shows
that µ∗ (B) can be approximated by the outer measures of compact subsets
of B.

Step 3: If µ∗ is a Borel regular outer measure, then for every set E ⊂ X there
exists a Borel set F ⊂ X such that E ⊂ F and µ∗ (E) = µ∗ (F ). Applying the
first part of the proof to F , for every ε > 0 we may find an open set

A ⊃ F ⊃ E

such that
µ∗ (E) = µ∗ (F ) ≤ µ∗ (A) + ε.

Hence every set E is outer regular, and so µ∗ is a Radon outer measure.

Remark 1.53. It follows from the previous proposition that if X satisfies the
properties thus stated and if µ∗ : P (X) → [0,∞] is a Borel regular outer mea-
sure, then for any µ∗-measurable set E ⊂ X with µ∗ (E) <∞ the restriction
µ∗	E of µ∗ to E is a Radon outer measure.

Given an arbitrary Radon outer measure, in general we cannot conclude
that every set is inner regular (see Example 1.58). However, the following
result holds.

Proposition 1.54. Let X be a topological space and let µ∗ : P (X) → [0,∞]
be a Radon outer measure. Then every σ-finite µ∗-measurable set is inner
regular.

Proof. Let E ⊂ X be a σ-finite µ∗-measurable set.

Step 1: Assume first that µ∗ (E) < ∞. By outer regularity of E, for every
ε > 0 there exists an open set A ⊃ E such that

µ∗ (A) < µ∗ (E) + ε,

while by inner regularity of open sets there exists a compact set K ⊂ A such
that

µ∗ (A) < µ∗ (K) + ε.

Since E is µ∗-measurable, we have that

µ∗ (E) + µ∗ (A \ E) = µ∗ (A) < µ∗ (E) + ε,

and so
µ∗ (A \ E) < ε.
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Hence by outer regularity we may choose an open set U ⊃ A \ E such that
µ∗ (U) < ε. The compact set C := K \U is contained in E, and using the fact
that U is µ∗-measurable, we get

µ∗ (C) = µ∗ (K \ U) = µ∗ (K)− µ∗ (K ∩ U)
> µ∗ (A)− ε− µ∗ (U) > µ∗ (E)− 3ε.

Hence E is inner regular.

Step 2: If µ∗ (E) = ∞, then since E has σ-finite µ∗ outer measure, we may
find a sequence of sets En ⊂ E such that

E =
∞⋃

n=1

En

and µ∗ (En) <∞. By Remark 1.51 there exist Borel sets Fn such that En ⊂ Fn

and µ∗ (En) = µ∗ (Fn). Then Fn ∩ E is µ∗-measurable,

µ∗ (Fn ∩ E) ≤ µ∗ (Fn) = µ∗ (En) <∞,

and
E =

⋃
n=1

(Fn ∩ E) .

We can now modify {Fn ∩ E} to make it increasing. In particular, it follows
that

∞ = µ∗ (E) = lim
n→∞

µ∗ (Fn ∩ E) .

Let M > 0 and let n be so large that µ∗ (Fn ∩ E) > M . By applying Step 1
to Fn ∩ E we may find a compact set K ⊂ Fn ∩ E such that µ∗ (K) > M .
Hence

µ∗ (E) = sup {µ∗ (K) : K ⊂ E, K compact} = ∞,

and the proof is complete.

We now introduce analogous regularity properties for measures.

Definition 1.55. Let (X,M, µ) be a measure space. If X is a topological
space, then

(i) µ is a Borel measure if every Borel set is in M;
(ii) µ is a Borel regular measure if µ is a Borel measure and if for every set

E ∈M there exists a Borel set F such that E ⊂ F and µ (E) = µ (F );
(iii) a Borel measure µ : M→ [0,∞] is a Radon measure if

a) µ (K) <∞ for every compact set K ⊂ X;
b) every open set A ⊂ X is inner regular;
c) every set E ∈M is outer regular.
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Hausdorff measures Hs, s > 0 (see [FoLe10]), represent an important class
of regular Borel measures that are not Radon measures.

For a Borel measure it is possible to define the notion of support.

Definition 1.56. Let X be a topological space and let µ : M → [0,∞] be a
Borel measure. The support of µ is the set

suppµ := {x ∈ X : µ (U) > 0 for all (open) neighborhoods U of x} .

Exercise 1.57. Let X be a topological space and let µ : M → [0,∞] be a
Borel measure. Prove that the support of µ is closed. Show also that if E ∈ M,
with E ⊂ X \ suppµ, then µ (E) = 0. Is the converse true?

Proposition 1.54, which continues to hold for Radon measures, asserts that
any measurable set with σ-finite measure is inner regular. The next example
shows that there exist Radon measures for which non σ-finite sets may fail to
be inner regular.

Exercise 1.58. Consider X = R
2 endowed with the following topology: A set

A ⊂ X is open if and only if for every y ∈ R the set

Ay := {x ∈ R : (x, y) ∈ A}

is open in R with respect to the Euclidean topology. Show that X is a locally
compact Hausdorff space. For every Borel set B ⊂ X define

µ (B) :=

⎧⎪⎨
⎪⎩
∞ if By �= ∅ for uncountably many y ∈ R,

∑
y∈R

L1 (By) otherwise,

where L1 is the Lebesgue measure on R (see the end of the subsection for
its definition). Prove that µ is a Radon measure but the set {0} × R is not
inner regular, since µ ({0} × R) = ∞, while µ (K) = 0 for any compact set
K ⊂ {0} × R.

We have proved in Remark 1.51 that Radon measures are Borel regular.
The converse is not true in general, as the next example shows.

Example 1.59. Let X be an uncountable set with the discrete topology. For
every E ⊂ X define

µ (E) :=
{

0 if E is countable,
∞ otherwise.

Then µ : P (X) → {0,∞} is a measure (and also an outer measure). Since
every subset of X is open, µ is a Borel regular measure and every set is outer
regular. Since compact sets are necessarily finite, for every compact set K ⊂ X
we have µ (K) = 0, and so uncountable sets cannot be inner regular. Hence µ
is not a Radon measure.
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However, the following holds.

Proposition 1.60. Let X be a locally compact Hausdorff space such that
every open set A ⊆ X is σ-compact. Let µ : B (X) → [0,∞] be a (Borel)
measure.

(i) If µ is finite on compact sets, then µ is a Radon measure and every Borel
set E is inner regular.

(ii) If B ∈ B (X) and µ (B) <∞, then B is inner regular.

Proof. The proof of (i) follows closely that of Proposition 1.52, where now
Mn is defined as

Mn := {E ∈ B (Un) : E is µn inner and outer regular}

and where µn denotes the restriction of µ to B (Un). We omit the details.
(ii) is a consequence of (i) applied to the finite measure µ : B (B) → [0,∞).

Exercise 1.61. Without the assumption that open sets are σ-compact the
previous proposition fails. Indeed, let Y be the set of countable ordinals, let
ω1 be the first uncountable ordinal, and define X := Y ∪ {ω1}. In X consider
the smallest topology that contains all sets of the form {α ∈ X : α < β} and
{α ∈ X : α > β} for β ∈ X. Prove that X is a compact Hausdorff space,
and that Y is an open set that is not σ-compact. Check that for every Borel
set B ⊂ X either B ∪ {ω1} or (X \B) ∪ {ω1} (but not both) contains an
uncountable closed set. Define

µ (B) :=
{

1 if B ∪ {ω1} contains an uncountable closed set,
0 if (X \B) ∪ {ω1} contains an uncountable closed set.

Show that µ is a measure, but {ω1} is not outer regular since µ ({ω1}) = 0
but µ (A) = 1 for every open set A containing ω1. We refer to [AliBo99] for
more details.

We study next the relation between regularity properties for outer mea-
sures and regularity properties of measures. If µ∗ is a Borel regular (respec-
tively Radon) outer measure, then its restriction µ to the σ-algebra of all µ∗-
measurable sets is a Borel regular (respectively Radon) measure. Conversely,
given a Borel regular (respectively Radon) measure µ, it is always possible
to extend it to a Borel regular (respectively Radon) outer measure. This is a
consequence of the following result.

Theorem 1.62 (De Giorgi–Letta). Let (X, τ) be a topological space. As-
sume that ρ : τ → [0,∞] is an increasing set function such that

(i) ρ (∅) = 0;
(ii) (subadditivity) ρ (A1 ∪A2) ≤ ρ (A1) + ρ (A2) for all A1, A2 ∈ τ ;
(iii) (inner regularity) ρ (A) = sup {ρ (A1) : A1 ⊂⊂ A} for every A ∈ τ .
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Then the extension of ρ to every set E ⊂ X defined by

µ∗ (E) := inf {ρ (A) : A ∈ τ , E ⊂ A} (1.18)

is an outer measure and every set is outer regular.
Moreover, if X is a metric space and ρ satisfies the additional hypothesis

(iv) (superadditivity) ρ (A1 ∪A2) ≥ ρ (A1) + ρ (A2) for all A1, A2 ∈ τ , with
A1 ∩A2 = ∅;

then µ∗ is a Borel outer measure and every set is outer regular.

Proof. Step 1: We prove that under hypotheses (i)–(iii) the set function µ∗

is an outer measure. Note that, in view of the definition (1.18), µ∗ = ρ on τ .
Hence by (i) we have that µ∗ (∅) = 0. If E ⊂ F ⊂ X, then any open set that
contains F also contains E, and so µ∗ (E) ≤ µ∗ (F ).

It remains to prove countable subadditivity for µ∗. We prove it first for ρ.
Let {An} be a sequence of open sets and consider any open set A′ compactly
contained in

⋃∞
n=1An. Since the family {An} is an open cover for the compact

set A′, there exists l ∈ N such that the finite family {An}l
n=1 is still an open

cover for A′, and so, by the fact that ρ is increasing and nonnegative and by
(ii),

ρ (A′) ≤ ρ

(
l⋃

n=1

An

)
≤

l∑
n=1

ρ (An) ≤
∞∑

n=1

ρ (An) .

Taking the supremum over all open sets A′ compactly contained in
⋃∞

n=1An

and using (iii), we obtain

ρ

( ∞⋃
n=1

An

)
≤

∞∑
n=1

ρ (An) .

Hence ρ is countably subadditive, and we now prove that the same holds for
µ∗. Let {En} ⊂ P (X). For all n ∈ N and for a fixed ε > 0 find An open, with
En ⊂ An, such that

ρ (An) ≤ µ∗ (En) +
ε

2n
.

Then
⋃∞

n=1En ⊂
⋃∞

n=1An, and so

µ∗

( ∞⋃
n=1

En

)
≤ ρ

( ∞⋃
n=1

An

)
≤

∞∑
n=1

ρ (An) ≤
∞∑

n=1

µ∗ (En) + ε.

By letting ε→ 0+ we conclude that µ∗ is an outer measure. Since µ∗ = ρ on
τ it follows from (1.18) that every set is outer regular by construction.

Step 2: We now assume that X is a metric space and (i)–(iv) hold. In view
of Proposition 1.41 it suffices to prove that
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µ∗ (E ∪ F ) = µ∗ (E) + µ∗ (F ) (1.19)

for all sets E, F ⊂ X, with dist (E,F ) > 0. Fix ε > 0 and find an open set A,
with E ∪ F ⊂ A, such that

ρ (A) ≤ µ∗ (E ∪ F ) + ε.

Since d := dist (E,F ) > 0 we may construct open sets A1 and A2, with
E ⊂ A1 ⊂ A and F ⊂ A2 ⊂ A, and such that A1∩A2 = ∅ (e.g., take A1 to be
the union of all balls B (x, r) ⊂ A, where x ∈ E and 0 < r < d

2 , and take A2

to be the union of all balls B (x, r) ⊂ A, where x ∈ F and 0 < r < d
2 ). Hence

by (1.18), (iv), and the fact that ρ is increasing,

µ∗ (E) + µ∗ (F ) ≤ ρ (A1) + ρ (A2) = ρ (A1 ∪A2) ≤ ρ (A) ≤ µ∗ (E ∪ F ) + ε.

Letting ε → 0+, and using also the fact that µ∗ is an outer measure, we
conclude that (1.19) holds, and this concludes the proof.

The De Giorgi–Letta theorem will often be used in [FoLe10] to study
relaxation problems in Sobolev spaces, where the integral functionals under
consideration are naturally defined on open sets.

As a corollary we have the following:

Proposition 1.63. Let (X, τ) be a locally compact Hausdorff space and let
µ : M→ [0,∞] be a Radon measure. For every set E ⊂ X define

µ∗ (E) = inf {µ (A) : A ∈ τ , E ⊂ A} .

Then µ∗ is a Radon outer measure, the σ-algebra M∗ of µ∗-measurable sets
contains M, and µ∗ coincides with µ on M.

Proof. Since X is a locally compact Hausdorff space, using the inner regularity
of open sets for any open set A we have

µ (A) = sup {µ (K) : K ⊂ A, K compact}
= sup {µ (A1) : A1 ⊂⊂ A, A1 open} .

Hence we may apply the De Giorgi–Letta theorem with ρ := µ to obtain that
µ∗ is an outer measure. Using the outer regularity of µ, it follows that µ∗ = µ
on M.

It remains to show that every set E ∈ M is µ∗-measurable. Let F be any
set. Given an open set A ⊃ F we have

µ (A) = µ (A ∩ E) + µ (A \ E) = µ∗ (A ∩ E) + µ∗ (A \ E)
≥ µ∗ (F ∩ E) + µ∗ (F \ E) .

Taking the infimum over all open sets containing F , we obtain

µ∗ (F ) ≥ µ∗ (F ∩ E) + µ∗ (F \ E) ,

and this implies that E is µ∗-measurable.
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Contemporary methods in relaxation theory exploit the structure of Radon
measures, together with Radon–Nikodym-type theorems, to obtain character-
izations of effective or relaxed energy densities. Therefore it is of the utmost
interest to be able to determine whether a set function is (the restriction of) a
Radon measure by means of a criterion easier to manipulate than Definition
1.55.

Theorem 1.64. Let (X, τ) be a locally compact Hausdorff space. Assume that
µ : τ → [0,∞) is a set function and that ν is a finite Radon measure such
that

(i) µ (A) ≤ µ
(
A \ C

)
+ µ (B) for all A, B, C ∈ τ with C ⊂ B ⊂ A;

(ii) for every ε > 0 and for every A ∈ τ there exists C ∈ τ such that C ⊂⊂ A
and µ

(
A \ C

)
≤ ε;

(iii) ν (X) ≤ µ (X);
(iv) ν

(
A
)
≥ µ (A) for every A ∈ τ .

Then µ (A) = ν (A) for every A ∈ τ .

Proof. Fix A ∈ τ . We first prove that µ (A) ≤ ν (A). Let ε > 0 and choose
C ∈ τ as in (ii). Let B ∈ τ be such that C ⊂ B ⊂ B ⊂ A. By (i), (ii), and
(iv) we have

µ (A) ≤ µ
(
A \ C

)
+ µ (B) ≤ ε+ ν

(
B
)
≤ ε+ ν (A) ,

and it suffices to let ε→ 0+.
To prove the reverse inequality, using the inner regularity of the measure

ν, for every ε > 0 we may find a compact set K ⊂ A such that

ν (A) ≤ ε+ ν (K) .

In turn, by Theorem A.12 there exists C ∈ τ , with C compact, such that
K ⊂ C ⊂ C ⊂ A. Since

ν (A) ≤ ε+ ν
(
C
)
,

by (iii), the first part of this proof, and (i), in this order, we have

ν (A) ≤ ε+ ν (X)− ν
(
X \ C

)
≤ ε+ µ (X)− µ

(
X \ C

)
≤ ε+ µ (A) ,

and the conclusion follows by letting ε→ 0+.

We end this subsection by introducing in R
N the Lebesgue measure and the

σ-algebra of Lebesgue–measurable sets. In the Euclidean space R
N consider

the family of elementary sets

G :=
{
Q (x, r) : x ∈ R

N , 0 < r <∞
}
∪ {∅}

and define ρ (Q (x, r)) := rN and ρ (∅) := 0, where
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Q (x, r) := x+
(
−r

2
,
r

2

)N

.

For each set E ⊂ R
N define

LN
o (E) := inf

{ ∞∑
n=1

(rn)N : {Q (xn, rn)} ⊂ G, E ⊂
∞⋃

n=1

Q (xn, rn)

}
.

By Proposition 1.32, LN
o is an outer measure, called the N–dimensional

Lebesgue outer measure. Using Remark 1.33 it can be shown that

LN
o (Q (x, r)) = ρ (Q (x, r)) = rN (1.20)

and that LN
o is translation-invariant, i.e., LN

o (x+ E) = LN
o (E) for all x ∈ R

N

and all E ⊂ R
N .

The class of all LN
o -measurable subsets of R

N is called the σ-algebra of
Lebesgue measurable sets, and by Carathéodory’s theorem, LN

o restricted to
this σ-algebra is a complete measure, called the N–dimensional Lebesgue mea-
sure and denoted by LN . Given a Lebesgue measurable set E ⊂ R

N , we will
write indifferently

LN (E) or |E|
for the Lebesgue measure of E.

Proposition 1.65. The Lebesgue measure LN has the following properties:

(i) LN ([a1, b1]× . . .× [aN , bN ]) = (b1 − a1) . . . (bN − aN );
(ii) LN is translation-invariant, i.e., LN (x+ E) = LN (E) for every Lebesgue

measurable set E ⊂ R
N and x ∈ R

N ;
(iii) for every linear operator L : R

N → R
N and every Lebesgue measurable

set E ⊂ R
N , LN (L (E)) = |detL| LN (E).

Using Proposition 1.41 we have the following proposition:

Proposition 1.66. The outer measure LN
o is a metric outer measure, so that

every Borel subset of R
N is Lebesgue measurable.

Moreover, if µ is any positive translation-invariant Borel measure on R
N

finite on compact sets, then µ (B) = cLN (B) for some c ≥ 0 and for every
Borel subset B of R

N .

Remark 1.67. Using the axiom of choice it is possible to construct sets that
are not Lebesgue measurable. It may also be proved that there are Lebesgue
measurable sets that are not Borel sets. Hence LN : B

(
R

N
)
→ [0,∞] is not a

complete measure.

We observe that the Lebesgue outer measure is a Radon outer measure.
Indeed, outer regularity of arbitrary sets follows from (1.20) and the definition
of LN

o , while inner regularity of open sets is an immediate consequence of the
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fact that each open set can be written as a countable union of closed cubes
with pairwise disjoint interiors.

In view of Proposition 1.54 it turns out that every Lebesgue measurable
set is the union of a Borel set with a set of Lebesgue measure zero. Hence the
σ-algebra of Lebesgue measurable sets is the completion of the Borel σ-algebra
for the Lebesgue measure.

Proposition 1.68. LN
o is a Radon outer measure. Moreover, every Lebesgue

measurable set E is the union of a Borel set and a set of Lebesgue measure
zero.

1.1.3 Measurable Functions and Lebesgue Integration

In this subsection we introduce the notions of measurable and integrable func-
tions.

Definition 1.69. Let X and Y be nonempty sets, and let M and N be algebras
on X and Y , respectively. A function u : X → Y is said to be measurable if
u−1 (E) ∈ M for every set E ∈ N.

Remark 1.70. If M is a σ-algebra on a set X and N is the smallest σ-algebra
that contains a given family G of subsets of a set Y , then u : X → Y is
measurable if and only if u−1 (E) ∈ M for every set E ∈ G. Indeed, the family
of sets {

E ∈ N : u−1 (E) ∈ M
}

is a σ-algebra that contains G, and so it must coincide with N. Thus, in
particular, if Y is a topological space and N = B (Y ), then it suffices to verify
that u−1 (A) ∈M for every open set A ⊂ Y .

If X and Y are topological spaces, M := B (X) and N := B (Y ), then a
measurable function u : X → Y will be called a Borel function.

If u : X → Y is measurable and if E ∈ M, then the restriction
u : X \ E → Y is a measurable function between the measurable spaces
(X \ E,M	(X \ E)) and (Y,N). Conversely, if X is a measure space with
measure µ, and the function u is defined only on X \E with µ (E) = 0, then
in general, measurability of u on X \ E does not entail the measurability of
an arbitrary extension of u to X unless µ is complete.

Proposition 1.71. Let (X,M) and (Y,N) be two measurable spaces, and let
u : X → Y be a measurable function. Let µ : M → [0,∞] be a complete
measure. If v : X → Y is a function such that u (x) = v (x) for µ a.e. x ∈ X,
then v is measurable.

Going back to the setting in which u : X \ E → Y with µ (E) = 0, since
Lebesgue integration does not take into account sets of measure zero, we will
see that integration of u depends mostly on its measurability on X \ E. For
this reason, we extend Definition 1.69 to read as follows.



38 1 Measures

Definition 1.72. Let (X,M) and (Y,N) be two measurable spaces, and let
µ : M → [0,∞] be a measure. Given a function u : X \ E → Y where
µ (E) = 0, u is said to be measurable over X if u−1 (F ) ∈ M for every set
F ∈ N.

We are now in a position to introduce the notion of integral.

Definition 1.73. Let X be a nonempty set, and let M be an algebra on X.
A simple function is a measurable function s : X → R whose range consists
of finitely many points.

If c1, . . . , c� are the distinct values of s, then we write

s =
�∑

n=1

cnχEn
,

where χEn
is the characteristic function of the set En := {x ∈ X : s (x) = cn},

i.e.,

χEn
(x) :=

{
1 if x ∈ En,
0 otherwise.

If µ is a finitely additive (positive) measure on X and s ≥ 0, then for every
measurable set E ∈M we define the Lebesgue integral of s over E as

∫
E

s dµ :=
�∑

n=1

cnµ (En ∩ E) , (1.21)

where if cn = 0 and µ (En ∩ E) =∞, then we use the convention

cnµ (En ∩ E) := 0.

Theorem 1.74. Let X be a nonempty set, let M be an algebra on X, and let
u : X → [0,∞] be a measurable function. Then there exists a sequence {sn}
of simple functions such that

0 ≤ s1 (x) ≤ s2 (x) ≤ . . . ≤ sn (x)→ u (x)

for every x ∈ X. The convergence is uniform on any set on which u is bounded
from above.

Proof. For n ∈ N0 and 0 ≤ k ≤ 22n − 1 define

En,k :=
{
x ∈ X :

k

2n
≤ u (x) <

k + 1
2n+1

}
, En := {x ∈ X : u (x) ≥ 2n} ,

and let

sn :=
22n−1∑
k=0

k

2n
χEn,k

+ 2nχEn
.
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If u (x) = 0 then x ∈ En,0, and so sn (x) = 0 for all n ∈ N. If 0 < u (x) < ∞
then x ∈ En,�2nu(x)� for all n ∈ N sufficiently large, where �·� is the integer
part. Hence

0 ≤ sn (x) =
�2nu (x)�

2n
≤

⌈
2n+1u (x)

⌉
2n+1

= sn+1 (x) → u (x)

as n→∞. If u (x) = ∞ then x ∈ En for all n, and so sn (x) = 2n ↗∞.
Note that by the definition of the sets En,k we have that 0 ≤ u− sn ≤ 1

2n

on the set where u < 2n. Hence we have uniform convergence on each set on
which u is bounded from above.

In the remainder of this subsection, M is a σ-algebra and µ a (countably
additive) measure. In view of the previous theorem, if u : X → [0,∞] is a
measurable function, then we define its (Lebesgue) integral over a measurable
set E as ∫

E

u dµ := sup
{∫

E

s dµ : s simple, 0 ≤ s ≤ u

}
.

In order to extend the notion of integral to functions of arbitrary sign, consider
u : X → [−∞,∞] and set

u+ := max {u, 0} , u− := max {−u, 0} .

Note that u = u+ − u−, |u| = u+ + u−, and u is measurable if and only if u+

and u− are measurable. Also, if u is bounded, then so are u+ and u−, and
in view of Theorem 1.74, u is then the uniform limit of a sequence of simple
functions.

Definition 1.75. Let (X,M, µ) be a measure space, and let u : X → [−∞,∞]
be a measurable function. Given a measurable set E ∈M, if at least one of the
two integrals

∫
E
u+ dµ and

∫
E
u− dµ is finite, then we define the (Lebesgue)

integral of u over the measurable set E by
∫

E

u dµ :=
∫

E

u+ dµ−
∫

E

u− dµ.

If both
∫

E
u+ dµ and

∫
E
u− dµ are finite, then u is said to be (Lebesgue)

integrable over the measurable set E.

In the special case that µ is the Lebesgue measure, we denote
∫

E
u dLN

simply by ∫
E

u dx.

If (X,M, µ) is a measure space, with X a topological space, and if M

contains B (X), then u : X → [−∞,∞] is said to be locally integrable if it is
Lebesgue integrable over every compact set.
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A measurable function u : X → [−∞,∞] is Lebesgue integrable over the
measurable set E if and only if∫

E

|u| dµ <∞.

Finally, if F ∈ M is such that µ (F ) = 0 and u : X \ F → [−∞,∞] is
a measurable function in the sense of Definition 1.72, then we define the
(Lebesgue) integral of u over the measurable set E as the Lebesgue integral
of the function

v (x) :=
{
u (x) if x ∈ X \ F ,
0 otherwise,

provided
∫

E
v dµ is well-defined. Note that in this case∫

E

v dµ =
∫

E

ṽ dµ,

where

ṽ (x) :=
{
u (x) if x ∈ X \ F ,
w (x) otherwise,

and w is an arbitrary measurable function defined on F .

Remark 1.76. If M is an algebra on X and µ : M → [0,∞] is a finitely additive
measure on X, we can still define a notion of integral as follows: we say that a
measurable function u : X → [−∞,∞] is integrable if there exists a sequence
{sn} of measurable simple functions, each of them bounded and vanishing
outside a set of finite measure (depending on n), such that

lim
n→∞

µ ({x ∈ X : |u (x)− sn (x)| > ε}) = 0

for each ε > 0, and

lim
n,l→∞

∫
X

|sn − sl| dµ = 0.

It may be shown that for every E ∈M the limit limn→∞
∫

E
sn dµ exists in R

and does not depend on the particular sequence {sn}. The integral of u over
the measurable set E is defined by∫

E

u dµ := lim
n→∞

∫
E

sn dµ.

The following result follows from Theorem 1.74.

Corollary 1.77. Let (X,M, µ) be a measure space, and let u : X → [−∞,∞]
be a measurable function. If the set {x ∈ X : |u (x)| > 0} has σ-finite measure
and u is finite µ a.e., then there exists a sequence {sn} of simple functions,
each of them bounded and vanishing outside a set of finite measure (depending
on n), such that sn (x) → u (x) as n→∞ for µ a.e. x ∈ X and

|sn (x)| ≤ |u (x)|
for µ a.e. x ∈ X and n ∈ N.



1.1 Measures and Integration 41

Proof. Step 1: Assume first that u ≥ 0. Since {x ∈ X : u (x) > 0} has σ-
finite measure we can find an increasing sequence {Xn} of measurable sets of
finite measure such that

{x ∈ X : u (x) > 0} =
⋃
n

Xn.

For n ∈ N0 and 0 ≤ k ≤ 22n − 1 define

En,k :=
{
x ∈ Xn :

k

2n
≤ u (x) <

k + 1
2n+1

}
,

and let

sn :=
22n−1∑
k=0

k

2n
χEn,k

.

Then as in the proof of Theorem 1.74, it is possible to show that at each point
x where u is finite, sn (x) → u (x) as n→∞.

Step 2: In the general case it suffices to apply Step 1 to u+ and u−.

Remark 1.78. Note that if u is Lebesgue integrable, then the hypotheses of
the previous corollary hold, since

{x ∈ X : |u (x)| > 0} =
∞⋃

n=1

{
x ∈ X : |u (x)| > 1

n

}

and
1
n
µ

({
x ∈ X : |u (x)| > 1

n

})
≤
∫

X

|u| dµ <∞.

Similarly, µ ({x ∈ X : |u (x)| = ∞}) = 0.

The next two results are pivotal in the theory of integration of nonnegative
functions.

Theorem 1.79 (Lebesgue monotone convergence theorem). Let
(X,M, µ) be a measure space, and let un : X → [0,∞] be a sequence of
measurable functions such that

0 ≤ u1 (x) ≤ u2 (x) ≤ . . . ≤ un (x) → u (x)

for every x ∈ X. Then u is measurable and

lim
n→∞

∫
X

un dµ =
∫

X

u dµ.
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Example 1.80. The Lebesgue monotone convergence theorem does not hold in
general for decreasing sequences. Indeed, consider X = R and let µ be the
Lebesgue measure L1. Define

un :=
1
n
χ[n,∞).

Then un ≥ un+1 and

lim
n→∞

∫
R

un dx = ∞ �= 0 =
∫

R

lim
n→∞

un dx.

Corollary 1.81. Let (X,M, µ) be a measure space, and let un : X → [0,∞]
be a sequence of measurable functions. Then

∞∑
n=1

∫
X

un dµ =
∫

X

∞∑
n=1

un dµ.

Proof. Apply the Lebesgue monotone convergence theorem to the increasing
sequence of partial sums and use linearity of the integral.

Example 1.82. Given a doubly indexed sequence {ank}, with ank ≥ 0 for all
n, k ∈ N, we have

∞∑
n=1

∞∑
k=1

ank =
∞∑

k=1

∞∑
n=1

ank.

To see this, it suffices to consider X = N with counting measure and to define
un : N → [0,∞] by un (k) := ank. Then

∫
X

un dµ =
∞∑

k=1

ank,

and the result now follows from the previous corollary.

Lemma 1.83 (Fatou lemma). Let (X,M, µ) be a measure space.

(i) If un : X → [0,∞] is a sequence of measurable functions, then

u := lim inf
n→∞

un

is a measurable function and
∫

X

u dµ ≤ lim inf
n→∞

∫
X

un dµ;

(ii) if un : X → [−∞,∞] is a sequence of measurable functions such that

un ≤ v
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for some measurable function v : X → [0,∞] with
∫

X
v dµ <∞, then

u := lim sup
n→∞

un

is a measurable function and∫
X

u dµ ≥ lim sup
n→∞

∫
X

un dµ.

Example 1.84. Fatou’s lemma (i) fails for real-valued functions. Indeed, con-
sider X = R and let µ be the Lebesgue measure L1. Define

un := − 1
n
χ[0,n].

Then
lim inf
n→∞

∫
R

un dx = −1 < 0 =
∫

R

lim
n→∞

un dx.

For functions of arbitrary sign we have the following convergence result.

Theorem 1.85 (Lebesgue dominated convergence theorem). Let
(X,M, µ) be a measure space, and let un : X → [−∞,∞] be a sequence
of measurable functions such that

lim
n→∞

un (x) = u (x)

for µ a.e. x ∈ X. If there exists a Lebesgue integrable function v such that

|un (x)| ≤ v (x)

for µ a.e. x ∈ X and all n ∈ N, then u is Lebesgue integrable and

lim
n→∞

∫
X

|un − u| dµ = 0.

In particular,

lim
n→∞

∫
X

un dµ =
∫

X

u dµ.

Example 1.86. If v is not integrable then the theorem fails in general. Indeed,
consider X = [0, 1] and let µ be the Lebesgue measure L1. Define

un := nχ[0, 1
n ].

Then
lim

n→∞

∫ 1

0

un dx = 1 �= 0 =
∫ 1

0

lim
n→∞

un dx.

The results below provide applications of the finite value property and
nonatomic measures (see Proposition 1.20) in the case that the measure is
given by an integral. They will be used to study well-posedness of functionals
of the form

∫
E
f (x, v (x)) dx in Chapter 6.
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Proposition 1.87. Let (X,M, µ) be a measure space, let µ satisfy the finite
value property, and let u, v : X → [0,∞] be measurable functions such that

∫
E

u dµ ≤
∫

E

v dµ

for all E ∈M with µ (E) <∞. Then u (x) ≤ v (x) for µ a.e. x ∈ X.

Proof. For k ∈ N define uk := inf {u, k}, vk := inf {v, k}. It is enough to show
that

uk (x) ≤ vk (x) for µ a.e. x ∈ X.

For n ∈ N define

En,k :=
{
x ∈ X : uk (x) > vk (x) +

1
n

}
.

We claim that µ (En,k) = 0 for all k, n ∈ N. Indeed, assume by contradiction
that µ (En,k) > 0 for some k, n ∈ N. By the finite value property there exists
a measurable set F ⊂ En,k such that 0 < µ (F ) <∞. By definition of En,k,

k ≥ uk (x) > vk (x) +
1
n

for all x ∈ F , and so, since k > vk (x) = inf {v (x) , k}, we have that

v (x) +
1
n

= vk (x) +
1
n
< uk (x) ≤ u (x) ,

and upon integration over F ,
∫

F

v dµ+
1
n
µ (F ) ≤

∫
F

u dµ ≤
∫

F

v dµ,

where in the last inequality we have used the hypothesis. Since µ (F ) < ∞
and v ≤ k on F , it follows that the right-hand side of the previous inequality
is finite, and thus µ (F ) = 0, which is a contradiction.

Remark 1.88. If u is integrable, then we can dispense with the hypothesis that
µ has the finite value property. Indeed, the sets En,k constructed in the proof
are contained in the set {x ∈ X : u (x) > 0}, which has σ-finite measure in
view of Remark 1.78.

Proposition 1.89. Let (X,M, µ) be a measure space, let µ be nonatomic,
and let u : X → [0,∞] be a measurable function. Then the measure

ν (E) :=
∫

E

u dµ, E ∈ M, (1.22)

is nonatomic if and only if

µ ({x ∈ X : u (x) = ∞}) = 0.
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Proof. Assume that ν is nonatomic. If

µ ({x ∈ X : u (x) = ∞}) > 0,

then any subset of this set has either zero or infinite ν measure, and this
violates the hypothesis.

Conversely, suppose that µ ({x ∈ X : u (x) = ∞}) = 0. Let

E0 := {x ∈ X : 0 < u (x) <∞} .

If µ (E0) = 0, then ν ≡ 0 and there is nothing to prove. Thus assume that
µ (E0) > 0. Since ν (X \ E0) = 0, to prove that ν is nonatomic it suffices to
show that this holds for ν : M	E0 → [0,∞]. Let E ∈ M be a subset of E0

with ν (E) > 0. Since
E0 =

⋃
k

Ek,

where

Ek :=
{
x ∈ X :

1
k
< u (x) < k

}
,

there exists k0 such that µ (E ∩ Ek0) > 0. Since µ is nonatomic there exists
F ∈ M, F ⊂ E ∩ Ek0 , such that

0 < µ (F ) < µ (E ∩ Ek0) .

If ν (F ) = 0 then u = 0 µ a.e. on F , and if ν ((E ∩ Ek0) \ F ) = 0 then u = 0
µ a.e. on (E ∩ Ek0) \ F . By the definition of Ek0 these would imply that
µ (F ) = 0 or µ ((E ∩ Ek0) \ F ) = 0, both contradicting the choice of F . Hence

ν (F ) , ν ((E ∩ Ek0) \ F ) > 0.

Since u ≤ k0 on F and µ (F ) <∞, we obtain ∞ > ν (F ) > 0. It follows that

0 < ν (F ) < ν (F ) + ν ((E ∩ Ek0) \ F ) ≤ ν (E) .

Hence ν is nonatomic.

Corollary 1.90. Let (X,M, µ) be a measure space with µ nonatomic.

(i) Let u : X → [0,∞] be a measurable function such that
∫

X

u dµ = ∞.

Then there exists a denumerable partition of X into disjoint sets Xn ∈M

such that ∫
Xn

u dµ =∞.
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(ii) Let {un} be a sequence of measurable functions un : X → [0,∞] such that
∫

X

un dµ = ∞

for every n. Then there exists a partition of X into disjoint sets Xn ∈M

such that ∫
Xn

un dµ =∞.

Proof. Step 1: Let u : X → [0,∞] be a measurable function such that
∫

X

u dµ = ∞.

We prove that there exists a partition of X into two disjoint sets Ei ∈M such
that ∫

Ei

u dµ =∞, i = 1, 2.

Let
X∞ := {x ∈ X : u (x) = ∞} .

If µ (X∞) > 0, then since µ is nonatomic we may find F ∈ M such that
F ⊂ X∞ and

0 < µ (F ) < µ (X∞) .

It suffices to define E1 := F and E2 := X \ F ⊃ X∞ \ F .
If µ (X∞) = 0, then by Proposition 1.89 the measure ν defined in (1.22)

is nonatomic. Therefore by Proposition 1.20 there exists F1 ∈ M such that∫
F1
u dµ = 1. Since

∫
X\F1

u dµ = ∞, the same argument yields F2 ∈ M,
F2 ⊂ X \ F1, such that

∫
F2
u dµ = 1. Inductively, we construct a sequence of

mutually disjoint sets Fn ∈M such that
∫

Fn
u dµ = 1. It suffices to set

E1 :=
∞⋃

n=1

F2n, E2 := X \ E1 ⊃
∞⋃

n=1

F2n−1.

By induction the statement in (i) now follows.

Step 2: To prove (ii) for every n ∈ N and k ∈ Z∪{∞}, define

Dn,k :=
{{

x ∈ X : 1
2k+1 ≤ un (x) < 1

2k

}
if k <∞,

{x ∈ X : un (x) =∞} if k =∞.

For fixed n ∈ N construct a sequence {Cn,k}k∈Z∪{∞} such that Cn,k ⊂ Dn,k

and
µ (Cn,k) =

1
2n
µ (Dn,k) . (1.23)

This is undertaken by induction on n. Indeed, assume that {Cl,k}k∈Z∪{∞} has
been obtained for all l < n. For each l < n set
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Fl := {Cl,k : k ∈ Z ∪ {∞}} ∪

⎧⎨
⎩X \

⋃
k∈Z∪{∞}

Cl,k

⎫⎬
⎭ .

Then Fl is a countable partition of X, because the sets {Cl,k : k ∈ Z∪{∞}}
are pairwise disjoint. Hence also

Gn :=

{
n−1⋂
i=1

Ei : Ei ∈ Fi for all i = 1, . . . , n− 1

}

is a countable partition of X. Write Gn = {Gj} and for k ∈ Z∪{∞} apply
Proposition 1.20 to each Gj ∩Dn,k to find a subset Hj,n,k ⊂ Gj ∩Dn,k such
that

µ (Hj,n,k) =
1
2n
µ (Gj ∩Dn,k) .

Set
Cn,k :=

⋃
j

Hj,n,k,

and observe that Cn,k ⊂ Dn,k and for every E ∈ Gn,

µ (Cn,k ∩ E) =
1
2n
µ (Dn,k ∩ E) . (1.24)

In particular, (1.23) follows, and this completes the construction of the
sequence {Cn,k}k∈Z∪{∞}.

Note also that if l ∈ N then each E ∈ Fn, n = 1, . . . , l− 1, may be written
as the disjoint union

E =
⋃

i∈{1,...,l−1}\{n}

⋃
Ei∈Fi

E1 ∩ . . . ∩ En−1 ∩ E ∩ En+1 ∩ . . . ∩ El−1.

Hence for all integers l > n and all h ∈ Z∪{∞}, condition (1.24) (with Cn,k

replaced by Cl,h) implies

µ (Cl,h ∩ Cn,k) =
1
2l
µ (Dl,h ∩ Cn,k) . (1.25)

Next we claim that for every n ∈ N and k ∈ Z∪{∞},

µ

⎛
⎝Cn,k ∩

⎛
⎝ ∞⋃

l=n+1

⋃
h∈Z∪{∞}

Cl,h

⎞
⎠
⎞
⎠ ≤ 1

2n
µ (Cn,k) . (1.26)

By (1.25) and since the collection {Dl,h : h ∈ Z∪{∞}} is a partition of X,
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µ

⎛
⎝Cn,k ∩

⎛
⎝ ∞⋃

l=n+1

⋃
h∈Z∪{∞}

Cl,h

⎞
⎠
⎞
⎠ ≤

∞∑
l=n+1

∑
h∈Z∪{∞}

µ (Cn,k ∩ Cl,h)

≤
∞∑

l=n+1

1
2l

⎛
⎝ ∑

h∈Z∪{∞}
µ (Cn,k ∩Dl,h)

⎞
⎠

=
∞∑

l=n+1

1
2l
µ (Cn,k) =

1
2n
µ (Cn,k) ,

and so Cn,k satisfies (1.26).

Step 3: For every n ∈ N and k ∈ Z∪{∞} set

Bn,k := Cn,k \

⎛
⎝ ∞⋃

l=n+1

⋃
h∈N

Cl,h

⎞
⎠ .

Fix n ∈ N. Since Bn,k ⊂ Cn,k for all k ∈ Z∪{∞}, it follows that the sets Bn,k,
for k ∈ Z∪{∞}, are pairwise disjoint. If µ (Bn,∞) > 0, then by the definition
of Dn,∞, ∫

Bn,∞

un dµ =∞.

If µ (Bn,∞) = 0, then (1.23) and (1.26) yield

µ (Bn,k) ≥
(

1− 1
2n

)
µ (Cn,k) ≥ 1

2n+1
µ (Dn,k) , (1.27)

and by the definition of Dn,k, for all n ∈ N, we have

∞∑
k=−∞

∫
Bn,k

un dµ ≥
∞∑

k=−∞

1
2k+1

µ (Bn,k)

≥ 1
2n+1

∞∑
k=1

1
2k+1

µ (Dn,k)

≥ 1
2n+1

1
2

∫
X

un dµ =∞,

where we have used the fact that µ (Bn,∞) = 0 and (1.27) imply that
µ (Dn,∞) = 0.

Hence we may take
Xn :=

⋃
k∈Z∪{∞}

Bn,k.

This completes the proof.

The next proposition will be used in Chapter 2 to extend the Riemann–
Lebesgue lemma to finite nonatomic measures.
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Proposition 1.91. Let (X,M, µ) be a measure space with µ finite and non-
atomic. Then there exists a measurable function u : X → [0, 1) such that for
any Borel set B ⊂ [0, 1],

µ
(
u−1 (B)

)
= L1 (B)µ (X) . (1.28)

Proof. Step 1: We claim that there exists a sequence {En} ⊂ M such that
for every k ∈ N and any k distinct positive integers n1, . . . , nk,

µ (En1 ∩ . . . ∩ Enk
) =

1
2k
µ (X) . (1.29)

The proof is by induction on n. By Proposition 1.20 we may find E1 ∈M such
that µ (E1) = 1

2µ (X). Suppose that measurable subsets E1, . . . , En ∈M have
been chosen so that (1.29) holds for any k distinct positive integers n1, . . . , nk,
with 1 ≤ ni ≤ n, i = 1, . . . , k. For every set F define

F (0) := F , F (1) := X \ F .

For any � = 1, . . . , n, consider the 2� sets

E(j1,...,j�) := E
(j1)
1 ∩ . . . ∩ E(j�)

� ,

where ji = 0, 1 for all i = 1, . . . , �. We claim that

µ
(
E(j1,...,j�)

)
=

1
2�
µ (X) . (1.30)

The claim will be established provided we show that for every p = 0, . . . , n,
and for every � ≥ p, equality (1.30) holds for every �-tuple (j1, . . . , j�) such
that

�∑
i=1

ji = p.

The proof is by induction on p. If p = 0 then

µ
(
E(j1,...,j�)

)
= µ (E1 ∩ . . . ∩ E�) =

1
2�
µ (X)

by the induction hypothesis on n. Thus assume that (1.30) holds for p and
consider E(j1,...,j�) such that

�∑
i=1

ji = p+ 1.

By relabeling the sets if necessary, we may assume that ji = 1 for all i =
1, . . . , p+ 1, and ji = 0 for all i = p+ 2, . . . , �. Then
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µ
(
E(j1,...,j�)

)
=µ ((X \ E1) ∩ . . . ∩ (X \ Ep+1) ∩ Ep+2 ∩ . . . ∩ E�)
=µ ((X \ E1) ∩ . . . ∩ (X \ Ep) ∩ Ep+2 ∩ . . . ∩ E�)
− µ ((X \ E1) ∩ . . . ∩ (X \ Ep) ∩ Ep+1 ∩ . . . ∩ E�)

=
1

2�−1
µ (X)− 1

2�
µ (X) =

1
2�
µ (X) ,

where we have used the induction hypothesis on p. Hence (1.30) holds.
By Proposition 1.89, for each set E(j1,...,jn) we may find a measurable

subset F(j1,...,jn) such that

µ
(
F(j1,...,jn)

)
=

1
2
µ
(
E(j1,...,jn)

)
. (1.31)

Let En+1 be the union of all such sets F(j1,...,jn). Note that the sets F(j1,...,jn)

are disjoint because
{
E(j1,...,jn)

}
is a family of pairwise disjoint sets.

Fix 1 ≤ k ≤ n+1 distinct positive integers n1, . . . , nk, with 1 ≤ ni ≤ n+1,
i = 1, . . . , k. We claim that (1.29) holds. It suffices to consider the case in
which one of the indices ni is n+ 1, say nk = n+ 1. We first show that

µ

(
E

(jn1)
n1 ∩ . . . ∩ E(jnk−1)

nk−1 ∩ En+1

)
=

1
2k
µ (X) , (1.32)

where jni
= 0, 1, for all i = 1, . . . , k − 1. This is equivalent to proving that

(1.32) holds for every p = 0, . . . , n, and for every (k − 1)-tuple
(
E

(jn1)
n1 , . . . , E

(jnk−1)
nk−1

)
(1.33)

with k := n− p+ 1. The proof is by induction on p. If p = 0 then k = n+ 1,
and so, by relabeling the sets if necessary,

µ
(
E

(jn1 )
n1 ∩ . . . ∩ E(jnk−1 )

nk−1 ∩En+1

)
= µ

(
E

(j1)
1 ∩ . . . ∩ E(jn)

n ∩ En+1

)

= µ
(
E(j1,...,jn) ∩ En+1

)
= µ

(
F(j1,...,jn)

)

=
1
2
µ
(
E(j1,...,jn)

)
=

1
2n+1

µ (X) ,

where we have used the definition of En+1, (1.31), and (1.30), in this order.
Thus assume that (1.32) holds for p and consider a (k − 1)-tuple as in (1.33)
with k := n−p. Let nk ∈ {1, . . . , n} be any integer distinct from n1, . . . , nk−1.

Since X = E
(0)
nk ∪E

(1)
nk , we may decompose E(jn1)

n1 ∩ . . . ∩E(jnk−1)
nk−1 ∩ En+1 as

E
(jn1)
n1 ∩ . . . ∩ E(jnk−1)

nk−1 ∩ En+1 =
(
E

(jn1)
n1 ∩ . . . ∩ E(jnk−1)

nk−1 ∩ E(0)
nk
∩ En+1

)

∪
(
E

(jn1)
n1 ∩ . . . ∩ E(jnk−1)

nk−1 ∩ E(1)
nk
∩ En+1

)
,
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and so

µ

(
E

(jn1)
n1 ∩ . . . ∩ E

(
jnk−1

)
nk−1 ∩ Enk

)
=µ

(
E

(jn1)
n1 ∩ . . . ∩ E

(
jnk−1

)
nk−1 ∩ E(0)

nk
∩ En+1

)

+µ

(
E

(jn1)
n1 ∩ . . . ∩ E

(
jnk−1

)
nk−1 ∩ E(1)

nk
∩ En+1

)

=
1

2k+1
µ (X) +

1

2k+1
µ (X) =

1

2k
µ (X) ,

where we have used the induction hypothesis and the fact that
(
E

(jn1)
n1 , . . . , E

(jnk−1)
nk−1 , E(0)

nk

)
and

(
E

(jn1)
n1 , . . . , E

(jnk−1)
nk−1 , E(1)

nk

)

are ((k + 1)− 1)-tuples with k + 1 = n− p+ 1.
Hence (1.32) holds, and this completes the induction argument on n.

Step 2: We claim that there exists a measurable function u : X → [0, 1) such
that

µ ({x ∈ X : u (x) < θ}) = θµ (X) (1.34)

for all 0 ≤ θ ≤ 1. Let {En} be the sequence of measurable sets constructed in
the previous step and define

E∗ :=
∞⋃

k=1

∞⋂
n=k

En.

We claim that the function

u (x) :=

⎧⎪⎨
⎪⎩

0 if x ∈ E∗,
∞∑

n=1

1
2n
χEn

(x) otherwise,

has the desired property. To see this, for any dyadic rational θ = k
2l , with

l ∈ N0 and k = 1, . . . , 2l, it is easy to verify that

{x ∈ X : u (x) < θ} = E∗ ∪
{
x ∈ X :

l∑
n=1

1
2n
χEn

(x) < θ

}
. (1.35)

Indeed, one inclusion is immediate, and to verify the other inclusion consider
x ∈ X \ E∗ such that

l∑
n=1

1
2n
χEn

(x) < θ =
k

2l
.

Writing
l∑

n=1

1
2n
χEn

(x) =
�

2l
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for some nonnegative integer �, it follows that � ≤ k − 1. Moreover, since
x ∈ X \ E∗ we have that

∞∑
n=l+1

1
2n
χEn

(x) <
∞∑

n=l+1

1
2n

=
1
2l

,

and so

u (x) =
∞∑

n=1

1
2n
χEn

(x) <
�

2l
+

1
2l
≤ θ,

and thus u (x) < θ. Hence (1.35) holds.
We claim that

{
x ∈ X :

∑l
n=1

1
2nχEn

(x) < θ
}

is the union of k pairwise
disjoint sets of the form

E
(j1)
1 ∩ . . . ∩ E(jl)

l ,

where ji = 0, 1, for all i = 1, . . . , l. Note that if this is true, then by (1.35)
and since µ (E∗) = 0, it follows that

µ ({x ∈ X : u (x) < θ}) = k
µ (X)

2l
= θµ (X) .

The extension of the previous formula to values of θ that are not dyadic
rational follows from the countable additivity of µ. Indeed, given any θ ∈ (0, 1]
it suffices to construct a sequence of dyadic rational numbers θn ↗ θ. Then
by Proposition 1.7,

µ ({x ∈ X : u (x) < θ}) = µ

( ∞⋃
n=1

{x ∈ X : u (x) < θn}
)

= lim
n→∞

µ ({x ∈ X : u (x) < θn})

= lim
n→∞

θnµ (X) = θµ (X) .

To prove the claim for k = 1, . . . , 2l, set

Ik,l :=

⎧⎨
⎩(j1, . . . , jl) : jn = 0, 1, for all n = 1, . . . , l,

∑
n∈{1,...,l}: jn=0

1
2n

<
k

2l

⎫⎬
⎭

and write{
x ∈ X :

l∑
n=1

1
2n
χEn

(x) < θ =
k

2l

}
=

⋃
(j1,...,jl)∈Ik,l

E
(j1)
1 ∩ . . . ∩ E(jl)

l .

Since every � ∈ N0, with � < k, may be written in a unique way as
∑

n∈{1,...,l}: jn=0

2l−n
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for some (j1, . . . , jl) ∈ Ik,l, it follows that

card Ik,l = k.

Step 3: It remains to show that (1.28) holds. Indeed, if [a, b) ⊂ [0, 1] then

from (1.34)

µ ({x ∈ X : a ≤ u (x) < b})
= µ ({x ∈ X : u (x) < b}) \ µ ({x ∈ X : u (x) < a})
= (b− a)µ (X) .

In particular, if b = a then µ
(
u−1 ({a})

)
= 0, and so since any open set

A ⊂ [0, 1] is the disjoint union of open intervals, it follows that

µ
(
u−1 (A)

)
= L1 (A)µ (X)

for any open set A ⊂ [0, 1]. Since the sets of Borel sets B ⊂ [0, 1] for which
(1.28) holds is a σ-algebra and it contains all open sets, it follows that (1.28)
holds for every Borel set B ⊂ [0, 1].

The next proposition will be used to study well-posedness of functionals
of the form

∫
E
f (x, v (x)) dx in Chapter 6.

Proposition 1.92. Let (X,M, µ) be a measure with µ satisfying the finite
subset property. If u : X → [0,∞] is a measurable function and if

∫
X

u dµ > α

for some α ≥ 0, then there exists a nonnegative integrable simple function s
such that 0 ≤ s ≤ u in X, with s < u on {x ∈ X : u (x) > 0}, and

∫
X

s dµ > α.

Proof. By Theorem 1.74 and the Lebesgue monotone convergence theorem we
can find a nonnegative simple function s̃ such that 0 ≤ s̃ ≤ u in X and

∫
X

s̃ dµ > α.

Write

s̃ =
�∑

n=1

cnχEn
,

where cn > 0 for n = 1, . . . , �. Without loss of generality, we may assume
that s̃ is integrable. Indeed, if this were not the case then there would exist
n ∈ {1, . . . , �} such that µ (En) = ∞. By Proposition 1.25 we may find a set
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F ⊂ En, F ∈ M, such that α
cn

< µ (F ) < ∞, and it suffices to observe that
the integrable simple function cnχF is below u and∫

X

cnχF dµ > α.

Suppose now that s̃ is integrable. Define

s := (1− δ) s̃,

where 0 < δ < 1 is so small that

(1− δ)
∫

X

s̃ dµ > α.

The function s has the desired properties.

Remark 1.93. In view of Remark 1.19, the previous proposition holds for σ-
finite measures.

We conclude this subsection with regularity properties for measurable
functions when the underlying measure is Radon.

Theorem 1.94 (Lusin). Let X be a locally compact Hausdorff space, and let
µ∗ : P (X) → [0,∞] be a Radon outer measure. Let u : X → R be a measurable
function and let E ⊂ X be a µ∗-measurable set such that µ∗ (E) < ∞. Then
for every ε > 0 there exists a compact set K ⊂ X such that

µ∗ (E \K) < ε

and u : K → R is continuous.

Remark 1.95. If X is a metric space, then Lusin’s theorem continues to hold
if µ∗ is a Borel regular outer measure, although the set K may be only closed
and not necessarily compact.

Corollary 1.96. Let X be a locally compact Hausdorff space, and let µ∗ :
P (X) → [0,∞] be a σ-finite Radon outer measure. Let u : X → R be a
measurable function. Then there exists a Borel function v : X → R such that
u = v for µ∗ a.e. x ∈ X.

Next we present a regularity result for functions integrable with respect
to a Radon measure.

Theorem 1.97 (Vitali–Carathéodory). Let X be a locally compact Haus-
dorff space, and let µ : B (X) → [0,∞] be a Radon measure. If u : X → R is
an integrable function and ε > 0, then there exist v, w : X → R such that

v (x) ≤ u (x) ≤ w (x)

for µ a.e. x ∈ X, v is upper semicontinuous and bounded above, w is lower
semicontinuous and bounded below, and∫

X

(w − v) dµ ≤ ε.
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1.1.4 Comparison Between Measures

Given a measure space (X,M, µ) and a measurable function u : X → [0,∞],
we define

ν (E) :=
∫

E

u dµ, E ∈M. (1.36)

Then ν is a measure and ν (E) = 0 whenever µ (E) = 0. The measure ν is
said to be absolutely continuous with respect to µ. More generally, we have
the following definition.

Definition 1.98. Let (X,M) be a measurable space and let µ, ν : M→ [0,∞]
be two measures.

(i) µ, ν are said to be mutually singular, and we write ν ⊥ µ, if there exist
two disjoint sets Xµ, Xν ∈ M such that X = Xµ ∪ Xν and for every
E ∈ M we have

µ (E) = µ (E ∩Xµ) , ν (E) = ν (E ∩Xν) .

(ii) ν is said to be absolutely continuous with respect to µ, and we write
ν � µ, if for every E ∈M with µ (E) = 0 we have ν (E) = 0.

(iii) ν is said to be diffuse with respect to µ if for every set E ∈ M with
µ (E) <∞ we have ν (E) = 0.

The term absolute continuity comes from the fact that if ν is finite then
ν � µ if and only if

lim
µ(E)→0

ν (E) = 0.

More precisely, we have the following result.

Proposition 1.99. Let (X,M) be a measurable space and let µ, ν : M →
[0,∞] be two measures with ν finite. Then ν is absolutely continuous with
respect to µ if and only if for every ε > 0 there exists δ > 0 such that

ν (E) ≤ ε (1.37)

for every measurable set E ⊂ X with µ (E) ≤ δ.

Proof. If (1.37) holds and if E ∈ M is such that µ (E) = 0, then necessarily
ν (E) ≤ ε for all ε > 0, so that ν (E) = 0. Thus ν � µ.

Conversely, assume by contradiction that ν � µ and that (1.37) fails.
Then we can find ε > 0 and a sequence {En} ⊂ M such that µ (En) ≤ 1

2n and
ν (En) ≥ ε. Define

Fk :=
∞⋃

n=k

En, F :=
∞⋂

k=1

Fk.

Then
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µ (F ) ≤ µ (Fk) ≤
∞∑

n=k

1
2n

=
1

2k−1
→ 0

as k →∞. On the other hand, since ν is finite, by Proposition 1.7(ii),

ν (F ) = lim
k→∞

ν (Fk) ≥ ε,

which contradicts the fact ν � µ.

Example 1.100. If ν is not finite then condition (1.37) still implies that ν � µ,
but the converse does not hold in general. To see this, let X = (0, 1), M

= B ((0, 1)), take µ to be the Lebesgue measure, and

ν (E) :=
∫

E

1
x
dx, E ∈ M.

Then ν � µ but (1.37) fails.

It turns out that (1.36) gives a complete characterization of all measures
ν absolutely continuous with respect to µ if µ is σ-finite (see the Radon–
Nikodym theorem below).

Theorem 1.101 (Radon–Nikodym, I). Let (X,M) be a measurable space
and let µ, ν : M → [0,∞] be two measures, with µ σ-finite and ν absolutely
continuous with respect to µ. Then there exists a measurable function u : X →
[0,∞] such that

ν (E) =
∫

E

u dµ

for every E ∈ M. The function u is unique up to a set of µ measure zero.

The function u is called the Radon–Nikodym derivative of ν with respect
to µ, and we write u = dν

dµ .
The proof of this theorem is hinged on the following two lemmas.

Lemma 1.102. Let (X,M) be a measurable space and let µ, ν : M → [0,∞]
be two measures. For every E ∈ M define

νac (E) := sup
{∫

E

u dµ : u : X → [0,∞] measurable, (1.38)
∫

E′
u dµ ≤ ν (E′) for all E′ ⊂ E,E′ ∈ M

}
.

Then νac is a measure, with νac � µ, and for each E ∈ M the supremum in
the definition of νac is actually attained by a function u admissible for νac (E).
Moreover, if νac is σ-finite, then u may be chosen independently of the set E.
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Proof. Step 1: We prove that νac is a measure, with νac � µ. It follows from
(1.38) that νac (∅) = 0. Let {En} ⊂ M be a countable collection of pairwise
disjoint sets and let E :=

⋃∞
n=1En. Let u : X → [0,∞] be a measurable

function such that
∫

E′ u dµ ≤ ν (E′) for all E′ ⊂ E, E′ ∈ M. Then for every
n ∈ N, ∫

E′
u dµ ≤ ν (E′)

for all E′ ⊂ En, E′ ∈ M, and so

∫
E

u dµ =
∞∑

n=1

∫
En

u dµ ≤
∞∑

n=1

νac (En) .

Hence taking the supremum over all such u, we obtain

νac (E) ≤
∞∑

n=1

νac (En) . (1.39)

Conversely, for each ε > 0 and n ∈ N let un : X → [0,∞] be a measurable
function such that

∫
E′ un dµ ≤ ν (E′) for all E′ ⊂ En, E′ ∈M, and

νac (En) ≤
∫

En

un dµ+
ε

2n
.

Define u :=
∑∞

n=1 χEn
un. Then for all E′ ⊂ E, with E′ ∈M, we have

∫
E′
u dµ =

∞∑
n=1

∫
E′∩En

un dµ ≤
∞∑

n=1

ν (E′ ∩ En) = ν (E′) ,

and so for every l ∈ N,

l∑
n=1

νac (En) ≤
l∑

n=1

(∫
En

un dµ+
ε

2n

)
≤
∫

E

u dµ+ ε ≤ νac (E) + ε.

Letting l→∞ first and then ε→ 0+, and using (1.39), we conclude that νac

is a measure.
From the definition of νac it follows that if E ∈ M and µ (E) = 0, then

νac (E) = 0, which shows that νac � µ.

Step 2: We claim that for each E ∈ M the supremum in the definition of νac

is actually reached by a measurable function u. Indeed, note first that if u,
v : X → [0,∞] are measurable functions such that

∫
E′
u dµ ≤ ν (E′) ,

∫
E′
v dµ ≤ ν (E′)

for all E′ ⊂ E, E′ ∈M, then max {u, v} satisfies the same property, since
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∫
E′

max {u, v} dµ =
∫

E′∩{u≥v}
u dµ+

∫
E′∩{u<v}

v dµ (1.40)

≤ ν (E′ ∩ {u ≥ v}) + ν (E′ ∩ {u < v})
= ν (E′) .

Hence we can find an increasing sequence of measurable functions un : X →
[0,∞] such that

lim
n→∞

∫
E

un dµ = νac (E)

and
∫

E′ un dµ ≤ ν (E′) for all E′ ⊂ E, E′ ∈ M. Define u := limn→∞ un. By
the Lebesgue monotone convergence theorem we have

∫
E

u dµ = νac (E) .

Step 3: Suppose first that νac is finite, and let u be a function obtained in

Step 2 for the set X. We claim that

νac (E) =
∫

E

u dµ (1.41)

for any set E ∈M. Since u is admissible for X, we have that
∫

E′ u dµ ≤ ν (E′)
for all E′ ∈M. Hence

νac (E) ≥
∫

E

u dµ.

If this inequality were strict for some E ∈ M, then we could find a function v
admissible for νac (E) such that

∫
E

v dµ >

∫
E

u dµ. (1.42)

Define

u (x) :=
{
v (x) for x ∈ E ∩ {v > u} ,
u (x) elsewhere.

Then u is admissible for νac (X), and so

νac (X) ≥
∫

X

u dµ =
∫

X

u dµ+
∫

E∩{v>u}
(v − u) dµ >

∫
X

u dµ,

where we have used (1.42) and the fact that
∫

X
u dµ <∞, since νac is finite.

We have reached a contradiction.
If νac is σ-finite then we may decompose X as

X =
∞⋃

n=1

Xn,
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where νac (Xn) and the sets Xn are disjoint. For each n ∈ N choose a function
un admissible for νac (Xn) for which (1.41) holds with un in place of u and
for every measurable subset of Xn. The function

u :=
∞∑

n=1

χXn
un

has the desired property.

Lemma 1.103. Let (X,M) be a measurable space and let µ, ν : M → [0,∞)
be two finite measures. For every E ∈M define

(ν − µ)+ (E) := sup {ν (E′)− µ (E′) : E′ ⊂ E,E′ ∈ M} . (1.43)

Then (ν − µ)+ is a measure, and for every E ∈ M we have

(ν − µ)+ (E) = sup
{
ν (E′)− µ (E′) : E′ ⊂ E,E′ ∈ M, (µ− ν)+ (E′) = 0

}
.

Proof. Step 1: We begin by showing that (ν − µ)+ is a measure. Since

(ν − µ)+ (∅) = ν (∅)− µ (∅) = 0

we have (ν − µ)+ (E) ≥ 0 for all E ∈ M. Let {En} ⊂ M be a countable
collection of pairwise disjoint sets and let E :=

⋃∞
n=1En. Fix ε > 0 and let

E′
n ⊂ E, E′

n ∈ M, be such that

ν (E′
n)− µ (E′

n) ≥ (ν − µ)+ (En)− ε

2n
.

Then by (1.43),

(ν − µ)+ (E) ≥ ν

( ∞⋃
n=1

E′
n

)
− µ

( ∞⋃
n=1

E′
n

)

=
∞∑

n=1

[ν (E′
n)− µ (E′

n)] ≥
∞∑

n=1

(ν − µ)+ (En)− ε.

Letting ε→ 0+ we conclude that

(ν − µ)+ (E) ≥
∞∑

n=1

(ν − µ)+ (En) .

Conversely, for any E′ ⊂ E, E′ ∈ M, let E′
n := E′ ∩ En. Then

ν (E′)− µ (E′) =
∞∑

n=1

[ν (E′
n)− µ (E′

n)] ≤
∞∑

n=1

(ν − µ)+ (En) ,
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and taking the supremum over all such E′ we obtain

(ν − µ)+ (E) ≤
∞∑

n=1

(ν − µ)+ (En) ,

and this establishes that (ν − µ)+ is a measure.

Step 2: To verify the second part of the statement it suffices to show that
for E′ ∈ M with (µ− ν)+ (E′) > 0 there exists E′′ ⊂ E′, E′′ ∈ M, such that
(µ− ν)+ (E′′) = 0 and

ν (E′′)− µ (E′′) ≥ ν (E′)− µ (E′) .

We proceed by induction. By (1.43) and the fact that (µ− ν)+ (E′) > 0 there
exists E′′

1 ⊂ E′, E′′
1 ∈ M, such that

µ (E′′
1 )− ν (E′′

1 ) ≥ 0, µ (E′′
1 )− ν (E′′

1 ) ≥ (µ− ν)+ (E′)− 1. (1.44)

Setting E′
1 := E′ \ E′′

1 , by (1.44)1 we obtain

ν (E′
1)− µ (E′

1) = ν (E′)− µ (E′) + µ (E′′
1 )− ν (E′′

1 ) ≥ ν (E′)− µ (E′) ,

and since by Step 1 (µ− ν)+ is a measure, by definition of (µ− ν)+ we have

(µ− ν)+ (E′
1) = (µ− ν)+ (E′)− (µ− ν)+ (E′′

1 )

≤ (µ− ν)+ (E′)− (µ (E′′
1 )− ν (E′′

1 )) ≤ 1,

where in the last inequality we have used (1.44)2. Recursively, suppose now
that E′

n−1 ⊂ E′ has been selected such that E′
n−1 ∈ M, and

ν
(
E′

n−1

)
− µ

(
E′

n−1

)
≥ ν (E′)− µ (E′) , (µ− ν)+

(
E′

n−1

)
≤ 1
n− 1

.

If (µ− ν)+
(
E′

n−1

)
= 0, then we may take E′′ := E′

n−1. If (µ− ν)+
(
E′

n−1

)
>

0, then by (1.43) there exists E′′
n ⊂ E′

n−1, E
′′
n ∈ M, such that

µ (E′′
n)− ν (E′′

n) ≥ 0, µ (E′′
n)− ν (E′′

n) ≥ (µ− ν)+
(
E′

n−1

)
− 1
n

.

Setting E′
n := E′

n−1 \ E′′
n one can show exactly as before that

ν (E′
n)− µ (E′

n) ≥ ν (E′)− µ (E′) , (µ− ν)+ (E′
n) ≤ 1

n
.

Define E′′ :=
⋂∞

n=1E
′
n. Since µ, ν, and (µ− ν)+ are finite measures, by

Proposition 1.7(ii) we may let n→∞ in the previous inequalities to obtain

ν (E′′)− µ (E′′) ≥ ν (E′)− µ (E′) , (µ− ν)+ (E′′) = 0.

This concludes the proof.
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We are now ready to prove the Radon–Nikodym theorem.

Proof (Radon–Nikodym theorem I). The proof is divided into several steps.

Step 1: Assume that µ and ν are finite measures. In view of Lemma 1.102,
let u be a measurable function that realizes νac (X), that is,

νac (X) =
∫

X

u dµ.

Since ν is finite again by Lemma 1.102, we have that

νac (E) =
∫

E

u dµ

for all E ∈ M.
By the definition of νac (X) for all E ∈ M we obtain that

ν′ (E) := ν (E)−
∫

E

u dµ ≥ 0. (1.45)

Then ν′ is a measure and ν′ � µ. We claim that ν′ ≡ 0. Indeed, if this is not
the case, then there exists E0 ∈ M such that

ν′ (E0) = ν (E0)−
∫

E0

u dµ > 0.

Since ν′ � µ it follows that µ (E0) > 0, and so we can find ε > 0 such that
ν′ (E0) > εµ (E0). Hence (ν′ − εµ)+ (E0) > 0, and by Lemma 1.103 there
exists E′

0 ⊂ E0, E′
0 ∈M, such that

ν′ (E′
0) > εµ (E′

0) , (εµ− ν′)+ (E′
0) = 0.

Using again the fact that ν′ � µ, we have that µ (E′
0) > 0. Since

(εµ− ν′)+ (E′
0) = 0,

it follows that for any E′′ ⊂ E′
0, with E′′ ∈M, we have that

εµ (E′′) ≤ ν′ (E′′) = ν (E′′)−
∫

E′′
u dµ,

i.e., ∫
E′′

(
u+ εχE′

0

)
dµ ≤ ν (E′′) . (1.46)

Therefore, by (1.45) and (1.46), for any E ∈M,
∫

E

(
u+ εχE′

0

)
dµ =

∫
E\E′

0

u dµ+
∫

E∩E′
0

(
u+ εχE′

0

)
dµ

≤ ν (E \ E′
0) + ν (E ∩ E′

0) = ν (E) .
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This implies that u+ εχE′
0

is an admissible function for νac (X), and thus

νac (X) ≥
∫

X

(
u+ εχE′

0

)
dµ =

∫
X

u dµ+ εµ (E′
0)

= νac (X) + εµ (E′
0) .

Since νac (X) <∞ and µ (E′
0) > 0, we have reached a contradiction, and the

claim that ν′ ≡ 0 is proved.
To prove uniqueness, assume that there exists another measurable function

v : X → [0,∞] such that

ν (E) =
∫

E

v dµ

for every E ∈M. Note that both u and v have finite integrals since ν is finite.
As in (1.40), one can show that

ν (E) =
∫

E

max {u, v} dµ

for every E ∈M, and so
∫

X

[max {u, v} − u] dµ =
∫

X

[max {u, v} − v] dµ = 0,

which implies that max {u, v} (x) = u (x) = v (x) for µ a.e. x ∈ X.

Step 2: Assume next that µ is finite and ν σ-finite. Consider a sequence of
disjoint measurable sets Xn such that

X =
∞⋃

n=1

Xn

and ν (Xn) < ∞. Applying Step 1 to the measures µ	Xn and ν	Xn, we can
find a unique sequence of measurable functions un : X → [0,∞] such that for
all E ∈M,

ν (E ∩Xn) =
∫

E∩Xn

un dµ.

Let

u :=
∞∑

n=1

χXn
un.

Then for all E ∈M,

ν (E) =
∞∑

n=1

ν (E ∩Xn) =
∞∑

n=1

∫
E∩Xn

un dµ =
∞∑

n=1

∫
E∩Xn

u dµ =
∫

E

u dµ.

The uniqueness of u follows from the uniqueness of un.
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Step 3: Assume that µ is finite and ν arbitrary. Without loss of generality
we may assume that ν (X) =∞. Let

T := sup {µ (E) : E ∈M, ν (E) <∞} .

Note that T < ∞ since µ (X) < ∞. Find a sequence of increasing sets En,
En ∈ M, with ν (En) <∞, such that

lim
n→∞

µ (En) = T .

Define

Eσ :=
∞⋃

n=1

En.

Then
µ (Eσ) = lim

n→∞
µ (En) = T .

Note that ν : M	Eσ → [0,∞] is σ-finite by construction, and so by the
previous step there exists a unique measurable function uσ : Eσ → [0,∞]
such that

ν (E) =
∫

E

uσ dµ (1.47)

for every E ∈M	Eσ. We claim that ν : M	X \Eσ → [0,∞] takes values only
in {0,∞} (hence it does not have the finite subset property). Indeed, if there
exists F ⊂ X \ Eσ, F ∈ M, such that

0 < ν (F ) <∞,

then µ (F ) > 0 (since ν � µ) and so

T = µ (Eσ) < µ (Eσ) + µ (F ) = µ (Eσ ∪ F ) , (1.48)

and since Eσ ∪ F is admissible in the definition of T we arrive at a contra-
diction. Note also that if µ (F ) > 0 for some F ⊂ X \ Eσ, F ∈ M, then
ν (F ) = ∞. Indeed, if ν (F ) < ∞, then again Eσ ∪ F is admissible in the
definition of T , and the same argument as in (1.48) leads to a contradiction.

Define

u (x) :=
{
uσ (x) if x ∈ Eσ,
∞ if x ∈ X \ Eσ.

We claim that the function u has the desired properties. Let E ∈ M. If
µ (E ∩ (X \ Eσ)) > 0, then, as we just showed, ν (E ∩ (X \ Eσ)) = ∞, and so
since u = ∞ on E ∩ (X \ Eσ), we get

∞ = ν (E) =
∫

E

u dµ.

If µ (E ∩ (X \ Eσ)) = 0, then E is contained in Eσ up to a set of µ measure
zero (and hence of ν measure zero, since ν � µ), and so the claim follows
from (1.47).
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Finally, to prove uniqueness let v : X → [0,∞] be another measurable
function such that

ν (E) =
∫

E

v dµ

for every E ∈ M. By uniqueness in the set Eσ (see Step 2) we have v (x) =
uσ (x) for µ a.e. x ∈ Eσ. Thus it suffices to show that v (x) = ∞ for µ a.e.
x ∈ X \ Eσ.

Assume that there exists a set F ⊂ X \ Eσ, F ∈ M, such that µ (F ) > 0
and v <∞ on F . Then, as shown before, ν (F ) = ∞. Let

Fn := {x ∈ F : v (x) ≤ n} .

Since Fn ⊂ Fn+1 and F =
⋃∞

n=1 Fn, we must have

lim
n→∞

µ (Fn) = µ (F ) > 0,

and so µ (Fn) > 0 for all n sufficiently large, say n ≥ n0. But then ν (Fn0) =∞,
which is a contradiction since

∞ = ν (Fn0) =
∫

Fn0

v dµ ≤ n0µ (Fn0) <∞.

This completes the proof of this step.

Step 4: In the general case in which µ is σ-finite and ν arbitrary, consider a
sequence of disjoint measurable sets Xn such that

X =
∞⋃

n=1

Xn

and µ (Xn) <∞. We now proceed exactly as in Step 2, with the only difference
that we apply Step 3 in place of Step 1.

Remark 1.104. Under the hypotheses of the Radon–Nikodym theorem, it can
be shown that ν = νac. Indeed, we know that

ν (E) =
∫

E

u dµ

for every E ∈ M and for some measurable function u : X → [0,∞], and so u
is admissible for νac (E). Hence

ν (E) ≥ νac (E) ≥
∫

E

u dµ = ν (E) ,

where the first inequality always holds in view of the definition of νac.

Exercise 1.105. Note that the Radon–Nikodym theorem fails in general
without some hypotheses on µ. This is illustrated in the next two exercises.
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(i) Let X be an uncountable set and let M be the family of all sets E ⊂ X
such that either E or its complement is countable. For every E ∈ M define

µ (E) :=
{

cardE if E is finite,
∞ otherwise,

and

ν (E) :=
{

0 if E is countable,
∞ otherwise.

Show that ν � µ but the Radon–Nikodym theorem fails.
(ii) Let X = [0, 1], let M := B ([0, 1]), and let µ, ν be respectively the counting

measure and the Lebesgue measure L1. Prove that ν is finite, ν � µ, but
the Radon–Nikodym theorem fails.

To extend the Radon–Nikodym theorem to non-σ-finite measures we in-
troduce the concept of supremum of a family of measurable functions:

Definition 1.106. Let (X,M, µ) be a measure space and let F = {uα}α∈J be
a family of measurable functions uα : X → [−∞,∞]. A measurable function
u0 : X → [−∞,∞] is called the essential supremum function of the family F
if

(i) u0 (x) ≥ uα (x) for every α ∈ J and for µ a.e. x ∈ X;
(ii) if u : X → [−∞,∞] is a measurable function such that u (x) ≥ uα (x) for

every α ∈ J and for µ a.e. x ∈ X, then u (x) ≥ u0 (x) for µ a.e. x ∈ X.

In an analogous way we can define the essential infimum function of the
family F .

Remark 1.107. (i) Condition (ii) in Definition 1.106 is actually local in the
sense that if u : X → [−∞,∞] is a measurable function such that

u (x) ≥ uα (x)

for every α ∈ J and for µ a.e. x in a measurable subset E ⊂ X, then for
µ a.e. x ∈ E,

u (x) ≥ u0 (x) .

To see this, it suffices to apply property (ii) in Definition 1.106 to the
function

v (x) :=
{
u (x) if x ∈ E,
u0 (x) if x ∈ X \ E.

(ii) In the special case in which the family F consists of characteristic func-
tions, that is,

F = {χEα
}α∈J , Eα ∈ M,

then u0 : X → {0, 1}, i.e., u0 = χE0 , where
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E0 := {x ∈ X : u0 (x) = 1} .

Indeed, by property (i) in Definition 1.106 we have that u0 (x) ≥ 0 for µ
a.e. x ∈ X. Now let

u0 := χE0 .

Then u0 ≤ u0, and for fixed α let Xα be such that µ (X \Xα) = 0 and
for every x ∈ Xα,

u0 (x) ≥ uα (x) .

Let x ∈ Xα. If uα (x) = 1, then u0 (x) ≥ 1 = u0 (x), and if uα (x) = 0,
then obviously u0 (x) ≥ uα (x). Hence u0 (x) ≥ uα (x) for all x ∈ Xα, and
so by property (ii) in Definition 1.106 we deduce that u0 (x) ≥ u0 (x) for
µ a.e. x ∈ X. This shows that

u0 (x) = χE0 (x)

for µ a.e. x ∈ X.
The set E0 is called the essential union of the family of sets {Eα}α∈J .

Next we prove the existence of the essential supremum function of a family
F of measurable functions for σ-finite measures.

Theorem 1.108. Let (X,M, µ) be a measure space, with µ a σ-finite mea-
sure, and consider a family F = {uα}α∈J of measurable functions uα : X →
[−∞,∞]. Then there exists a countable set I0 ⊂ J such that the measurable
function u0 : X → [−∞,∞] defined by

u0 (x) := sup
α∈I0

uα (x) , x ∈ X, (1.49)

is the essential supremum of F .

Proof. If the set of indices J is countable, then it suffices to take I0 := J . The
function u0 is measurable and satisfies properties (i) and (ii) of Definition
1.106.

If J is uncountable, then assume, without loss of generality, that µ is finite.
Extend arctan to [−∞,∞] by setting arctan (−∞) := −π

2 and arctan∞ := π
2

and set

t := sup
{∫

X

arctan
(

sup
α∈I

uα

)
dµ : I ⊂ J , I countable

}
. (1.50)

Note that t ≤ π
2µ (X). For every n ∈ N we may find a countable set In ⊂ J

such that

t ≤
∫

X

arctan
(

sup
α∈In

uα

)
dµ+

1
n

. (1.51)

Set
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I0 :=
∞⋃

n=1

In

and define u0 as in (1.49). Property (ii) of Definition 1.106 is satisfied. To
prove (i) of Definition 1.106 note that by (1.50) and (1.51), for each n ∈ N,

t− 1
n
≤
∫

X

arctan
(

sup
α∈In

uα

)
dµ ≤

∫
X

arctan (u0) dµ ≤ t,

and therefore ∫
X

arctan (u0) dµ = t.

On the other hand, for every β ∈ J ,

t =
∫

X

arctan (u0) dµ ≤
∫

X

arctan (max {u0, uβ}) dµ

≤
∫

X

arctan

(
sup

α∈I0∪{β}
uα

)
dµ ≤ t,

where we have used again (1.50). Since all inequalities are identities, this
implies that for µ a.e. x ∈ X,

u0 (x) ≥ uβ (x) .

This concludes the proof.

Definition 1.109. Let (X,M, µ) be a measure space. The measure µ is said
to be localizable if any family of measurable sets admits an essential union.

Next we show that if a measure is localizable, then the existence of the
essential supremum holds not only for families of characteristic functions,
but for any family of measurable functions. Note that since by the previous
theorem a σ-finite measure is localizable, the proposition below generalizes
Theorem 1.108.

Proposition 1.110. Let (X,M, µ) be a measure space with µ localizable.
Then any family F = {uα}α∈J of measurable functions uα : X → [−∞,∞]
admits an essential supremum.

Proof. Define Eα,r := {x ∈ X : uα (x) ≥ r} with r ∈ Q, and let Er be the
essential union of the family {Eα,r}α∈J . Set

u0 (x) := sup {wr (x) : r ∈ Q} ,

where

wr (x) :=
{
r if x ∈

⋃
t>r Et,

−∞ otherwise.
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We claim that u0 is the essential supremum of F . Indeed, for every r ∈ Q and
α ∈ J there exists Nα,r ∈ M such that µ (Nα,r) = 0 and Er ⊃ Eα,r \ Nα,r.
Set

Nα :=
⋃
r∈Q

Nα,r.

Then Nα has measure zero, and we show that u0 (x) ≥ uα (x) if x /∈ Nα. If
uα (x) = −∞, then there is nothing to prove. Otherwise, let r ∈ Q be such
that uα (x) > r. Then x ∈ Eα,t \ Nα for some t > r, t ∈ Q, and so x ∈ Et.
Hence u0 (x) ≥ wr (x) = r. Given the arbitrariness of r we conclude that
u0 (x) ≥ uα (x).

Next let u : X → [−∞,∞] be a measurable function such that

u (x) ≥ uα (x)

for every α ∈ J and for all x /∈ Mα, for some set of measure zero Mα. We
claim that u (x) ≥ u0 (x) for µ. a.e. x ∈ X.

For r ∈ Q define
Fr := {x ∈ X : u (x) ≥ r} .

Since Fr ⊃ Eα,r \Mα, by definition of essential union there is a set of measure
zero Pr such that Fr ⊃ Er \ Pr.

Let
P :=

⋃
r∈Q

Pr.

In order to show that

u (x) ≥ u0 (x) = sup {wr (x) : r ∈ Q}

for x /∈ P , note that if u0 (x) = −∞, then there is nothing to prove. Otherwise,
let r ∈ Q be such that wr (x) = r. Then x ∈ Et \ Pt for some t > r, and
therefore x ∈ Ft, and so

u (x) ≥ t > wr (x) .

Hence u (x) ≥ u0 (x).

We are now ready to prove an extension of the Radon–Nikodym theorem
that will play a fundamental role in the characterization of the dual of L1 (X)
in the next chapter.

Theorem 1.111 (Radon-Nikodym, II). Let (X,M) be a measurable space
and let µ, ν : M→ [0,∞] be two measures, with µ localizable and ν absolutely
continuous with respect to µ and such that

ν (E) = sup {ν (E ∩ F ) : F ∈M,µ (F ) <∞} (1.52)

for all E ∈ M. Then there exists a measurable function u : X → [0,∞] such
that
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ν (E) =
∫

E

u dµ

for every E ∈ M. Moreover, if µ has the finite subset property, then u is
unique up to a set of µ measure zero.

Proof. Let
M′ := {E ∈M : µ (E) <∞} .

For every set E ∈ M′ we apply the Radon–Nikodym theorem I to obtain a
unique function uE : E → [0,∞] such that

ν (F ) =
∫

F

uE dµ

for every F ∈M, F ⊂ E. Extend uE by zero on X \ E.
Note that by uniqueness, if E1, E2 ∈M′, then uE1 (x) = uE2 (x) for µ a.e.

x ∈ E1 ∩ E2, while if E1, E2 ∈ M′ with E1 ⊂ E2 then uE1 (x) = 0 for µ a.e.
x ∈ E2 \ E1, and so uE1 (x) ≤ uE2 (x) for µ a.e. x ∈ X.

Let u be the essential supremum of the family {uE : E ∈ M′} (the function
u exists in view of the previous proposition). We claim that

∫
F

u dµ = sup
E∈M′

∫
F

uE dµ (1.53)

for every F ∈M. Fix F ∈M. By definition of essential supremum we have
∫

F

u dµ ≥ sup
E∈M′

∫
F

uE dµ.

To prove the reverse inequality it suffices to consider the case in which

α := sup
E∈M′

∫
F

uE dµ <∞.

Consider a sequence {En} ⊂M′ such that

α = lim
n→∞

∫
F

uEn
dµ <∞. (1.54)

Since
uEn

≤ uFn
for µ a.e. x ∈ X,

where Fn :=
⋃n

i=1Ei ∈ M′, without loss of generality we may assume that
uEn

≤ uEn+1 for µ a.e. x ∈ X and for every n ∈ N. Then by the Lebesgue
monotone convergence theorem,

α =
∫

F

u∞ dµ,

where u∞ := limn→∞ uEn
. We show that for all E ∈M′,
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u∞ (x) ≥ uE (x) for µ a.e. x ∈ F . (1.55)

By Remark 1.107 (i) this will imply that u∞ (x) ≥ u (x) for µ a.e. x ∈ F and,
in turn,

α =
∫

F

u∞ dµ ≥
∫

F

u dµ.

It remains to prove (1.55). If (1.55) fails, then there exists F ′ ∈ M , F ′ ⊂ F ,
with µ (F ′) > 0 and such that u∞ < uE in F ′ for some E ∈M′. Let

ε :=
∫

F ′
uE dµ−

∫
F ′
u∞ dµ > 0.

By (1.54) we may choose n so large that

α ≤
∫

F

uEn
dµ+

ε

2
.

Then, since uEn
≤ u∞,

α ≤
∫

F

uEn
dµ+

ε

2
≤
∫

F\F ′
uEn

dµ+
∫

F ′
u∞ dµ+

ε

2

<

∫
F\F ′

uEn
dµ+

∫
F ′
uE dµ

=
∫

F

uEn∪E dµ ≤ α,

and we have reached a contradiction.
Thus (1.55), and in turn (1.53), holds, and so for every F ∈M,

∫
F

u dµ = sup
E∈M′

∫
F

uE dµ = sup
E∈M′

∫
F∩E

uE dµ

= sup
E∈M′

ν (F ∩ E) = ν (F )

by (1.52).
Finally, to prove uniqueness assume that µ has the finite subset property

and let v : X → [0,∞] be another measurable function such that

ν (E) =
∫

E

v dµ

for every E ∈ M. By uniqueness in the case that µ is finite (see the Radon–
Nikodym theorem I), for every E ∈ M′ we have that v (x) = u (x) for µ a.e.
x ∈ E, and so v (x) ≥ uE (x) for µ a.e. x ∈ X (since uE = 0 on X \E). By the
properties of the essential supremum it follows that v (x) ≥ u (x) for µ a.e.
x ∈ X. Assume that there exists a set F ⊂ X, F ∈ M, such that µ (F ) > 0
and v > u on F . Let
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Fn := {x ∈ F : u (x) ≤ n} .

Since u <∞ on F we have that F =
⋃∞

n=1 Fn, and since Fn ⊂ Fn+1, then

lim
n→∞

µ (Fn) = µ (F ) > 0.

Therefore µ (Fn) > 0 for all n sufficiently large, say n ≥ n0. Since µ has the
finite subset property there exists F ′ ⊂ Fn0 , F

′ ∈ M, such that 0 < µ (F ′) <
∞. But then F ′ ∈ M′, and so we have a contradiction since on sets of M′

there is uniqueness.

Remark 1.112. Note that if µ is finite or σ-finite, then in view of Proposition
1.110, µ is localizable, it has the finite subset property, and condition (1.52)
holds. Thus the previous theorem is a genuine extension of Theorem 1.101.

The Radon–Nikodym theorem allows us to express ν in terms of µ when
ν � µ. In the general case, when ν and µ are not related a priori, De Giorgi’s
theorem (see below) allows us to write ν as the sum of three mutually singular
measures

ν = νac + νs + νd,

where νac is introduced in Lemma 1.102, and νs and νd are defined in the
next lemma.

Lemma 1.113. Let (X,M) be a measurable space and let µ, ν : M → [0,∞]
be two measures. For every E ∈ M define

νs (E) := sup {ν (E′) : E′ ⊂ E,E′ ∈M,µ (E′) = 0} , (1.56)

νd (E) := sup
{
ν (E′) : E′ ⊂ E,E′ ∈M such that (1.57)

for all E′′ ⊂ E′, with E′′ ∈M and ν (E′′) > 0, µ (E′′) =∞
}
.

Then νs and νd are measures, νd is diffuse with respect to µ, and for each
E ∈ M the suprema in the definition of νs and νd are actually attained by
measurable sets.

Moreover, if νs is σ-finite then there exists a set Xs ∈ M such that

µ (Xs) = 0 = νd (Xs) and νs (E) = ν (E ∩Xs)

for all E ∈M. In particular, νs ⊥ µ and νs ⊥ νd.

Proof. To see that νs is a measure and that the supremum in the definition
of νs is attained, it suffices to observe that for every E ∈M,

νs (E) = sup {ν (E ∩ F ) : F ∈ N} ,

where N := {F ∈M : µ (F ) = 0}. Since N is closed under finite unions and
contains ∅, we are in a position to apply Lemma 1.23 (with νs in place of µ1).
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The same reasoning applies to νd, since for every E ∈M,

νd (E) = sup {ν (E ∩ F ) : F ∈ N} ,

where now

N := {F ∈ M : for all G ⊂ F with G ∈M and ν (G) > 0, µ (G) =∞} ,

which is closed under finite unions and contains ∅.
It follows from (1.57) that νd is diffuse with respect to µ.
To address the singularity of νs with respect to νd and µ, we assume first

that νs is finite. Choose Xs ∈ M such that

νs (X) = ν (Xs) (1.58)

and µ (Xs) = 0. Given a set E ∈ M, let Es ∈ M, Es ⊂ E, be such that
νs (E) = ν (Es) and µ (Es) = 0. We observe that ν (Es \Xs) = 0, or else,
since Es ∪Xs is admissible for νs (X) and νs is finite, we would have

νs (X) ≥ ν (Es ∪Xs) = ν (Xs) + ν (Es \Xs) > ν (Xs) ,

and this contradicts (1.58). Therefore using (1.56) and the fact that µ (Xs)=0,
we have

νs (E) = ν (Es ∩Xs) ≤ ν (E ∩Xs) ≤ νs (E ∩Xs) ≤ νs (E) .

The fact that νd (Xs) = 0 follows from the fact that µ (Xs) = 0.
The case that νs is σ-finite is straightforward.

Theorem 1.114 (De Giorgi). Let (X,M) be a measurable space and let µ,
ν : M→ [0,∞] be two measures. Then νs, νac, νd are measures and

ν = νs + νac + νd

with νac � µ and νd diffuse with respect to µ. Moreover, if ν is σ-finite, then
these three measures are mutually singular and νs ⊥ µ.

A particular setting of De Giorgi’s theorem addresses the case in which µ
is σ-finite, and thus νd ≡ 0.

Theorem 1.115 (Lebesgue decomposition theorem). Let (X,M) be a
measurable space and let µ, ν : M → [0,∞] be two measures, with µ σ-finite.
Then

ν = νac + νs (1.59)

with νac � µ. Moreover, if ν is σ-finite, then νs ⊥ µ and the decomposition
(1.59) is unique, that is, if

ν = νac + νs,

for some measures νac, νs, with νac � µ and νs ⊥ µ, then

νac = νac and νs = νs.



1.1 Measures and Integration 73

When it is important to highlight the underlying measure µ, we write
(1.59) as

ν = νac,µ + νs,µ. (1.60)

Proof. In view of Lemmas 1.102 and 1.113, νac and νs are measures.

Step 1: We claim that ν = νac + νs. Fix E ∈M and let Es ∈M, Es ⊂ E, be
such that µ (Es) = 0 and νs (E) = ν (Es) (see Lemma 1.113). If ν (Es) = ∞
then (1.59) is satisfied when evaluated at E.

Suppose now that ν (Es) < ∞. We claim that ν	E \ Es is absolutely
continuous with respect to µ	E \ Es. Indeed, let F ∈ M be such that
µ (F ∩ (E \ Es)) = 0. By replacing F with F ∩(E \ Es), without loss of gener-
ality, we may assume that F ⊂ E \Es. If ν (F ) > 0, then Es ∪F is admissible
in the definition of νs (E), and so

∞ > νs (E) = ν (Es) ≥ ν (Es ∪ F ) = ν (Es) + ν (F ) > ν (Es) ,

and we have reached a contradiction. Therefore ν (F ) = 0, and the claim is
proved.

Hence the finite measure ν	(E \ Es) is absolutely continuous with respect
to µ	(E \ Es), and thus by Remark 1.104 we have that

ν (E \ Es) = (ν	(E \ Es)) (E \ Es) = (ν	(E \ Es))ac (E \ Es)
= νac (E \ Es) = νac (E) ,

where in the last equality we have used the fact that µ (Es) = 0 and νac � µ.
Hence

ν (E) = ν (E \ Es) + ν (Es) = νac (E) + νs (E) .

Step 2: Suppose that ν is σ-finite. Then by Lemma 1.113 we have νs ⊥ µ.

To prove uniqueness of the decomposition, assume that

ν = νac + νs = νac + νs, (1.61)

with νac � µ and νs ⊥ µ. Let Xνs
∈M be such that

µ (Xνs) = 0 and νs (E) = νs (E ∩Xνs) (1.62)

for every E ∈ M. Then by (1.61), ν	X \ Xνs
= νac	X \ Xνs

, which is
absolutely continuous with respect to µ, and so by Remark 1.104 and (1.62)1,
for every E ∈M we have

νac (E) = νac (E \Xνs
) = (νac	X \Xνs

) (E) = (ν	(X \Xνs
)) (E)

= (ν	(E \Xνs
))ac (E) = νac (E \Xνs

) = νac (E) .

Hence νac = νac, and so in the case that ν is finite, it follows from (1.61) that
νs = νs. If ν is σ-finite, then by restricting ν to Xn, where
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X =
∞⋃

n=1

Xn, ν (Xn) <∞,

we conclude that νs	Xn = νs	Xn for every n, which implies that νs = νs.

Finally, we consider the case that µ is not necessarily σ-finite.

Proof (De Giorgi’s Theorem). Fix E ∈M. We claim that

ν (E) = νac (E) + νs (E) + νd (E) .

It suffices to prove this equality in the case that the right-hand side is finite.
We are then in a setting in which νac and νs are finite measures, and so we
may apply Lemmas 1.102 and 1.113 to ensure the existence of a measurable
function u : E → [0,∞] and Es ⊂ E, with Es ∈ M and µ (Es) = 0, such that

νac (E′) =
∫

E′
u dµ, νs (E′) = ν (E′ ∩ Es) , (1.63)

for every E′ ⊂ E, E′ ∈ M. Since µ (Es) = 0 it follows from (1.57) that
νd (Es) = 0. Define

Eac :=
∞⋃

n=1

En, En :=
{
x ∈ E \ Es : u (x) >

1
n

}
.

Since Eac ⊂ E \ Es, by (1.63)2 we have that νs (Eac) = 0. By the definition
of En and (1.63)1 it follows that

1
n
µ (En) ≤

∫
En

u dµ = νac (En) ≤ νac (E) <∞,

and thus νd (Eac) = 0 by (1.57). Moreover, by the Lebesgue decomposition
theorem we have that

ν (Eac) = νac (Eac) ,

and in turn, νac (Eac) = νac (E). To conclude, we write

ν (E) = ν (Eac) + ν (Es) + ν (E \ (Eac ∪Es))
= νac (E) + νs (E) + ν (E \ (Eac ∪ Es)) ,

and it suffices to prove that

ν (E \ (Eac ∪ Es)) = νd (E) .

We have
νd (E) = νd (E \ (Eac ∪ Es)) ≤ ν (E \ (Eac ∪ Es)) .

If the inequality were strict, then in view of the definition of νd there would
exist F ⊂ E \ (Eac ∪ Es), F ∈ M, with ν (F ) > 0 and µ (F ) < ∞. Invoking
once again the Lebesgue decomposition theorem, this would imply that

ν (F ) = νac (F ) + νs (F ) = 0,

and we have reached a contradiction.
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Corollary 1.116. Let (X,M) be a measurable space and let µ, ν, υ : M →
[0,∞] be σ-finite measures, with µ ⊥ υ. Then

ν = νac,µ + νac,υ + νs,µ+υ,

where we are using the notation introduced in (1.60).

Proof. By the Lebesgue decomposition theorem write

ν = νac,µ+υ + νs,µ+υ, (1.64)

and find Xµ+υ ∈ M such that for all E ∈M,

(µ+ υ) (E) = (µ+ υ) (E ∩Xµ+υ) , (1.65)
νs,µ+υ (E) = νs,µ+υ (E ∩ (X \Xµ+υ)) . (1.66)

Note that by (1.64) and (1.65),

ν	(X \Xµ+υ) = νs,µ+υ	(X \Xµ+υ) . (1.67)

Let Xµ ∈M be such that for all E ∈M,

µ (E) = µ (E ∩Xµ) , υ (E) = υ (E ∩ (X \Xµ)) . (1.68)

Since by (1.65), µ	(X \Xµ+υ) = υ	(X \Xµ+υ) = 0, we deduce that, also
from (1.68),

µ (E) = µ (E ∩Xµ ∩Xµ+υ) , υ (E) = υ (E ∩ (Xµ+υ \Xµ)) (1.69)

for all E ∈ M. We have

ν (E) = ν (E ∩Xµ ∩Xµ+υ) + ν (E ∩ (Xµ+υ \Xµ)) + ν (E ∩ (X \Xµ+υ)) .
(1.70)

If µ (E) = 0 for some E ∈ M with E ⊂ Xµ ∩ Xµ+υ, then by (1.68)2 we
have (µ+ υ) (E) = 0; hence νac,µ+υ (E) = 0. On the other hand, by (1.66),
νs,µ+υ (E) = 0, and due to (1.64) we conclude that ν (E) = 0. With this we
have shown that ν	(Xµ ∩Xµ+υ) � µ, and so for all E ∈M,

ν (E ∩Xµ ∩Xµ+υ) = νac,µ (E ∩Xµ ∩Xµ+υ) . (1.71)

In turn, by (1.69)1 we get that for all E ∈ M,

νac,µ (E ∩Xµ ∩Xµ+υ) = νac,µ (E) ,

and hence by (1.71), for all E ∈ M,

ν (E ∩Xµ ∩Xµ+υ) = νac,µ (E) . (1.72)

Similarly, using (1.69)1 and (1.66), we have that ν	(Xµ+υ \Xµ) � υ, yielding
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ν (E ∩ (Xµ+υ \Xµ)) = νac,υ (E) (1.73)

for all E ∈M, where we have used (1.69)2. We conclude by observing that by
(1.70), (1.72), (1.73), (1.66), and (1.67),

ν (E) = ν (E ∩Xµ ∩Xµ+υ) + ν (E ∩ (Xµ+υ \Xµ)) + νs,µ+υ (E \Xµ+υ)
= νac,µ (E) + νac,υ (E) + νs,µ+υ (E)

for all E ∈ M, which is the desired result.

We conclude this subsection by discussing the Radon–Nikodym theorem
for finitely additive measures. The next example shows that the Radon–
Nikodym theorem does not hold in general for finitely additive measures.

Example 1.117. Let X = [0, 1], let M be the σ-algebra of all Lebesgue measur-
able sets of [0, 1], and let ν be a nontrivial purely finitely additive measure ν
(for the existence of ν we refer to Example 2.45) with ν absolutely continuous
with respect to the Lebesgue measure L1. Then L1 �

(
L1 + ν

)
, and so if the

Radon–Nikodym theorem were to hold, we could find a measurable function
u : [0, 1] → [0,∞] such that

L1 (E) =
∫

E

u d
(
L1 + ν

)
=
∫

E

u dL1 +
∫

E

u dν (1.74)

for all E ∈ M. Note that 0 ≤ u (x) ≤ 1 for L1 a.e. x ∈ [0, 1] and, in turn, for
ν a.e. x ∈ [0, 1]. Hence

υ (E) :=
∫

E

u dν ≤ ν (E)

for all E ∈ M, and since ν is purely finitely additive, then so must be υ.
From (1.74) and the uniqueness of the decomposition in the Hewitt–Yosida
theorem, it follows that υ ≡ 0. Again by (1.74) this implies that u (x) = 1 for
L1 a.e. x ∈ [0, 1] and, in turn, for ν a.e. x ∈ [0, 1]. Therefore ν = υ = 0, which
is a contradiction.

The next result gives necessary and sufficient conditions for the validity of
the Radon–Nikodym theorem for finitely additive measures. Since this result
will not be used in the remainder of the book we omit its proof, which may
be found in [May79].

Theorem 1.118. Let X be a nonempty set, let M ⊂ P (X) be an algebra,
and let µ, ν : M→ [0,∞) be two finite finitely additive measures. Then there
exists an integrable function u : X → [0,∞] such that

ν (E) =
∫

E

u dµ

for all E ∈M if and only if
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(i) for every ε > 0 there exists δ > 0 such that ν (E) < ε for all E ∈ M with
µ (E) < δ;

(ii) for all ε > 0 there exists Eε ∈ M, with µ (X \ Eε) < ε, such that

sup
{
ν (E′)
µ (E′)

: E′ ⊂ Eε,E′ ∈M,µ (E′) > 0
}
<∞,

and for all η > 0 there is δ > 0 such that for all E ⊂ Eε, E ∈ M, there
exists F ⊂ E, F ∈ M, such that µ (F ) > δµ (E) and

sup
{
ν (E′)
µ (E′)

: E′ ⊂ F ,E′ ∈ M,µ (E′) > 0
}
< η.

1.1.5 Product Spaces

Given two measurable spaces (X,M) and (Y,N) we denote by M ⊗ N ⊂
P (X × Y ) the smallest σ-algebra that contains all sets of the form E × F ,
where E ∈ M, F ∈ N. The σ-algebra M ⊗N is called the product σ-algebra
of M and N.

Exercise 1.119. Let X and Y be topological spaces and let B (X) and B (Y )
be their respective Borel σ-algebras. Prove that

B (X)⊗ B (Y ) ⊂ B (X × Y ) .

Show also that if X and Y are separable metric spaces, then

B (X)⊗ B (Y ) = B (X × Y ) ,

so that in particular, B
(
R

N
)

= B (R)⊗ . . .⊗ B (R).

Let (X,M, µ) and (Y,N, ν) be two measure spaces. For every E ∈ X × Y
define

(µ× ν)∗ (E) := inf

{ ∞∑
n=1

µ (Fn) ν (Gn) : {Fn} ⊂M, {Gn} ⊂ N, (1.75)

E ⊂
∞⋃

n=1

(Fn ×Gn)

}
,

where we define µ(Fn)ν(Gn) := 0 whenever µ(Fn) = 0 or ν(Gn) = 0.
By Proposition 1.32, (µ× ν)∗ : P (X) → [0,∞] is an outer measure, and it

is called the product outer measure of µ and ν. By Carathéodory’s theorem, the
restriction of (µ× ν)∗ to the σ-algebra M×N of (µ× ν)∗-measurable sets is a
complete measure, denoted by µ×ν and called the product measure of µ and ν.

Note that M×N is, in general, larger than the product σ-algebra M⊗N.

Theorem 1.120. Let (X,M, µ) and (Y,N, ν) be two measure spaces.
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(i) If F ∈ M and G ∈ N, then F ×G is (µ× ν)∗-measurable and

(µ× ν) (F ×G) = µ (F ) ν (G) ;

(ii) if µ and ν are complete and E has σ-finite µ× ν measure, then for µ a.e.
x ∈ X the section

Ex := {y ∈ Y : (x, y) ∈ E}
belongs to the σ-algebra N, and for ν a.e. y ∈ Y the section

Ey := {x ∈ X : (x, y) ∈ E}

belongs to the σ-algebra M. Moreover,

(µ× ν) (E) =
∫

Y

µ (Ey) dν (y) =
∫

X

ν (Ex) dµ (x) .

The previous result is a particular case of Tonelli’s theorem in the case
that u = χE .

Theorem 1.121 (Tonelli). Let (X,M, µ) and (Y,N, ν) be twomeasure spaces.
Assume that µ and ν are complete and σ-finite, and let u : X × Y → [0,∞]
be an M × N measurable function. Then for µ a.e. x ∈ X the function
u (x, ·) is measurable and the function

∫
Y
u (·, y) dν (y) is measurable. Sim-

ilarly, for ν a.e. y ∈ Y the function u (·, y) is measurable and the function∫
X
u (x, ·) dµ (x) is measurable. Moreover,

∫
X×Y

u (x, y) d (µ× ν) (x, y) =
∫

X

(∫
Y

u (x, y) dν (y)
)
dµ (x)

=
∫

Y

(∫
X

u (x, y) dµ (x)
)
dν (y) .

Remark 1.122. In the case that u : X×Y → [0,∞] is M⊗N measurable, then
Tonelli’s theorem still holds even if the measures µ and ν are not complete,
and the statements are satisfied for every x ∈ X and y ∈ Y (as opposed to
for µ a.e. x ∈ X and for ν a.e. y ∈ Y ).

A simple consequence of Tonelli’s theorem is the following result.

Theorem 1.123. Let (X,M, µ) be a measure space and let u : X → [0,∞] be
a measurable function. Then

∫
X

u dµ =
∫ ∞

0

µ ({x ∈ X : u (x) > t}) dt. (1.76)

Proof. If the set {x ∈ X : u (x) > 0} has non-σ-finite µ measure, then at least
one of the sets {

x ∈ X : u (x) >
1
n

}
, n ∈ N,
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has infinite µ measure. Hence µ ({x ∈ X : u (x) > t}) = ∞ for all 0 ≤ t ≤ 1
n ,

which implies that both sides of (1.76) are infinite.
If the set {x ∈ X : u (x) > 0} has σ-finite µ measure, then by replacing µ

with
µ	{x ∈ X : u (x) > 0} ,

we may assume that µ is σ-finite. Applying Tonelli’s theorem we obtain
∫ ∞

0

µ ({x ∈ X : u (x) > t}) dt =
∫ ∞

0

∫
X

χ{y∈X: u(y)>t} (x) dµ (x) dt

=
∫

X

∫ ∞

0

χ{y∈X: u(y)>t} (x) dt dµ (x)

=
∫

X

∫ u(x)

0

dt dµ (x) =
∫

X

u (x) dµ (x) ,

and the proof is complete.

The version of Tonelli’s theorem for integrable functions of arbitrary sign
is the well–known Fubini’s theorem:

Theorem 1.124 (Fubini). Let (X,M, µ) and (Y,N, ν) be two measure spaces.
Assume that µ and ν are complete, and let u : X × Y → [−∞,∞] be µ × ν-
integrable. Then for µ a.e. x ∈ X the function u (x, ·) is ν-integrable, and the
function

∫
Y
u (·, y) dν (y) is µ-integrable.

Similarly, for ν a.e. y ∈ Y the function u (·, y) is µ-integrable, and the
function

∫
X
u (x, ·) dµ (x) is ν-integrable. Moreover,

∫
X×Y

u (x, y) d (µ× ν) (x, y) =
∫

X

(∫
Y

u (x, y) dν (y)
)
dµ (x)

=
∫

Y

(∫
X

u (x, y) dµ (x)
)
dν (y) .

Remark 1.125. In the case that u : X × Y → [−∞,∞] is M⊗N measurable,
then Fubini’s theorem still holds even if the measures µ and ν are not complete.

We present below several examples on the validity of Tonelli’s and Fubini’s
theorems.

Exercise 1.126. (i) This exercise shows that the σ-finiteness of µ and ν is
not a necessary condition. Let X = N and let µ be the counting measure.
Let (Y,N, ν) be any measure space with ν complete but not necessarily
σ-finite. Prove that Fubini’s and Tonelli’s theorems continue to hold.

(ii) This exercise shows that without some condition on the measures µ and
ν, Fubini’s and Tonelli’s theorems may fail in general. Let X = Y = [0, 1],
let M = N = B ([0, 1]), let µ be the Lebesgue measure, and let ν be the
counting measure. Note that ν is not σ-finite. Show that the diagonal
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D := {(x, x) : x ∈ [0, 1]}

belongs to M⊗N but
∫

Y

µ (Dy) dν (y) �=
∫

X

ν (Dx) dµ (x) .

(iii) This exercise shows that Fubini’s theorem may fail without integrability.
Let X = Y = N, let M = N = P (N), and let µ = ν be the counting
measure. Consider the function

u (n, l) :=

⎧⎨
⎩

1 if n = l,
−1 if l = n+ 1,
0 otherwise.

Prove that
∫

X

(∫
Y

u (x, y) dν (y)
)
dµ (x) =

∞∑
n=1

∞∑
l=1

u (n, l) = 1

�= 0 =
∞∑

l=1

∞∑
n=1

u (n, l)

=
∫

Y

(∫
X

u (x, y) dµ (x)
)
dν (y) .

(iv) Finally, without the hypothesis that u is an M×N measurable function,
Fubini’s and Tonelli’s theorems fail. Let X = Y be the set of all ordinals
less than or equal to the first uncountable ordinal ω1, let M = N be the
σ-algebra consisting of all countable sets and their complements, and for
every F ∈M define

µ (F ) = ν (F ) :=
{

1 if F is countable,
0 otherwise.

Let E = {(x, y) ∈ X × Y : x < y}. Prove that the sections Ex and Ey

are measurable, but
∫

Y

µ (Ey) dν (y) �=
∫

X

ν (Ex) dµ (x) .

Remark 1.127. Fubini’s theorem fails for finitely additive measures. See The-
orem 3.3 in [He-Yo52].

Next we extend Tonelli’s theorem to the case that µ × ν has the finite
subset property. We begin with a preliminary result.

Proposition 1.128. Let (X,M, µ) and (Y,N, ν) be two measure spaces, with
µ, ν nonzero. If µ× ν has the finite subset property then µ, ν have the finite
subset property.
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Proof. Assume that µ × ν has the finite subset property, and let F ∈ M be
such that µ (F ) = ∞. Since ν is not zero, there exists G ∈ N with ν (G) > 0.
Hence (µ× ν) (F ×G) = µ (F ) ν (G) = ∞, and by hypothesis there exists
E′ ∈ M × N with E′ ⊂ F × G such that 0 < (µ× ν) (E′) < ∞. Find two
sequences {Fn} ⊂ M, {Gn} ⊂ N admissible in the definition of (µ× ν) (E′)
(see (1.75)) such that

0 <
∞∑

n=1

µ (Fn) ν (Gn) <∞.

Since

E′ ⊂
∞⋃

n=1

((Fn ∩ F )× (Gn ∩G))

we have

0 < (µ× ν) (E′) ≤
∞∑

n=1

µ (Fn ∩ F ) ν (Gn ∩G) ≤
∞∑

n=1

µ (Fn) ν (Gn) <∞,

and so 0 < µ (Fn ∩ F ) <∞ for some n ∈ N. This shows that µ has the finite
subset property. A similar proof yields the same conclusion for ν.

Remark 1.129. Note that if µ, ν are σ-finite measures, then µ×ν is also σ-finite
(and so in particular it has the finite subset property). Indeed, writing

X =
∞⋃

n=1

Xn, Y =
∞⋃

l=1

Yl,

where {Xn} ⊂ M and {Yl} ⊂ N are sequences of sets of finite measure, we
have that

X × Y =
∞⋃

n,l=1

Xn × Yl,

where (µ× ν) (Xn × Yl) = µ (Xn) ν (Yl) <∞.

In view of the previous remark, the following result extends Tonelli’s the-
orem.

Theorem 1.130. Let (X,M, µ) and (Y,N, ν) be two measure spaces, with
µ and ν complete. Assume that µ × ν has the finite subset property. Let
u : X × Y → [0,∞] be an M×N measurable function. If one of the two iter-
ated integrals

∫
X

(∫
Y
u (x, y) dν (y)

)
dµ (x) and

∫
Y

(∫
X
u (x, y) dµ (x)

)
dν (y)

is well-defined and finite, then so is the other, and
∫

X×Y

u (x, y) d (µ× ν) (x, y) =
∫

X

(∫
Y

u (x, y) dν (y)
)
dµ (x)

=
∫

Y

(∫
X

u (x, y) dµ (x)
)
dν (y) .
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Proof. Assume that the iterated integral

L :=
∫

Y

(∫
X

u (x, y) dµ (x)
)
dν (y)

is well-defined and finite. We claim that the set {(x, y) ∈ X × Y : u (x, y) > 0}
has σ-finite µ × ν measure. Indeed, if not, then we can find n ∈ N such that
the set

En :=
{

(x, y) ∈ X × Y : u (x, y) >
1
n

}

has µ × ν infinite measure. Since µ × ν has the finite subset property, by
Proposition 1.25 there exists E′ ⊂ En, E′ ∈ M×N, such that

2Ln < (µ× ν) (E′) <∞.

Then, by Fubini’s theorem,

2L <
(µ× ν) (E′)

n
=

1
n

∫
Y

(∫
X

χE′ (x, y) dµ (x)
)
dν (y)

≤
∫

Y

(∫
X

u (x, y) dµ (x)
)
dν (y) = L,

which is a contradiction. Hence the set

E := {(x, y) ∈ X × Y : u (x, y) > 0}
has σ-finite µ × ν measure, and so we may find a sequence {E′

n} of pairwise
disjoint sets with E′

n ∈ M×N such that (µ× ν) (E′
n) <∞ and

E =
∞⋃

n=1

E′
n.

Fix n ∈ N. In view of (1.75) we may find two sequences
{
F

(n)
k

}
⊂ M,{

G
(n)
k

}
⊂ N such that

E′
n ⊂

∞⋃
k=1

(
F

(n)
k ×G

(n)
k

)
,

∞∑
k=1

µ
(
F

(n)
k

)
ν
(
G

(n)
k

)
≤ (µ× ν) (E′

n) + 1.

Note that if µ(F (n)
k ) = 0 (respectively ν(G(n)

k ) = 0) for some k ∈ N, then
Tonelli’s theorem holds on measurable subsets of F (n)

k × Y (respectively X ×
G

(n)
k ), since all three integrals reduce to zero. Thus, we may assume that

0 < µ(F (n)
k ), ν(G(n)

k ) <∞ for all k ∈ N.
In particular, µ	

⋃∞
k=1 F

(n)
k and ν	

⋃∞
k=1G

(n)
k are σ-finite. Hence we can

apply the classical Tonelli’s theorem to the function uχE′
n

restricted to(⋃∞
k=1 F

(n)
k

)
×
(⋃∞

k=1G
(n)
k

)
, and then sum over n.

Remark 1.131. Let (X,M, µ) be a measure space and let u : X → [0,∞]. If in
place of the standard definition of measurability we assume that u−1 (A)∩F ∈
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M for every open set A ⊂ [0,∞] and for every F ∈ M with µ (F ) < ∞, and
define ∫

X

u dµ := sup
{∫

F

u dµ : F ∈M,µ (F ) <∞
}

then, interpreting iterated integrals in this new way, it is possible to prove a
converse of the previous theorem, namely that if µ and ν are complete and
have the finite subset property, and if Tonelli’s theorem holds, then µ× ν has
the finite subset property (see [Muk73]). Note that for σ-finite measures these
new definitions of measurability and integrability coincide with the classical
ones.

1.1.6 Projection of Measurable Sets

The projection of a Borel set B ⊂ R
2 on the x-axis in general is not a Borel

set but it is Lebesgue measurable. To prove this result we need to introduce
the notion of Suslin sets. One of the major complications in what follows is
the notation. Let

I := {α = (α1, . . . ,αn) ∈ N
n : n ∈ N} =

∞⋃
n=1

N
n.

If α = (α1) ∈ I and α1 ∈ N, we write α1 for α. Also, if α = (α1, . . . , αn)
and β = (β1, . . . , βn), we say that α ≤ β if αi ≤ βi for all i = 1, . . . , n. If
α = (α1, . . . , αn) ∈ N

n and k ∈ N, we define (α, k) := (α1, . . . , αn, k) ∈ N
n+1.

Finally, if α = (α1, . . . , αn) ∈ N
n and k ∈ N, with k ≤ n, we set α|k :=

(α1, . . . , αk).
Let N

N := {f : N → N}. To simplify the notation for every f ∈ N
N and

n ∈ N we write f |n for (f (1) , . . . , f (n)) ∈ I. Hence if f ∈ N
N and α =

(α1, . . . , αn) ∈ N
n, then f |n ≤ α means that f (i) ≤ αi for all i = 1, . . . , n. If

f , g ∈ N
N, then f ≤ g means that g (i) ≤ f (i) for all i ∈ N.

Definition 1.132. A Suslin scheme on a set X is a function

E : I → P (X) ,
α �→ Eα.

Given a Suslin scheme E, the Suslin set A (E) is defined as

A (E) :=
⋃

f∈NN

∞⋂
k=1

E f |k =
⋃

f∈NN

∞⋂
k=1

E(f(1),...,f(k)).

If F ⊂ P (X), a Suslin-F set is any Suslin set A (E), where E : I → F .

Given a Suslin set A (E), for any α = (α1, . . . , αn) ∈ N
n we define



84 1 Measures

Sα :=
⋃

f∈N
N

f |n≤α

∞⋂
k=1

E f |k .

If n = 1, that is, α = (α1), we will write Sα1 for Sα. Note that the sequence
{Sn}n∈N

is increasing and

A (E) =
∞⋃

n=1

Sn. (1.77)

Also, for any α = (α1, . . . , α�) ∈ N
� the sequence

{
S(α,n)

}
n∈N

is increasing
and

Sα =
∞⋃

n=1

S(α,n). (1.78)

Finally, for any g ∈ N
N and n ∈ N we define

S g|n :=
⋃

α∈N
n

α≤ g|n

n⋂
k=1

Eα|k =
⋃

α∈N
n

α≤ g|n

E(α1) ∩ E(α1,α2) ∩ . . . ∩ E(α1,...,αn). (1.79)

The sequence
{
S g|n

}
n∈N

is decreasing and

Sg :=
∞⋂

n=1

S g|n =
⋃

f∈N
N

f≤g

∞⋂
k=1

E f |k . (1.80)

We prove that the class of Suslin sets is closed under countable unions and
intersections.

Theorem 1.133. Let X be a nonempty set and let F ⊂ P (X) be such that
X ∈ F . Then the class of Suslin-F sets is closed under countable unions and
intersections.

Proof. Let
{
E(n)

}
be a sequence of Suslin-F sets, that is,

E(n) =
⋃

f∈NN

∞⋂
k=1

E
(n)
f |k

.

For every g ∈ N
N and j ∈ N define

E g|j = E(g(1),...,g(j)) :=

{
X if j = 1,
E

(g(1))
(g(2),...,g(j)) if j ≥ 2.

Then
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⋃
g∈NN

∞⋂
j=1

E g|j =
⋃

g∈NN

∞⋂
j=2

E g|j =
⋃

g∈NN

∞⋂
j=2

E
(g(1))
(g(2),...,g(j))

=
∞⋃

n=1

⋃
f∈NN

∞⋂
k=1

E
(n)
(f(1),...,f(k)) =

∞⋃
n=1

E(n),

where we have used the fact that as g varies in N
N the value g (1) ranges

over all of N and we have made the “change of variables” f (k) := g (k − 1),
k := j − 1. Hence

⋃∞
n=1E

(n) is a Suslin-F set.
Next we show that

⋂∞
n=1E

(n) is a Suslin-F set. For every g ∈ N
N and

j ∈ N write j in a unique way as

j = 2li, (1.81)

where l ∈ N0 and i ∈ N is odd, and define

E g|j := E
(l+1)

(g(2l1),g(2l3),...,g(2li))
. (1.82)

We claim that ⋃
g∈NN

∞⋂
j=1

E g|j =
∞⋂

n=1

E(n). (1.83)

Indeed, if l ∈ N0 and g ∈ N
N, then

∞⋂
j=1

E g|j ⊂
⋂

i odd

E g|2li
=

⋂
i odd

E
(l+1)

(g(2l1),g(2l3),...,g(2li))
=

∞⋂
k=1

E
(l+1)
(fl(1),...,fl(k)),

where fl ∈ N
N is defined as fl (p) := g

(
2l (2p− 1)

)
for p ∈ N. Hence

⋃
g∈NN

∞⋂
j=1

E g|j ⊂
⋃

f∈NN

∞⋂
k=1

E
(l+1)
f |k

= E(l+1)

for all l ∈ N0, which implies that

⋃
g∈NN

∞⋂
j=1

E g|j ⊂
∞⋂

l=0

E(l+1) =
∞⋂

n=1

E(n). (1.84)

Conversely, let

x ∈
∞⋂

n=1

E(n) =
∞⋂

n=1

⋃
f∈NN

∞⋂
k=1

E
(n)
f |k

,

and for each n ∈ N choose f (n) ∈ N
N such that

x ∈
∞⋂

n=1

∞⋂
k=1

E
(n)

f(n)|
k

.



86 1 Measures

Using (1.81) we define g ∈ N
N as

g (j) = g
(
2li
)

:= f (l+1)

(
i+ 1

2

)
, j ∈ N.

Then for all j ∈ N, again by (1.81), we have

x ∈ E(l+1)

(f(l+1)(1),f(l+1)(2),...,f(l+1)( i+1
2 )) = E

(l+1)

(g(2l1),g(2l3),...,g(2li))
= E g|j ,

where we have used (1.82). Hence

∞⋂
n=1

E(n) ⊂
⋃

g∈NN

∞⋂
j=1

E g|j ,

which, together with (1.84), gives (1.83).

We are now ready to study the measurability of Suslin sets. If (X,M, µ)
is a measure space and E : I → M, then in general, the Suslin-M set A (E)
does not belong to M. However, the next result shows that A (E) belongs to
the σ-algebra Mµ of all µ∗-measurable subsets, where µ∗ is the outer measure
given in Corollary 1.38.

Theorem 1.134. Let (X,M, µ) be a measure space and let Mµ be the σ-
algebra of all µ∗-measurable subsets, where µ∗ : P (X) → [0,∞] is the outer
measure

µ∗ (E) := inf

{ ∞∑
n=1

µ (En) : {En} ⊂ M, E ⊂
∞⋃

n=1

En

}
, E ⊂ X.

Then any Suslin-Mµ set belongs to Mµ.

Proof. Let A (E) be a Suslin-Mµ set, that is,

A (E) =
⋃

f∈NN

∞⋃
k=1

E f |k ,

where E : I → Mµ. In view of Carathéodory’s theorem and Proposition 1.45,
µ∗ is a regular outer measure that coincides with µ on M and such that
M ⊂ Mµ. Moreover, for every E ⊂ X,

µ∗ (E) = inf {µ (F ) : F ∈M,F ⊃ E} . (1.85)

In view of the subadditivity of µ∗, to prove that A (E) belongs to Mµ it suffices
to show that for any set F ⊂ X,

µ∗ (F ∩A (E)) + µ∗ (F \A (E)) ≤ µ∗ (F ) .
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Without loss of generality we may assume that µ∗ (F ) <∞. Using (1.85), we
may find G ∈ M such that G ⊃ F and µ∗ (F ) = µ (G). Since the sequence
{Sn ∩G}n∈N

is increasing, by Proposition 1.43 and (1.77),

µ∗ (A (E) ∩G) = lim
n→∞

µ∗ (Sn ∩G) ,

and thus for any fixed ε > 0 there exists a positive integer n1 such that

µ∗ (Sn1 ∩G) ≥ µ∗ (A (E) ∩G)− ε

2
. (1.86)

Inductively, if (n1, n2, . . . , nk) ∈ N
k have been defined so that

µ∗
(
S(n1,n2,...,nk) ∩G

)
≥ µ∗

(
S(n1,n2,...,nk−1) ∩G

)
− ε

2k
, (1.87)

using the fact that the sequence
{
S(n1,n2,...,nk,n) ∩G

}
n∈N

is increasing, by
Proposition 1.43 and (1.78) we have

µ∗
(
S(n1,n2,...,nk) ∩G

)
= lim

n→∞
µ∗

(
S(n1,n2,...,nk,n) ∩G

)
,

and so there exists nk+1 ∈ N such that

µ∗
(
S(n1,n2,...,nk+1) ∩G

)
≥ µ∗

(
S(n1,n2,...,nk) ∩G

)
− ε

2k+1
.

In this way we obtain a function g ∈ N
N defined by g (k) := nk for k ∈ N.

Corresponding to g we have the sequence of sets
{
S g|k

}
k∈N

defined in (1.79).
Note that since E : I → Mµ, the sets S g|k belong to Mµ, since they are a
countable union of finite intersections of measurable sets. Using the fact that
S g|k ⊂ S g|k , (1.86) and (1.87) yield

µ∗ (S g|k ∩G
)
≥ µ∗

(
S g|k ∩G

)
= µ∗

(
S(n1,n2,...,nk) ∩G

)

≥ µ∗ (A (E) ∩G)−
k∑

i=1

ε

2i
.

Therefore since S g|k ∈ Mµ we obtain

µ∗ (G) = µ∗ (S g|k ∩G
)

+ µ∗ (G \ S g|k
)
≥ µ∗ (A (E) ∩G) + µ∗ (G \ S g|k

)
− ε.

As the sequence
{
S g|k

}
k∈N

decreases to Sg ⊂ A (E) (see (1.80)), the sequence
G \ S g|k increases to G \ Sg ⊃ G \ A (E), and so by Proposition 1.43 (or
Proposition 1.7), letting k →∞ in the previous inequality gives

µ∗ (F ) = µ∗ (G) ≥ µ∗ (A (E) ∩G) + µ∗ (G \ Sg)− ε

≥ µ∗ (A (E) ∩G) + µ∗ (G \A (E))− ε

≥ µ∗ (A (E) ∩ F ) + µ∗ (F \A (E))− ε,

where we have used the facts that G ⊃ F and µ∗ (F ) = µ (G). Given the
arbitrariness of ε and F it follows that A (E) is µ∗-measurable.



88 1 Measures

We now prove the first projection theorem.

Theorem 1.135. Let (X,M, µ) be a measure space and let Y be a complete
separable metric space. Let R be the class of all rectangles F × C, where
F ∈ M and C ⊂ Y is closed. Then the projection πX (E) of every Suslin-R
set E ⊂ X ×Y on X is a Suslin-M set. In particular, πX (E) belongs to Mµ.

Proof. Since Y is a complete separable metric space we may find a countable
family {yi} ⊂ Y dense in Y . Let {Ui} be the countable family of closed balls
centered at yi and rational diameter less than 1

2 .
Since each Ui is a complete separable space we may cover it with a count-

able family {Uij} of closed balls of rational diameter less than 1
22 . Continuing

this process for each α = (α1, . . . , αn) ∈ N
n we construct a closed ball Uα

such that diamUα ∈ Q,

diamUα ≤
1
2n

,

and

Uα ⊂
∞⋃

k=1

U(α,k).

Hence we may write

X × Y =
⋃

g∈NN

∞⋂
k=1

(
X × U g|k

)
. (1.88)

Let E ⊂ X×Y be a Suslin-R set. Then there exists a Suslin scheme E : I → R
such that

E = A (E) =
⋃

f∈NN

∞⋂
k=1

(
F f |k × C f |k

)
,

where F f |k ∈M and C f |k ⊂ Y is closed. By (1.88) we have

E =
⋃

g∈NN

⋃
f∈NN

∞⋂
k=1

(
F f |k ×

(
C f |k ∩ U g|k

))
,

where we have used the fact that for each k ∈ N,

F f |k × C f |k =
⋃

g∈NN

(
F f |k ×

(
C f |k ∩ U g|k

))
,

since by construction the family
{
U g|k

}
g∈NN

covers Y .
With a suitable change of indexing we may write

E =
⋃

h∈NN

∞⋂
k=1

(
Fh|k × C̃h|k

)
,
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where C̃h|k ⊂ Y is closed and diam C̃h|k → 0 as k →∞ for every h ∈ N
N. By

replacing each C̃h|k with the closed set

Ĉh|k := C̃h|1 ∩ . . . ∩ C̃h|k ,

without loss of generality we may assume that C̃h|k+1
⊂ C̃h|k , so that since

Y is complete and diam C̃h|k → 0 as k →∞, the closed set

C̃h :=
∞⋂

k=1

C̃h|k

is nonempty if and only if C̃h|k is nonempty for each k ∈ N.
Moreover, again without loss of generality, we may assume that Fh|k is

empty whenever C̃h|k is empty. Hence if C̃h is empty then so is

Fh :=
∞⋂

k=1

Fh|k ,

and so we may write

πX (E) =
⋃

h∈NN

πX

(
Fh × C̃h

)
=

⋃
h∈NN

∞⋂
k=1

Fh|k ,

where πX : X × Y → X is the projection on X. Thus πX (E) is a Suslin-M
set.

It now follows from Theorem 1.134 that πX (E) ∈ Mµ.

As a corollary of this theorem we can prove the result announced at the
beginning of the subsection.

Theorem 1.136 (Projection). Let (X,M, µ) be a measure space and let Y
be a complete separable metric space. Then for every E ∈ Mµ ⊗ B (Y ) the
projection of E on X belongs to Mµ.

Here Mµ is the σ-algebra defined in Theorem 1.134.

Proof. Let C be the class of all Suslin-R sets whose complement is still a
Suslin-R set. We claim that this class is a σ-algebra. Indeed, if E ∈ C then
(X × Y ) \ E ∈ C by definition of C. If {En} ⊂ C then En and (X × Y ) \ En

are Suslin-R sets, and so, by Theorem 1.133,

⋃
n=1

En and (X × Y ) \
(⋃

n=1

En

)
=

⋂
n=1

((X × Y ) \ En)

are still Suslin-R sets. Hence
⋃

n=1En ∈ C. Finally, the empty set belongs to
C since both X × Y and ∅ are Suslin-R sets.
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Since C contains all rectangles of the form F × C, where F ∈ Mµ and C
is closed, it must contain Mµ ⊗ B (Y ). Hence if E ∈ Mµ ⊗ B (Y ) then E is a
Suslin-R set, and so by the previous theorem πX (E) is a Suslin-M set. We
now use Theorem 1.134 to conclude that πX (E) belongs to Mµ.

As a direct application of the projection theorem, and of the fact that the
σ-algebra of Lebesgue measurable sets in R

2 is the completion of B
(
R

2
)
, it

follows that if E ⊂ R
2 is a Borel set, then the projection π1 (E) on the x-axis

is Lebesgue measurable, but not necessarily a Borel set.

1.2 Covering Theorems and Differentiation of Measures
in R

N

1.2.1 Covering Theorems in R
N

Throughout this subsection we take as ambient space X the Euclidean space
R

N , and we present several covering theorems and their applications to the
derivatives of measures.

Definition 1.137. A set F ⊂ R
N is said to be

(i) star-shaped with respect to a set G ⊂ F if F is star-shaped with respect
to each point of G, i.e., if θx + (1− θ) y ∈ F for all x ∈ F , y ∈ G, and
θ ∈ (0, 1);

(ii) convex if it is star-shaped with respect to itself, i.e., if θx+ (1− θ) y ∈ F
for all x, y ∈ F and θ ∈ (0, 1);

(iii) a γ-Morse set associated with x, with x ∈ R
N and γ ≥ 1, if there exists

r > 0 such that
B (x, r) ⊂ F ⊂ B (x, γr) (1.89)

and F is star-shaped with respect to B (x, r).

Example 1.138. A regular pentagram is an example of a nonconvex set that
is star-shaped with respect to a ball.

Given a point x0 ∈ R
N and a function ϕ : SN−1 → [0,∞], the set

E :=
{
x0 + sx : x ∈ SN−1, 0 ≤ s < ϕ (x)

}

is star-shaped with respect to x0.

It turns out that if ϕ is sufficiently regular, then E is actually star-shaped
with respect to a ball centered at x0.

Proposition 1.139. Let A ⊂ R
N be an open, bounded set star-shaped with

respect to a point x0 ∈ A. If A is star-shaped with respect to a closed ball
centered at x0, then the function ϕ : SN−1 → [0,∞), defined by
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ϕ (x) := sup {s ≥ 0 : x0 + sx ∈ A} x ∈ SN−1,

is a Lipschitz function, i.e., there exists a constant L > 0 such that

|ϕ (x)− ϕ (y)| ≤ L |x− y|

for all x, y ∈ SN−1.

The proof follows from Theorem 4.107.

Exercise 1.140. Prove the converse of the previous proposition, namely that
if A ⊂ R

N is an open, bounded set star-shaped with respect to a point x0 ∈ A
and if the function ϕ is Lipschitz, then the set A is star-shaped with respect
to a closed ball centered at x0.

Remark 1.141. It follows from the above proposition that an open bounded
set star-shaped with respect to a closed ball B (x0, r) may be approximated
from inside by an increasing uncountable family of closed sets star-shaped
with respect to the same ball. Indeed, it suffices to consider

Aε =
{
x0 + sx : x ∈ SN−1, 0 ≤ s ≤ ϕ (x)− ε

}
,

where 0 < ε < r, and where we have used the fact that ϕ ≥ r and is finite in
view of the boundedness of the set A.

Definition 1.142. Given a set E ⊂ R
N , a family F of nonempty subsets of

R
N is said to be a

(i) cover for E if
E ⊂

⋃
F∈F

F ;

(ii) fine cover for E if for every x ∈ E there exists a subfamily Fx ⊂ F of
sets containing x such that

inf {diamF : F ∈ Fx} = 0; (1.90)

(iii) Morse cover for E if there exists γ ≥ 1 such that for every x ∈ E there
exists a γ-Morse set F associated with x and such that F ∈ F ;

(iv) fine Morse cover for E if there exists γ ≥ 1 such that for every x ∈ E
there exists a subfamily Fx ⊂ F of γ-Morse sets associated with x for
which (1.90) holds.

Example 1.143. Given a set E ⊂ R
N , the two families

{B (x, r) : 0 < r < 1, x ∈ E} , {Q (x, r) : 0 < r < 1, x ∈ E}

are fine Morse covers for E. More generally, if C is any bounded, convex closed
set containing the origin in its interior, then the family

{x+ rC : 0 < r < 1, x ∈ E}

is a fine Morse cover for E.
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We now present the main covering theorem of this subsection.

Theorem 1.144 (Morse covering theorem). Let E ⊂ R
N and let F be a

family of subsets of R
N such that

sup {diamF : F ∈ F} <∞. (1.91)

Assume that F is a Morse cover for E. Then there exist � = � (γ,N) ∈ N

and F1, . . . ,F� ⊂ F such that each Fn, n = 1, . . . , �, is a countable family of
disjoint sets in F and

E ⊂
�⋃

n=1

⋃
F∈Fn

F .

Lemma 1.145. Let γ ≥ 1, 1 < t ≤ 2, and consider x1, . . . , xn ∈ R
N and

F1, . . . , Fn ⊂ R
N such that

(i) Fi is a γ-Morse set associated with xi for all 1 ≤ i ≤ n;
(ii) Fi ∩ Fn �= ∅ for all 1 ≤ i < n;
(iii) if i < j then xj /∈ Fi and diamFj < tdiamFi.

Then there exists a constant c = c (γ,N) such that n < c.

Proof. By definition of a γ-Morse set, for each i = 1, . . . , n there exists ri > 0
such that

B (xi, ri) ⊂ Fi ⊂ B (xi, γri) (1.92)

and Fi is star-shaped with respect to B (xi, ri).

Step 1: We start by showing that given a γ-Morse set F ⊂ R
N associated to

some point x0, points of the form θy + (1− θ)x belong to the interior of F
whenever 0 < θ ≤ 1, x ∈ F and y ∈ B (x0, r), with r given in the definition
of a γ-Morse set.

Without loss of generality we may assume that x = 0, and choose ρ > 0
such that B (y, ρ) ⊂ B (x0, r). Then B (θy, θρ) ⊂ F because if |θy − z| ≤ θρ
then z

θ ∈ B (x0, r), and so z = θ z
θ + (1− θ) 0 ∈ F since F is star-shaped with

respect to B (x0, r).

Step 2: Without loss of generality we may assume that xn = 0, and we set
r = rn and F = Fn. We show that if i, j are such that

32γ2r < |xi| ≤ |xj | and
∣∣∣∣ xi

|xi|
− xj

|xj |

∣∣∣∣ ≤ 1
16γ

, (1.93)

then xi belongs to the interior of Fj .
In view of (ii), find x ∈ Fj ∩ F and write

xi = (1− θ)x+ θy,

where by (1.93)1,
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y := (1− s)x+ sxi, s :=
|xj |
|xi|

≥ 1, θ :=
1
s
. (1.94)

We claim that y ∈ B (xj , rj). Note that by Step 1 this would entail that xi

belongs to the interior of Fj as well.
Since F ⊂ B (0, γr), by (1.93)1 we have

16γ diamF ≤ 32γ2r < |xi| ,

and thus, using the fact that x, 0 ∈ F and (iii), we deduce that

|x| ≤ diamF ≤ min
{
|xi|
16γ

, 2 diamFj

}
. (1.95)

Therefore, since |1− s| = s− 1 ≤ s (see (1.94)), by (1.93)–(1.95) and the fact
that x, xj ∈ Fj we have

|y − xj | =
∣∣∣∣(1− s)x+ |xj |

(
xi

|xi|
− xj

|xj |

)∣∣∣∣
≤ s |x|+ |xj |

16γ
≤ s

|xi|
16γ

+
|xj |
16γ

=
|xj |
8γ

≤ |xj − x|+ |x|
8γ

<
diamFj

2γ
≤ rj ,

where in the last inequality we have used (1.92). Hence y ∈ B (xj , rj).

Step 3: Given s > 0, using a simple compactness argument it is possible to
establish the existence of the maximum number ns of points on the sphere
SN−1 such that the distance between any two of those points is at least 1

s .
Similarly, let ms be the maximum cardinality of any set of points in B (0, 1)
including the origin and such that the distance between any two points of the
set is at least 1

s . We claim that

n ≤ m64γ3 +m8γ2n16γ .

We decompose {1, . . . , n} as J1 ∪ J2 where

J1 :=
{
1 ≤ i ≤ n : |xi| ≤ 32γ2r

}
, J2 :=

{
1 ≤ i ≤ n : |xi| > 32γ2r

}
.

We first show that the cardinality of J1 is at most m64γ3 . Indeed, if i, j ∈ J1,
with i < j, then by (iii) and (1.92),

|xi − xj | ≥ ri ≥
diamFi

2γ
≥ diamF

4γ
≥ r

2γ
,

and so ∣∣∣∣ xi

32γ2r
− xj

32γ2r

∣∣∣∣ ≥ 1
64γ3

.
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By definition of J1, both vectors in the previous inequality belong to B (0, 1),
and in view of the definition of ms we conclude that there can be at most
m64γ3 elements in J1.

In order to prove that the cardinality of J2 is at most m8γ2n16γ , we will
decompose J2 as

J2 =
⋃
i∈I

Ĵi, (1.96)

where the set I will have at most n16γ elements and the cardinality of each
of the sets Ĵi will not exceed m8γ2 .

We proceed by induction to construct I and Ĵi. Set Ξ0 := J2 and find the
smallest element i1 in Ξ0 such that |xi1 | ≤ |xj | for all j in Ξ0. Put i1 in I and
define

Ξ1 := Ξ0 \ Ĵi1 ,

where
Ĵi1 := {1 ≤ i ≤ n : xi1 belongs to the interior of Fi} .

Suppose that Ξk and Ĵik
have been constructed and ik has been selected such

that
Ξk := Ξk−1 \ Ĵik

.

If Ξk is empty then the process is completed. Otherwise, let ik+1 be the
smallest element in Ξk such that

∣∣xik+1

∣∣ ≤ |xj | for all j in Ξk. Put ik+1 in I
and define

Ξk+1 := Ξk \ Ĵik+1 ,

where

Ĵik+1 :=
{
1 ≤ i ≤ n : xik+1 belongs to the interior of Fi

}
.

Then (1.96) is satisfied. We now estimate the cardinality of I. Note that by
construction, if i, j ∈ I and i < j then |xi| ≤ |xj | and xi does not belong to
the interior of Fj , and so by Step 2,

∣∣∣∣ xi

|xi|
− xj

|xj |

∣∣∣∣ > 1
16γ

.

Hence, by definition of ns, we deduce that I has at most n16γ elements.
Finally, it remains to show that the cardinality of each Ĵi is less than or

equal to m8γ2 . Fix i ∈ I and consider k, j ∈ Ĵi with k < j. Then xi belongs
to the interior of Fk; hence

|xk − xi| ≤ diamFk ≤ 2 diamFi ≤ 4γri, (1.97)

where we have used (1.92) and (iii), and similarly,

|xj − xi| ≤ 4γri. (1.98)
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Also, since k < j by (iii) we have that xj /∈ Fk, and so

|xk − xj | ≥ rk ≥
diamFk

2γ
≥ |xk − xi|

2γ
,

where we have used (1.92) and (1.97). In turn, by (iii), since xi ∈ Fk we
must have i < k, and therefore again by (iii), xk /∈ Fi, and in particular,
|xk − xi| ≥ ri. We conclude that

|xk − xj | ≥
ri

2γ
. (1.99)

Using (1.97) and (1.98), we have

xk − xi

4γri
,
xj − xi

4γri
∈ B (0, 1),

while by (1.99),
∣∣∣∣xk − xi

4γri
− xj − xi

4γri

∣∣∣∣ =
|xk − xj |

4γri
≥ 1

8γ2
.

This and the definition of ms entail that the cardinality of Ĵi is at most m8γ2 .

We are now in a position to prove the Morse covering theorem

Proof (Theorem 1.144). For every x ∈ E select F (x) ∈ F such that F (x) is
a γ-Morse set associated with x. We divide the proof into three steps.

Step 1: Assume first that E is bounded. We construct a countable subfamily
of F that still covers E. By (1.91) we may choose x1 ∈ E such that

diamF (x1) >
3
4

sup
x∈E

diamF (x)

and set E2 := E \ F (x1). By induction, assuming that x1, . . . , xn have been
chosen, define

En+1 := E \
n⋃

i=1

F (xi) . (1.100)

If En+1 is empty then set J := {1, . . . , n} and observe that

E ⊂
n⋃

i=1

F (xi) . (1.101)

Otherwise, again by (1.91), select xn+1 ∈ En+1 such that

diamF (xn+1) >
3
4

sup
x∈En+1

diamF (x) . (1.102)
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If En �= ∅ for every n then we set J := N, and we claim that

E ⊂
∞⋃

n=1

F (xn) . (1.103)

This follows easily from the fact that

diamF (xn) → 0. (1.104)

Indeed, if (1.104) holds and if x ∈ E, then find n large enough such that

diamF (xn+1) <
3
4

diamF (x) .

By (1.102) it follows that x /∈ En+1, and so, in view of (1.100), we conclude
that

x ∈
n⋃

i=1

F (xi) .

In order to prove (1.104), for every n ∈ J let Fn := F (xn) and let rn > 0 be
such that

B (xn, rn) ⊂ Fn ⊂ B (xn, γrn),

and
sup

n
rn ≤

1
2

sup
x∈E

diamF (x) =: R <∞, (1.105)

where we have used (1.91). Note that by construction if i, j ∈ J and i < j
then

xj /∈ Fi and diamFi >
3
4

diamFj , (1.106)

and so ri >
3rj

4γ . Moreover, the balls B
(
xi,

ri

β

)
and B

(
xj ,

rj

β

)
are disjoint,

where β := max {3, 2γ}. Indeed, since xj /∈ Fi, then

|xi − xj | > ri =
ri

3
+

2ri

3
≥ ri

3
+
rj

2γ
≥ ri

β
+
rj

β
.

Since ∞⋃
n=1

B

(
xn,

rn

β

)
⊂
{
x ∈ R

N : dist (x,E) <
R

β

}
,

we conclude that
∞∑

n=1

(
rn

β

)N

<∞,

where we have used the fact that E is bounded. Hence (1.104) holds.

Step 2: Let {Fi}i∈J be the countable subfamily of F constructed in Step 1
and that still covers the bounded set E. If J = {1} then there is nothing left
to prove. Otherwise, for any fixed integer k > 1 let
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Ik := {i ∈ J : 1 ≤ i < k,Fi ∩ Fk �= ∅} .

By Lemma 1.145 and in view of (1.106) there exists an integer c (γ,N) such
that the cardinality of Ik is less than c (γ,N).

Construct a function σ : J → {1, . . . , c (γ,N)} in the following way. If
j ≤ c (γ,N) set σ (j) := j. For j > c (γ,N) we define σ (j) recursively:
assuming that σ (1) , . . . , σ (j − 1) have been assigned, set σ (j) := l, where
l ∈ {1, . . . , c (γ,N)} satisfies the property

Fj ∩ Fi = ∅ (1.107)

whenever i ∈ {1, . . . , j − 1} is such that σ (i) = l. Note that there is at least
one such number l. Indeed, if not, then for every l ∈ {1, . . . , c (γ,N)} there
would exist il ∈ {1, . . . , j − 1} such that σ (il) = l and Fj ∩ Fil

�= ∅. In
particular, il ∈ Ij−1. Since l �= l′ implies that il �= il′ , this would entail that
the cardinality of Ij−1 would be at least c (γ,N), and this is a contradiction.

For n ∈ {1, . . . , c (γ,N)} let

Fn := {Fi : σ (i) = n} .

Since if i ∈ J then Fi ∈ Fσ(i), by (1.101) and (1.103) we have

E ⊂
c(γ,N)⋃
n=1

⋃
F∈Fn

F .

It remains to show that distinct elements of Fn are mutually disjoint. Indeed,
if i < j and σ (i) = σ (j), then j is strictly bigger than c (γ,N), and so
Fj ∩ Fi = ∅ by (1.107).

Step 3: If the set E is unbounded, then for each k ∈ N apply the previous
steps to the set

Ek := E ∩ (B (0, kγR) \B (0, (k − 1) γR)) ,

where R is defined in (1.105), to find

Ek ⊂
c(γ,N)⋃
n=1

⋃
F∈F(k)

n

F ,

where the elements of F (k)
n are mutually disjoint. Without loss of generality,

we may remove from each family F (k)
n those elements that do not intersect

Ek. Hence by (1.105), if F ∈ F (k)
n and F ′ ∈ F (k+2)

n then F ∩ F ′ = ∅. For
n ∈ {1, . . . , c (γ,N)} define

Fn :=
{
F ∈ F (2k)

n : k ∈ N

}
,
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and if n ∈ {c (γ,N) + 1, . . . , 2c (γ,N)} set

Fn :=
{
F ∈ F (2k−1)

n : k ∈ N

}
.

Then

E ⊂
2c(γ,N)⋃

n=1

⋃
F∈Fn

F ,

and this cover satisfies the desired properties.

As a corollary of the Morse covering theorem we have the following theorem
of Besicovitch:

Theorem 1.146 (Besicovitch covering theorem). There exists a constant
�, depending only on the dimension N of R

N , such that for any collection F
of (nondegenerate) closed balls with

sup {diamB : B ∈ F} <∞

there exist F1, . . . ,F� ⊂ F such that each Fn, n = 1, . . . , �, is a countable
family of disjoint balls in F and

E ⊂
�⋃

n=1

⋃
B∈Fn

B,

where E is the set of centers of balls in F .

Proof. It suffices to take γ = 1 and for each x ∈ E define Fx to be the family
of all balls in F that are centered at x.

An important consequence of the Morse covering theorem is the follow-
ing result, which will be crucial in the characterization of Radon–Nikodym
derivatives in the next subsections.

Theorem 1.147 (Morse measure covering theorem). Let E ⊂ R
N and

let F be a fine Morse cover of closed subsets for E. Let µ∗ : P
(
R

N
)
→ [0,∞]

be a Radon outer measure. Then for every open set A ⊂ R
N there exists a

countable family F0 ⊂ F of pairwise disjoint subsets such that

⋃
F∈F0

F ⊂ A, µ∗

(
(E ∩A) \

⋃
F∈F0

F

)
= 0.

Proof. Let � = � (γ,N) be the number given in the Morse covering theorem
and choose 1− 1

� < θ < 1.

Step 1: Assume that E is bounded. We show that there exists a finite sub-
family {F1, . . . , Fm1} ⊂ F of mutually disjoint subsets of A such that
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µ∗

(
(E ∩A) \

m1⋃
i=1

Fi

)
≤ θµ∗ (E ∩A) . (1.108)

Indeed, let
F (1) := {F ∈ F : diamF ≤ 1 and F ⊂ A} .

Since F is a fine cover of E ∩ A, it follows that F (1) satisfies the hypotheses
of the Morse covering theorem, and so there exist F (1)

1 , . . . ,F (1)
� ⊂ F (1) such

that each F (1)
n is a countable family of disjoint sets in F (1) and

E ∩A ⊂
�⋃

n=1

⋃
F∈F(1)

n

F .

Hence

µ∗ (E ∩A) ≤
�∑

n=1

µ∗

⎛
⎝E ∩A ∩

⎛
⎝ ⋃

F∈F(1)
n

F

⎞
⎠
⎞
⎠ ,

and thus there exists j ∈ {1, . . . , �} such that

µ∗

⎛
⎜⎝E ∩A ∩ ⋃

F∈F(1)
j

F

⎞
⎟⎠ ≥ 1

�
µ∗ (E ∩A) .

Writing
F (1)

j =
{
F

(1)
i,j

}
,

in view of Proposition 1.43, and since 1− θ < 1
� , we find m1 so large that

µ∗

(
E ∩A ∩

m1⋃
i=1

F
(1)
i,j

)
≥ (1− θ)µ∗ (E ∩A) . (1.109)

Since
⋃m1

i=1 F
(1)
i,j is closed, therefore µ∗-measurable, we have

µ∗ (E ∩A) = µ∗

(
E ∩A ∩

m1⋃
i=1

F
(1)
i,j

)
+ µ∗

(
E ∩A \

m1⋃
i=1

F
(1)
i,j

)
,

which, together with (1.109), establishes (1.108) with Fi := F
(1)
i,j , i =

1, . . . ,m1. Note that here we have used the fact that E is bounded and µ∗ is
a Radon outer measure, so that µ∗ (E) <∞.

Set

A2 := A \
m1⋃
i=1

Fi

and
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F (2) := {F ∈ F : diamF ≤ 1 and F ⊂ A2} .

Just as before, we may find a finite subfamily {Fm1+1, . . . , Fm2} ⊂ F (2) of
mutually disjoint subsets of A such that

µ∗

(
(E ∩A) \

m2⋃
i=1

Fi

)
= µ∗

(
(E ∩A2) \

m2⋃
i=m1+1

Fi

)

≤ θµ∗ (E ∩A2) ≤ θ2µ∗ (E ∩A) .

By induction, we construct a countable family F0 = {Fi} ⊂ F of pairwise
disjoint subsets contained in A such that for every k ∈ N,

µ∗

(
(E ∩A) \

⋃
F∈F0

F

)
≤ µ∗

(
(E ∩A) \

mk⋃
i=1

Fi

)
≤ θkµ∗ (E ∩A) .

Since µ∗ (E) <∞ we conclude the proof in this case by letting k →∞.

Step 2: If E is unbounded, then applying Proposition 1.15 to the Radon
measure µ∗ : B

(
R

N
)
→ [0,∞], choose an increasing sequence of radii {rn}

such that rn →∞ and
µ∗ (∂B (0, rn)) = 0. (1.110)

Applying Step 1 to

En := E ∩
(
B (0, rn+1) \B (0, rn)

)

and
An := A ∩

(
B (0, rn+1) \B (0, rn)

)
,

we find a countable family of mutually disjoint sets
{
F

(n)
i

}
i∈N

contained in

An and that cover En up to a set of µ∗ outer measure zero. Therefore the
collection of {

F
(n)
i

}
i, n∈N

is a family of mutually disjoint sets contained in A, and in view of (1.110) it
covers E up to a set of µ∗ outer measure zero.

Remark 1.148. (i) In the special case that E is open and µ∗ is the Lebesgue
measure, the previous theorem still holds for a fine cover F of closed, not
necessarily star-shaped, sets satisfying the inclusion property (1.89). The
proof follows closely that of the previous theorem. We note first that since
E is open, without loss of generality we may assume that B (x, γr) ⊂ E
whenever x ∈ E and there exists F ∈ F such that (1.89) holds. Applying
the previous theorem to E and to this cover

{
B (x, γr)

}
we may find a

disjoint family
{
B (xi, γri)

}
such that
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∣∣∣∣∣E \
⋃
i

B (xi, γri)

∣∣∣∣∣ = 0.

Choose m1 large enough that
∣∣∣∣∣E \

m1⋃
i=1

B (xi, γri)

∣∣∣∣∣ ≤
1
2
|E| .

Then ∣∣∣∣∣
m1⋃
i=1

B (xi, γri)

∣∣∣∣∣ ≥
1
2
|E| .

It follows that∣∣∣∣∣E \
m1⋃
i=1

B (xi, ri)

∣∣∣∣∣ = |E| − 1
γN

∣∣∣∣∣
m1⋃
i=1

B (xi, γri)

∣∣∣∣∣ ≤
(

1− 1
2γN

)
|E| ,

and so ∣∣∣∣∣E \
m1⋃
i=1

Fi

∣∣∣∣∣ ≤
(

1− 1
2γN

)
|E| .

Reasoning as in the previous theorem, for every k ∈ N we may find a finite
collection of disjoint sets contained in E such that

∣∣∣∣∣E \
mk⋃
i=1

Fi

∣∣∣∣∣ ≤
(

1− 1
2γN

)k

|E| .

It now suffices to let k → ∞. Note that a similar argument holds, more
generally, for Radon measures µ : B

(
R

N
)
→ [0,∞] with the doubling

property, that is, such that

µ (B (x, 2r)) ≤ cµ (B (x, r))

for all x ∈ R
N and r > 0, and for some c > 0.

(ii) As a simple application of (i), given any open set Ω ⊂ R
N , a bounded

open set A containing the origin with |∂A| = 0, and δ > 0, it is possible
to find a countable family {xi + riA} of mutually disjoint subsets of Ω,
with 0 < ri < δ, such that

∣∣∣∣∣Ω \
⋃
i

(xi + riA)

∣∣∣∣∣ = 0. (1.111)

Indeed, it suffices to set

F :=
{

(x+ rA) : x ∈ Ω, 0 < r < min {rx, δ}
}

,
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where rx > 0 is such that B (x, rxγR) ⊂ Ω and

B (0, R) ⊂ A ⊂ B (0, γR) ,

for some R > 0 and γ ≥ 1. This property will be used in the study of
quasiconvexity in [FoLe10]. Note that the fact that |∂A| = 0 has been
used to replace closed sets with open ones in (1.111).

By taking as Morse covers the families of cubes or balls as in Example
1.143, we obtain the following immediate corollaries.

Corollary 1.149. Let E ⊂ R
N and let F be a family of closed cubes satisfying

the property that for all x ∈ E and for all δ > 0 there exists Q (z, r) ∈ F such
that 0 < r ≤ δ and x ∈ Q

(
z, r

2

)
. Let µ∗ : P

(
R

N
)
→ [0,∞] be a Radon

outer measure. Then there exists a countable family F0⊂ F of closed cubes
with pairwise disjoint interior such that

µ∗

(
E \

⋃
F∈F0

F

)
= 0.

Proof. We observe that F is a fine Morse cover, and therefore we may apply
the Morse covering theorem.

Theorem 1.150 (Vitali–Besicovitch covering theorem). Let E ⊂ R
N

and let F be a family of closed balls such that each point of E is the center of
arbitrarily small balls, that is,

inf
{
r : B (x, r) ∈ F

}
= 0 for every x ∈ E.

Let µ∗ : P
(
R

N
)
→ [0,∞] be a Radon outer measure. Then there exists a

countable family F0 ⊂ F of closed balls with pairwise disjoint interior such
that

µ∗

(
E \

⋃
F∈F0

F

)
= 0.

Remark 1.151. In general, one cannot replace closed balls with open ones.
This is possible, however, if we assume that for each x ∈ E and for each δ > 0
the number of closed balls in F centered at x and with radius less than δ is
uncountable. This is a consequence of Proposition 1.15.

Remark 1.152. Given x ∈ R
N and γ ≥ 1, let F ⊂ R

N be an open γ-Morse set
associated with x, and let r > 0 be such that

B (x, r) ⊂ F ⊂ B (x, γr)

and F is star-shaped with respect to B (x, r). If µ∗ : P
(
R

N
)
→ [0,∞] is a

Radon outer measure and µ∗ (F ) < ∞, then reasoning as in Remark 1.141,
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it is possible to construct an increasing uncountable family {Ft}t>0 of closed
γ-Morse sets associated with x such that µ∗ (∂Ft) = 0,

B (x, r) ⊂ Ft ⊂ B (x, γr),

and ⋃
t>0

Ft = F .

1.2.2 Differentiation Between Radon Measures in R
N

As it will be explained in Chapter 5, when we study lower semicontinuity and
relaxation properties of integral functionals, the blowup method allows us to
reduce the problem to the characterization of the Radon–Nikodym derivative
dν
dµ , where µ is the underlying measure of integration (usually the Lebesgue
measure), and ν is a measure generated by a sequence of admissible fields.
This is the subject of this subsection.

Theorem 1.153 (Besicovitch derivation theorem). Let

µ, ν : M
(
R

N
)
→ [0,∞]

be Radon measures. Then there exists a Borel set M ⊂ R
N , with µ (M) = 0,

such that for any x ∈ R
N \M ,

dνac

dµ
(x) = lim

r→0+

ν (x+ r C)
µ (x+ r C)

∈ R (1.112)

and

lim
r→0+

νs (x+ r C)
µ (x+ r C)

= 0,

where
ν = νac + νs, νac � µ, νs ⊥ µ, (1.113)

and C is any bounded, convex closed set containing the origin in its interior.

Note that (1.113) holds in view of the Lebesgue decomposition theorem,
since every Radon measure in R

N is σ-finite.

Proof. Let

M1 :=
{
x ∈ R

N : µ (B (x, r)) = 0 for some r > 0
}

.

Note that the set M1 is open. Using the density of the rationals in the reals it
is possible to cover M1 with countably many balls of measure zero. Therefore
µ (M1) = 0. Moreover, since νs ⊥ µ there exist two disjoint sets Eνs

, Eµ ∈M

such that R
N = Eνs

∪ Eµ and µ (Eνs
) = νs (Eµ) = 0. It suffices to prove

(1.112) for µ a.e. x ∈ R
N \ (M1 ∪ Eνs

).
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Fix γ ≥ 1 and for any x ∈ R
N \ (M1 ∪ Eνs

) and r > 0 let Fx,r be the
family of all closed sets F ⊂ R

N such that

B (x, r) ⊂ F ⊂ B (x, γr) (1.114)

and F is star-shaped with respect to B (x, r) and define

u−γ (x) := lim inf
r→0+

inf
F∈Fx,r

ν (F )
µ (F )

, u+
γ (x) := lim sup

r→0+
sup

F∈Fx,r

ν (F )
µ (F )

. (1.115)

Then u−γ ≤ u+
γ . We claim that

u−γ = u+
γ =

dνac

dµ
(1.116)

µ a.e. in R
N \ (M1 ∪ Eνs

). Given t > 0, let Et be a bounded subset of
{
x ∈ R

N \ (M1 ∪ Eνs
) :

dνac

dµ
(x) < t < u+

γ (x)
}

.

Extend µ and ν as Radon outer measures µ∗ and ν∗, respectively (see Propo-
sition 1.63), and let A be any open set that contains Et. Set

F :=
{
F ∈ Fx,r : x ∈ Et, B (x, γr) ⊂ A, tµ (F ) < ν (F )

}
.

We claim that F is a fine Morse cover for Et. Indeed, if x ∈ Et, then, since
u+

γ (x) > t, we may find a sequence rn → 0+ such that

sup
F∈Fx,rn

ν (F )
µ (F )

> t,

and in turn, there exists a sequence of sets Fn ∈ Fx,rn
such that tµ (Fn) <

ν (Fn). It follows from (1.114) that diamFn → 0 as rn → 0+, and so we can
assume that B (x, γrn) ⊂ A for all n. Thus (1.90) holds, and so F is a fine
Morse cover for Et.

By the Morse measure covering theorem there exists a countable family
F0 ⊂ F of pairwise disjoint subsets such that

µ∗

(
Et \

⋃
F∈F0

F

)
= 0.

Therefore, using the definition of F ,

tµ∗ (Et) ≤
∑

F∈F0

tµ (F ) ≤
∑

F∈F0

ν (F ) ≤ ν (A) .

By the outer regularity of ν∗ it follows that tµ∗ (Et) ≤ ν∗ (Et). We claim that
this implies that µ∗ (Et) = 0. Indeed, if this is not the case then let Gt ⊃ Et

be a Borel set such that (see Proposition 1.63 and Remark 1.51)
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0 < µ∗ (Et) = µ (Gt) <∞.

Since dνac

dµ is a measurable function, without loss of generality we may assume
that

Et ⊂ Gt ⊂
{
x ∈ R

N \ (M1 ∪ Eνs
) :

dνac

dµ
(x) < t

}
.

Hence, using (1.113) and the fact that νs

(
R

N \ Eνs

)
= 0, we have

ν∗ (Et) ≤ ν (Gt) =
∫

Gt

dνac

dµ
dµ < tµ (Gt) = tµ∗ (Et) ≤ ν∗ (Et) ,

which is a contradiction. Therefore µ∗ (Et) = µ (Gt) = 0. Since
{
x ∈ R

N \ (M1 ∪ Eνs
) :

dνac

dµ
(x) < u+

γ (x)
}

=
⋃
t∈Q

⋃
n∈N

{
x ∈ B (0, n) \ (M1 ∪ Eνs

) :
dνac

dµ
(x) < t < u+

γ (x)
}

,

using the subadditivity of µ∗, we conclude that

µ∗
({

x ∈ R
N \ (M1 ∪ Eνs

) :
dνac

dµ
(x) < u+

γ (x)
})

= 0.

Similarly, one can show that

µ∗
({

x ∈ R
N \ (M1 ∪ Eνs

) :
dνac

dµ
(x) > u−γ (x)

})
= 0.

In view of Proposition 1.63 there exists a Borel set Bγ such that

Bγ ⊃
{
x ∈ R

N :
dνac

dµ
< u+

γ or
dνac

dµ
> u−γ

}
∪M1 ∪ Eνs

and µ (Bγ) = 0. Then for all x ∈ R
N \Bγ we have

dνac

dµ
(x) ≤ u−γ (x) ≤ u+

γ (x) ≤ dνac

dµ
(x) ,

which proves (1.116).
Next we observe that for any compact set K,

∞ > ν (K) ≥ νac (K) =
∫

K

dνac

dµ
dµ,

and so dνac

dµ ∈ L1
loc

(
R

N , µ
)
. In particular, dνac

dµ (x) ∈ R for µ a.e. x ∈ R
N .

Hence, without loss of generality, we may assume that the set Bγ also contains
the set
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{
x ∈ R

N :
∣∣∣∣dνac

dµ
(x)

∣∣∣∣ =∞
}

.

Choose a sequence γk ↗∞ and let

M :=
∞⋃

k=1

Bγk
.

If C is any bounded, convex closed set containing the origin in its interior,
choose k so large that

B (0, 1/γk) ⊂ C ⊂ B (x, γk).

By (1.115) and (1.116), for all x ∈ R
N \M we have

dνac

dµ
(x) = u−γk

(x) ≤ lim inf
r→0+

ν (x+ r C)
µ (x+ r C)

≤ lim sup
r→0+

ν (x+ r C)
µ (x+ r C)

≤ u+
γk

(x) =
dνac

dµ
(x) ,

and so (1.112) is satisfied.
Applying (1.112) also to νac, we obtain that for µ a.e. x ∈ R

N ,

dνac

dµ
(x) = lim

r→0+

νac (x+ r C)
µ (x+ r C)

= lim
r→0+

ν (x+ r C)
µ (x+ r C)

∈ R,

which yields

lim
r→0+

νs (x+ r C)
µ (x+ r C)

= 0.

This concludes the proof.

Remark 1.154. (i) The set M is independent of the choice of C. Moreover, it
follows from the proof that a much stronger statement holds, namely if
x ∈ R

N \M , then for any sequence rn → 0+ and for every family of closed
sets Fn ⊂ R

N such that

B (x, rn) ⊂ Fn ⊂ B (x, γrn)

and Fn is star-shaped with respect to B (x, rn) we have that

dνac

dµ
(x) = lim

n→∞

ν (Fn)
µ (Fn)

.

(ii) The Besicovitch derivation theorem holds also for bounded, convex open
sets C containing the origin. Indeed, it suffices to replace Fx,r with the
family Gx,r of all open sets D ⊂ R

N such that

B (x, r) ⊂ D ⊂ B (x, γr)
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and D is star-shaped with respect to B (x, r). By Remark 1.152, for any
open set D ∈ Gx,r such that tµ (D) < ν (D) one can find a closed set
F ∈ Fx,r such that F ⊂ D and tµ (F ) < ν (F ). Hence F is still a fine
Morse cover for Et.

It is possible to obtain the following local version of the Besicovitch deriva-
tion theorem.

Theorem 1.155. Let E ⊂ R
N be a Borel set and let µ, ν : B (E) → [0,∞] be

two Radon measures. Then

ν = νac + νs, νac � µ, νs ⊥ µ,

and there exists M ∈ B (E), with µ (M) = 0, such that for any x ∈ E \M ,

dνac

dµ
(x) = lim

r→0+

ν ((x+ r C) ∩ E)
µ ((x+ r C) ∩ E)

∈ R (1.117)

and

lim
r→0+

νs ((x+ r C) ∩ E)
µ ((x+ r C) ∩ E)

= 0, (1.118)

where C is any bounded, convex closed set containing the origin in its interior.

Proof. Consider the extensions µ, ν : B
(
R

N
)
→ [0,∞] defined by µ (F ) :=

µ (F ∩ E) and ν (F ) := ν (F ∩ E) for every F ∈ B
(
R

N
)
. Note that µ, ν are

well-defined, since by Remark 1.3,
{
F ∩ E : F ∈ B

(
R

N
)}

= B (E) .

Moreover, if K ⊂ R
N is compact then K ∩ E is a compact set of E for the

induced topology, and so µ (K) and ν (K) are finite. By Proposition 1.60 we
deduce that µ and ν are Radon measures.

Applying the Besicovitch derivation theorem to the extensions, we have

dνac

dµ
(x) = lim

r→0+

ν (x+ r C)
µ (x+ r C)

= lim
r→0+

ν ((x+ r C) ∩ E)
µ ((x+ r C) ∩ E)

for all x ∈ R
N \ M0 and for some Borel set M0 with µ (M0) = 0. Setting

M := M0 ∩ E, by (1.1) we have M ∈ B (E).
In view of the Lebesgue and Radon–Nikodym theorems we may write

ν = νac + νs,

where νac, νs : B
(
R

N
)
→ [0,∞], with νac � µ, νs ⊥ µ, and similarly

ν = νac + νs,

where νac, νs : B (E)→ [0,∞], with νac � µ, νs ⊥ µ.
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Since νs	E : B (E) → [0,∞] and µ are mutually singular, and νac	E :
B (E) → [0,∞] is absolutely continuous with respect to µ, due to the unique-
ness of the decomposition we conclude that νs	E = νs and νac	E = νac on
B (E). In particular,

νac (F ) =
∫

F

d (νac) 	E
dµ

dµ =
∫

F

dνac

dµ
dµ

for every F ∈ B (E), and so dνac

dµ (x) = dνac

dµ (x) for µ a.e. x ∈ E.

Equality (1.112) motivates the following definition:

Definition 1.156. Let E ⊂ R
N and let µ, ν : B (E) → [0,∞] be two Radon

measures. We define the Radon–Nikodym derivative of µ with respect to ν as

dν

dµ
(x) = lim

r→0+

ν ((x+ r C) ∩ E)
µ ((x+ r C) ∩ E)

whenever the limit exists, is finite, and is independent of the choice of the
bounded, convex closed set containing the origin in its interior C.

Remark 1.157. In view of Theorem 1.155, if ν � µ, then the notion introduced
in the previous definition coincides µ a.e. with the Radon–Nikodym derivative
of µ with respect to ν as in the Radon–Nikodym theorem.

Also, by (1.117) and (1.118), dν
dµ (x), dνac

dµ (x), dνs

dµ (x) exist and

dν

dµ
(x) =

dνac

dµ
(x) ,

dνs

dµ
(x) = 0

for µ a.e. x ∈ E. In particular,

ν =
dν

dµ
µ+ νs.

The next theorem leads to the definition of Lebesgue points, which are a
central concept for the study of Lp spaces in the next chapter.

Theorem 1.158 (Lebesgue differentiation theorem). Let

µ : M
(
R

N
)
→ [0,∞]

be a Radon measure, and let u : R
N → [−∞,∞] be a locally integrable func-

tion. Then there exists a Borel set M ⊂ R
N , with µ (M) = 0, such that

R
N \M ⊂

{
x ∈ R

N : u (x) ∈ R
}

and for any x ∈ R
N \M ,

lim
r→0+

1
µ (B (x, r))

∫
B(x,r)

u (y) dµ (y) = u (x) .
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Proof. Define

ν (E) :=
∫

E

u+ dµ, E ∈M
(
R

N
)
.

Since u is locally integrable it follows that ν is a Radon measure absolutely
continuous with respect to µ. Since every Radon measure in R

N is σ-finite,
we can apply the Radon–Nikodym theorem to conclude that

dν

dµ
(x) = u+ (x) ∈ R

for µ a.e. x ∈ R
N . In turn, by the Besicovitch differentiation theorem,

lim
r→0+

1
µ (B (x, r))

∫
B(x,r)

u+ (y) dµ (y) = u+ (x) ∈ R

for µ a.e. x ∈ R
N , and similarly

lim
r→0+

1
µ (B (x, r))

∫
B(x,r)

u− (y) dµ (y) = u− (x) ∈ R

for µ a.e. x ∈ R
N . The conclusion now follows.

By enlarging the “bad” set M we can strengthen the conclusion of the
previous theorem.

Corollary 1.159. Let µ : M
(
R

N
)
→ [0,∞] be a Radon measure and let

u : R
N → [−∞,∞] be a locally integrable function. Then there exists a Borel

set M ⊂ R
N , with µ (M) = 0, such that

R
N \M ⊂

{
x ∈ R

N : u (x) ∈ R
}

,

and for any x ∈ R
N \M ,

lim
r→0+

1
µ (B (x, r))

∫
B(x,r)

|u (y)− u (x)| dµ (y) = 0. (1.119)

Proof. Write Q = {rn}. Applying the previous theorem to the function
vn (x) := |u (x)− rn|, we may find a Borel set Mn ⊂ R

N , with µ (Mn) = 0,
such that

lim
r→0+

1
µ (B (x, r))

∫
B(x,r)

|u (y)− rn| dµ (y) = |u (x)− rn| (1.120)

for all x ∈ R
N \Mn. Since u is locally integrable and µ is σ-finite, the mea-

surable set
M0 :=

{
x ∈ R

N : |u (x)| = ∞
}

has zero µ measure. Set
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M :=
∞⋃

n=0

Mn.

If x ∈ R
N \M then for every n ∈ N,

lim sup
r→0+

1
µ (B (x, r))

∫
B(x,r)

|u (y)− u (x)| dµ (y)

= lim sup
r→0+

1
µ (B (x, r))

∫
B(x,r)

|u (y) + rn − rn − u (x)| dµ (y)

≤ lim sup
r→0+

1
µ (B (x, r))

∫
B(x,r)

|u (y)− rn| dµ (y) + |u (x)− rn|

= 2 |u (x)− rn| ,

where we have used (1.120). Since u (x) ∈ R, it now suffices to select a subse-
quence of {rn} converging to u (x).

Remark 1.160. It actually follows from Remark 1.154 that if x ∈ R
N \M , then

for any sequence rn → 0+ and for every family of closed sets Fn ⊂ R
N such

that
B (x, rn) ⊂ Fn ⊂ B (x, γrn)

and Fn is star-shaped with respect to B (x, rn), we have that

lim
n→∞

1
µ (Fn)

∫
Fn

|u (y)− u (x)| dµ (y) = 0.

Moreover, if x ∈ R
N \M , then for any family of Borel subsets {Er}r>0 such

that Er ⊂ B (x, r) and
µ (Er) > αµ (B (x, r))

for some constant α > 0 independent of r > 0, we have that

lim sup
r→0+

1
µ (Er)

∫
Er

|u (y)− u (x)| dy

≤ lim sup
r→0+

1
µ (Er)

∫
B(x,r)

|u (y)− u (x)| dy

≤ 1
α

lim
r→0+

1
µ (B (x, r))

∫
B(x,r)

|u (y)− u (x)| dµ (y) = 0.

Note that the sets Er need not contain x.

Any point x ∈ R
N for which (1.119) holds is called a Lebesgue point of u.

Given a Radon measure µ : M
(
R

N
)
→ [0,∞] and a measurable set E ⊂

R
N , by applying the Lebesgue differentiation theorem to χE we obtain that

lim
r→0+

µ (B (x, r) ∩ E)
µ (B (x, r))

= χE (x)
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for µ a.e. x ∈ R
N . A point x ∈ E for which the previous limit is one is called

a point of density one for E. More generally, for any t ∈ [0, 1] a point x ∈ R
N

such that

lim
r→0+

µ (B (x, r) ∩ E)
µ (B (x, r))

= t

is called a point of density t for E.

Remark 1.161. If µ : M
(
R

N
)
→ [0,∞] is a Radon measure such that for µ

a.e. x ∈ R
N ,

µ ({x}) = 0, (1.121)

then µ is nonatomic. In particular, the Lebesgue measure LN is nonatomic.
Indeed, if E ∈ M

(
R

N
)

has positive measure, then let x0 be a point of
density one of E for which (1.121) holds. By Proposition 1.7(i),

µ (B (x0, r)) → µ ({x0}) = 0

as r → 0+, and so µ (B (x0, r)) < µ (E) for all r > 0 sufficiently small. On the
other hand, by (1.121), taking r > 0 even smaller if necessary, we have

0 <
1
2
µ (B (x0, r)) ≤ µ (B (x0, r) ∩ E) ≤ µ (B (x0, r)) ,

where we have used the fact that x0 is a point of density one of E. Hence for
all r > 0 sufficiently small the set F := B (x0, r) ∩ E satisfies the condition

0 < µ (F ) < µ (E) .

For measurable functions that are not necessarily integrable, the analogous
concept of Lebesgue points is given by points of approximate continuity.

Definition 1.162. Let µ : M
(
R

N
)
→ [0,∞] be a Radon measure, and let

u : R
N → [−∞,∞] be a measurable function. The function u is said to be

approximately continuous at x0 ∈ R
N if

lim
r→0+

µ
(
B (x0, r) ∩ u−1 (A)

)
µ (B (x0, r))

= 1 (1.122)

for every open set A in the extended real line [−∞,∞] that contains u (x0).
The point x0 is called a point of approximate continuity for u.

Note that if u (x0) ∈ R then (1.122) is equivalent to requiring that for
every ε > 0,

lim
r→0+

µ
(
B (x0, r) ∩

{
x ∈ R

N : |u (x)− u (x0)| ≥ ε
})

µ (B (x0, r))
= 0.

We now study the relation between Lebesgue points and points of approx-
imate continuity.
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Proposition 1.163. Let µ : M
(
R

N
)
→ [0,∞] be a Radon measure, and

let u : R
N → [−∞,∞] be a locally integrable function. If x0 ∈ R

N is a
Lebesgue point for u, then u is approximately continuous at x0. Conversely,
if u : R

N → R is bounded on compact sets, measurable, and is approximately
continuous at x0, then x0 is a Lebesgue point for u.

Proof. Assume that x0 ∈ R
N is a Lebesgue point for u. Then

µ ({x ∈ B (x0, r) : |u (x)− u (x0)| ≥ ε})
µ (B (x0, r))

≤ 1
ε

1
µ (B (x0, r))

∫
B(x0,r)

|u (x)− u (x0)| dµ→ 0

as r → 0+. Hence u is approximately continuous at x0.
Conversely assume that u : R

N → R is locally bounded and is approxi-
mately continuous at x0. Then for every ε > 0,

1
µ (B (x0, r))

∫
B(x0,r)

|u (x)− u (x0)| dµ

≤ 1
µ (B (x0, r))

∫
B(x0,r)∩{ |u(y)−u(x0)|≥ε}

|u (x)− u (x0)| dµ

+
1

µ (B (x0, r))

∫
B(x0,r)∩{ |u(y)−u(x0)|≤ε}

|u (x)− u (x0)| dµ

≤2

(
sup

B(x0,1)

|u|
)
µ ({x ∈ B (x0, r) : |u (x)− u (x0)| ≥ ε})

µ (B (x0, r))
+ ε.

Letting r → 0+ we have

lim sup
r→0+

1
µ (B (x0, r))

∫
B(x0,r)

|u (x)− u (x0)| dµ ≤ ε,

which, in view of the arbitrariness of ε > 0, shows that x0 is a Lebesgue point
for u.

Exercise 1.164. The converse of the previous proposition does not hold in
general without the assumption of local boundedness of u. Indeed, let µ be
the Lebesgue measure L1 and consider the function

u (x) :=
∞∑

n=1

2nχ( 1
2n , 1

2n (1+ 1
n2 )) (x) , x ∈ R.

Prove that u is integrable, approximately continuous at x = 0, but 0 is not a
Lebesgue point for u.

Using Lusin’s theorem it is possible to give the following characterization
of approximate continuity.

Theorem 1.165. Let µ : M
(
R

N
)
→ [0,∞] be a Radon measure. A function

u : R
N → [−∞,∞] is measurable in the sense of Definition 1.72 if and only

if u is approximately continuous at µ a.e. x ∈ R
N .
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1.3 Spaces of Measures

In this section we introduce the notion of signed measures and we study several
spaces of signed measures that arise as duals of various spaces of bounded and
continuous functions.

1.3.1 Signed Measures

Definition 1.166. Let (X,M) be a measurable space. A signed measure is a
function λ : M→ [−∞,∞] such that

(i) λ (∅) = 0;
(ii) λ takes at most one of the two values ∞ and −∞, that is, either λ : M→

(−∞,∞] or λ : M→ [−∞,∞);
(iii) for every countable collection {Ei} ⊂M of pairwise disjoint sets we have

λ

( ∞⋃
n=1

En

)
=

∞∑
n=1

λ (En) .

Remark 1.167. We call the attention to the fact that in this text signed mea-
sures are not necessarily finite, as is often considered in the literature. Indeed,
the way to read (iii) is that whenever {Ei} ⊂ M is a countable collection of
pairwise disjoint sets, then the sequence of partial sums

{∑l
n=1 λ (En)

}
l

is

convergent in [−∞,∞] to λ (
⋃∞

n=1En).

The following result is the analogue of Proposition 1.9 for signed measures.

Proposition 1.168. Let (X,M) be a measurable space. A set function λ :
M → [−∞,∞] is a signed measure if and only it satisfies (ii) of Definition
1.166, is finitely additive, and for every increasing sequence {En} ⊂M,

λ

( ∞⋃
n=1

En

)
= lim

n→∞
λ (En) . (1.123)

Proof. One implication follows from the previous remark and (iii). Suppose
now that λ is finitely additive and that (1.123) holds. Let {Fn} ⊂ M be a
sequence of mutually disjoint measurable sets, and define

En :=
n⋃

k=1

Fk.

Then by (1.123) we have

λ

( ∞⋃
k=1

Fk

)
= lim

n→∞
λ (En) = lim

n→∞

n∑
k=1

λ (Fk) =
∞∑

k=1

λ (Fk) ,

and with this we have shown that λ is a signed measure.



114 1 Measures

As we will see below, in order to study signed measures it is convenient to
write them as differences of (positive) measures.

Definition 1.169. Let (X,M) be a measurable space and let λ : M →
[−∞,∞] be a signed measure. A set E ∈ M is said to be positive (respec-
tively negative) if λ (F ) ≥ 0 (respectively λ (F ) ≤ 0) for all F ⊂ E with
F ∈ M.

Note that we may have sets with positive measure that are not positive.

Example 1.170. Let X = R, and let u : R → R be an odd function, integrable
with respect to the Lebesgue measure, and such that u (x) > 0 for x > 0.
Then

λ (E) :=
∫

E

u (x) dx, E ∈ B (R) ,

is a signed measure and any set of the form [−a, b], 0 < a < b, has positive λ
measure without being a positive set.

However, it is possible to prove the following result.

Proposition 1.171. Let (X,M) be a measurable space and let λ : M →
[−∞,∞] be a signed measure. Let E ∈ M be such that 0 < λ (E) <∞. Then
there exists a positive measurable subset F ⊂ E with λ (F ) > 0.

Proof. Step 1: We begin by showing that if E ∈ M is such that |λ (E)| <∞,
then for any F ⊂ E, with F ∈ M, we have |λ (F )| < ∞. Without loss of
generality we may assume that λ : M→ [−∞,∞) (the case λ : M → (−∞,∞]
being analogous). Let F ⊂ E, with F ∈ M. If λ (F ) ≥ 0 then there is nothing
to prove. Thus assume that λ (F ) < 0. Then

0 < −λ (F ) = λ (E \ F )− λ (E) <∞,

where we have used that facts that |λ (E)| <∞ and that λ : M→ [−∞,∞).

Step 2: Let E ∈ M be such that 0 < λ (E) < ∞. By the previous step,
λ : M	E → R is finite. For every F ∈ M	E define

λ+ (F ) := sup {λ (F ′) : F ′ ⊂ F ,F ′ ∈M} , (1.124)
λ− (F ) := − inf {λ (F ′) : F ′ ⊂ F ,F ′ ∈ M} .

Then, exactly as in the proof of Lemma 1.103 (with ν − µ replaced by λ), we
have that λ+ : M	E → [0,∞) and λ− : M	E → [0,∞) are finite measures,
and for every F ∈ M	E we have

λ+ (F ) = sup {λ (F ′) : F ′ ⊂ F ,F ′ ∈ M,λ− (F ′) = 0} (1.125)
= sup {λ (F ′) : F ′ ⊂ F ,F ′ ∈ M,F ′ positive} .

Since 0 < λ (E) <∞ it follows that λ+ (E) > 0, and so we may find a positive
measurable subset F ⊂ E with λ (F ) > 0.
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As a consequence of the previous proposition we have the following
important theorem.

Theorem 1.172 (Hahn decomposition theorem). Let (X,M) be a mea-
surable space and let λ : M → [−∞,∞] be a signed measure. Then X can be
decomposed as X = X+ ∪X−, where X+ is positive and X− is negative.

Proof. Without loss of generality we may assume that λ : M→ [−∞,∞) (the
case λ : M → (−∞,∞] being analogous). Let

λ+ (X) = sup {λ (E) : E ∈ M, E positive} .

Find a sequence of increasing positive sets En, En ∈M, such that

lim
n→∞

λ (En) = λ+ (X) .

Define

X+ :=
∞⋃

n=1

En.

Then X+ is positive and

λ
(
X+

)
= lim

n→∞
λ (En) = λ+ (X) .

We claim that X− := X \ X+ is negative. Indeed, if not, then there exists
F ⊂ X−, F ∈ M, such that

0 < λ (F ) <∞.

By the previous proposition there exists a positive measurable subset F ′ ⊂ F
with λ (F ′) > 0. But then

λ+ (X) = λ
(
X+

)
< λ

(
X+

)
+ λ

(
X+

)
= λ

(
X+ ∪ F ′) <∞,

and since X− ∪ F ′ is admissible in the definition of λ+ (X) we arrive at a
contradiction.

Example 1.173. Note that the Hahn decomposition may not be unique. As an
example let X = [−1, 1], let M = B ([−1, 1]), and let

λ (E) :=
∫

E

x dx, E ∈ B ([−1, 1]) .

Then the pairs ([0, 1] , [−1, 0)) and ((0, 1] , [−1, 0]) are both Hahn decomposi-
tions of λ.

Remark 1.174. In general, if (X+,X−) and
(
X+

1 ,X
−
1

)
are Hahn decomposi-

tions of a signed measure λ : M→ [−∞,∞], then λ (E) = 0 for every E ∈M

with
E ⊂

(
X+∆X+

1

)
∪
(
X−∆X−

1

)
.

Here ∆ stands for the symmetric difference between two sets, i.e.,

F∆G := (F \G) ∪ (G \ F ) .
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Let (X,M) be a measurable space and let λ : M → [−∞,∞] be a signed
measure. By the Hahn decomposition theorem we may uniquely (in the sense
of Remark 1.174) decompose X as X = X+ ∪X−, where X+ is positive and
X− is negative. For E ∈M define

λ+ (E) := λ
(
E ∩X+

)
, λ− (E) := −λ

(
E ∩X−) .

Then λ+, λ− : M → [0,∞] are measures, with at least one of them finite,
and by construction, they are mutually singular. Moreover, for any E ∈ M

we have
λ (E) = λ+ (E)− λ− (E) . (1.126)

The measures λ+, λ− are called, respectively, the upper and lower variation
of λ, while the measure

‖λ‖ := λ+ + λ−

is called the total variation of λ . Note that both λ+, λ− are absolutely
continuous with respect to ‖λ‖.

Remark 1.175. Note that for any E ∈ M,

λ+ (E) = sup {λ (F ) : F ⊂ E,F ∈ M,F positive}
= sup {λ (F ) : F ⊂ E,F ∈ M}

and

λ− (E) = − inf {λ (F ) : F ⊂ E,F ∈M,F negative}
= − inf {λ (F ) : F ⊂ E,F ∈M} .

To see this, assume, without loss of generality, that λ : M→ [−∞,∞). Then,
since X+ is positive, it follows that

λ+ (E) = λ
(
E ∩X+

)
= sup {λ (F ) : F ⊂ E,F ∈ M,F positive}
= λ+ (E) ,

where λ+ has been defined in (1.124) and we have used (1.125) (which holds,
since λ does not take the value ∞). Similarly, since X− is negative, it follows
that

λ− (E) = λ
(
E ∩X−)

= − inf {λ (F ) : F ⊂ E,F ∈ M,F negative} .

If |λ (E)| <∞ then

λ− (E) = λ+ (E)− λ (E) = λ− (E)− λ (E)
= sup {λ (F )− λ (E) : F ⊂ E, F ∈M}
= sup {−λ (E \ F ) : F ⊂ E, F ∈ M}
= − inf {λ (G) : G ⊂ E, F ∈ M} .
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If λ (E) = −∞ then, since λ+ (E) <∞, it follows that

λ− (E) = λ+ (E)− λ (E) =∞,

and so

λ− (E) = − inf {λ (F ) : F ⊂ E,F ∈M} = −λ (F ) =∞.

This completes the proof.

Definition 1.176. Let (X,M) be a measurable space and let λ : M →
[−∞,∞] be a signed measure. A set E ∈ M has σ-finite measure λ if it
has σ-finite measure ‖λ‖; λ is said to be σ-finite if X has σ-finite measure λ.

Proposition 1.177. Let (X,M) be a measurable space and let λ : M →
[−∞,∞] be a signed measure. Then for every E ∈M we have that

‖λ‖ (E) = sup

{ ∞∑
n=1

|λ (En)| : {En} ⊂ M partition of E

}
.

It turns out that the decomposition (1.126) is unique.

Theorem 1.178 (Jordan decomposition theorem). Let (X,M) be a
measurable space and let λ : M → [−∞,∞] be a signed measure. Then there
exists a unique pair (λ+, λ−) of mutually singular (nonnegative) measures,
one of which is finite, such that λ = λ+ − λ−.

Proof. It remains only to prove the uniqueness of the decomposition. We leave
this as an exercise.

In view of the previous theorem, given a measurable space (X,M), a signed
measure λ : M → [−∞,∞], a measurable function u : X → [−∞,∞], and
a measurable set E ∈ M, if at least one of the two integrals

∫
E
u dλ+ and∫

E
u dλ− is finite then we define the Lebesgue integral of u over the measurable

set E as ∫
E

u dλ :=
∫

E

u dλ+ −
∫

E

u dλ−.

If both
∫

E
u dλ+ and

∫
E
u dλ− are finite, then u is said to be Lebesgue inte-

grable over the measurable set E.
We now extend The Lebesgue decomposition theorem to signed measures.

Definition 1.179. Let (X,M) be a measurable space and let λ, ς : M →
[−∞,∞] be two signed measures.

(i) λ, ς are said to be mutually singular, and we write λ ⊥ ς, if ‖λ‖ and ‖ς‖
are mutually singular.

(ii) λ is said to be absolutely continuous with respect to ς, and we write
λ� ς, if ‖λ‖ is absolutely continuous with respect to ‖ς‖.
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If (X,M) is a measurable space, λ : M → [−∞,∞] is a signed measure,
and µ : M → [0,∞] is a σ-finite (positive) measure, then by applying the
Lebesgue decomposition theorem to λ+ and µ (respectively to λ− and µ) we
can write

λ+ =
(
λ+

)
ac

+
(
λ+

)
s
, λ− =

(
λ−

)
ac

+
(
λ−

)
s
,

where the measures (λ+)ac and (λ+)s are defined in (1.38) and (1.56), and
(λ+)ac, (λ−)ac � µ. Hence we can apply the Radon–Nikodym theorem to
find two measurable functions u+, u− : X → [0,∞] such that

(
λ+

)
ac

(E) =
∫

E

u+ dµ,
(
λ−

)
ac

(E) =
∫

E

u− dµ

for every E ∈M. The functions u+ and u− are unique up to a set of µ measure
zero

Since either λ+ or λ− is finite we may define

λac :=
(
λ+

)
ac
−
(
λ−

)
ac

, λs :=
(
λ+

)
s
−
(
λ−

)
s
, u := u+ − u−.

Then λac is a signed measure with λac � µ. Note that if λ is positive then so
are λac and λs.

By the Radon–Nikodym theorem, the Lebesgue decomposition theorem,
and the Jordan decomposition theorem we have proved the following result.

Theorem 1.180 (Lebesgue decomposition theorem). Let (X,M) be a
measurable space, let λ : M→ [−∞,∞] be a signed measure, and let µ : M→
[0,∞] be a σ-finite (positive) measure. Then

λ = λac + λs

with λac � µ, and

λac (E) =
∫

E

u dµ

for all E ∈ M. Moreover, if λ is σ-finite then λs ⊥ µ and the decomposition
is unique, that is, if

λ = λac + λs,

for some signed measures λac, λs, with λac � µ and λs ⊥ µ, then

λac = λac and λs = λs.

We call λac and λs, respectively, the absolutely continuous part and the
singular part of λ with respect to µ, and often we write

u =
dλac

dµ
.

A particular case of the Lebesgue decomposition theorem is that in which
µ = ‖λ‖, and here λ = λac, λs = 0.
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Corollary 1.181. Let (X,M) be a measurable space and let λ : M →
[−∞,∞] be a σ-finite signed measure. Then there exists a measurable function
u : X → [−∞,∞] such that |u (x)| = 1 for ‖λ‖ a.e. x ∈ X and

u =
dλ

d ‖λ‖ .

The previous equation is called the polar decomposition of λ.

Definition 1.182. Let (X,M) be a measurable space and let λ : M →
[−∞,∞] be a signed measure. If X is a topological space then λ is a signed
Radon measure if ‖λ‖ : M→ [0,∞] is a Radon measure.

If X is a topological space then M (X; R) is the space of all signed finite
Radon measures λ : B (X) → R endowed with the total variation norm. It can
be verified that M (X; R) is a Banach space.

In applications we will also consider vector-valued measures.

Definition 1.183. Let (X,M) be a measurable space. A set function λ =
(λ1, . . . , λm) : M → R

m is a vectorial measure if each component λi : M→ R

is a signed measure, i = 1, . . . ,m. The total variation of λ is defined by

‖λ‖ := ‖λ1‖+ . . .+ ‖λm‖ .

If X is a topological space, then λ : M → R
m is a vectorial Radon measure

if each component λi : M → R is a signed Radon measure, i = 1, . . . ,m,
and M (X; Rm) is the space of all vectorial Radon measures λ : B (X) → R

m

endowed with the total variation norm.

Exercise 1.184. In some applications it is more convenient to define the total
variation of λ : M→ R

m as

‖λ‖1 (E) := sup

{ ∞∑
n=1

|λ (En)| : {En} ⊂M partition of E

}
, E ∈M.

(1.127)
Prove that ‖λ‖1 : M → [0,∞) is a (positive) measure. Note that in view of
Proposition 1.177, the definition of ‖λ‖1 is consistent with the case m = 1.

1.3.2 Signed Finitely Additive Measures

In this subsection we introduce some important spaces of finitely additive
signed measures. Let X be a nonempty set and let M ⊂ P (X) be an algebra.
Let B (X,M) denote the space of all bounded measurable functions u : X→R.

Exercise 1.185. Prove that B (X,M) is a Banach space endowed with the
norm

‖u‖∞ := sup
x∈X

|u (x)| .
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By Theorem 1.74 it turns out that B (X,M) consists of all uniform limits
of finite linear combinations of characteristic functions of sets in M.

Definition 1.186. Let X be a nonempty set and let M ⊂ P (X) be an algebra.
The space ba (X,M) of bounded finitely additive signed measures is composed
of all set functions λ : M → R such that

(i) λ (∅) = 0;
(ii) λ is finitely additive, that is,

λ (E1 ∪ E2) = λ (E1) + λ (E2)

for all E1, E2 ∈M with E1 ∩ E2 = ∅;
(iii) λ is bounded, that is, its total variation norm

‖λ‖ (X) := sup

{
l∑

n=1

|λ (En)| : {En} ⊂M finite partition of X

}

is finite.

Exercise 1.187. Prove that ba (X,M) is a Banach space endowed with the
total variation norm ‖·‖ (X).

Analogously to the Hahn decomposition theorem for signed measures, it
is possible to prove that if λ ∈ ba (X,M), then it may be decomposed as

λ = λ+ − λ−,

where λ+, λ− are (positive) finitely additive measures. Indeed, we have the
following result.

Theorem 1.188. Let X be a nonempty set, let M ⊂ P (X) be an algebra,
and let λ ∈ ba (X,M). Then

λ+ (E) := sup {λ (F ) : F ⊂ E,F ∈M} , E ∈ M,

λ− (E) := − inf {λ (F ) : F ⊂ E,F ∈ M} , E ∈ M,

are (positive) finitely additive measures and λ = λ+ − λ−.

Proof. Let E1, E2 ∈M, with E1∩E2 = ∅. Since λ is bounded, for ε > 0 there
exist Fi ⊂ Ei, Fi ∈ M, such that

λ+ (Ei) ≤ λ (Fi) + ε,

i = 1, 2. Hence

λ+ (E1 ∪ E2) ≥ λ (F1 ∪ F2) = λ (F1) + λ (F2) ≥ λ+ (E1) + λ+ (E2)− 2ε,

and by the arbitrariness of ε we deduce that
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λ+ (E1 ∪ E2) ≥ λ+ (E1) + λ+ (E2) .

To prove the reverse inequality, for ε > 0 we may find a set F ⊂ E1∪E2, with
F ∈ M, such that

λ+ (E1 ∪ E2) ≤ λ (F ) + ε.

Since E1 ∩ E2 = ∅ it follows that

λ+ (E1 ∪ E2) ≤ λ (F ) + ε = λ (F ∩ E1) + λ (F ∩ E2) + ε

≤ λ+ (E1) + λ+ (E2) + ε,

and by the arbitrariness of ε we conclude that λ+ is finitely additive. Since
λ− = (−λ)+, we obtain that λ− is finitely additive.

Since λ+ ≥ λ and −λ− ≤ λ for all E ∈ M we have

0 ≤ λ+ (E)− λ (E) = sup {λ (F )− λ (E) : F ⊂ E, F ∈ M}
= sup {−λ (E \ F ) : F ⊂ E, F ∈ M}
= − inf {λ (G) : G ⊂ E, F ∈ M} = λ− (E) .

This concludes the proof.

The previous theorem, together with (1.21), Theorem 1.74, and Remark
1.76, leads to the definition of the Lebesgue integral of u ∈ B (X,M), namely

∫
E

u dλ := lim
n→∞

∫
E

sn dλ (1.128)

for any sequence {sn} ⊂ B (X,M) of simple functions that converges uni-
formly to u. It may be verified that the integral does not depend on the
particular approximating sequence {sn}.

We consider next the case that X is a normal space.

Definition 1.189. Let X be a normal space and let M be the smallest algebra
that contains all open sets of X. The space rba (X,M) of all regular bounded
finitely additive signed measures consists of all set functions λ : M→ R such
that

(i) λ ∈ ba (X,M);
(ii) for every E ∈M,

λ+ (E) = inf
{
λ+ (A) : A open, A ⊃ E

}
(1.129)

= sup
{
λ+ (C) : C closed, C ⊂ E

}
(1.130)

and

λ− (E) = inf
{
λ− (A) : A open A ⊃ E

}
= sup

{
λ− (C) : C closed C ⊂ E

}
,

where λ+ and λ− are defined in Theorem 1.188.
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Exercise 1.190. Show that the space rba (X,M) is a closed subspace of
ba (X,M) and hence a Banach space with the total variation norm ‖·‖ (X).

In the special case that X is compact, then regular finitely additive mea-
sures are measures. Indeed, we have the following:

Theorem 1.191 (Alexandroff). Let X be a compact topological space and
let M be an algebra that contains all open sets. If λ ∈ rba (X,M) then λ is
countably additive.

Proof. In view of Theorem 1.188 it suffices to show that the finitely additive
measures λ+ and λ− defined are countably additive. Let {En} ⊂ M be a
sequence of mutually disjoint sets such that

⋃∞
n=1En ∈M. Then

l∑
n=1

λ+ (En) = λ+

(
l⋃

n=1

En

)
≤ λ+

( ∞⋃
n=1

En

)

and letting l→∞, we get

∞∑
n=1

λ+ (En) ≤ λ+

( ∞⋃
n=1

En

)
.

To prove the reverse inequality, let C be any closed set contained in
⋃∞

n=1En.
For n ∈ N and for every ε > 0, by (1.129) there exists an open set An ⊃ En

such that
λ+ (An) ≤ λ+ (En) +

ε

2n
.

Since C is a closed subset of the compact space X we have that C is also
compact, and since {An} is an open cover for C, there exist A1, . . . , Al whose
union still covers C. Hence

λ+ (C) ≤ λ+

(
l⋃

n=1

An

)
≤

l∑
n=1

λ+ (An) ≤
l∑

n=1

λ+ (En) + ε ≤
∞∑

n=1

λ+ (En) + ε.

Taking the supremum over all closed sets C ⊂
⋃∞

n=1En and using (1.130), we
obtain

λ+

( ∞⋃
n=1

En

)
≤

∞∑
n=1

λ+ (En) + ε,

and letting ε→ 0+ gives the desired inequality.
With exactly the same proof it may be shown that λ− is countably addi-

tive.

Corollary 1.192. If in addition to the hypotheses of the previous theorem, we
assume also that X is a Hausdorff space, then λ can be extended in a unique
way as a signed Radon measure to the smallest σ-algebra that contains M.
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Proof. Since λ+ : M → [0,∞) is a finite countably additive measure, in view of
Remark 1.39, the finite measure (λ+)∗ : M∗ → [0,∞) defined in (1.14) (with
G := M and ρ := λ+) is the unique extension of λ+ to the σ-algebra M∗

of all (λ+)∗-measurable sets. Note that since M contains all open sets, then
necessarily B (X) ⊂ M∗. Thus it remains to show that the Borel measure
(λ+)∗ : M∗ → [0,∞) is a Radon measure. In view of Remark A.10 in the
appendix, the class of closed sets of X coincides with the class of compact
sets. Hence for any open set A ⊂ X, by (1.130),

(
λ+

)∗ (A) =
(
λ+

)
(A) = sup

{
λ+ (C) : C closed C ⊂ A

}
= sup

{
λ+ (K) : K compact K ⊂ A

}
= sup

{(
λ+

)∗ (K) : K compact K ⊂ A
}

,

and so every open set is inner regular.
We now show that any E ∈ M∗ is outer regular. By (1.14), for any fixed

ε > 0 we may find a sequence {En} ⊂ M such that E ⊂
⋃∞

n=1En and

∞∑
n=1

λ+ (En) ≤
(
λ+

)∗ (E) + ε. (1.131)

By (1.129), for every n ∈ N we may find an open set An ⊃ En such that

λ+ (An) ≤ λ+ (En) +
ε

2n
. (1.132)

Since E ⊂
⋃∞

n=1An by (1.131) and (1.132), we have that

λ+

( ∞⋃
n=1

An

)
≤

∞∑
n=1

λ+ (An) ≤
∞∑

n=1

λ+ (En) + ε ≤
(
λ+

)∗ (E) + 2ε.

In turn,
(
λ+

)∗ (E) ≤ inf
{
λ+ (A) : A open A ⊃ E

}
≤
(
λ+

)∗ (E) + 2ε,

and given the arbitrariness of ε > 0 we deduce that E is outer regular. This
concludes the proof.

1.3.3 Spaces of Measures as Dual Spaces

Let X be a nonempty set and let M be an algebra. In this subsection we
identify the dual of certain subspaces of B (X,M) with ba (X,M), rba (X,M)
and M (X; R).

It turns out that the dual of B (X,M) may be identified with ba (X,M):
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Theorem 1.193 (Riesz representation theorem in B). Let X be a non-
empty set and let M ⊂ P (X) be an algebra. Then every bounded linear func-
tional L : B (X,M) → R is represented by a unique λ ∈ ba (X,M), in the
sense that

L (u) =
∫

X

u dλ for every u ∈ B (X,M) . (1.133)

Moreover, the norm of L coincides with ‖λ‖ (X). Conversely, every functional
of the form (1.133), where λ ∈ ba (X,M), is a bounded linear functional on
B (X,M).

Proof. Step 1: Let L ∈ (B (X,M))′ and for every E ∈M define

λ (E) := L (χE) .

Since L is linear and L (0) = 0 it follows that λ : M→ R is a finitely additive
signed measure. To prove that λ is bounded, let {En}l

n=1 ⊂ M be a finite
partition of X and define

s :=
l∑

n=1

cnχEn
,

where cn := sgn (L (χEn
)). Then s ∈ B (X,M) and

l∑
n=1

|λ (En)| =
l∑

n=1

sgn (L (χEn
))L (χEn

)

=

∣∣∣∣∣
l∑

n=1

cnL (χEn
)

∣∣∣∣∣ = |L (s)|

≤ ‖L‖(B(X,M))′ ‖s‖∞ ≤ ‖L‖(B(X,M))′ ,

where we have used the fact that ‖s‖∞ ≤ 1. Hence

‖λ‖ (X) ≤ ‖L‖(B(X,M))′ , (1.134)

which shows that λ ∈ ba (X,M).
We now show that (1.133) holds. Fix u ∈ B (X,M) and ε > 0, and par-

tition the interval [−‖u‖∞ , ‖u‖∞] into l intervals In, n = 1, . . . , l, of length
less than or equal to ε. For each n = 1, . . . , l, define

En := u−1 (In) ∈ M

and let

s :=
l∑

n=1

cnχEn
,

where cn is any fixed number in In. Note that for x ∈ En we have that
u (x) ∈ In, and so
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|u (x)− s (x)| ≤ ε.

Hence ‖u− s‖∞ ≤ ε, while by the linearity of L,

∣∣∣∣L (u)−
∫

X

s dλ

∣∣∣∣ =

∣∣∣∣∣L (u)−
l∑

n=1

cnλ (En)

∣∣∣∣∣

=

∣∣∣∣∣L (u)−
l∑

n=1

cnL (χEn
)

∣∣∣∣∣ (1.135)

= |L (u− s)| ≤ ‖L‖(B(X,M))′ ‖u− s‖∞
≤ ‖L‖(B(X,M))′ ε.

By taking ε := 1
k we can construct a sequence {sk} of simple functions con-

verging uniformly to u such that

lim
k→∞

∫
X

sk dλ = L (u) .

By (1.128) this implies that

L (u) =
∫

X

u dλ.

Moreover, from (1.135) and the fact that ‖u− s‖∞ ≤ ε we have that

|L (u)| ≤
∣∣∣∣
∫

X

s dλ

∣∣∣∣+ ‖L‖(B(X,M))′ ε

≤
l∑

n=1

|cn| |λ (En)|+ ‖L‖(B(X,M))′ ε

≤ (‖u‖∞ + ε)
l∑

n=1

|λ (En)|+ ‖L‖(B(X,M))′ ε

≤ (‖u‖∞ + ε) ‖λ‖ (X) + ‖L‖(B(X,M))′ ε,

and so, by the arbitrariness of ε, we get

|L (u)| ≤ ‖u‖∞ ‖λ‖ (X) ,

which, together with (1.134), implies that ‖λ‖ (X) = ‖L‖(B(X,M))′ .

Step 2: Conversely, given λ ∈ ba (X,M), for u ∈ B (X,M) define

L (u) :=
∫

X

u dλ.

Then L ∈ (B (X,M))′ and ‖λ‖ (X) = ‖L‖(B(X,M))′ . We leave the details as
an exercise.
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We consider next the case that X is a normal Hausdorff space. Let Cb (X)
denote the space of all continuous bounded functions u : X → R. It is well
known that Cb (X) is a Banach space with the norm ‖·‖∞.

Theorem 1.194. Let X be a normal space. Then Cb (X) is separable if and
only if X is a compact metrizable space.

It turns out that the dual of Cb (X) may be identified with rba (X,M):

Theorem 1.195 (Riesz representation theorem in Cb). Let X be a nor-
mal Hausdorff space and let M be the smallest algebra that contains all open
sets of X. Then every bounded linear functional L : Cb (X) → R is represented
by a unique λ ∈ rba (X,M) in the sense that

L (u) =
∫

X

u dλ for every u ∈ Cb (X) . (1.136)

Moreover, the norm of L coincides with the total variation norm ‖λ‖ (X).
Conversely, every functional of the form (1.136), where λ ∈ rba (X,M), is a
bounded linear functional on Cb (X).

The proof of this theorem is rather lengthy, and so we omit it. We refer
the reader to [AliBur99].

Let X be a compact Hausdorff space and let C (X) = Cb (X) be the
space of all continuous functions. In view of Corollary 1.192 and the Riesz
representation theorem in Cb, we have that the dual of C (X) may be identified
with M (X; R):

Theorem 1.196 (Riesz representation theorem in C). Let X be a com-
pact Hausdorff space. Then every bounded linear functional L : C (X) → R

is represented by a unique finite signed Radon measure λ ∈ M (X; R) in the
sense that

L (u) =
∫

X

u dλ for every u ∈ C (X) . (1.137)

Moreover, the norm of L coincides with the total variation norm ‖λ‖. Con-
versely, every functional of the form (1.137), where λ ∈ M (X; R), is a
bounded linear functional on C (X).

Finally, we consider the dual space of the space of continuous functions
“that vanish at infinity”. Let X be a topological space, let Cc (X) be the
collection of all continuous functions u : X → R whose support is compact,
and let C0 (X) be the completion of Cc (X) relative by the supremum norm
‖·‖∞.

Theorem 1.197. Let X be a normal space. Then C0 (X) is separable if and
only if X is a σ-compact metrizable space.
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Remark 1.198. It can be shown that a normal, separable, locally compact
metrizable space is σ-compact.

If X is compact then

C0 (X) = Cc (X) = C (X) .

If X is a locally compact Hausdorff space, then it can be shown that u ∈
C0 (X) if and only if u ∈ C (X) and for every ε > 0 there exists a compact
set K ⊂ X such that

|u (x)| < ε for all x ∈ X \K.

Note that the duals of Cc (X) and C0 (X) “coincide” in the sense that if
L ∈ (C0 (X))′ then L	Cc (X) ∈ (Cc (X))′, and conversely, if L ∈ (Cc (X))′

then there exists a unique L ∈ (C0 (X))′ such that

L	Cc (X) = L,
∥∥L∥∥ = ‖L‖ .

Exercise 1.199 (Alexandroff compactification). Let X be a locally com-
pact Hausdorff space. Let ∞ denote a point not in X and consider X∞ :=
X ∪ {∞}. Let τ ⊂ P (X∞) be the collection of all subsets A ⊂ X∞ such that
either A is an open set of X or ∞ ∈ A and X∞ \ A is a compact set of X.
Prove that (X∞, τ) is a compact Hausdorff space, and that v ∈ C (X∞) if
and only if

v = uχX + cχ{∞}

for some u ∈ C0 (X) and c ∈ R. Show also that the decomposition of v is
unique, and

‖v‖C(X∞) = max
{
‖u‖C0(X) , |c|

}
. (1.138)

We now show that the dual of C0 (X) may be identified with M (X; R).

Theorem 1.200 (Riesz representation theorem in C0). Let X be a lo-
cally compact Hausdorff space. Then every bounded linear functional L :
C0 (X) → R is represented by a unique finite signed Radon measure λ ∈
M (X; R) in the sense that

L (u) =
∫

X

u dλ for every u ∈ C0 (X) . (1.139)

Moreover, the norm of L coincides with the total variation norm ‖λ‖ (X).
Conversely, every functional of the form (1.139), where λ ∈ M (X; R), is a
bounded linear functional on C0 (X).

Proof. It is immediate to verify that given λ ∈M (X; R), then (1.139) deter-
mines L as an element of (C0 (X))′.
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Conversely, given L ∈ (C0 (X))′, we use the one-point compactification
or Alexandroff compactification defined in the previous exercise to find λ ∈
M (X; R) satisfying (1.139). In C (X∞) consider the norm

p (v) := ‖L‖(C0(X))′ ‖v‖C(X∞) .

In view of (1.138) we have
|L (u)| ≤ p (u)

for all u ∈ C0 (X), and thus by the Hahn–Banach theorem we may ex-
tend L to a bounded linear functional L1 on C (X∞) in such a way that
‖L‖(C0(X))′ = ‖L1‖(C(X∞))′ . By the Riesz representation theorem in C (X∞)
there is a unique finite signed Radon measure λ ∈M (X∞; R) with

‖λ‖ (X∞) = ‖L1‖(C(X∞))′ ,

and such that for every v ∈ C (X∞),

L1 (v) =
∫

X∞
v dλ =

∫
X

v dλ+ v (∞)λ ({∞}) .

In particular, it follows that for every u ∈ C0 (X) we have that

L1 (u) = L (u) =
∫

X

u dλ. (1.140)

Moreover, λ : B (X) → R is in M (X; R), and we have

‖λ‖ (X) ≤ ‖λ‖ (X∞) = ‖L1‖(C(X∞))′ = ‖L‖(C0(X))′ ≤ ‖λ‖ (X) ,

where the last inequality follows from (1.140). This proves that ‖L‖(C0(X))′ =
‖λ‖ (X). Note that this implies that λ ({∞}) = 0.

Finally, to prove the uniqueness of the representation (1.140) assume that

L (u) =
∫

X

u dλ =
∫

X

u dς

for all u ∈ C0 (X) and for some ς ∈ M (X; R). Extend ς to ς1 ∈ M (X∞; R)
by setting ς1 ({∞}) := 0. Then

L1 (v) =
∫

X

v dλ =
∫

X

v dς1

for all v ∈ C (X∞), and so by the Riesz representation theorem in C it follows
that ς1 = λ, in particular ς1	X = ς = λ	X.

In the study of distributions in [FoLe10] we will also need the following
variants of the previous theorem.
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Theorem 1.201 (Riesz representation theorem in Cc). Let X be a lo-
cally compact Hausdorff space and let L : Cc (X) → R be a linear functional.
Then

(i) if L is positive, that is, L (v) ≥ 0 for all v ∈ Cc (X) with v ≥ 0, then there
exists a unique (positive) Radon measure µ : B (X) → [0,∞] such that

L (u) =
∫

X

u dµ for every u ∈ Cc (X) ;

(ii) if L is locally bounded, that is, for every compact set K ⊂ X there exists
a constant CK > 0 such that

|L (u)| ≤ CK ‖v‖Cc(X)

for all v ∈ Cc (X) with supp v ⊂ K, then there exist two (positive) Radon
measures µ1, µ2 : B (X) → [0,∞] such that

L (u) =
∫

X

u dµ1 −
∫

X

u dµ2 for every u ∈ Cc (X) .

Note that since both µ1 and µ2 could have infinite measure, their difference
is not defined in general, although on every compact set it is a well-defined
finite signed measure. The proof of part (i) of the previous theorem is classical
(see, e.g., [Ru87]), while (ii) follows from (i) by writing L as the difference of
two positive functionals (see Step 3 of the proof of Theorem 2.37 below for an
entirely similar argument).

1.3.4 Weak Star Convergence of Measures

Let X be a normal space and let M be an algebra that contains all open sets of
X. If Cb (X) is separable, i.e., if X is a compact metrizable space (see Theorem
1.194), then in view of Theorem A.55 and the Riesz representation theorem,
any bounded sequence of measures {λn} ⊂ rba (X,M) is sequentially weakly
star precompact. In particular, if u ∈ Cb (X) then

lim
k→∞

∫
X

u dλnk
=
∫

X

u dλ (1.141)

for a subsequence {λnk
} and for some λ ∈ rba (X,M).

Similarly, invoking now Theorem 1.197 and the Riesz representation the-
orem in C0 (X), we have the following result.

Proposition 1.202. Let X be a σ-compact metric space, and let {λn} ⊂
M (X; R) be a sequence of signed Radon measures such that

sup
n
‖λn‖ <∞.
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Then there exist a subsequence {λnk
} and a signed Radon measure λ such that

λnk

∗
⇀ λ in M (X; R) ,

i.e.,

lim
n→∞

∫
X

u dλn =
∫

X

u dλ

for every u ∈ C0 (X).

The following properties will be frequently used in the sequel.

Proposition 1.203. Let X be a locally compact Hausdorff space and let
{µn} ⊂ M (X; R) be a sequence of (positive) Radon measures such that
µn

∗
⇀ µ in M (X; R). Then

(i) if A ⊂ X is open then

µ (A) ≤ lim inf
n→∞

µn (A) ;

(ii) if K ⊂ X is compact then

µ (K) ≥ lim sup
n→∞

µn (K) ;

(iii) if A ⊂ X is open, A is compact, and µ (∂A) = 0, then

µ (A) = lim
n→∞

µn (A) .

Proof. (i) Let K ⊂ A be a compact subset. By Corollary A.13 there exists a
cutoff function ϕ ∈ Cc (X) such that 0 ≤ ϕ ≤ 1, ϕ ≡ 1 on K, and ϕ ≡ 0 on
X \A. Then

µ (K) ≤
∫

A

ϕdµ = lim
n→∞

∫
A

ϕdµn ≤ lim inf
n→∞

µn (A) .

Since µ is a Radon measure it is inner regular, and so taking the supremum
over all compact subsets of A, we have

µ (A) = sup {µ (K) : K ⊂ A} ≤ lim inf
n→∞

µn (A) .

(ii) Let A ⊃ K be an open set and consider a cutoff function ϕ ∈ Cc (X) such

that 0 ≤ ϕ ≤ 1, ϕ ≡ 1 on K, and ϕ ≡ 0 on X \A. Then

lim sup
n→∞

µn (K) ≤ lim
n→∞

∫
A

ϕdµn =
∫

A

ϕdµ ≤ µ (A) .

Since µ is a Radon measure, taking the supremum over all open supersets of
K and using outer regularity, we have
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lim sup
n→∞

µn (K) ≤ µ (K) = inf {µ (A) : K ⊂ A} .

(iii) If µ (∂A) = 0 then from (i) and (ii),

lim sup
n→∞

µn (A) ≤ lim sup
n→∞

µn

(
A
)
≤ µ

(
A
)

= µ (A) ≤ lim inf
n→∞

µn (A) .

This concludes the proof.

As a corollary of the previous proposition we obtain the following result.

Corollary 1.204. Let X be a locally compact Hausdorff space, and let {λn} ⊂
M (X; R) be a sequence of signed Radon measures such that λn

∗
⇀ λ in

M (X; R) and ‖λn‖ ∗
⇀ ν in M (X; R). If A ⊂ X is open, A is compact,

and ν (∂A) = 0, then ∫
A

u dλn →
∫

A

u dλ

for all u ∈ Cb (X). In particular,

λn (A) → λ (A) .

Proof. Fix u ∈ Cb (X). Since ν is outer regular and ν (∂A) = 0 for any fixed
ε > 0, there exists an open set U ⊃ ∂A such that

ν (U) ≤ ε

2
(
1 + ‖u‖Cb(X)

) . (1.142)

Since U ∪ A is an open set containing the compact set A, by Corollary A.13
there exists a cutoff function ϕ ∈ Cc (X) such that 0 ≤ ϕ ≤ 1, ϕ ≡ 1 on A,
and ϕ ≡ 0 on X \ (U ∪A). For any u ∈ Cb (X) we have that ϕu ∈ Cc (X),
and so∫

A

u dλn −
∫

A

u dλ =
∫

X

ϕudλn −
∫

X

ϕudλ+
∫

U\A

ϕudλn −
∫

U\A

ϕudλ.

In turn,∣∣∣∣
∫

A

u dλn −
∫

A

u dλ

∣∣∣∣ ≤
∣∣∣∣
∫

X

ϕudλn −
∫

X

ϕudλ

∣∣∣∣
+ ‖u‖Cb(X) (‖λn‖ (suppϕ \A) + ‖λ‖ (suppϕ \A)) .

Letting n→∞ and using part (ii) of the previous proposition, the facts that
λn

∗
⇀ λ in M (X; R) and ‖λ‖ ≤ ν, and (1.142) yield

lim sup
n→∞

∣∣∣∣
∫

A

u dλn −
∫

A

u dλ

∣∣∣∣ ≤ 2 ‖u‖Cb(X) ν (suppϕ \A)

≤ 2 ‖u‖Cb(X) ν (U) ≤ ε.

The last part of the theorem follows by taking u ≡ 1.
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Remark 1.205. The previous corollary continues to hold with the obvious
changes for a sequence {λn} ⊂ M (X; Rm) of vector-valued Radon measures.

If X is a topological space, then C0 (X) ⊂ Cb (X), with the strict inclusion
possible. Hence, if a sequence of (positive) Radon measures {µn} converges
weakly star to some Radon measure µ in M (X; R) = (C0 (X))′, then in
general we cannot conclude that µn

∗
⇀ µ in (Cb (X))′. The next results provide

two sufficient conditions for this to happen.

Proposition 1.206. Let X be a topological space and let µ, µn : B (X) →
[0,∞), n ∈ N, be finite Borel measures such that

lim
n→∞

µn (X) = µ (X) (1.143)

and
lim inf
n→∞

µn (A) ≥ µ (A) (1.144)

for every open set A ⊂ X. Then µn
∗
⇀ µ in (Cb (X))′.

In particular, if X is a locally compact Hausdorff space, µ, µn, n ∈ N, are
(positive) finite Radon measures, and µn

∗
⇀ µ in M (X; R), then µn

∗
⇀ µ in

(Cb (X))′ if and only if (1.143) holds.

The proof of the proposition makes use of the following exercise.

Exercise 1.207. Let {xn} and {yn} be two sequences of real numbers such
that

lim inf
n→∞

xn ≥ x, lim inf
n→∞

yn ≥ y,

lim sup
n→∞

(xn + yn) ≤ x+ y,

for some x, y ∈ R. Prove that lim
n→∞

xn = x and lim
n→∞

yn = y.

Proof (Proposition 1.206). Let u ∈ Cb (X). Assume first that 0 ≤ u ≤ 1. Then
by Theorem 1.123 and Fatou’s lemma

lim inf
n→∞

∫
X

u dµn = lim inf
n→∞

∫ 1

0

µn ({x ∈ X : u (x) > t}) dt

≥
∫ 1

0

lim inf
n→∞

µn ({x ∈ X : u (x) > t}) dt

≥
∫ 1

0

µ ({x ∈ X : u (x) > t}) dt

=
∫

X

u dµ,

where we have used (1.144) and that fact that the sets {x ∈ X : u (x) > t}
are open, since u is continuous.
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Similarly,

lim inf
n→∞

∫
X

(1− u) dµn ≥
∫

X

(1− u) dµ.

Let

xn :=
∫

X

u dµn, yn :=
∫

X

(1− u)u dµn,

x :=
∫

X

u dµ, y :=
∫

X

(1− u) dµ.

By (1.143) and the previous exercise we conclude that

lim
n→∞

∫
X

u dµn =
∫

X

u dµ

for all u ∈ Cb (X), with 0 ≤ u ≤ 1.
For a general function u ∈ Cb (X) \ {0} it suffices to apply the first part

of the proof to the function

v :=
u− infX u

supX u− infX u

and use (1.143).
Finally, if X is a locally compact Hausdorff space and µn

∗
⇀ µ inM (X; R),

then property (1.144) holds in view of Proposition 1.203(i). Since 1 ∈ Cb (X),
by the first part of the proposition we have that µn

∗
⇀ µ in (Cb (X))′ if and

only if (1.143) holds.

Using the previous proposition we may prove an important theorem, usu-
ally stated for probability measures.

Theorem 1.208 (Prohorov). Let X be a metric space and let {µn} be a
sequence of Borel measures, µn : B (X) → [0,∞), such that

sup
n
µn (X) <∞. (1.145)

Assume that for all ε > 0 there exists a compact set K ⊂ X such that

sup
n
µn (X \K) ≤ ε. (1.146)

Then there exist a subsequence {µnk
} of {µn} and a Borel measure µ :

B (X) → [0,∞) such that µnk

∗
⇀ µ in (Cb (X))′.

In particular, if X is a locally compact metric space, µ, µn, n ∈ N, are
(positive) finite Radon measures, and µn

∗
⇀ µ in M (X; R), then µn

∗
⇀ µ in

(Cb (X))′ if and only if (1.146) holds.

The proof makes use of the following exercise.
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Exercise 1.209. Let X be a metric space and let
{
K(j)

}
⊂ X be an increas-

ing sequence of compact sets. Prove that the set
⋃∞

j=1K
(j) is separable and

construct a countable family A of open sets with the property that for every
open set U ⊂ X and for every x ∈ U ∩

(⋃∞
j=1K

(j)
)

there exists A ∈ A such

that x ∈ A and A ⊂ U .

Proof (Prohorov’s theorem). By extracting a subsequence (not relabeled) we
may assume that

lim
n→∞

µn (X) = M <∞.

If M = 0 then µn
∗
⇀ 0 in (Cb (X))′ and there is nothing to prove. If M > 0,

then without loss of generality we may assume that µn (X) = 1 for all n ∈ N.
Indeed, if we can prove that a subsequence

{
µnk

µnk
(X)

}
of

{
µn

µn(X)

}
converges

weakly star to some Borel measure ν in (Cb (X))′, then {µnk
} converges

weakly star to the Borel measure Mν in (Cb (X))′.
By (1.146) we may construct an increasing sequence of compact sets{

K(j)
}
⊂ X such that

µn

(
K(j)

)
> 1− 1

j
(1.147)

for all j, n ∈ N. Let A be the countable family of open sets given in the
previous exercise and let K be the countable family of compact sets formed
by ∅ and finite unions of sets of the form A ∩K(j), A ∈ A, j ∈ N.

Using a diagonal procedure, we may extract a subsequence of {µn} (not
relabeled) such that the limit limn→∞ µn (K) exists for all K ∈ K. Set

µ∗ (K) := lim
n→∞

µn (K) , K ∈ K, (1.148)

and observe that 0 ≤ µ∗ ≤ 1, µ∗ (∅) = 0, and for all K1, K2 ∈ K,

µ∗ (K1) ≤ µ∗ (K2) if K1 ⊂ K2; (1.149)
µ∗ (K1 ∪K2) = µ∗ (K1) + µ∗ (K2) if K1 ∩K2 = ∅; (1.150)
µ∗ (K1 ∪K2) ≤ µ∗ (K1) + µ∗ (K2) . (1.151)

For every open set U ⊂ X define

µ∗ (U) := sup {µ∗ (K) : K ⊂ U , K ∈ K} , (1.152)

while for an arbitrary set E ⊂ X define

µ∗ (E) := inf {µ∗ (U) : E ⊂ U , U open} . (1.153)

Step 1: We prove that µ∗ is an outer measure.
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Substep 1a: We claim that if C ⊂ U ⊂ X, where C is closed and U is open,
and C ⊂ K for some K ∈ K, then there exists K0 ∈ K such that C ⊂ K0 ⊂ U .
To see this, for every x ∈ C choose Ax ∈ A such that x ∈ Ax and Ax ⊂ U .
Since C is a closed subset of the compact set K and the family {Ax}x∈C is
an open cover of C, we may find a finite subcover Ax1 . . . , Ax�

of C. Using
the definition of K and fact that

{
K(j)

}
is an increasing sequence of compact

sets, there exists j ∈ N so large that C ⊂ K(j). Then the set

K0 :=
�⋃

n=1

(
Axn

∩K(j)
)

belongs to K and C ⊂ K0 ⊂ U .

Substep 1b: We prove that if U1, U2 ⊂ X are open, then

µ∗ (U1 ∪ U2) ≤ µ∗ (U1) + µ∗ (U2) .

Fix any K ∈ K, with K ⊂ U1 ∪ U2, and define the closed sets

C1 := {x ∈ K : dist (x,X \ U1) ≥ dist (x,X \ U2)} ,
C2 := {x ∈ K : dist (x,X \ U2) ≥ dist (x,X \ U1)} .

Note that C1 ⊂ U1. Indeed, if by contradiction there existed x1 ∈ C1 such
that x /∈ U1, then x ∈ U2 and, since X \ U2 is closed,

0 = dist (x,X \ U1) < dist (x,X \ U2) ,

which contradicts the definition of C1. Hence C1 ⊂ U1, and similarly C2 ⊂ U2.
Since Ci ⊂ Ui and Ci ⊂ K ∈ K, i = 1, 2, we may apply Substep 1a to

find Ki ∈ K such that Ci ⊂ Ki ⊂ Ui, i = 1, 2. Thus by (1.149), (1.151), and
(1.152)

µ∗ (K) ≤ µ∗ (K1 ∪K2) ≤ µ∗ (K1) + µ∗ (K2) ≤ µ∗ (U1) + µ∗ (U2) .

Taking the supremum over all admissible K ⊂ U1∪U2 and using (1.152) yields
the desired inequality.

Substep 1c: We claim that if {Un} ⊂ X is a sequence of open sets, then

µ∗

( ∞⋃
n=1

Un

)
≤

∞∑
n=1

µ∗ (Un) .

To see this, fix any K ∈ K, with K ⊂
⋃∞

n=1 Un. Since K is compact, we may
find � ∈ N such that K ⊂

⋃�
n=1 Un. By (1.152) and the previous substep we

have that

µ∗ (K) ≤ µ∗

(
�⋃

n=1

Un

)
≤

�∑
n=1

µ∗ (Un) ≤
∞∑

n=1

µ∗ (Un) .
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Taking the supremum over all admissible K ⊂
⋃∞

n=1 Un and using (1.152)
proves the claim.
Substep 1d: Finally, we prove that µ∗ is an outer measure. By (1.149),
(1.152), and (1.153), µ∗ is a monotone set function. Since µ∗ (∅) = 0, it remains
to prove that µ∗ is countably subadditive. Let {En} ⊂ X be a sequence of
arbitrary sets. Fix ε > 0, and by (1.153) for each n ∈ N find an open set
Un ⊂ X such that En ⊂ Un and

µ∗ (Un) ≤ µ∗ (En) +
ε

2n
. (1.154)

Then
⋃∞

n=1En ⊂
⋃∞

n=1 Un, and so by (1.153) and the previous substep

µ∗

( ∞⋃
n=1

En

)
≤ µ∗

( ∞⋃
n=1

Un

)
≤

∞∑
n=1

µ∗ (Un) ≤
∞∑

n=1

µ∗ (En) + ε,

where in the last inequality we have used (1.154). Letting ε → 0+ gives the
desired result.

Step 2: We prove that every closed set C ⊂ X is µ∗-measurable. Fix a closed
set C ⊂ X. We begin by showing that for any open set U ⊂ X,

µ∗ (U) ≥ µ∗ (U ∩ C) + µ∗ (U ∩ (X \ C)) . (1.155)

Fix ε > 0. Since U ∩ (X \ C) is open, by (1.152) we may find K1 ∈ K, with
K1 ⊂ U ∩ (X \ C), such that

µ∗ (U ∩ (X \ C)) ≤ µ∗ (K1) + ε. (1.156)

Using (1.152) once more, find K2 ∈ K, with K2 ⊂ U ∩ (X \K1), such that

µ∗ (U ∩ (X \K1)) ≤ µ∗ (K2) + ε. (1.157)

Since the sets K1 and K2 are disjoint and are contained in U , by (1.152),
(1.150), (1.156), and (1.157),

µ∗ (U) ≥ µ∗ (K1 ∪K2) = µ∗ (K1) + µ∗ (K2)
≥ µ∗ (U ∩ (X \K1)) + µ∗ (U ∩ (X \ C))− 2ε
≥ µ∗ (U ∩ C) + µ∗ (U ∩ (X \ C))− 2ε,

where in the last inequality we have used the fact that C ⊂ X \K1 and the
monotonicity of µ∗. Letting ε→ 0+ yields (1.155).

Now consider an arbitrary set E ⊂ X and let U ⊂ X be any open set that
contains it. By (1.155) and the monotonicity of µ∗ we have that

µ∗ (U) ≥ µ∗ (U ∩ C) + µ∗ (U ∩ (X \ C))
≥ µ∗ (E ∩ C) + µ∗ (E ∩ (X \ C)) .
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Taking the infimum over all open sets that contain E and using (1.153) gives

µ∗ (E) ≥ µ∗ (E ∩ C) + µ∗ (E ∩ (X \ C)) ,

and so C is µ∗-measurable.

Step 3: By the previous step the σ-algebra of all µ∗-measurable sets contains
B (X). Hence, by the Carathéodory theorem µ∗ : B (X) → [0, 1] is a measure.
In view of the previous proposition and that fact that µn (X) = 1 for all
n ∈ N, it remains to prove that µ∗ (X) = 1 and that

lim inf
n→∞

µn (U) ≥ µ∗ (U) (1.158)

for every open set U ⊂ X. Fix j ∈ N. Reasoning as in Substep 1a, with
C := K(j), we have that K(j) ∈ K. Moreover, by (1.147) and (1.148)

µ∗
(
K(j)

)
= lim

n→∞
µn

(
K(j)

)
≥ 1− 1

j
,

and so, by (1.152)

1 ≥ µ∗ (X) ≥ µ∗
(
K(j)

)
≥ 1− 1

j
→ 1

as j →∞.
Finally, to prove (1.158), fix an open set U ⊂ X. For any K ∈ K, with

K ⊂ U , by (1.148) and the monotonicity of each µn, we have

µ∗ (K) = lim
n→∞

µn (K) ≤ lim inf
n→∞

µn (U) .

Taking the supremum over all admissible K ⊂ U and using (1.152) yields
(1.158) and completes the proof.

If the metric space X has additional properties, then the converse of the
previous theorem holds.

Exercise 1.210. Let X be a complete, separable metric space and let µ,
µn : B (X) → [0,∞), n ∈ N, be finite Borel measures such that µn

∗
⇀ µ in

(Cb (X))′.

(i) Assume that µn (X) = 1 for all n ∈ N and prove that if {Uj} is an
increasing sequence of open sets such that

⋃∞
j=1 Uj = X, then for every

ε > 0 there exists j ∈ N such that

µn (Uj) ≥ 1− ε

for all n ∈ N. Construct a sequence of open balls
{
B
(
x

(k)
i , 1

k

)}
i∈N

that

covers X and prove that there exists ik ∈ N such that

µn

(
ik⋃

i=1

B

(
x

(k)
i ,

1
k

))
≥ 1− ε

2k

for all n ∈ N. Prove that (1.146) holds.
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(ii) Prove that (1.146) holds without the additional hypothesis that µn (X) =
1 for all n ∈ N.

The next exercise provides a simpler proof of Prohorov’s theorem in the
case X = R. For every finite Borel measure µ : B (R) → [0,∞) define the
function fµ : R → [0,∞)

fµ (x) := µ ((−∞, x]) , x ∈ R.

Exercise 1.211. Let {µn} be a sequence of finite Borel measures, µn :
B (R) → [0,∞).

(i) Prove that if µ : B (R) → [0,∞) is a finite Borel measure, then µn
∗
⇀ µ

in (Cb (R))′ if and only if fµn
(x) → fµ (x) for every x ∈ R at which fµ is

continuous.
(ii) Assume that {µn} satisfies conditions (1.145) and (1.146), and construct

a subsequence {µnk
} of {µn} such that the limit

f (q) := lim
k→∞

fµnk
(q)

exists in R for all rational numbers q ∈ Q. Extend f to R by setting

f (x) := lim
q∈Q, q↘x

fµnk
(q) .

Prove that f : R → [0,∞) is increasing, right-continuous, limx→∞ f (x) <
∞, and that fµn

(x) → f (x) for every x ∈ R at which fµ is continuous.
Let µ : B (R) → [0,∞) be the Lebesgue–Stieltjes measure associated to f
(see Exercise 1.34) and prove that µnk

∗
⇀ µ in (Cb (R))′.
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Lp Spaces

This new integral of Lebesgue is
proving itself a wonderful tool. I
might compare it with a modern
Krupp gun, so easily does it
penetrate barriers which were
impregnable.

E. B. van Vleck, 1916

2.1 Abstract Setting

In this section we introduce the Lp spaces and study their properties. Proofs
of standard results, such as Hölder’s and Minkowski’s inequalities, will be
omitted, and we refer the reader to [Bar95], [DB02], [DuSc88], [EvGa92],
[Fol99], [Rao04], [Ru87].

2.1.1 Definition and Main Properties

Let (X,M, µ) be a measure space. Given two measurable functions u, v : X →
[−∞,∞], we say that u is equivalent to v, and we write

u ∼ v if u(x) = v (x) for µ a.e. x ∈ X. (2.1)

Note that ∼ is an equivalence relation in the class of measurable functions.
With an abuse of notation, from now on we identify a measurable function
u : X → [−∞,∞] with its equivalence class [u].

Definition 2.1. Let (X,M, µ) be a measure space and let 1 ≤ p <∞. Then

Lp (X,M, µ) :=
{
u : X → [−∞,∞] : u measurable and ‖u‖Lp(X,M,µ) <∞

}
,
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where

‖u‖Lp(X,M,µ) :=
(∫

X

|u|p dµ
)1/p

.

If p =∞ then

L∞(X,M, µ) :=
{
u : X → [−∞,∞] : u measurable and ‖u‖L∞(X,M,µ) <∞

}
,

where ‖u‖L∞(X,M,µ) is the essential supremum esssup |u| of the function |u|,
that is,

‖u‖L∞(X,M,µ) = esssup |u| := inf {α ∈ R : |u (x)| < α for µ a.e. x ∈ X} .

For simplicity, and when there is no possibility of confusion, we denote the
spaces Lp (X,M, µ) simply by Lp (X,µ) or Lp (X) and the norms ‖u‖Lp(X,M,µ)

by ‖u‖Lp(X), ‖u‖Lp or ‖u‖p.
We denote by Lp (X,M, µ; Rm) (or more simply by Lp (X; Rm)) the space

of all functions u : X → R
m whose components are in Lp (X,M, µ). We will

endow Lp (X,M, µ; Rm) with the norm

‖u‖Lp(X,M,µ;Rm) :=
m∑

i=1

‖ui‖Lp(X,M,µ) .

For 1 ≤ p < ∞ sometimes it will be more convenient to use the equivalent
norm

‖u‖Lp(X,M,µ;Rm) :=
(∫

X

|u|p dµ
)1/p

.

Remark 2.2. In the special case that X = N and µ is the counting measure,
the spaces Lp (N) are also denoted by �p, and we have

�p =

{
{xn}n∈N

:
∞∑

n=1

|xn|p <∞
}

for 1 ≤ p <∞, while

�∞ =
{
{xn}n∈N

: sup
n∈N

|xn| <∞
}

.

Let q be the Hölder conjugate exponent of p, i.e.,

q :=

⎧⎨
⎩

p
p−1 if 1 < p <∞,
∞ if p = 1,
1 if p = ∞.

Note that, with an abuse of notation, we have

1
p

+
1
q

= 1.

In the sequel, the Hölder conjugate exponent of p will often be denoted by p′.
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Theorem 2.3 (Hölder’s inequality). Let (X,M, µ) be a measure space, let
1 ≤ p ≤ ∞, and let q be its Hölder conjugate exponent. If u, v : X → [−∞,∞]
are measurable functions then

‖uv‖L1 ≤ ‖u‖Lp ‖v‖Lq . (2.2)

In particular, if u ∈ Lp (X) and v ∈ Lq (X) then uv ∈ L1 (X).

Remark 2.4. (i) If 1 < p1, . . . , pn < ∞, with 1
p1

+ . . . + 1
pn

= 1, and ui ∈
Lpi (X), i = 1, . . . , n, then

∥∥∥∥∥
n∏

i=1

ui

∥∥∥∥∥
L1

≤
n∏

i=1

‖ui‖Lpi .

This inequality follows by applying Hölder’s inequality with u := u1, v :=∏n
i=2 ui, and then using an induction argument.

(ii) Another consequence of Hölder’s inequality is

‖u‖Lq ≤ (‖u‖Lp)θ (‖u‖Lr )1−θ ,

which holds for u ∈ Lp (X), and where 1 < p < q < r < ∞, with
1
q = θ

p + (1−θ)
r . To prove it, apply Hölder’s inequality, with p

θq , |u|θq, and

|u|(1−θ)q in place of p, u, and v, respectively, to obtain
∫

X

|u|q dµ =
∫

X

|u|θq |u|(1−θ)q
dµ

≤
(∫

X

|u|θq( p
θq ) dµ

)1/( p
θq )(∫

X

|u|(1−θ)q( p
θq )′ dµ

)1/( p
θq )′

=
(∫

X

|u|p dµ
)θq/p (∫

X

|u|r dµ
)(1−θ)q/r

.

(iii) If u �= 0 and the right-hand side of (2.2) is finite, then the equality in
(2.2) holds if and only if there exists c ≥ 0 such that

a) |v| = c |u|p−1 if 1 < p <∞;
b) |v| ≤ c and |v (x)| = c whenever u (x) �= 0 if p = 1;
c) |u| ≤ c and |u (x)| = c whenever v (x) �= 0 if p = ∞.

We now turn to the relation between different Lp spaces.

Theorem 2.5. Let (X,M, µ) be a measure space. Suppose that 1 ≤ p < q <
∞. Then

(i) Lp (X) is not contained in Lq (X) if and only if X contains measurable
sets of arbitrarily small positive measure;

(ii) Lq (X) is not contained in Lp (X) if and only if X contains measurable
sets of arbitrarily large finite measure.
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Proof. (i) Assume that Lp (X) is not contained in Lq (X). Then there exists
u ∈ Lp (X) such that ∫

X

|u|q dµ =∞. (2.3)

For each n ∈ N let
En := {x ∈ X : |u (x)| > n} .

Then
µ (En) ≤ 1

np

∫
X

|u|p dµ→ 0

as n→∞. Thus, it suffices to show that µ (En) > 0 for all n sufficiently large.
If to the contrary, µ (En) = 0 for infinitely many n, we have that

∫
X

|u|q dµ =
∫
{|u|≤n}

|u|q dµ ≤ nq−p

∫
{|u|≤n}

|u|p dµ <∞,

which is a contradiction with (2.3). Hence, X contains measurable sets of
arbitrarily small positive measure.

Conversely, assume that X contains measurable sets of arbitrarily small
positive measure. Then it is possible to construct a sequence of pairwise dis-
joint sets {En} ⊂M such that µ (En) > 0 for all n ∈ N and

µ (En) ↘ 0.

Let

u :=
∞∑

n=1

cnχEn
,

where cn ↗∞ are chosen such that

∞∑
n=1

cqnµ (En) = ∞,
∞∑

n=1

cpnµ (En) <∞. (2.4)

Then u ∈ Lp (X) \ Lq (X).

(ii) Assume that Lq (X) is not contained in Lp (X). Then there exists u ∈
Lq (X) such that ∫

X

|u|p dµ =∞. (2.5)

For each n ∈ N let

Fn :=
{
x ∈ X :

1
n+ 1

< |u (x)| ≤ 1
n

}

and let

F∞ := {x ∈ X : 0 < |u (x)| ≤ 1} =
∞⋃

n=1

Fn.



2.1 Abstract Setting 143

If µ (F∞) <∞, then
∫

X

|u|p dµ =
∫
{|u|≤1}

|u|p dµ+
∫
{|u|>1}

|u|p dµ

≤ µ (F∞) +
∫
{|u|>1}

|u|q dµ <∞,

which contradicts (2.5). Hence, µ (F∞) = ∞. On the other hand, since for
every n ∈ N,

∞ >

∫
X

|u|q dµ ≥
∫
{ 1

n+1 <|u|≤ 1
n}
|u|q dµ ≥ 1

(n+ 1)q µ (Fn) ,

it follows that X contains measurable sets of arbitrarily large finite measure.
Indeed, setting

Gn :=
n⋃

k=1

Fk,

we have that µ (Gn) <∞, while by Proposition 1.7(i),

µ (Gn) → µ (F∞) =∞.

Conversely, assume that X contains measurable sets of arbitrarily large
finite measure. Then it is possible to construct a sequence of pairwise disjoint
sets {En} ⊂M of finite measure such that

µ (En) ↗∞.

Let

u :=
∞∑

n=1

cnχEn
,

where cn ↘ 0 are chosen such that

∞∑
n=1

cqnµ (En) <∞,
∞∑

n=1

cpnµ (En) = ∞. (2.6)

Then u ∈ Lq (X) \ Lp (X).

Exercise 2.6. (i) Let X = [0, 1] and let µ be the Lebesgue measure. Show
that for every 1 ≤ p <∞ the function

u(x) =
1

x1/p log2/p
(

2
x

)

is in Lp ([0, 1]) but not in Lq ([0, 1]) for all q > p.
(ii) Construct sequences cn ↗ ∞ and cn ↘ 0 for which conditions (2.4) and

(2.6) hold, respectively.
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Theorem 2.7 (Minkowski’s inequality). Let (X,M, µ) be a measure space,
let 1 ≤ p ≤ ∞, and let u, v ∈ Lp (X). Then u+ v ∈ Lp (X) and

‖u + v‖Lp ≤ ‖u‖Lp + ‖v‖Lp .

By identifying functions with their equivalence classes [u], it follows from
Minkowski’s inequality that ‖·‖Lp is a norm on Lp (X).

Theorem 2.8. Let (X,M, µ) be a measure space. Then

(i) Lp (X) is a Banach space for 1 ≤ p ≤ ∞;
(ii) L2 (X) is a Hilbert space.

Exercise 2.9. When 0 < p < 1 we can still define the space

Lp (X,M, µ) :=
{
u : X → [−∞,∞] : u measurable and

∫
X

|u|p dµ <∞
}

.

This is no longer a normed space. Using the elementary inequality

(a+ b)p ≤ ap + bp,

where a, b ≥ 0, show that

dp (u, v) :=
∫

X

|u− v|p dµ

is a metric (provided we identify measurable functions that coincide µ a.e.)
and that (Lp (X,M, µ) , dp) is a complete metric space. Prove also that the
family of balls is a base for a topology that renders Lp (X,M, µ) a topological
vector space.

Next we study some density results for Lp (X) spaces.

Theorem 2.10. Let (X,M, µ) be a measure space. Then the family of all
simple functions in Lp (X) is dense in Lp (X) for 1 ≤ p ≤ ∞.

Proof. Assume first that 1 ≤ p < ∞. Since (u+)p, (u−)p ∈ L1 (X), by Theo-
rem 1.74 there exist increasing sequences {sn} and {tn} of simple functions,
each of which is bounded in X and vanishes except on a set of finite measure
µ, such that {(sn (x))p} converges monotonically to (u+)p (x) for µ a.e. x ∈ X
and {(tn (x))p} converges monotonically to (u−)p (x) for µ a.e. x ∈ X. Then
for each n ∈ N the function Sn := sn − tn is still simple, belongs to Lp (X),
and

|u (x)− Sn (x)|p =
∣∣u+ (x)− sn (x)−

(
u− (x)− tn (x)

)∣∣p
≤ 2p−1

(
u+ (x)− sn (x)

)p + 2p−1
(
u− (x)− tn (x)

)p

≤ 2p−1
(
u+ (x)

)p + 2p−1
(
u− (x)

)p
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for µ a.e. x ∈ X. Since u (x)−Sn (x) → 0 as n→∞ for µ a.e. x ∈ X, we may
apply the Lebesgue dominated convergence theorem to conclude that Sn → u
in Lp (X).

For p = ∞ the result follows by the second part of Theorem 1.74 applied
to the bounded functions u+, u−.

The next result gives conditions on X and µ that ensure the density of
continuous functions in Lp (X).

Theorem 2.11. Let (X,M, µ) be a measure space, with X a normal space
and µ a Borel measure such that

µ (E) = sup {µ (C) : C closed, C ⊂ E} = inf {µ (A) : A open, A ⊃ E}

for every set E ∈ M with finite measure. Then Lp (X) ∩ Cb (X) is dense in
Lp (X) for 1 ≤ p <∞.

Proof. Since by Theorem 2.10 simple functions in Lp (X) are dense in Lp (X),
it suffices to approximate in Lp (X) functions χE , with E ∈ M and µ (E) <∞,
by functions in Lp (X) ∩ Cb (X). Thus, fix E ∈ M with µ (E) < ∞, and for
any ε > 0 find an open set A ⊃ E and a closed set C ⊂ E such that

µ (A \ C) ≤ εp.

By Urysohn’s lemma there exists a continuous function u : X → [0, 1] such
that u ≡ 1 in C and u ≡ 0 in X \ A. Since suppu ⊂ A and µ (A) < ∞, it
follows that u ∈ Lp (X) ∩ Cb (X). Moreover,

∫
X

|χE − u|p dµ =
∫

A\C

|χE − u|p dµ ≤ µ (A \ C) ≤ εp,

and the result follows.

Definition 2.12. Let (X,M, µ) be a measure space, with X a topological
space, µ : M → [0,∞] a Borel measure, and 1 ≤ p ≤ ∞. A measurable
function u : X → [−∞,∞] is said to belong to Lp

loc (X) if u ∈ Lp (K) for
every compact set K ⊂ X. A sequence {un} ⊂ Lp

loc (X) is said to converge to
u in Lp

loc (X) if un → u in Lp (K) for every compact set K ⊂ X.

Definition 2.13. A measurable space (X,M) is called separable if there ex-
ists a sequence {En} ⊂ M such that the smallest σ-algebra that contains all
the sets En is M. In this case M is said to be generated by the sequence {En}.

Example 2.14. The σ-algebra of all Lebesgue measurable sets in R
N is gener-

ated by the countable family of cubes with centers in Q
N and rational side

length.

Exercise 2.15. Prove that if X is a separable metric space and M is the
Borel σ-algebra, then X is a separable measurable space.
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Theorem 2.16. Let (X,M) be a separable measurable space with M generated
by a sequence {En} ⊂M, and assume that µ is σ-finite. Let N be the smallest
algebra containing {En}. Then simple functions of the form

n∑
i=1

ciχFi
,

where n ∈ N, ci ∈ Q, and Fi ∈ N, µ (Fi) <∞, i = 1, . . . , n, form a countable
dense subset of Lp (X) for 1 ≤ p < ∞. In particular, Lp (X) is separable for
1 ≤ p <∞.

Proof. Since by Theorem 2.10 simple functions in Lp (X) are dense in Lp (X),
it suffices to approximate in Lp (X) functions χE , with E ∈ M and µ (E) <∞,
by χFn

for some Fn ∈ N.

Step 1: Assume that µ (X) < ∞. Let M′ be the family of sets G ∈ M for
which there exists a sequence {Fj} ⊂ N such that χFj

→ χG in Lp (X) as
j →∞. We claim that M′ is a σ-algebra.

Note that N ⊂ M′, and so ∅, X ∈ M′. Moreover, if G ∈M′ then X \G ∈
M′. Indeed, let {Fj} ⊂ N be such that χFj

→ χG in Lp (X) as j →∞. Then
{X \ Fj} ⊂ N and

χX\Fj
= 1− χFj

→ 1− χG = χX\G

in Lp (X) as j →∞.
Next, assume that G1, G2 ∈ M′ and let

{
F

(i)
j

}
⊂ N, i = 1, 2, be such that

χ
F

(i)
j
→ χGi

in Lp (X) as j →∞. By selecting a subsequence if necessary, we

may assume (see Theorem 2.20 below) that χ
F

(i)
j

(x)→ χGi
(x) as j →∞ for

µ a.e. x ∈ X, i = 1, 2, and so χ
F

(1)
j ∪F

(2)
j

(x) → χG1∪G2 (x) for µ a.e. x ∈ X.
By the Lebesgue dominated convergence theorem it follows that χ

F
(1)
j ∪F

(2)
j
→

χG1∪G2 in Lp (X), and so G1 ∪G2 ∈ M′. Hence M′ is an algebra.
Finally, to show that M′ is a σ-algebra, consider {Gi} ⊂ M′ and define

G∞ :=
∞⋃

i=1

Gi, G′
i := Gi \

i−i⋃
l=1

Gl.

Since M′ is an algebra, it follows that G′
i ∈ M′, and since the sets G′

i are
pairwise disjoint, we have that

∞ > µ (G∞) = µ

( ∞⋃
i=1

G′
i

)
=

∞∑
i=1

µ (G′
i) .

Thus, for any fixed ε > 0 we can find a positive integer iε so large that
∞∑

i=iε+1

µ (G′
i) ≤

(ε
2

)p

.
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Since Gε :=
⋃iε

i=1Gi ∈ M′, there exists a sequence
{
F

(ε)
j

}
⊂ N such that

χ
F

(ε)
j
→ χGε

in Lp (X) as j →∞, and so for all j sufficiently large,

∥∥∥χF
(ε)
j
− χGε

∥∥∥
Lp
≤ ε

2
.

In turn, by Minkowski’s inequality,

∥∥∥χF
(ε)
j
− χG∞

∥∥∥
Lp

=
∥∥∥∥χF

(ε)
j
− χGε

− χ ⋃
i>iε

G′
i

∥∥∥∥
Lp

≤
∥∥∥χF

(ε)
j
− χGε

∥∥∥
Lp

+

( ∞∑
i=iε+1

µ (G′
i)

)1/p

≤ ε.

By taking ε = 1
n and using a diagonalization argument, we can construct a

sequence
{
F

(1/n)
jn

}
⊂ N such that χ

F
(1/n)
jn

→ χG∞ in Lp (X) as n→∞. This

shows that
⋃∞

i=1Gi ∈ M′. Hence M′ ⊂ M is a σ-algebra containing N, and
so by the hypothesis that N is generated by {En}, it must coincide with M.

Step 2: Here we remove the additional hypothesis that µ (X) <∞. Since µ is
σ-finite, let {Gj} ⊂ M be a sequence of pairwise disjoint sets of finite measure
such that

X =
∞⋃

j=1

Gj .

Applying the results of Step 1 to (Gj , M	Gj), we may find F
(j)
n ∈ N such

that χ
F

(j)
n ∩Gj

→ χE∩Gj
in Lp (Gj) as n→∞. Fix ε > 0 and find j0 such that

∞∑
j=j0+1

µ (E ∩Gj) ≤
ε

2
.

Let n0 be such that for every n ≥ n0 and for all j = 1, . . . , j0,∫
X

∣∣∣χE∩Gj
− χ

F
(j)
n ∩Gj

∣∣∣p dµ =
∫

Gj

∣∣∣χE∩Gj
− χ

F
(j)
n ∩Gj

∣∣∣p dµ ≤ ε

2j0
.

Since the sets Gj are pairwise disjoint, we have that

∫
X

∣∣∣∣∣χE − χ ⋃
k≤j0

F
(k)
n ∩Gk

∣∣∣∣∣
p

dµ =
∞∑

j=1

∫
Gj

∣∣∣∣∣χE − χ ⋃
k≤j0

F
(k)
n ∩Gk

∣∣∣∣∣
p

dµ

=
∞∑

j=j0+1

∫
Gk

|χE |p dµ+
j0∑

j=1

∫
Gj

∣∣∣χE − χ
F

(j)
n ∩Gj

∣∣∣p dµ ≤ ε,

and this concludes the proof.
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Step 3: We show that N is countable. Recursively, we define the families of
sets Cl ⊂ P (X) as follows:

C1 := {En} ∪ {X, ∅} ,
Cl+1 := Cl ∪ {X \ E : E ∈ Cl} ∪ {E ∪ F : E, F ∈ Cl} .

By induction, each Cl is countable, and so is

C∞ =
∞⋃

l=1

Cl.

We claim that C∞ = N. Indeed, C∞ contains all En, X, and ∅, and for any E1,
E2 ∈ C∞ there are l1, l2 with Ei ∈ Cli and hence E1 ∪E2 ∈ Cmax{l1,l2}+1 and
X \E1 ∈ Cl1+1. Hence, C∞ is an algebra that contains {En}, and so N ⊂ C∞.
We conclude that C∞ ⊂ N.

Remark 2.17. From the proof of the previous theorem it follows that given
any E ∈ M, its characteristic function may be approximated in Lp by char-
acteristic functions of sets in N.

2.1.2 Strong Convergence in Lp

In this subsection we study different modes of convergence and their relation
to one another.

Definition 2.18. Let (X,M, µ) be a measure space and let un, u : X → R be
measurable functions.

(i) {un} is said to converge to u almost uniformly if for every ε > 0 there
exists a set E ∈ M such that µ (E) < ε and {un} converges to u uniformly
in X \ E;

(ii) {un} is said to converge to u in measure if for every ε > 0,

lim
n→∞

µ ({x ∈ X : |un (x)− u (x)| > ε}) = 0.

Definition 2.19. Let (X,M, µ) be a measure space with µ σ-finite, and let
un, u ∈ L∞ (X), n ∈ N. The sequence {un} is said to converge to u with
respect to the Mackey topology if {un} converges to u in measure and

sup
n∈N

‖un‖L∞ <∞.

The next theorem relates the types of convergence introduced in Definition
2.18 with convergence in Lp.

Theorem 2.20. Let (X,M, µ) be a measure space and let un, u : X → R be
measurable functions.
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(i) If {un} converges to u almost uniformly, then it converges to u in measure
and pointwise µ almost everywhere;

(ii) if {un} converges to u in measure, then there exists a subsequence {unk
}

such that {unk
} converges to u almost uniformly (and hence pointwise µ

almost everywhere);
(iii) if {un} converges to u in Lp, 1 ≤ p ≤ ∞, then it converges to u in

measure and there exist a subsequence {unk
} and a function v ∈ Lp such

that {unk
} converges to u almost uniformly (and hence pointwise µ almost

everywhere) and |unk
(x)| ≤ v (x) for µ a.e. x ∈ X and for all k ∈ N.

All the other implications fail in general.

Exercise 2.21. (i) Pointwise convergence µ almost everywhere does not im-
ply convergence in measure or in Lp, 1 ≤ p <∞. To see this, let X = N,
M = P (N), and let µ be the counting measure. Define un := χ{n}. Show
that {un} converges to zero pointwise but neither in measure nor in Lp,
1 ≤ p <∞.

(ii) Convergence in measure or in Lp, 1 ≤ p < ∞, does not imply pointwise
convergence µ almost everywhere. Let X = [0, 1), M = B ([0, 1)), and
let µ be the Lebesgue measure. Consider the sequence of intervals

[
0, 1

2

)
,[

1
2 , 1

)
,
[
0, 1

3

)
,
[
1
3 ,

2
3

)
,
[
2
3 , 1

)
,
[
0, 1

4

)
,
[
1
4 ,

2
4

)
,
[
2
4 ,

3
4

)
,
[
3
4 , 1

)
, . . . Let un be

the characteristic function of the nth interval of this sequence. Show that
{un} converges to zero in measure and in Lp, 1 ≤ p <∞, but the limit

lim
n→∞

un (x)

does not exist for every x ∈ [0, 1).
(iii) Pointwise convergence µ almost everywhere does not imply almost uni-

form convergence. Let X = N, M = P (N), and let µ be the counting
measure. Define un := χ{1,...,n}. Show that {un} converges to one point-
wise but not almost uniformly.

Concerning (iii) in the example above, we remark that when the mea-
sure is finite, then convergence µ almost everywhere implies almost uniform
convergence. This follows from the next theorem.

Theorem 2.22 (Egoroff). Let (X,M, µ) be a measure space with µ finite
and let un : X → R be measurable functions converging pointwise µ almost
everywhere. Then {un} converges almost uniformly (and hence in measure).

In order to characterize convergence in Lp (X) for 1 ≤ p <∞ we need to
introduce the notion of equi-integrability.

Definition 2.23. Let (X,M, µ) be a measure space. A family F of measurable
functions u : X → [−∞,∞] is said to be
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(i) equi-integrable if for every ε > 0 there exists δ > 0 such that
∫

E

|u| dµ ≤ ε

for all u ∈ F and for every measurable set E ⊂ X with µ (E) ≤ δ.
(ii) p-equi-integrable, p > 0, if the family of functions {|u|p : u ∈ F} is equi-

integrable.

Theorem 2.24 (Vitali convergence theorem). Let (X,M, µ) be a mea-
sure space, let 1 ≤ p < ∞, and let un, u : X → R be measurable functions.
Then {un} converges to u in Lp (X) if and only if

(i) {un} converges to u in measure;
(ii) {un} is p-equi-integrable;
(iii) for every ε > 0 there exists E ⊂ X with E ∈ M such that µ (E) < ∞

and ∫
X\E

|un|p dµ ≤ ε

for all n.

Remark 2.25. Note that condition (iii) is automatically satisfied when X has
finite measure.

Example 2.26. Let X = R, M = B (R), and let µ be the Lebesgue measure.
The sequence un = nχ[0, 1

n ] converges in measure to zero, satisfies (iii), but is

not equi-integrable, while the sequence un = 1
nχ[n,2n] converges in measure to

zero, is equi-integrable, but does not satisfy (iii).

Conditions (ii) and (iii) hold if the sequence is dominated by a function
v ∈ Lp (X). Precisely, we have the following result, which will be used to prove
the decomposition lemma below.

Proposition 2.27. Let (X,M, µ) be a measure space and let un : X →
[−∞,∞] be measurable functions. If there exists v ∈ Lp (X) such that

|un (x)| ≤ v (x) (2.7)

for all n and for µ a.e. x ∈ X, then {un} satisfies conditions (ii) and (iii) of
Vitali’s theorem.

Proof. Define

ν (E) :=
∫

E

|v|p dµ, E ∈M.

Then ν is a finite measure absolutely continuous with respect to µ, and so by
Proposition 1.99, for every ε > 0 there exists δ > 0 such that
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∫
E

|v|p dµ ≤ ε (2.8)

for every measurable set E ⊂ X with µ (E) ≤ δ, while by Proposition 1.7(i),

lim
t→∞

∫
{x∈X: 1

t <|v|<t}
|v|p dµ =

∫
{x∈X: 0<|v|<∞}

|v|p dµ (2.9)

=
∫

X

|v|p dµ,

where we have used the fact that the set {x ∈ X : |v (x)| =∞} has µ measure
zero (see Remark 1.78).

Fix ε > 0 and let δ > 0 be such that (2.8) is satisfied.
Then for every measurable set E ⊂ X with µ (E) ≤ δ, by (2.7) and (2.8)

for each n ∈ N we have ∫
E

|un|p dµ ≤
∫

E

|v|p dµ ≤ ε.

Hence {un} is p-equi-integrable.
Next, by (2.9) there exists t > 0 so large that
∫

X

|v|p dµ−
∫
{x∈X: 1

t <|v|<t}
|v|p dµ =

∫
X\{x∈X: 1

t <|v|<t}
|v|p dµ ≤ ε.

Set

Eε :=
{
x ∈ X :

1
t
< |v (x)| < t

}
.

Then µ (Eε) <∞ by Remark 1.78 and by (2.7),
∫

X\Eε

|un|p dµ ≤
∫

X\Eε

|v|p dµ ≤ ε

for all n.

Remark 2.28. Note that any finite family {u1, . . . , ul} of functions in Lp (X)
satisfies the hypothesis of the previous proposition. Indeed, it suffices to define
v := max {|u1| , . . . , |ul|}.

In view of Vitali’s theorem it becomes important to understand equi-
integrability.

Theorem 2.29. Let (X,M, µ) be a measure space, let 1 ≤ p < ∞, and let
F ⊂ Lp (X) be a bounded set. Then the following conditions are equivalent:

(i) F is p-equi-integrable;
(ii)

lim
t→∞

sup
u∈F

∫
{x∈X: |u|>t}

|u|p dµ = 0; (2.10)
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(iii) (De la Vallée Poussin) there exists an increasing function γ : [0,∞) →
[0,∞], with

lim
t→∞

γ (t)
t

=∞ (2.11)

such that
sup
u∈F

∫
X

γ (|u|p) dµ <∞. (2.12)

Proof. By replacing the family F with {|u|p : u ∈ F}, without loss of gener-
ality, we may assume that p = 1. Let

C := sup
u∈F

‖u‖L1(X) <∞. (2.13)

Step 1: Assume that F is equi-integrable and, given ε > 0 let δ > 0 be such

that
sup
u∈F

∫
F

|u| dµ ≤ ε

for every measurable set F ⊂ X with µ (F ) ≤ δ. Choose tε > 0 such that
C
tε
≤ δ. Then, also by (2.13), for every u ∈ F and for all t ≥ tε we have

µ ({x ∈ X : |u| > t}) ≤ 1
t
‖u‖L1(X) ≤

C

t
≤ δ,

and so
sup
u∈F

∫
{x∈X: |u|>t}

|u| dµ ≤ ε,

and this validates (ii).
Conversely, suppose that (ii) holds, fix ε > 0, and choose tε > 0 such that

sup
u∈F

∫
{x∈X: |u|>tε}

|u| dµ ≤ ε

2
.

Then for every measurable set F ⊂ X with µ (F ) ≤ ε
2tε

and for all u ∈ F we
have ∫

F

|u| dµ =
∫
{x∈F : |u|>tε}

|u| dµ+
∫
{x∈F : |u|≤tε}

|u| dµ

≤ ε

2
+ tεµ (F ) ≤ ε.

Step 2: Assume that (ii) holds and construct an increasing sequence of non-

negative integers {ki} such that

sup
u∈F

∫
{x∈X: |u|>ki}

|u| dµ ≤ 1
2i+1

.
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For each l ∈ N0 let bl be the number of nonnegative integers i such that ki < l.
Note that bl ↗∞ as l→∞. Define

γ (t) := tbl if t ∈ [l, l + 1) .

Then
γ (t)
t
≥ b�t� →∞

as t → ∞, where �t� is the integer part of t. Moreover, for all u ∈ F , by
Example 1.82,

∫
X

γ (|u|) dµ =
∞∑

l=0

∫
{l≤|u|<l+1}

γ (|u|) dµ

=
∞∑

l=0

bl

∫
{l≤|u|<l+1}

|u| dµ =
∞∑

l=0

∑
i: ki<l

∫
{l≤|u|<l+1}

|u| dµ

=
∞∑

i=0

∑
l>ki

∫
{l≤|u|<l+1}

|u| dµ ≤
∞∑

i=0

∫
{|u|>ki}

|u| dµ ≤
∞∑

i=0

1
2i+1

.

Conversely, assume that (iii) holds and let

M := sup
u∈F

∫
X

γ (|u|) dµ <∞.

By (2.11), for every ε > 0 there exists tε > 0 such that

γ (t) ≥ 2tM
ε

for all t ≥ tε.

Then for every measurable set F ⊂ X with µ (F ) ≤ ε
2tε

and for all u ∈ F we
have ∫

F

|u| dµ =
∫
{x∈F : |u|>tε}

|u| dµ+
∫
{x∈F : |u|≤tε}

|u| dµ

≤ ε

2M

∫
X

γ (|u|) dµ+ tεµ (F ) ≤ ε.

Hence F is equi-integrable.

Remark 2.30. Often the sufficient condition (2.12) for equi-integrability is
stated for a continuous, finite, increasing function γ. Note that if γ takes
the value ∞ at some t0 ≥ 0, then γ ≡ ∞ on [t0,∞). Therefore condition
(2.12) implies that the set F is bounded in L∞. Moreover, if γ is finite, then
it is possible to construct a finite, nonnegative, increasing, continuous, convex
function γ̃ below γ that still satisfies (2.11) (see Remark 4.99 below), and
therefore it suffices to apply the previous theorem with γ̃ in place of γ.
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An important consequence of Theorem 2.29 is the following result.

Lemma 2.31 (Decomposition lemma, I). Let (X,M, µ) be a measure
space, and let un : X → [−∞,∞] be measurable functions such that

sup
n
‖un‖L1 <∞.

For r > 0 consider the truncation τr : R → R defined by

τr(z) :=

{
z if |z| ≤ r,
z

|z|r if |z| > r.

Then there exist a subsequence {unk
} of {un} and an increasing sequence

of positive integers jk → ∞ such that the truncated sequence {τjk
◦ unk

} is
equi-integrable and

µ ({x ∈ X : unk
(x) �= (τjk

◦ unk
) (x)}) → 0

as k →∞.

We first state and prove a simple auxiliary criterion for equi-integrability.

Lemma 2.32. Let (X,M, µ) be a measure space, and let un : X → [−∞,∞]
be measurable functions such that supn ‖un‖L1 < ∞. Then {un} is equi-
integrable if and only if

lim
j→∞
j∈N

sup
n

∫
{x∈X: |un|>j}

(|un| − j) dµ = 0.

Proof. If {un} is equi-integrable, then

sup
n

∫
{x∈X: |un|>j}

(|un| − j) dµ ≤ sup
n

∫
{x∈X: |un|>j}

|un| dµ→ 0

as j →∞, where we have used (2.10).
Conversely, fix ε > 0, let

c := sup
n
‖un‖L1 ,

and choose j ∈ N so large that

sup
n

∫
{x∈X: |un|>j}

(|un| − j) dµ ≤ ε

2
.

If t ≥ 2cj
ε , then∫

{x∈X: |un|>t}
|un| dµ =

∫
{x∈X: |un|>t}

(|un| − j) dµ+ jµ ({x ∈ X : |un| > t})

≤ ε

2
+
j

t

∫
X

|un| dµ ≤ ε.

In view of Theorem 2.29 we conclude that the sequence is equi-integrable.
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Proof (Lemma 2.31). Without loss of generality we may assume that

sup
n

∫
X

|un| dµ ≤ 1.

For j ∈ N define

ϕ (j) := sup
n

∫
{|un|≥j}

(|un| − j) dµ, ϕ∞ := lim sup
j→∞

ϕ (j) . (2.14)

If ϕ∞ = 0, then by the previous lemma we deduce that {un} is equi-integrable
and the statement of the decomposition lemma is verified with nk := k and
jk := k. If ϕ∞ > 0, then find j1, n1 ∈ N so large that

∫
{|un1 |≥j1}

(|un1 | − j1) dµ ≥
ϕ∞
2

.

By induction, assume that positive integers n1 < . . . < nk−1 and j1 < . . . <
jk−1 have been chosen, and we claim that there exist jk > jk−1 and nk > nk−1,
jk, nk ∈ N, such that

∫
{|unk |≥jk}

(|unk
| − jk) dµ ≥

(
1− 1

2k

)
ϕ∞. (2.15)

Indeed, if this were false, then

lim sup
j→∞

sup
n>nk−1

∫
{|un|≥j}

(|un| − j) dµ ≤
(

1− 1
2k

)
ϕ∞,

and in turn,

lim sup
j→∞

sup
n≤nk−1

∫
{|un|≥j}

(|un| − j) dµ = ϕ∞ > 0,

and this, in view of the previous lemma, implies that the finite family{
u1, . . . , unk−1

}
is not equi-integrable. In view of Remark 2.28 we have reached

a contradiction, and hence the claim is established.
Next we show that the sequence {τjk

◦ unk
} satisfies the properties

requested. Note first that

µ ({x ∈ X : unk
(x) �= (τjk

◦ unk
) (x)})

≤ µ ({x ∈ X : |unk
(x)| ≥ jk}) ≤

1
jk

∫
X

|un| dµ ≤
1
jk
→ 0

as k →∞.
In order to prove equi-integrability of the sequence {τjk

◦ unk
}, fix l ∈ N

and let
kl := min {k ∈ N : jk ≥ l} .
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Then kl →∞ as l→∞. Note that if k < kl, then {x ∈ X : |τjk
◦ unk

| ≥ l} is
empty, while if k ≥ kl, then jk ≥ l, and so

min {|τjk
◦ unk

| , l} = min {|unk
| , l} .

Therefore∫
{|τjk

◦unk |≥l}
(|τjk

◦ unk
| − l) dµ

=
∫

X

(|τjk
◦ unk

| −min {|τjk
◦ unk

| , l}) dµ

=
∫

X

(|unk
| −min {|unk

| , l}) dµ−
∫

X

(|unk
| − |τjk

◦ unk
|) dµ

=
∫
{|unk |≥l}

(|unk
| − l) dµ−

∫
{|unk |≥jk}

(|unk
| − jk) dµ

≤ ϕ (l)−
(

1− 1
2k

)
ϕ∞ ≤ ϕ (l)−

(
1− 1

2kl

)
ϕ∞,

where we have used (2.15) and the fact that k ≥ kl. We conclude that

sup
k∈N

∫
{|τjk

◦unk |≥l}
(|τjk

◦ unk
| − l) dµ ≤ ϕ (l)−

(
1− 1

2kl

)
ϕ∞. (2.16)

Note that the right-hand side of the previous inequality converges to zero as
l → ∞, and we invoke the previous lemma to conclude the equi-integrability
of the sequence {τjk

◦ unk
}.

Remark 2.33. (i) In Chapter 8, using Young measures techniques we give an
alternative proof of this result in the particular case that X is a bounded
Lebesgue measurable subset of R

N .
(ii) Note that taking the limit inferior in the inequality (2.16) and using the

fact that the left-hand side is nonnegative yields

0 ≤ lim inf
l→∞

ϕ (l)− ϕ∞,

which, in view of the definition of ϕ∞ in (2.14), implies that ϕ∞ is actually
a limit.

2.1.3 Dual Spaces

In view of Hölder’s inequality, if 1 ≤ p < ∞ and q is its Hölder conjugate
exponent, then for every v ∈ Lq (X) the functional

u ∈ Lp (X) �→
∫

X

uv dµ



2.1 Abstract Setting 157

is linear and continuous and thus belongs to (Lp (X))′.
Under appropriate hypotheses on the measure µ it is possible to identify

the dual of Lp (X) with Lq (X) for 1 ≤ p <∞. We begin with some prelimi-
nary results, which give the converse of Hölder’s inequality.

Theorem 2.34. Let (X,M, µ) be a measure space, let 1 ≤ p ≤ ∞, and let q
be its Hölder conjugate exponent. Let u : X → [−∞,∞] be measurable and as-
sume that uv is integrable for every v ∈ Lq (X). If the set {x ∈ X : u (x) �= 0}
has σ-finite measure, then u ∈ Lp (X).

Proof. We begin by showing that

µ ({x ∈ X : |u (x)| =∞}) = 0.

Indeed, if not, then since {x ∈ X : u (x) �= 0} has σ-finite measure we would
be able to find a measurable set

E ⊂ {x ∈ X : |u (x)| = ∞}

with 0 < µ (E) <∞. Since v := χE ∈ Lq (X), we would have that

∞ >

∫
X

|uv| dµ =
∫

E

|u| dµ =∞,

which is a contradiction. Hence we are in a position to apply Corollary 1.77
to construct a sequence of simple functions {sn}, each of which is bounded
and vanishes except on a set of finite measure, such that {|sn (x)|} converges
monotonically to |u (x)| for µ a.e. x ∈ X. The functionals

Ln (v) :=
∫

X

snv dµ, v ∈ Lq (X) ,

are linear and continuous with (see the proof of (2.19) below)

‖Ln‖(Lq(X))′ = ‖sn‖Lp(X) .

Moreover, since |sn (x)| ≤ |u (x)| for µ a.e. x ∈ X, for any v ∈ Lq (X) we have
that

sup
n
|Ln (v)| ≤ sup

n

∫
X

|snv| dµ ≤
∫

X

|uv| dµ <∞

by the hypothesis on u. It now follows from the Banach–Steinhaus theorem
that there exists M > 0 such that

sup
n
‖Ln‖(Lq(X))′ = sup

n
‖sn‖Lp(X) ≤M .

If 1 ≤ p < ∞, then by the Lebesgue monotone convergence theorem we now
have
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Mp ≥ lim
n→∞

∫
X

|sn|p dµ =
∫

X

|u|p dµ,

so that u ∈ Lp (X), while if p =∞ for µ a.e. x ∈ X, we have

M ≥ lim
n→∞

|sn (x)| = |u (x)| ,

which implies that ‖u‖L∞(X) ≤M .

As a consequence of the previous result we may now prove the converse of
Hölder’s inequality.

Theorem 2.35 (Converse Hölder’s inequality). Let (X,M, µ) be a mea-
sure space, let 1 < p < ∞, and let q be its Hölder conjugate exponent. Then
the following are equivalent:

(i) for every measurable function u : X → [−∞,∞] such that uv ∈ L1 (X)
for all v ∈ Lq (X), u ∈ Lp (X);

(ii) µ has the finite subset property.

Proof. Step 1: Assume that (i) holds. If (ii) fails, then we can find a set
E ∈ M, with µ (E) = ∞, such that µ (F ) ∈ {0,∞} for all F ∈ M, with
F ⊂ E. Then the function u = χE is not in Lp (X). On the other hand, if
v ∈ Lq (X), then

{x ∈ X : v (x) �= 0} =
∞⋃

n=1

{
x ∈ X : |v (x)| ≥ 1

n

}

and
1
nq
µ

({
x ∈ X : |v (x)| ≥ 1

n

})
≤
∫

X

|v|q dµ <∞,

and so µ
({
x ∈ E : |v (x)| ≥ 1

n

})
= 0, which implies that uv = 0 for µ a.e. in

X. Hence uv ∈ L1 (X) for all v ∈ Lq (X) and u /∈ Lp (X), which contradicts
(i).

Step 2: Assume that µ has the finite subset property and let u : X → [−∞,∞]
be such that uv ∈ L1 (X) for all v ∈ Lq (X). We claim that u ∈ Lp (X). In
view of Theorem 2.34 it suffices to show that the set {x ∈ X : u (x) �= 0} has
σ-finite measure. Let

En :=
{
x ∈ X : |u (x)| ≥ 1

n

}
.

Since

{x ∈ X : u (x) �= 0} =
∞⋃

n=1

En,

it remains to show that µ (En) < ∞ for all n ∈ N. Assume by contradiction
that µ (El) = ∞ for some l ∈ N. Then, as in the proof of Proposition 1.25, it
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is possible to show that the set El contains a set F ∈M with σ-finite measure
such that µ (F ) = ∞. The function w := uχF is such that wv ∈ L1 (X) for
all v ∈ Lq (X) and the set {x ∈ X : w (x) �= 0} has σ-finite measure. Hence
by Theorem 2.34, w ∈ Lq (X), which is in contradiction with the fact that
|w (x)| ≥ 1

n on the set F of infinite measure.

Remark 2.36. Note that the nonzero function f = χE constructed in Step 1
belongs to L∞ (X), while uv = 0 for µ a.e. in X and for all v ∈ L1 (X).

Using the previous results one can show that the dual of Lp (X) may be
identified with Lq (X) for 1 < p <∞.

Theorem 2.37 (Riesz representation theorem in Lp). Let (X,M, µ) be
a measure space, let 1 < p < ∞, and let q be its Hölder conjugate exponent.
Then every bounded linear functional L : Lp (X) → R is represented by a
unique v ∈ Lq (X) in the sense that

L (u) =
∫

X

uv dµ for every u ∈ Lp (X) . (2.17)

Moreover, the norm of L coincides with ‖v‖Lq . Conversely, every functional of
the form (2.17), where v ∈ Lq (X), is a bounded linear functional on Lp (X).

In particular, Lp (X) is reflexive.

Proof. Step 1: Assume first that µ is finite and that L : Lp (X) → R is
linear, bounded, and L ≥ 0, that is, L (u) ≥ 0 whenever u ≥ 0. Then for every
E ∈ M the function χE is in Lq (X), and so the set function

ν (E) := L (χE) , E ∈ M,

is well-defined. We claim that ν is countably additive. By the linearity of L
it follows that µ is finitely additive. Let {En} ⊂M be a sequence of pairwise
disjoint sets and denote by E their union. Then

χ l⋃
n=1

En

→ χE in Lp (X) ,

and hence, by the continuity of L,

l∑
n=1

ν (En) = ν

(
l⋃

n=1

En

)
= L

⎛
⎝χ l⋃

n=1
En

⎞
⎠→ L (χE) = ν

( ∞⋃
n=1

En

)

as l→∞. Since ν is absolutely continuous with respect to µ we may apply the
Radon–Nikodym theorem to find a unique nonnegative function v ∈ L1 (X)
such that

L (χE) = ν (E) =
∫

X

χEv dµ for every E ∈M.
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By the linearity of L we conclude that

L (s) =
∫

X

sv dµ

for every nonnegative simple function s.
If u ∈ Lp (X) is a nonnegative function, then by Theorem 1.74 we may

find an increasing sequence {sn} of nonnegative simple functions converging
to u µ a.e.

Since 0 ≤ sp
n ≤ up, by the Lebesgue dominated convergence theorem

sn → u in Lp (X), and so L (sn) → L (u). On the other hand, by the Lebesgue
monotone convergence theorem

L (sn) =
∫

X

snv dµ→
∫

X

uv dµ,

and so
L (u) =

∫
X

uv dµ (2.18)

for all nonnegative u ∈ Lp (X).
For a general u ∈ Lp (X) it suffices to write u = u+−u− and apply (2.18)

to conclude that
L (u) =

∫
X

uv dµ

for all u ∈ Lp (X). Moreover, since uv ∈ L1 (X) for all u ∈ Lp (X), it follows
from the converse Hölder’s inequality that v ∈ Lq (X). Next we show that the
norm of L coincides with ‖v‖Lq(X). By Hölder’s inequality,

|L (u)| ≤ ‖u‖Lp(X) ‖v‖Lq(X)

for all u ∈ Lp (X), and so

‖L‖(Lp(X))′ ≤ ‖v‖Lq(X) .

To prove the reverse inequality, take u := vq−1. Then
∫

X

up dµ =
∫

X

vp(q−1) dµ =
∫

X

vq dµ <∞,

while
|L (u)| =

∫
X

uv dµ =
∫

X

vq dµ,

and so
‖L‖(Lp(X))′ = ‖v‖Lq(X) . (2.19)

Step 2: We now remove the extra assumption that µ is finite. Let
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M′ := {E ∈M : µ (E) <∞} .

Note that M′ is not an algebra. For E ∈ M′ define

ME := {u ∈ Lp (X) : u = 0 outside E} .

By identifying ME with Lp (E) we can apply Step 1 to the positive linear
continuous functional L : ME → R to find a unique function vE ∈ Lq (E)
such that

L (u) =
∫

X

uvE dµ for every u ∈ME (2.20)

and

‖vE‖Lq(E) = sup
u∈ME\{0}

|L (u)|
‖u‖Lp(E)

= sup
u∈ME\{0}

|L (u)|
‖u‖Lp(X)

≤ ‖L‖(Lp(X))′ .

(2.21)
Extend vE to be zero outside E.

Note that in view of the uniqueness of vE , if E, F ∈ M′ then for µ a.e.
x ∈ E ∩ F ,

vE (x) = vE∩F (x) = vF (x) .

In particular,
vE∪F = max {vE , vF } , (2.22)

while if E ⊂ F , then
0 ≤ vE ≤ vF .

By (2.21),
sup

E∈M′
‖vE‖Lq(X) ≤ ‖L‖(Lp(X))′ <∞,

and so we may find a sequence of sets {En} ⊂ M′ such that

lim
n→∞

‖vEn
‖Lq(X) = sup

E∈M′
‖vE‖Lq(X) .

Replacing vEn
with v⋃n

i=1 Ei
, by (2.22) we may assume without loss of gen-

erality that the sequence {En} is increasing (and the same holds for {vEn
}).

Hence for µ a.e. x ∈ X there exists

lim
n→∞

vEn
(x) =: v (x) ,

and by the Lebesgue monotone convergence theorem,

‖v‖Lq(X) = lim
n→∞

‖vEn
‖Lq(X) = sup

E∈M′
‖vE‖Lq(X) ≤ ‖L‖(Lp(X))′ <∞.

Next we claim that if E ∈ M′ then

vE (x) = v (x) (2.23)
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for µ a.e. x ∈ X. Indeed, by (2.22),

sup
E∈M′

‖vE‖Lq(X) = ‖v‖Lq(X) = lim
n→∞

‖vEn
‖Lq(X)

≤ lim
n→∞

‖vEn∪E‖Lq(X) = lim
n→∞

‖max {vEn
, vE}‖Lq(X)

≤ sup
E∈M′

‖vE‖Lq(X) .

Hence

‖v‖Lq(X) = lim
n→∞

‖max {vEn
, vE}‖Lq(X) = ‖max {v, vE}‖Lq(X) ,

and so the claim holds.
By (2.20) and (2.23), for every simple function s vanishing outside a set

of finite measure we have

L (s) =
∫

X

sv{s �=0} dµ =
∫

X

sv dµ,

and by Corollary 1.77, the continuity of L, and the Lebesgue monotone con-
vergence theorem, we conclude that

L (u) =
∫

X

uv dµ

for all u ∈ Lp (X). The fact that ‖L‖(Lp(X))′ = ‖v‖Lq(X) follows exactly as in
Step 1.

Step 3: Finally, to remove the assumption that L is positive, for any linear,
bounded functional L : Lp (X)→ R, for u ∈ Lp (X), u ≥ 0, define

L+ (u) := sup {L (v) : 0 ≤ v ≤ u} , L− (u) := − inf {L (v) : 0 ≤ v ≤ u} .

We claim that L+ is additive. Indeed, let u1, u2 ∈ Lp (X) be nonnegative. For
any vi ∈ Lp (X), with 0 ≤ vi ≤ ui, i = 1, 2, we have

L (v1) + L (v2) = L (v1 + v2) ≤ L+ (u1 + u2) ,

and by the arbitrariness of v1 and v2 we get

L+ (u1) + L+ (u2) ≤ L+ (u1 + u2) .

To prove the opposite inequality, let v ∈ Lp (X), with 0 ≤ v ≤ u1 + u2, and
define

v1 := min {v, u1} , v2 := v − v1.

Then 0 ≤ vi ≤ ui, i = 1, 2, and so

L (v) = L (v1) + L (v2) ≤ L+ (u1) + L+ (u2) .
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By the arbitrariness of v we obtain

L+ (u1 + u2) ≤ L+ (u1) + L+ (u2) ,

and so the claim follows.
Next observe that by the linearity of L, for t ≥ 0 and u ∈ Lp (X), u ≥ 0,

L+ (tu) := sup {L (v) : 0 ≤ v ≤ tu} = sup {L (tw) : 0 ≤ w ≤ u}
= t sup {L (w) : 0 ≤ w ≤ u} = tL+ (u) ,

while for any v ∈ Lp (X), with 0 ≤ v ≤ u, we have

L (v) ≤ ‖L‖(Lp(X))′ ‖v‖Lp(X) ≤ ‖L‖(Lp(X))′ ‖u‖Lp(X) ,

and so
L+ (u) ≤ ‖L‖(Lp(X))′ ‖u‖Lp(X) .

Similar properties hold for L−.
Finally, for all u ∈ Lp (X), u ≥ 0,

L+ (u)− L (u) = sup {L (v)− L (u) : 0 ≤ v ≤ u}
= sup {−L (u− v) : 0 ≤ v ≤ u}
= − inf {L (u− v) : 0 ≤ u− v ≤ u} = L− (u) .

Hence the functionals

L+ (u) := L+
(
u+

)
−L+

(
u−

)
, L− (u) := L− (

u+
)
−L− (

u−
)
, u ∈ Lp (X) ,

are linear, continuous, positive, and

L = L+ − L−.

Applying Step 2 to L+, L−, we may find unique functions v1, v2 ∈ Lq (X)
such that

L+ (u) =
∫

X

uv1 dµ L− (u) =
∫

X

uv2 dµ for every u ∈ Lp (X) .

The function v := v1 − v2 satisfies

L (u) =
∫

X

uv dµ for every u ∈ Lp (X) ,

and once again the fact that ‖L‖(Lp(X))′ = ‖v‖Lq(X) follows as in Step 1 with

the only change that one should take now u := |v|q−2
v.

The previous theorem fails if p = 1, as the following exercise shows:
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Exercise 2.38. Let X = (0, 1), let M be the σ-algebra consisting of all count-
able subsets of (0, 1) and their complements, and for every E ∈ M define µ (E)
as the cardinality of E. Prove that L1 (X) consists of all functions that vanish
outside a denumerable set, and whose remaining values form an absolutely
convergent series. Show that if u ∈ L1 (X), then the function v (x) := xu (x)
is also in L1 (X) and the functional

L (u) :=
∫

X

xu (x) dµ (x) u ∈ L1 (X)

is linear and continuous. Since this functional takes on an uncountable set of
distinct values on the family of characteristic functions of singletons, prove
that it cannot be of the form

L (u) =
∫

X

uv dµ for every u ∈ L1 (X)

for some measurable function v. Indeed, any measurable function must be
constant except for a countable set.

Theorem 2.39 (Riesz representation theorem in L1). Let (X,M, µ) be
a measure space and let

M′ := {E ∈M : µ (E) <∞} .

Then for every bounded linear functional L : L1 (X) → R there exists a unique
signed measure λ : M′ → R absolutely continuous with respect to µ such that

‖λ‖ := sup
{
|λ (E)|
µ (E)

: E ∈M, 0 < µ (E) <∞
}
<∞ (2.24)

and
L (u) =

∫
X

u dλ for every u ∈ L1 (X) . (2.25)

Moreover, the norm of L coincides with ‖λ‖. Conversely, every functional of
the form (2.25), where λ is as above, is a bounded linear functional on L1 (X)1.
1 Since M

′ is not an algebra (unless µ is finite), here by a measure ν : M
′ → [0,∞]

we mean that

ν (∅) = 0, ν

( ∞⋃
n=1

En

)
=

∞∑
n=1

ν (En)

for every countable collection {En} ⊂ M
′ of pairwise disjoint sets such that⋃∞

n=1 En ∈ M
′, while by a signed measure λ : M

′ → R we mean that λ is the
difference of two measures ν1, ν2 : M

′ → [0,∞). In the proof of the theorem
we will show that ν1 and ν2 may be extended as measures on the σ-algebra M.
Hence, the integral

∫
X

u dλ should be understood as
∫

X

u dλ :=

∫
X

u dν̃1 −
∫

X

u dν̃2,

provided the right-hand side is well-defined, and where ν̃1 and ν̃2 are the exten-
sions of ν1 and ν2, respectively.
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Proof. Step 1: Assume that L : L1 (X) → R is linear, bounded and L ≥ 0,
that is, L (u) ≥ 0 whenever u ≥ 0. As in the previous theorem, the set function

ν (E) := L (χE) , E ∈ M′,

is countably additive, absolutely continuous with respect to µ, with

‖L‖(L1(X))′ ≥
L (χE)

‖χE‖L1(X)

=
ν (E)
µ (E)

for all E ∈M, 0 < µ (E) <∞.

Hence
‖L‖(L1(X))′ ≥ ‖ν‖ . (2.26)

To extend ν to the σ-algebra M define

ν̃ (E) := sup {ν (E ∩ F ) : F ∈M′} , E ∈M. (2.27)

As in the proof of Lemma 1.23, one can verify that ν̃ is a measure, absolutely
continuous with respect to µ. Moreover, ν̃ = ν on M′.

For any simple function s of the form

s =
�∑

i=1

ciχEi
, (2.28)

where ci ∈ R and Ei ∈M′, we have

L (s) =
∫

X

s dν.

Given a nonnegative function u ∈ L1 (X) = L1 (X,M, µ), in view of Theorem
1.74 one can construct a sequence of nonnegative simple functions {sn}, each
of which is bounded and vanishes except on a set of finite measure µ, such
that {sn (x)} converges monotonically to u (x) for µ a.e. x ∈ X. Write

sn =
�n∑

i=1

c
(n)
i χ

E
(n)
i

,

where c(n)
i ≥ 0 and E

(n)
i ∈ M′. Then

∫
X

sn dν =
�n∑

i=1

c
(n)
i ν

(
E

(n)
i

)
≤ ‖ν‖

�n∑
i=1

c
(n)
i µ

(
E

(n)
i

)
= ‖ν‖

∫
X

sn dµ,

and so by the Lebesgue monotone convergence theorem,
∫

X

u dν̃ ≤ ‖ν‖
∫

X

u dµ, (2.29)
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which implies that u ∈ L1 (X,M, ν̃). Using Corollary 1.77 and the Lebesgue
dominated convergence theorem, it follows that

L (u) =
∫

X

u dν̃

for every nonnegative u ∈ L1 (X).
If now u ∈ L1 (X) = L1 (X,M, µ), we can apply the previous part to u+

and u− to conclude that

L (u) =
∫

X

u dν̃ for every u ∈ L1 (X) , (2.30)

with (see (2.29)) ∫
X

|u| dν̃ ≤ ‖ν‖
∫

X

|u| dµ, (2.31)

which implies that u ∈ L1 (X,M, ν̃). By (2.30) and (2.31) we obtain

‖L‖(L1(X))′ ≤ ‖ν‖ ,

which, together with (2.26), yields ‖L‖(L1(X))′ = ‖ν‖.

Step 2: If L : L1 (X) → R is linear, bounded as in the previous theorem, we
write

L = L+ − L−,

where for u ∈ L1 (X), u ≥ 0,

L+ (u) := sup {L (v) : 0 ≤ v ≤ u} , L− (u) := − inf {L (v) : 0 ≤ v ≤ u} ,

while for u ∈ L1 (X),

L+ (u) := L+
(
u+

)
− L+

(
u−

)
, L− (u) := L− (

u+
)
− L− (

u−
)
.

One can verify that L+ and L− are linear, continuous, and nonnegative with

‖L‖(L1(X))′ =
∥∥L+

∥∥
(L1(X))′

+
∥∥L−∥∥

(L1(X))′
.

Hence by the previous step we can find two measures λ+, λ− : M′ → [0,∞)
such that

L± (u) =
∫

X

u dλ± for every u ∈ L1 (X)

and

∥∥λ±∥∥ = sup
{
|λ± (E)|
µ (E)

: E ∈M, 0 < µ (E) <∞
}

=
∥∥L±∥∥

(L1(X))′
.

It suffices to define λ := λ+ − λ−.
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Exercise 2.40. Prove that the integral
∫

X
u dν̃ constructed in Step 1 of the

proof of the previous theorem does not depend on the particular extension ν̃
of ν. Using (2.24) show that

‖λ‖ =
∥∥λ+

∥∥+
∥∥λ−∥∥ ,

where λ+, λ−, and λ are defined in Step 2 of the proof of the previous theorem.

Using the Radon–Nikodym theorem II we can deduce from the previous
theorem the following result.

Corollary 2.41. Let (X,M, µ) be a measure space. Then the dual of L1 (X)
may be identified with L∞ (X) if and only if the measure µ is localizable and
has the finite subset property.

Proof. In the remainder of the book we will use only the fact if the measure µ
is localizable and has the finite subset property, then the dual of L1 (X) may
be identified with L∞ (X). Thus we prove here only this implication, and we
refer to [Rao04] and [Z67] for the converse one.

Hence assume that µ is localizable and has the finite subset property and
let L : L1 (X)→ R be linear, bounded, and positive. Let ν and ν̃ be defined as
in the proof of step 1 of the previous theorem. Since ν̃ is absolutely continuous
with respect to µ and satisfies (1.52) (see (2.27)), we are in a position to
apply the Radon–Nikodym theorem II to obtain a unique measurable function
v : X → [0,∞] such that

ν̃ (E) =
∫

E

v dµ

for all E ∈ M. We claim that v ∈ L∞ (X) with

‖ν‖ = ‖v‖L∞(X) ,

where ‖ν‖ is defined in (2.24). Indeed, let

E0 := {x ∈ X : v (x) > ‖ν‖} .

Assume by contradiction that µ (E0) > 0. Since µ has the finite subset
property, if µ (E0) = ∞ we may find a measurable subset F ⊂ E0 with
0 < µ (F ) < ∞ (if µ (E0) < ∞ take F := E0). Then F is admissible in the
definition of (2.24), and so

‖ν‖ = ‖ν‖ µ (F )
µ (F )

<
1

µ (F )

∫
F

v dµ =
ν (F )
µ (F )

≤ ‖ν‖ ,

which is a contradiction. Hence µ (E0) = 0, and so v ∈ L∞ (X) and
‖v‖L∞(X) ≤ ‖ν‖. In turn, for every E ∈ M, with 0 < µ (E) <∞, we have

ν (E)
µ (E)

=
1

µ (E)

∫
E

v dµ ≤ ‖v‖L∞(X) ,
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and so, taking the supremum over all such E we get ‖ν‖ ≤ ‖v‖L∞(X). This
proves the claim.

Since
L (u) =

∫
X

u dν̃ for every u ∈ L1 (X) ,

by taking u to be a simple function s as in (2.28) we get

L (s) =
∫

X

s dν =
�∑

i=1

ciν (Ei) =
�∑

i=1

ci

∫
Ei

v dµ =
∫

X

sv dµ.

The continuity of L, Corollary 1.77, and the Lebesgue dominated convergence
theorem yield

L (u) =
∫

X

uv dµ for every u ∈ L1 (X) .

This concludes the proof in the case that L is positive. The general case may
be treated by the usual decomposition L = L+ − L−. We omit the details.

Remark 2.42. Note that if µ is σ-finite, then, in view of Proposition 1.110, µ is
localizable, and it has the finite subset property. Hence for σ-finite measures
the identification

(
L1 (X)

)′ = L∞ (X) is valid.

The next exercise shows that the dual of Lp (X), 0 < p < 1, is nontrivial
if and only if µ has no atoms of finite measure.

Exercise 2.43 (The dual of Lp (X), 0 < p < 1). Let (X,M, µ) be a measure
space and let 0 < p < 1.

(i) Assume that µ has no atoms of finite measure, that is, if for every set
E ∈ M of positive finite measure there exists F ∈ M, with F ⊂ E, such
that 0 < µ (F ) < µ (E), and let u ∈ Lp (X) \ {0}. Prove that the measure

ν (E) :=
∫

E

|u|p dµ, E ∈ M,

has no atoms, so that the range of ν is
[
0,
∫

X
|u|p dµ

]
.

(ii) Under the same hypothesis on µ prove that if U ⊂ Lp (X) is open, convex,
and 0 ∈ U , then U = Lp (X). Conclude that (Lp (X))′ = {0}.

(iii) Conversely, let E ∈ M be an atom with positive finite measure. Prove
that the set

U := {u ∈ Lp (X) : |u (x)| < 1 for µ a.e. x ∈ E}

is open, convex, and 0 ∈ U , but U �= Lp (X). Hence (Lp (X))′ is nontrivial.
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Finally, we study the dual of L∞ (X). Note that in general,

(L∞ (X))′ � L1 (X) .

Indeed, the dual of L∞ (X) may be identified with ba (X,M, µ), which is the
space of all bounded finitely additive signed measures absolutely continuous
with respect to µ, that is, all maps λ : M→ R such that

(i) λ ∈ ba (X,M);
(ii) λ (E) = 0 whenever E ∈ M and µ (E) = 0.

Theorem 2.44 (Riesz representation theorem in L∞). Let (X,M, µ) be
a measure space. Then every bounded linear functional L : L∞ (X) → R is
represented by a unique λ ∈ ba (X,M, µ) in the sense that

L (u) =
∫

X

u dλ for every u ∈ L∞ (X) . (2.32)

Moreover, the norm of L coincides with ‖λ‖. Conversely, every functional of
the form (2.32), where λ ∈ ba (X,M, µ), is a bounded linear functional on
L∞ (X).

Proof. Let L ∈ (L∞ (X))′. The elements of L∞ (X) are equivalence classes
[u] (see (2.1)) of measurable functions bounded µ almost everywhere. Given
a function u ∈ B (X,M) we have that [u] ∈ L∞ (X) and

sup
x∈X

|u| ≥ ‖[u]‖L∞ .

Define the linear functional

L1 (u) := L ([u]) , u ∈ B (X,M) .

Then

|L1 (u)| = |L ([u])| ≤ ‖L‖(L∞(X))′ ‖[u]‖L∞ ≤ ‖L‖(L∞(X))′ sup
x∈X

|u| ,

and so
‖L1‖(B(X,M))′ ≤ ‖L‖(L∞(X))′ .

On the other hand, by the definition of essential supremum, from each equiva-
lence class [u] ∈ L∞ (X) we can select a measurable representative ũ : X → R

such that
sup
x∈X

|ũ| = ‖[u]‖L∞(X) .

Hence
|L ([u])|
‖[u]‖L∞(X)

=
|L1 (ũ)|
sup
x∈X

|ũ| ≤ ‖L1‖(B(X,M))′ ,
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which shows that ‖L1‖(B(X,M))′ = ‖L‖(L∞(X))′ . It follows, in particular, that
L1 ∈ (B (X,M))′, and so by the Riesz representation theorem in B (X,M)
there exists a unique λ ∈ ba (X,M) such that

L1 (u) =
∫

X

u dλ for every u ∈ B (X,M)

and
‖L‖(L∞(X))′ = ‖L1‖(B(X,M))′ = ‖λ‖ .

Note that if u, v ∈ B (X,M) and u = v µ a.e. everywhere, then
∫

X

u dλ = L1 (u) = L ([u]) = L ([v]) = L1 (v) =
∫

X

v dλ.

In particular, if E ∈M is such that µ (E) = 0, then χE ∈ [0], and so

λ (E) =
∫

X

χE dλ = L ([0]) = 0.

This shows that λ ∈ ba (X,M, µ).
Conversely given any λ ∈ ba (X,M, µ), since λ is absolutely continuous

with respect to µ, the functional

L ([u]) :=
∫

X

u dλ for every [u] ∈ L∞ (X)

is well-defined, linear, and bounded.

The next example shows that ba (X,M, µ) strictly contains the subspace
of finite signed Radon measures absolutely continuous with respect to µ.

Exercise 2.45. Let X = [0, 1], let M = B ([0, 1]), and let µ be the Lebesgue
measure. Fix 0 < a < 1 and for each u ∈ L∞ ([0, 1]) define

p (u) := lim
ε→0+

esssup
a<x<a+ε

u− lim
ε→0+

essinf
a−ε<x<a

u,

where, for 0 ≤ c < d ≤ 1,

esssup
c<x<d

u := inf
{
α ∈ R : u (x) < α for L1 a.e. x ∈ (c, d)

}
,

essinf
c<x<d

u := sup
{
α ∈ R : u (x) > α for L1 a.e. x ∈ (c, d)

}
.

(i) Show that p (u+ v) ≤ p (u) + p (v) for all u, v ∈ L∞ ([0, 1]), that p (tu) =
tp (u) for all t > 0 and u ∈ L∞ ([0, 1]), and that p (u) = 0 for all u ∈
C ([0, 1]).
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(ii) Define
L (u) := 0, u ∈ C ([0, 1]) .

Prove that L may be extended to a linear functional defined on L∞ ([0, 1])
with the properties that

−p (u) ≤ L (u) ≤ p (u)

for all u ∈ L∞ ([0, 1]), and L
(
χ[a,1]

)
= 1.

(iii) Let λ ∈ ba
(
[0, 1] ,B ([0, 1]) ,L1

)
be the finitely additive measure such that

L (u) =
∫

[0,1]

u dλ for every u ∈ L∞ ([0, 1]) ,

representing L via (2.32). Show that λ cannot be countably additive.

2.1.4 Weak Convergence in Lp

Let 1 ≤ p ≤ ∞ and let q be the Hölder conjugate exponent of p. If p = 1
or p = ∞ then assume in addition that µ is σ-finite. By Proposition A.49
and the Riesz representation theorem in Lp (X), a sequence {un} ⊂ Lp (X)
converges weakly (weakly star if p = ∞) to some function u in Lp (X) if and
only if ∫

X

unv dµ→
∫

X

uv dµ

for every v ∈ Lq (X).
Propositions A.68, A.57, Theorem 2.37, Remark 2.42, and Corollaries A.55

and A.66 yield the following results.

Proposition 2.46. Let (X,M, µ) be a measure space, let 1 ≤ p ≤ ∞, and
assume that the measure µ is σ-finite when p = ∞. Let un ∈ Lp (X), n ∈ N.

(i) If 1 < p < ∞, supn ‖un‖Lp < ∞ and if {un} converges to u pointwise µ
a.e. or in measure, then u ∈ Lp (X) and un ⇀ u in Lp (X).

(ii) If un ⇀ u in Lp (X) ( ∗
⇀ if p = ∞), then

‖u‖Lp ≤ lim inf
n→∞

‖un‖Lp ≤ sup
n
‖un‖Lp <∞.

(iii) If 1 < p < ∞, un ⇀ u in Lp (X), and if ‖u‖Lp = limn→∞ ‖un‖Lp , then
un → u in Lp (X).

(iv) If 1 < p < ∞ and if supn ‖un‖Lp < ∞, then there exists a subsequence
{unk

} such that unk
⇀ u in Lp (X) for some u ∈ Lp (X). This property

still holds in L∞ (X) with respect to the weak star convergence, if, in
addition, L1 (X) is separable.

Remark 2.47. Concerning property (iv) above, we recall that L1 (X) is sepa-
rable if in addition, X is a separable measurable space (see Theorem 2.16).
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Exercise 2.48. Using part (iv) prove part (i) of the previous proposition for
1 < p <∞.

Corollary 2.49. Let (X,M, µ) be a measure space, let 1 < p ≤ ∞, and as-
sume that the measure µ is σ-finite when p = ∞. Let un, u ∈ Lp (X). Then
un ⇀ u in Lp (X) ( ∗

⇀if p = ∞) if and only if

(i) supn ‖un‖Lp <∞;

(ii)
∫

E

un dµ→
∫

E

u dµ for every E ∈M with µ (E) <∞.

Proof. The result follows from the fact that simple functions are dense in
Lp′

(X).

Exercise 2.50. Let X = [0, 1] with the Lebesgue measure and let un, u ∈
Lp ([0, 1]), 1 < p <∞. Prove that un ⇀ u in Lp ([0, 1]) if and only if

sup
n
‖un‖Lp([0,1]) <∞

and
lim

n→∞

∫ x

0

un (t) dt =
∫ x

0

u (t) dt

for all x ∈ [0, 1].

Remark 2.51. Proposition 2.46(iv) is false for p = 1 (see the following exer-
cise); precisely, if

sup
n
‖un‖L1 <∞

then there is no guarantee that some subsequence will converge weakly in
L1. However, if in addition X is a σ-compact metric space and µ is a Radon
measure, considering the measures defined by

λn (E) :=
∫

E

un dµ

for every Borel set E ⊂ X (or, simply, λn := unµ), then by Proposition 1.202
there exist a subsequence not relabeled and a signed Radon measure λ such
that λn

∗
⇀ λ, i.e., ∫

X

ϕun dµ→
∫

X

ϕdλ

for every ϕ ∈ C0 (X).

Exercise 2.52. Let X = R, M = B (R), and let µ be the Lebesgue measure.
Show that the sequence un = nχ[0, 1

n ] converges in measure to zero, satisfies

‖un‖L1(R) = 1,
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but does not converge weakly in L1. However, by considering

λn (E) := n

∫
E∩[0, 1

n ]
dx

for every Borel set E ⊂ R, prove that λn
∗
⇀ δ0, the Dirac delta measure with

mass concentrated at the origin.

The next result will play a crucial role in the characterization of weakly
compact sets in L1. It gives a property of uniform absolute continuity of a
particular sequence of signed measures (see Proposition 1.99).

Theorem 2.53 (Vitali–Hahn–Saks). Let (X,M, µ) be a measure space and
let {λn} be a sequence of finite signed measures such that limn→∞ λn (E) exists
in R for all E ∈ M with µ (E) <∞. If each λn is absolutely continuous with
respect to µ, then for every ε > 0 there exists δ > 0 such that

|λn (E)| ≤ ε

for all n ∈ N and for every measurable set E ⊂ X with µ (E) ≤ δ.

Proof. Let
M′ := {E ∈M : µ (E) <∞} .

By identifying sets that differ by a set of µ measure zero we can regard M′ as
a closed subset F of L1 (X,M, µ) through the mapping

E ∈ M′ �→ χE .

Fix ε > 0 and for k ∈ N define the sets

Fk :=

{
χE : E ∈M′, sup

n, l≥k
|λn (E)− λl (E)| ≤ ε

}
.

We claim that the sets Fk are closed in L1 (X,M, µ). Indeed, if
{
χEj

}
⊂ Fk

converges in L1 (X,M, µ), then, since F is closed, χEj
→ χE∞ as j →∞ for

some E∞ ∈M′. By extracting a subsequence (not relabeled), if necessary, we
may assume that χEj

(x) → χE∞ (x) for µ a.e. x ∈ X (see Theorem 2.20). Let

Y := E∞ ∪
∞⋃

j=1

Ej .

Then µ : M	Y → [0,∞] is σ-finite, and so for any n ∈ N and by the Radon–
Nikodym theorem applied to (λn)+ and (λn)− restricted to M	Y , there exists
vn ∈ L1 (Y, M	Y, µ) such that

λn (E) =
∫

E

vn dµ, E ∈ M	Y .
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By the Lebesgue dominated convergence theorem, for each n ∈ N,

lim
j→∞

λn (Ej) = λn (E∞) .

Since
{
χEj

}
⊂ Fk for any fixed n, l ≥ k and for all j ∈ N, we have

|λn (Ej)− λl (Ej)| ≤ ε,

and so letting j →∞ we obtain that

|λn (E∞)− λl (E∞)| ≤ ε,

which shows that Fk is closed in L1 (X,M, µ).
By hypothesis, limn→∞ λn (E) exists in R for all E ∈M′, and so

F =
⋃
k=1

Fk.

Applying the Baire category theorem to the complete metric space F , at least
one of the sets Fk has nonempty interior. Hence there exist δ1 > 0, k ∈ N,
and χE0 ∈ Fk such that if χE ∈ F and if

∫
X

|χE − χE0 | dµ < δ1, (2.33)

then χE ∈ Fk, that is,

sup
n, l≥k

|λn (E)− λl (E)| ≤ ε. (2.34)

By Proposition 1.99 applied to (λn)+ and (λn)−, we may find 0 < δ < δ1 such
that

|λn (E)| ≤ ε (2.35)

for all 1 ≤ n ≤ k and for every measurable set E ⊂ X with µ (E) ≤ δ.
Fix E ∈ M′ with µ (E) ≤ δ. Then

E = (E ∪ E0) \ (E0 \ E) ,

with ∫
X

|χE∪E0 − χE0 | dµ,
∫

X

∣∣χE0\E − χE0

∣∣ dµ < δ1,

and so by (2.33) and (2.34),

sup
n, l≥k

|λn (E ∪ E0)− λl (E ∪ E0)| ≤ ε,

sup
n, l≥k

|λn (E0 \ E)− λl (E0 \ E)| ≤ ε.
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It follows that for any n ≥ k,

|λn (E)| ≤ |λk (E)|+ |λk (E)− λn (E)|
≤ε+ |λk (E ∪ E0)− λn (E ∪ E0)|

+ |λk (E0 \ E)− λn (E0 \ E)|
≤3ε,

where we have also used (2.35). This completes the proof.

In view of Remark 2.51, L1 weak compactness of L1 bounded sequences
requires additional conditions, and this brings us to the following result.

Theorem 2.54 (Dunford–Pettis). Let (X,M, µ) be a measure space and
let F ⊂ L1 (X). Then F is weakly sequentially precompact if and only if

(i) F is bounded in L1 (X);
(ii) F is equi-integrable and for every ε > 0 there exists E ⊂ X with E ∈ M

such that µ (E) <∞ and

sup
u∈F

∫
X\E

|u| dµ ≤ ε. (2.36)

Proof. Step 1: Assume that F is weakly sequentially precompact.

Substep 1a: If F is not bounded in L1 (X), then it contains a sequence
{un} ⊂ F such that ‖un‖L1(X) →∞. But since F is weakly sequentially pre-
compact, a subsequence is weakly convergent in L1 (X), and this contradicts
Proposition A.68.

Substep 1b: Assume by contradiction that F is not equi-integrable. Then
we may find a sequence {un} ⊂ F and sets {En} ⊂ M, with µ (En) → 0, such
that for all n ∈ N, ∫

En

|un| dµ ≥ ε0 (2.37)

for some ε0 > 0. Since F is weakly sequentially precompact, there exists a
subsequence of {un} (not relabeled) such that un ⇀ u in L1 (X). In particular,
for every E ∈M, with µ (E) <∞, we have that

lim
n→∞

∫
E

un dµ =
∫

E

u dµ,

and so the signed measures

λn (E) :=
∫

E

un dµ, E ∈M,

satisfy the hypotheses of the Vitali-Hahn-Saks theorem. Hence there is δ > 0
such that
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∣∣∣∣
∫

E

un dµ

∣∣∣∣ ≤ ε0
3

for all n ∈ N and for every measurable set E ⊂ X with µ (E) ≤ δ. By taking
En ∩ {un ≥ 0} and En ∩ {un < 0} for all n so large that µ (En) ≤ δ, we
conclude that ∫

En

|un| dµ ≤
2ε0
3

,

which contradicts (2.37).

Substep 1c: Assume by contradiction that (2.36) is violated. Then we may
find ε0 > 0 with the property that for any measurable set E ⊂ X, with
µ (E) <∞, there exists u ∈ F such that

∫
X\E

|u| dµ ≥ ε0.

Fix any E1 ∈M with µ (E1) <∞ and let u1 ∈ F be such that
∫

X\E1

|u1| dµ ≥ ε0.

By Remark 2.28 there exists a measurable set E2 ⊃ E1, with µ (E2) < ∞,
such that ∫

X\E2

|u1| dµ <
ε0
2

.

By an induction argument we may find an increasing sequence {En} ⊂ M,
with µ (En) <∞ for all n ∈ N, and {un} ⊂ F such that for all n ∈ N,

∫
En+1\En

|un| dµ ≥
ε0
2

. (2.38)

Since F is weakly sequentially precompact there exists a subsequence of {un}
(not relabeled) such that un ⇀ u in L1 (X). Let

Y :=
∞⋃

n=1

En.

Then µ : M	Y → [0,∞] is σ-finite. Hence we may find a sequence {Fj} ⊂
M	Y of pairwise disjoint sets of positive finite measure such that Y =⋃∞

j=1 Fj . Construct a sequence of positive numbers {aj} such that

∞∑
j=1

ajµ (Fj) <∞

and define v : Y → (0,∞) as
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v :=
∞∑

j=1

ajχFj
.

Then v ∈ L1 (Y, M	Y, µ). Set

ν (E) :=
∫

E

v dµ, E ∈ M	Y .

Since v > 0 in Y it follows that the measures λn : M	Y → R,

λn (E) :=
∫

E

un dµ, E ∈ M	Y ,

are absolutely continuous with respect to ν. Moreover,

λn (E) →
∫

E

u dµ

as n → ∞ for all E ∈ M	Y . By the Vitali–Hahn–Saks theorem there exists
δ > 0 such that ∣∣∣∣

∫
E

un dµ

∣∣∣∣ ≤ ε0
8

for all n ∈ N and for every measurable set E ∈ M	Y with ν (E) ≤ δ. Since ν
is finite, we may apply Proposition 1.7 to conclude that

lim
n→∞

ν (Y \ En) = 0,

and so for n sufficiently large,

ν (Y \ En) ≤ δ,

and in turn, ∣∣∣∣
∫

E

un dµ

∣∣∣∣ ≤ ε0
8

for all measurable subsets E ⊂ Y \ En. As in the previous step we conclude
that ∫

Y \En

|un| dµ ≤
ε0
4

,

which contradicts (2.38).

Step 2: Assume that {un} ⊂ F satisfies (i) and (ii). Since u+
n + u−n = |un|

it follows that also {u+
n } and {u−n } satisfy (i) and (ii), and so without loss of

generality it suffices to assume that un ≥ 0.

Substep 2a: Assume that the space Lq (X) is separable for some 1 < q <∞
and let p be its Hölder conjugate exponent. Let
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C := sup
n
‖un‖L1 <∞, (2.39)

and for each k ∈ N consider the truncation Tk (s) := min {s, k}, s ≥ 0. Then
∫

X

(Tk (un))p
dµ ≤ kp−1

∫
X

un dµ ≤ kp−1C.

Hence for every fixed k ∈ N the sequence {Tk (un)}n∈N
is bounded in Lp (X).

Let {hj} be a dense sequence in Lq (X). Since the sequence {T1 (un)}n∈N
is

bounded in Lp (X) by Corollary A.66, we can extract a subsequence {un(1)} ⊂
{un} such that the truncated sequence {T1 (un(1))} is weakly convergent in
Lp (X) to some function g1. In particular,

lim
n(1)→∞

∫
X

T1 (un(1))hj dµ =
∫

X

g1hj dµ

for all j ∈ N. Similarly, since the sequence {T2 (un(1))} is bounded in Lp (X) we
can extract a subsequence {un(2)} ⊂ {un(1)} such that the truncated sequence
{T2 (un(2))} is weakly convergent in Lp (X) to some function g2. In particular,

lim
n(2)→∞

∫
X

Tk (un(2))hj dµ =
∫

X

gkhj dµ

for all j ∈ N and k = 1, 2.
Recursively, for each i ∈ N we can find a subsequence {un(i)} ⊂ {un(i−1)}

such that the truncated sequence {Ti (un(i))} is weakly convergent in Lp (X)
to some function gi. In particular,

lim
n(i)→∞

∫
X

Tk (un(i))hj dµ =
∫

X

gkhj dµ

for all j ∈ N and k = 1, . . . , i.
Hence for each i ∈ N there exists an integer mi such that

∣∣∣∣
∫

X

Tk (un(i))hj dµ−
∫

X

gkhj dµ

∣∣∣∣ ≤ 1
i

(2.40)

for all j, k = 1, . . . , i and for all n(i) ≥ mi.
Let ni be the first natural number n(i) greater than or equal to mi. We

claim that the subsequence {uni
} has the property that

Tk (uni
) ⇀ gk in Lp (X) (2.41)

as i→∞ for all k ∈ N. Fix k ∈ N. Since Lq (X) is separable and the sequence
{Tk (uni

)}i∈N
is bounded in Lp (X), it suffices to show that

lim
i→∞

∫
X

Tk (uni
)hj dµ =

∫
X

gkhj dµ
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for all j ∈ N. Fix ε > 0, j ∈ N, and let i0 ∈ N be so large that

i0 ≥ max
{

1
ε
, k, j

}
.

Then by (2.40), for all i ≥ i0,∣∣∣∣
∫

X

Tk (uni
)hj dµ−

∫
X

gkhj dµ

∣∣∣∣ ≤ 1
i
≤ ε

for all i ≥ i0. This proves the claim.
For every E ∈M with µ (E) <∞ we have that χE ∈ Lq (X), and so

0 ≤
∫

E

gk dµ = lim
i→∞

∫
E

Tk (uni
) dµ ≤ lim

i→∞

∫
E

Tk+1 (uni
) dµ

=
∫

E

gk+1 dµ ≤ C,

where in the last inequality we have used (2.39) and the fact that Tk+1 (uni
) ≤

uni
. Since gk ∈ Lp (X), the set {x ∈ X : gk (x) �= 0} is σ-finite. Hence the

inequalities

0 ≤
∫

E

gk dµ ≤
∫

E

gk+1 dµ ≤ C

hold for all E ∈ M. We conclude that∫
X

gk dµ ≤ C (2.42)

and that 0 ≤ gk (x) ≤ gk+1 (x) for µ a.e. x ∈ X. Thus we may find a mea-
surable function g such that gk ↗ g. By the Lebesgue monotone convergence
theorem it follows from (2.42) that g ∈ L1 (X).

We claim that uni
⇀ g in L1 (X). Indeed, fix ε > 0, λ ∈

(
L1 (X)

)′, and
by hypothesis, find Eε ∈M and δ > 0 such that µ (Eε) <∞,

∫
X\Eε

(g + uni
) dµ ≤ ε

1 + ‖λ‖ (2.43)

for all i ∈ N, and ∫
E

uni
dµ ≤ ε

1 + ‖λ‖ (2.44)

for all i ∈ N and for every Lebesgue measurable set E ⊂ X with µ (E) ≤ δ.
Then∫

X

(uni
− g) dλ =

∫
Eε

(Tk (uni
)− gk) dλ+

∫
Eε

(gk − g) dλ

+
∫

Eε∩{uni
>k}

(uni
− k) dλ+

∫
X\Eε

(uni
− g) dλ, (2.45)
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where k ∈ N is chosen so large that
∫

Eε

|g − gk| dµ ≤
ε

1 + ‖λ‖ , µ ({uni
> k}) ≤ 1

k

∫
X

uni
dµ ≤ δ. (2.46)

Hence by (2.44),
∣∣∣∣∣
∫

Eε∩{uni
>k}

(uni
− k) dλ

∣∣∣∣∣ ≤ ‖λ‖
∫

Eε∩{uni
>k}

(uni
− k) dµ

≤ ‖λ‖
∫

Eε∩{uni
>k}

uni
dµ ≤ ε,

and so, also from (2.45), (2.46)1, (2.43), we get that
∣∣∣∣
∫

X

(uni
− g) dλ

∣∣∣∣ ≤
∣∣∣∣
∫

Eε

(Tk (uni
)− gk) dλ

∣∣∣∣+ 3ε.

Since µ (Eε) <∞ by (2.41), it follows that

lim
i→∞

∫
Eε

(Tk (uni
)− gk) dλ = 0,

and so we conclude that

lim sup
i→∞

∣∣∣∣
∫

X

(uni
− g) dλ

∣∣∣∣ ≤ 3ε.

Given the arbitrariness of ε the proof is concluded in this case.

Substep 2b: We now remove the additional hypothesis on the separabil-
ity of Lq (X). Let M1 be the smallest σ-algebra containing all the sets
{x ∈ X : un (x) > t} for t ∈ Q and n ∈ N and let

Y :=
∞⋃

n=1

{x ∈ X : un (x) �= 0} .

Then (Y, M1	Y ) is a separable measurable space and µ : M1	Y → [0,∞] is
σ-finite. Hence Lq (Y, M1	Y, µ) is separable for all 1 ≤ q < ∞ by Theorem
2.16. Moreover, the restriction of un to Y belongs to L1 (Y, M1	Y, µ) and still
satisfies the equi-integrability condition as well as hypothesis (ii) in Vitali’s
theorem. Hence by Substep 2a there exists a subsequence {uni

} of {un} and
a function g ∈ L1 (Y, M1	Y, µ) such that uni

restricted to Y converges to g
in L1 (Y, M1	Y, µ). Extend g by zero outside Y . Since M1 ⊂M we have that
g ∈ L1 (X). We claim that uni

⇀ g in L1 (X). Indeed, λ ∈
(
L1 (X)

)′, and
using again the fact that M1 ⊂ M, we have that
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sup
{
|λ (E)|
µ (E)

: E ∈M1, 0 < µ (E) <∞
}

≤ sup
{
|λ (E)|
µ (E)

: E ∈ M, 0 < µ (E) <∞
}
<∞,

and so λ ∈
(
L1 (Y, M1	Y, µ)

)′. Hence, since uni
= g = 0 outside Y , we have

lim
i→∞

∫
X

uni
dλ = lim

i→∞

∫
Y

uni
dλ =

∫
Y

g dλ =
∫

X

g dλ.

This concludes the proof.

Exercise 2.55. Prove that if the measure µ is finite and nonatomic in the
Dunford–Pettis theorem, then condition (i) is implied by (ii).

Remark 2.56. By comparing the previous theorem with Vitali’s convergence
theorem, it follows that if a sequence {un} weakly converges to some function
u in L1 (X), then it converges strongly to u if and only if it converges in
measure to u. Thus typical examples of sequences converging weakly but not
strongly in L1 (X) are given by oscillating sequences.

Exercise 2.57. Let X = [0, 2π] with the Lebesgue measure. Prove that the
sequence un (x) := sinnx converges weakly to zero in L1 ([0, 2π]) but for all x
irrational the limit

lim
n→∞

sinnx

does not exist and the sequence {un} does not converge in measure.

Corollary 2.58. Let (X,M, µ) be a measure space, and let un, u ∈ L1 (X),
n ∈ N. Then un ⇀ u in L1 (X) if and only if

(i) supn ‖un‖L1 <∞;
(ii)

∫
E
un dµ→

∫
E
u dµ for every E ∈M.

Proof. Assume that (i) and (ii) hold. Let {unk
} be a subsequence of {un}.

Reasoning as in the proof of Substeps 1b and 1c of the Dunford–Pettis theo-
rem, we can conclude that {unk

} is equi-integrable and satisfies (2.36). Hence
{unk

} is weakly sequentially precompact, and so up to a further subsequence
(not relabeled) we may assume that unk

⇀ v in L1 (X). In view of (ii) we
have that ∫

E

(u− v) dµ = 0

for every E ∈ M, which implies that u (x) = v (x) for µ a.e. x ∈ X. Thus
we have shown that unk

⇀ u in L1 (X). Hence the whole sequence converges
weakly to u in L1 (X).

The converse implication follows from Proposition 2.46 and the fact that
χE ∈

(
L1 (X)

)′ for every E ∈M.
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The following result allows us to identify the weak limit.

Theorem 2.59. Let (X,M, µ) be a measure space with µ finite and let {un}
be a sequentially weakly compact sequence in L1 (X). Then un ⇀ u in L1 (X)
if and only if ∫

X

|u+ v| dµ ≤ lim inf
n→∞

∫
X

|un + v| dµ

for every v ∈ L1 (X).

Proof. If un ⇀ u in L1 (X) then un + v ⇀ u + v in L1 (X), and so, by
Proposition 2.46 (i),

∫
X

|u+ v| dµ ≤ lim inf
n→∞

∫
X

|un + v| dµ.

Conversely, assume that a subsequence of {un} (not relabeled) converges
weakly in L1 (X) to some function w, and let

X+ := {x ∈ X : w (x) > u (x)} , X− := {x ∈ X : w (x) ≤ u (x)} .

Since {un − u} is equi-integrable, by Theorem 2.29, given ε > 0 there exists
t > 0 such that ∫

{x∈X: |un−u|>t}
|un − u| dµ ≤ ε

for all n ∈ N. Set
v := −u− t χX+ + t χX− .

Since µ is finite, it follows that v ∈ L1 (X), and

|un + v| ≤ t− (un − u)χ
X+ + (un − u)χX− + 2 |un − u|χ{ |un−u|>t}.

Then

tµ (X) =
∫

X

|u+ v| dµ ≤ lim inf
n→∞

∫
X

|un + v| dµ

≤ tµ (X)−
∫

X+
(w − u) dµ+

∫
X−

(w − u) dµ+ 2ε

= tµ (X)−
∫

X

|w − u| dµ+ 2ε,

and so ∫
X

|w − u| dµ ≤ 2ε.

It suffices to let ε→ 0+.

Exercise 2.60. Can you extend the previous theorem to the case in which µ
is not finite?
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If un ⇀ u in Lp (X) ( ∗
⇀if p = ∞) and vn → v strongly in Lq (X), where p

and q are conjugate exponents, then

unvn ⇀ uv in L1 (X) . (2.47)

In the case p = 1, using the equi-integrability we may improve this result in
the sense that we may replace strong convergence in L∞ (X) with convergence
with respect to the Mackey topology.

Proposition 2.61. Let (X,M, µ) be a measure space with µ finite. If un ⇀ u
in L1 (X), vn → v pointwise for µ a.e. x ∈ X, and supn ‖vn‖L∞ < ∞, then
unvn ⇀ uv in L1 (X).

Proof. In view of Corollary 2.58, it suffices to show that
∫

E

unvn dµ→
∫

E

uv dµ

for every E ∈ M. Fix ε > 0. Since {un} is equi-integrable, there exists δ > 0
such that ∫

F

|un| dµ ≤
ε

6
(

1 + sup
k
‖vk‖L∞

) (2.48)

for all n and for every measurable set F ⊂ X with µ (F ) ≤ δ. On the
other hand, by Egoroff’s theorem there exists a measurable set Xε ⊂ X with
µ (Xε) ≤ δ such that

vn → v strongly in L∞ (X \Xε) .

Let n0 be large enough so that for all n ≥ n0,

‖vn − v‖L∞(X\Xε) ≤
ε

3
(

1 + sup
k
‖uk‖L1

) (2.49)

and ∣∣∣∣∣
∫

E\Xε

(un − u) v dµ

∣∣∣∣∣ ≤
ε

3
, (2.50)

where in the last inequality we have used the fact that un ⇀ u in L1 (X).
Writing
∫

E

unvn dµ−
∫

E

uv dµ =
∫

E\Xε

(un − u) v dµ+
∫

E\Xε

un (vn − v) dµ

+
∫

E∩Xε

unvn dµ−
∫

E∩Xε

uv dµ,

we obtain
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∣∣∣∣
∫

E

unvn dµ −
∫

E

uv dµ

∣∣∣∣
≤
∣∣∣∣∣
∫

E\Xε

(un − u) v dµ

∣∣∣∣∣+ ‖vn − v‖L∞(E\Xε) sup
k

∫
X

|uk| dµ

+ sup
k
‖vk‖L∞(X)

∫
Xε

|un| dµ+ ‖v‖L∞(X)

∫
Xε

|u| dµ ≤ ε,

where we have used (2.50), (2.49), and (2.48) twice, in this order. Note
that to estimate the last term we also used the facts that ‖v‖L∞(X) ≤
lim infn→∞ ‖vn‖L∞(X) and, by Proposition 2.46(ii),

∫
Xε

|u| dµ ≤ lim inf
n→∞

∫
Xε

|un| dµ.

The proof is complete.

Exercise 2.62. Can you extend the previous theorem to the case in which µ
is not finite?

2.1.5 Biting Convergence

As we observed already in Remark 2.51, if {un} is a bounded sequence in
L1 (X) there is no guarantee that it admits a weakly convergent subsequence.
However, this is possible, provided we exclude a decreasing sequence of mea-
surable sets {Ej} with µ (Ej) → 0.

Lemma 2.63 (Biting lemma). Let (X,M, µ) be a measure space with µ
finite and let {un} be a sequence of functions bounded in L1 (X). Then there
exist a function u ∈ L1 (X), a subsequence {unk

} of {un}, and a decreasing
sequence of measurable sets {Ej} ⊂ X, with µ (Ej) → 0, such that

unk
⇀ u in L1 (X \ Ej) for every j ∈ N.

Proof. By the decomposition lemma there exist a subsequence of {un} (not
relabeled) and an increasing sequence of numbers rn → ∞ such that the
truncated sequence {τrn

◦ un} is equi-integrable and

µ ({x ∈ X : un (x) �= (τrn
◦ un) (x)}) → 0

as n → ∞. By selecting a further subsequence if necessary, we may assume
that

µ ({x ∈ X : un (x) �= (τrn
◦ un) (x)}) ≤ 1

2n

for all n ∈ N. For j ∈ N set

Ej :=
∞⋃

n=j

{x ∈ X : un (x) �= (τrn
◦ un) (x)} .
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Since un = τrn
◦ un on X \ Ej for all n ≥ j, it follows that {un}n∈N

is
equi-integrable on X \ Ej .

Since µ is finite, by the Dunford–Pettis theorem, the sequence {un} admits
a subsequence {un,1} converging weakly in L1 (X \ E1) to a function v1. By
induction, assuming that {un,k} has been selected, we extract a subsequence
{un,k+1} ⊂ {un,k} converging weakly in L1 (X \ Ek+1) to a function vk+1.
Using a diagonal argument we may select a subsequence {unk

} of {un,k}
such that unk

converges weakly to vj in L1 (X \ Ej) for each fixed j. By the
uniqueness of the weak limit, there exists a measurable function u such that

u (x) = vj (x) if x ∈ X \ Ej for some j ∈ N.

Moreover, u ∈ L1 (X), since by Proposition 2.46(ii),
∫

X\Ej

|u| dµ ≤ sup
n

∫
X

|un| dµ <∞

for every j ∈ N.

Note that in general we cannot conclude that the entire sequence {un}
converges in the sense of the biting lemma.

Exercise 2.64. Let X := (0, 1) with the Lebesgue measure and for n, k ∈ N,
n �= k, define

un,k (x) :=

⎧⎨
⎩

1
rn

if x ∈ (rk − rn, rk + rn) ,

0 otherwise,

where {rn} is an enumeration of the rational numbers in (0,∞). Note that
∫ 1

0

|un,k| dx ≤ 2.

Show that for any measurable set E ⊂ (0, 1), with L1 (E) > 0, and for any
� ∈ N there exists an infinite number of pairs of n, k ∈ N such that∫

{|un,k|≥�}∩E

|un,k| dx ≥ 1.

Hence the entire sequence does not converge in the sense of the biting lemma.

The biting lemma suggests the following definition.

Definition 2.65. Let (X,M, µ) be a measure space. Given {un} a bounded
sequence in L1 (X), u ∈ L1 (X), we say that {un} converges weakly to u in
the biting sense, and we write un

b
⇀ u, if there exists a decreasing sequence

of Lebesgue measurable sets {Ej} ⊂ X, with µ (Ej) → 0, such that

un ⇀ u in L1 (X \ Ej) for every j ∈ N.
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It can be checked that if the biting limit exists then it is unique. Indeed,
assume that

un
b
⇀ u, un

b
⇀ v.

Then un ⇀ u in L1 (X \ Ej) for every j ∈ N and un ⇀ v in L1 (X \ Fj) for
every j ∈ N, where µ (Ej), µ (Fj) → 0. By the uniqueness of the weak limit,
it follows that u = v for µ a.e. x ∈ X \ (Ej ∪ Fi) for every i, j ∈ N. Hence
u = v for µ a.e. x ∈ X \ F , where

F :=

⎛
⎝ ∞⋂

j=1

Ej

⎞
⎠ ∪

⎛
⎝ ∞⋂

j=1

Fj

⎞
⎠ .

Since µ (F ) ≤ µ (Ej) + µ (Fj) → 0, we conclude that u = v for µ a.e. x ∈ X.

Remark 2.66. The previous result continues to hold if {un} is a sequence of
functions uniformly bounded in L1 (X;Y ), whereX is a measurable space with
a finite positive measure µ, and Y is a reflexive Banach space (see Section 2.3
for the definition of L1 (X;Y )). We refer to [BaMu89] for more details.

Proposition 2.67. Let (X,M, µ) be a measure space and let {un} be a se-
quence of nonnegative functions in L1 (X) such that un

b
⇀ u. Then a subse-

quence converges weakly to u in L1 (X) if and only if

lim inf
n→∞

∫
X

un dµ ≤
∫

X

u dµ.

In addition, un ⇀ u in L1 (X) if and only if

lim
n→∞

∫
X

un dµ =
∫

X

u dµ.

Proof. Assume that a subsequence {unk
} of {un} converges weakly to u in

L1 (X). Then

lim inf
n→∞

∫
X

un dµ ≤ lim
k→∞

∫
X

unk
dµ =

∫
X

u dµ.

Conversely, assume that

lim inf
n→∞

∫
X

un dµ ≤
∫

X

u dµ

and extract a subsequence {unk
} of {un} such that

lim inf
n→∞

∫
X

un dµ = lim
k→∞

∫
X

unk
dµ.

By definition of biting convergence there exists a decreasing sequence {Ej} ⊂
X of measurable sets with µ (Ej) → 0 such that
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unk
⇀ u in L1 (X \ Ej) for every j ∈ N.

In view of Corollary 2.49, it suffices to prove that for every measurable set
F ⊂ X we have

lim
k→∞

∫
F

unk
dµ =

∫
F

u dµ. (2.51)

Indeed, since unk
≥ 0 we have

∫
F\Ej

u dµ = lim
k→∞

∫
F\Ej

unk
dµ ≤ lim inf

k→∞

∫
F

unk
dµ,

and so, letting j →∞, we conclude that
∫

F

u dµ ≤ lim inf
k→∞

∫
F

unk
dµ.

Similarly,
∫

X

u dµ−
∫

F

u dµ =
∫

X\F

u dµ ≤ lim inf
k→∞

∫
X\F

unk
dµ

= lim
k→∞

∫
X

unk
dµ− lim sup

k→∞

∫
F

unk
dµ

≤
∫

X

u dµ− lim sup
k→∞

∫
F

unk
dµ,

i.e.,

lim sup
k→∞

∫
F

unk
dµ ≤

∫
F

u dµ,

and (2.51) is proved.
To prove the second statement of the proposition, assume that un ⇀ u in

L1 (X). Since 1 ∈
(
L1 (X)

)′ we have that

lim
n→∞

∫
X

un dµ =
∫

X

u dµ.

Conversely, assume that

lim
n→∞

∫
X

un dµ =
∫

X

u dµ.

This implies that

lim inf
k→∞

∫
X

unk
dµ =

∫
X

u dµ

for every subsequence {unk
} of {un}. From the first part we obtain that

from every subsequence {unk
} of {un} we may extract a further subsequence{

unkj

}
converging weakly to u in L1 (X). Therefore the whole sequence {un}

converges weakly to u in L1 (X).
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Remark 2.68. Let X be a σ-compact metric space, let µ be a Radon measure,
let {un} be a sequence of functions uniformly bounded in L1 (X). By Remark
2.51, Proposition 1.202, and the biting lemma we may extract a subsequence
{unk

} such that unk
µ

∗
⇀ λ in M (X; R) and unk

b
⇀ u, for some function

u ∈ L1 (X) and a signed Radon measure λ. As the next exercise shows, in
general there is no obvious relation between λ and u, and even when λ � µ
we cannot conclude that

dλ

dµ
= u. (2.52)

Exercise 2.69. Let X := (0, 1), let µ := L1, and for n ∈ N, n ≥ 2, define

un (x) :=
{

n2

2 , k
n+1 −

1
n3 < x < k

n+1 + 1
n3 , k = 1, . . . , n,

0, otherwise.

Prove that unL1 ∗
⇀ L1 in M (X; R), while un

b
⇀ 0. Note that from the

uniqueness of the biting limit, this implies that the sets Ej cannot be chosen
to be closed (see Proposition 2.70 below).

In the next proposition we show that (2.52) holds if the sets Ej are closed.

Proposition 2.70. Let X be a locally compact Hausdorff space, let µ :
B (X) → [0,∞] be a Borel measure, and let {un} ⊂ L1 (X) be a sequence
of functions such that

unµ
∗
⇀ λ in M (X; R) and un

b
⇀ u.

If the sets Ej are closed, then

dλ

dµ
= u µ a.e. in X.

Proof. Since X \ Ej is open, for any ϕ ∈ Cc (X \ Ej) we have
∫

X\Ej

uϕdµ = lim
n→∞

∫
X\Ej

unϕdµ = lim
n→∞

∫
X

unϕdµ

=
∫

X

ϕdλ =
∫

X\Ej

ϕdλ.

Thus uµ	(X \ Ej) = λ	(X \ Ej) for every j ∈ N, and so

dλ

dµ
(x) = u (x)

for µ a.e. x ∈ X \ F , where

F :=
∞⋂

j=1

Ej ,

µ (F ) = 0, and also supp (λs) ∩ (X \ Ej) = ∅, i.e., supp (λs) ⊂ F .
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The last result of this section shows that if (2.52) holds and un ≥ 0 for all
n ∈ N, then we actually have weak convergence on compact sets.

Proposition 2.71. Let X be a locally compact Hausdorff space, let µ :
B (X) → [0,∞] be a Borel measure, and let {un} ⊂ L1 (X) be a sequence
of nonnegative functions such that

unµ
∗
⇀ uµ in M (X; R) and un

b
⇀ u. (2.53)

Then un ⇀ u in L1 (K) for each compact set K ⊂ X.

Proof. By definition of biting convergence there exists a decreasing sequence
{Ej} ⊂ X of measurable sets with µ (Ej) → 0 such that

un ⇀ u in L1 (X \ Ej) for every j ∈ N.

Let K ⊂ X be a compact set and let ϕ ∈ C0 (X) be such that ϕ ≡ 1 on K,
and 0 ≤ ϕ ≤ 1. Then

lim sup
n→∞

∫
K∩Ej

un dµ ≤ lim sup
n→∞

∫
Ej

ϕun dµ

= lim sup
n→∞

(∫
X

ϕun dµ−
∫

X\Ej

ϕun dµ

)

=
∫

X

ϕudµ−
∫

X\Ej

ϕudµ

=
∫

Ej

ϕudµ ≤
∫

Ej

u dµ,

where we have used (2.53).
Let v ∈ L∞ (K). By the previous inequality and (2.53) once more we have

lim sup
n→∞

∣∣∣∣
∫

K

v (un − u) dµ
∣∣∣∣

≤ lim
n→∞

∣∣∣∣∣
∫

K\Ej

v (un − u) dµ

∣∣∣∣∣+ lim sup
n→∞

∣∣∣∣∣
∫

K∩Ej

v (un − u) dµ

∣∣∣∣∣
≤ ‖v‖L∞(K) lim sup

n→∞

∫
K∩Ej

(un + u) dµ

≤ 2 ‖v‖L∞(K)

∫
Ej

u dµ.

Given the arbitrariness of j, and since µ (Ej) → 0, we conclude that

lim
n→∞

∫
K

vun dµ =
∫

K

vu dµ

for all v ∈ L∞ (K). Hence un ⇀ u in L1 (K).
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2.2 Euclidean Setting

Throughout this section the ambient space is the euclidean space R
N , and we

consider the Lebesgue measure LN . Also, E ⊂ R
N will denote a Lebesgue mea-

surable set, not necessarily bounded. For a multi-index α = (α1, . . . , αN ) ∈
(N0)

N we set

∂α

∂xα
:=

∂|α|

∂xα1
1 . . . ∂xαN

N

, |α| := α1 + . . .+ αN ,

where x = (x1, . . . , xN ). If Ω ⊂ R
N is any open set (not necessarily bounded),

for any nonnegative integer l ∈ N0 we denote by Cl (Ω) the vector space of
all functions that are continuous together with their partial derivatives up to

order l. We set C∞ (Ω) :=
∞⋂

l=0

Cl (Ω) and we define Cl
c (Ω) and C∞

c (Ω) as the

subspaces of Cl (Ω) and C∞ (Ω), respectively, consisting of all functions that
have compact support.

2.2.1 Approximation by Regular Functions

Given a nonnegative bounded function ϕ : R
N → [0,∞) with

suppϕ ⊂ B (0, 1),
∫

RN

ϕ (x) dx = 1, (2.54)

for u ∈ L1
loc

(
R

N
)

and 0 < ε < 1, define the mollification

uε (x) := (u ∗ ϕε) (x) =
∫

RN

ϕε (x− y)u (y) dy, x ∈ R
N ,

where
ϕε (x) :=

1
εN

ϕ
(x
ε

)
, x ∈ R

N .

The functions ϕε are called mollifiers. Note that suppϕε ⊂ B (0, ε).

Remark 2.72. In the applications we will consider two special cases:

(i) ϕ is the (renormalized) characteristic function of the unit ball, that is,

ϕ (x) :=
1
αN

χB(0,1) (x) , x ∈ R
N ;

(ii) ϕ is the C∞
c function

ϕ (x) :=

{
c exp

(
1

|x|2−1

)
if |x| < 1,

0 if |x| ≥ 1,
(2.55)

where we choose c > 0 such that (2.54) is satisfied. In this case, the
functions ϕε are called standard mollifiers.
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The first main result of this subsection is the following theorem.

Theorem 2.73. Let ϕ : R
N → [0,∞) be a nonnegative bounded function

satisfying (2.54), and let u ∈ L1
loc

(
R

N
)
.

(i) If u ∈ C
(
R

N
)

then uε → u as ε→ 0+ uniformly on compact sets.
(ii) uε (x) → u (x) as ε → 0+ for every Lebesgue point x ∈ R

N of u (and so
for LN a.e. x ∈ R

N ).
(iii) If u ∈ Lp

(
R

N
)
, 1 ≤ p <∞, then

‖uε‖Lp(RN ) ≤ ‖u‖Lp(RN ) (2.56)

and
uε → u in Lp

(
R

N
)

as ε→ 0+.

Proof. (i) Let K ⊂ R
N be a compact set. For any fixed η > 0 let

Kη :=
{
x ∈ R

N : dist (x,K) ≤ η
}

.

Then Kη is compact and since u is uniformly continuous on Kη, for any ρ > 0
there exists δ = δ (η,K, ρ) > 0 such that

|u (x)− u (y)| ≤ ρ

1 + ‖ϕ‖∞
(2.57)

for all x, y ∈ Kη, with |x− y| ≤ δ. Let 0 < ε < min {δ, η}. Then for all x ∈ K,

|uε (x)− u (x)| =
∣∣∣∣
∫

RN

ϕε (x− y)u (y) dy − u (x)
∣∣∣∣ (2.58)

=
1
εN

∣∣∣∣∣
∫

B(x,ε)

ϕ

(
x− y

ε

)
[u (y)− u (x)] dy

∣∣∣∣∣
≤ ‖ϕ‖∞

1
εN

∫
B(x,ε)

|u (y)− u (x)| dy,

where we have used (2.54) and the fact that suppϕε ⊂ B (0, ε). It follows by
(2.57) that

|uε (x)− u (x)| ≤ ρ

for all x ∈ K, and so ‖uε − u‖C(K) ≤ ρ.

(ii) Let x ∈ R
N be a Lebesgue point of u, that is,

lim
ε→0+

1
εN

∫
B(x,ε)

|u (y)− u (x)| dy = 0.

Then from (2.58) it follows that uε (x) → u (x) as ε→ 0+.

(iii) Let u ∈ Lp
(
R

N
)
, 1 ≤ p < ∞. We prove (2.56). By Hölder’s inequality

and (2.54), for all x ∈ R
N ,
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|uε (x)| =
∣∣∣∣
∫

RN

(ϕε (x− y))1/p′
(ϕε (x− y))1/p

u (y) dy
∣∣∣∣

≤
(∫

RN

ϕε (x− y) dy
)1/p′ (∫

RN

ϕε (x− y) |u (y)|p dy
)1/p

=
(∫

RN

ϕε (x− y) |u (y)|p dy
)1/p

,

and so by Fubini’s theorem and (2.54) once more,
∫

RN

|uε (x)|p dx ≤
∫

RN

∫
RN

ϕε (x− y) |u (y)|p dydx

=
∫

RN

|u (y)|p
(∫

RN

ϕε (x− y) dx
)
dy

=
∫

RN

|u (y)|p dy.

It remains to show that uε → u in Lp
(
R

N
)
. Fix ρ > 0 and find a function

v ∈ Cc

(
R

N
)

such that
‖u− v‖Lp(RN ) ≤ ρ.

Since K := supp v is compact, it follows from part (i) that for every η > 0,
the mollification vε of v converges to v uniformly in the compact set

Kη :=
{
x ∈ R

N : dist (x,K) ≤ η
}

.

Since vε = v = 0 in R
N \Kη for 0 < ε < η, we have that

∫
RN

|vε − v|p dx =
∫

Kη

|vε − v|p dx ≤
(
‖vε − v‖C(Kη)

)p

|Kη| ≤ ρ,

provided ε > 0 is sufficiently small. By Minkowski’s inequality,

‖uε − u‖Lp(RN ) ≤ ‖uε − vε‖Lp(RN ) + ‖vε − v‖Lp(RN ) + ‖v − u‖Lp(RN )

≤ 2 ‖u− v‖Lp(RN ) + ‖vε − v‖Lp(RN ) ≤ 3ρ,

where we have used (2.56) for the function u− v.

More can be said about the regularity of uε if we restrict our attention to
standard mollifiers.

Theorem 2.74. Let ϕ be defined as in (2.55), and let u ∈ L1
loc

(
R

N
)
. Then

uε ∈ C∞ (
R

N
)

for all 0 < ε < 1, and for any multi-index α,

∂αuε

∂xα
(x) =

(
u ∗ ∂

αϕε

∂xα

)
(x) =

∫
RN

∂αϕε

∂xα
(x− y)u (y) dy (2.59)

for all x ∈ R
N .
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Proof. Fix x ∈ R
N , η > 0, and 0 < ε < 1. Let ei, i = 1, . . . , N , be an element

of the canonical basis of R
N , and for any h ∈ R, with 0 < |h| ≤ η, consider

uε (x+ hei)− uε (x)
h

−
∫

RN

∂ϕε

∂xi
(x− y)u (y) dy

=
∫

RN

[
ϕε (x+ hei − y)− ϕε (x− y)

h
− ∂ϕε

∂xi
(x− y)

]
u (y) dy

=
∫

RN

(
1
h

∫ h

0

∂ϕε

∂xi
(x− y + tei) dt−

∂ϕε

∂xi
(x− y)

)
u (y) dy

=
1
h

∫ h

0

(∫
B(x,ε+η)

[
∂ϕε

∂xi
(x− y + tei)−

∂ϕε

∂xi
(x− y)

]
u (y) dy

)
dt,

where we have used Fubini’s theorem and the fact that suppϕε ⊂ B (0, ε).
Since ϕε ∈ C∞

c

(
R

N
)
, its partial derivatives are uniformly continuous.

Hence for any for any ρ > 0 there exists δ = δ (η, x, ρ, ε) > 0 such that∣∣∣∣∂ϕε

∂xi
(z)− ∂ϕε

∂xi
(w)

∣∣∣∣ ≤ ρ

1 + ‖u‖L1(B(x,ε+η))

for all z, w ∈ B (x, ε+ η), with |z − w| ≤ δ. Then for 0 < |h| ≤ min {η, δ} we
have ∣∣∣∣uε (x+ hei)− uε (x)

h
−
∫

RN

∂ϕε

∂xi
(x− y)u (y) dy

∣∣∣∣ ≤ ρ,

which shows that
∂uε

∂xi
(x) =

∫
RN

∂ϕε

∂xi
(x− y)u (y) dy.

Note that the only properties that we have used about the function ϕε are
that ϕε ∈ C∞

c

(
R

N
)

with suppϕε ⊂ B (0, ε). Hence the same proof carries
over if we replace ϕε with ψε := ∂ϕε

∂xi
. Thus by induction we may prove that

for any multi-index α,

∂αuε

∂xα
(x) =

(
u ∗ ∂

αϕε

∂xα

)
(x) =

∫
RN

∂αϕε

∂xα
(x− y)u (y) dy.

This completes the proof.

If the function u is defined only in an open set Ω ⊂ R
N , with u ∈ L1

loc (Ω),
then since suppϕε ⊂ B (0, ε), we may still define

uε (x) := (u ∗ ϕε) (x) =
∫

Ω

ϕε (x− y)u (y) dy

for x ∈ Ωε, where the open set Ωε is given by

Ωε := {x ∈ Ω : dist (x, ∂Ω) > ε} .

In this case an analogous version of Theorem 2.73 holds.
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Theorem 2.75. Let Ω ⊂ R
N be an open set, let ϕ : R

N → [0,∞) be a
nonnegative bounded function satisfying (2.54), and let u ∈ L1

loc (Ω).

(i) If u ∈ C (Ω), then uε → u as ε → 0+ uniformly on compact subsets
of Ω.

(ii) uε (x) → u (x) as ε→ 0+ for every Lebesgue point x ∈ Ω of u.
(iii) If u ∈ Lp

loc (Ω), 1 ≤ p <∞, then

‖uε‖Lp(Ωε) ≤ ‖u‖Lp(Ω)

and for every compact set K ⊂ Ω,

uε → u in Lp (K) as ε→ 0+.

Proof. The proof is very similar to that of Theorem 2.73. In the proof of (i),
for any compact K ⊂ Ω one should take

0 < η < dist (K, ∂Ω) ,

so that Kη ⊂ Ω. Moreover, for ε > 0 sufficiently small we have that Kη ⊂ Ωε.
A similar change can be made in the proof of (iii). We omit the details.

The analogue of Theorem 2.74 is the following.

Theorem 2.76. Let Ω ⊂ R
N be an open set, let ϕ be defined as in (2.55),

and let u ∈ L1
loc (Ω). Then uε ∈ C∞ (Ωε) for all 0 < ε < 1, and for any

multi-index α the formula (2.59) holds for all x ∈ Ωε.

Proof. The proof is very similar to that of Theorem 2.74. Since now x ∈ Ωε,
we have that dist (x, ∂Ω) > ε, and so one should take

0 < η < dist (x, ∂Ω)− ε.

We omit the details.

An important application of the theory of mollifiers is the existence of
smooth partitions of unity.

Theorem 2.77 (Smooth partition of unity). Let Ω ⊂ R
N be an open

set and let {Uα}α∈I be an open cover of Ω. Then there exists a sequence
{ψn} ⊂ C∞

c (Ω) of nonnegative functions such that

(i) each ψn has support in some Uα;
(ii)

∑∞
n=1 ψn (x) = 1 for all x ∈ Ω;

(iii) for every compact set K ⊂ Ω there exist an integer � ∈ N and an open
set U , with K ⊂ U ⊂ Ω, such that

�∑
n=1

ψn (x) = 1

for all x ∈ U .
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Proof. Let S be a countable dense set in Ω, e.g., S :=
{
x ∈ Q

N ∩Ω
}
, and

consider the countable family F of closed balls

F :=
{
B (x, r) : r ∈ Q, 0 < r < 1, x ∈ S,

B (x, r) ⊂ Uα ∩Ω for some α ∈ I
}

.

Since F is countable we may write F =
{
B (xn, rn)

}
. Since {Uα}α∈I is an

open cover of Ω, by the density of S and of the rational numbers we have that

Ω =
∞⋃

n=1

B
(
xn,

rn

2

)
. (2.60)

For each n ∈ N consider

φn := ϕ rn
4
∗ χB(xn, 3

4 rn),

where ϕ rn
4

are standard mollifiers (with ε := rn

4 ). By Theorem 2.74, φn ∈
C∞ (

R
N
)
. Moreover, if x ∈ B

(
xn,

rn

2

)
then

φn (x) =
∫

RN

ϕ rn
4

(x− y)χB(xn, 3
4 rn) (y) dy

=
∫

B(x, rn
4 )

ϕ rn
4

(x− y)χB(xn, 3
4 rn) (y) dy

=
∫

B(x, rn
4 )

ϕ rn
4

(x− y) dy = 1,

where we have used (2.54) and the fact that if x ∈ B
(
xn,

rn

2

)
then

B
(
x,
rn

4

)
⊂ B

(
xn,

3
4
rn

)
.

Since 0 ≤ χB(xn, 3
4 rn) ≤ 1, a similar calculation shows that 0 ≤ φn ≤ 1. On

the other hand, if x /∈ B (xn, rn) then

φn (x) =
∫

RN

ϕ rn
4

(x− y)χB(xn, 3
4 rn) (y) dy

=
∫

B(x, rn
4 )

ϕ rn
4

(x− y)χB(xn, 3
4 rn) (y) dy = 0,

where we have used the fact that if x /∈ B (xn, rn) then

B
(
x,
rn

4

)
∩B

(
xn,

3
4
rn

)
= ∅.
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In particular, φn ∈ C∞
c

(
R

N
)

and suppφn ⊂ B (xn, rn). Note that in view of
the definition of F , suppφn ⊂ Uα ∩Ω for some α ∈ I.

Define ψ1 := φ1 and

ψn := (1− φ1) . . . (1− φn−1)φn (2.61)

for n ≥ 2, n ∈ N. Since 0 ≤ φk ≤ 1 and suppφk ⊂ B (xk, rk) for all k ∈ N, we
have that 0 ≤ ψn ≤ 1 and suppψn ⊂ B (xn, rn). This gives (i). To prove (ii)
we prove by induction that

ψ1 + . . .+ ψn = 1− (1− φ1) . . . (1− φn) (2.62)

for all n ∈ N. The relation (2.62) is true for n = 1, since ψ1 := φ1. Assume
that (2.62) holds for n. Then by (2.61),

ψ1 + . . .+ ψn + ψn+1 = 1− (1− φ1) . . . (1− φn) + ψn+1

= 1− (1− φ1) . . . (1− φn) + (1− φ1) . . . (1− φn)φn+1

= 1− (1− φ1) . . . (1− φn+1) .

Hence (2.62) holds for all n ∈ N.
Since φk = 1 in B

(
xk,

rk

2

)
for all k ∈ N, by (2.62), for all n, m ∈ N with

m ≥ n we have that

ψ1 (x) + . . .+ ψm (x) = 1 for all x ∈
n⋃

k=1

B
(
xk,

rk

2

)
. (2.63)

Thus, in view of (2.60), property (ii) holds.
Finally, if K ⊂ Ω is compact, again by (2.60), we may find � ∈ N so large

that
�⋃

k=1

B
(
xk,

rk

2

)
⊃ K,

and so (iii) follows by (2.63).

Using mollifiers it is possible to improve the density result of Theorem
2.99:

Theorem 2.78. Let Ω ⊂ R
N be an open set. Then the space C∞

c (Ω) is dense
in Lp (Ω) for 1 ≤ p <∞.

Proof. Let u ∈ Lp (Ω) and extend it to be zero outside Ω. Define

Kn :=
{
x ∈ R

N : |x| ≤ n, dist
(
x,RN \Ω

)
≥ 2
n

}
.

Then Kn is compact, Kn ⊂ Kn+1, and
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∞⋃
n=1

Kn = Ω.

Define vn := uχKn
and un := ϕ 1

n
∗vn, where ϕ 1

n
are standard mollifiers (with

ε := 1
n ). Since suppϕ 1

n
⊂ B

(
0, 1

n

)
it follows that

suppun ⊂
{
x ∈ R

N : dist (x,Kn) ≤ 1
n

}
⊂ Ω.

Hence by Theorem 2.76, un ∈ C∞
c (Ω). Moreover, by Minkowski’s inequality,

‖un − u‖Lp(Ω) = ‖un − u‖Lp(RN )

≤
∥∥∥ϕ 1

n
∗ vn − ϕ 1

n
∗ u

∥∥∥
Lp(RN )

+
∥∥∥ϕ 1

n
∗ u− u

∥∥∥
Lp(RN )

≤ ‖vn − u‖Lp(RN ) +
∥∥∥ϕ 1

n
∗ u− u

∥∥∥
Lp(RN )

= ‖uχKn
− u‖Lp(RN ) +

∥∥∥ϕ 1
n
∗ u− u

∥∥∥
Lp(RN )

,

where we have used (2.56). It now follows from the Lebesgue dominated con-
vergence theorem that

‖uχKn
− u‖Lp(RN ) → 0

as n→∞, while ∥∥∥ϕ 1
n
∗ u− u

∥∥∥
Lp(RN )

→ 0

by Theorem 2.73. This completes the proof.

Given a (positive) Radon measure µ : B
(
R

N
)
→ [0,∞] and a standard

mollifier ϕε, ε > 0, we define

(ϕε ∗ µ) (x) :=
∫

RN

ϕε (x− y) dµ (y) , x ∈ R
N .

Theorem 2.79. Let µ : B
(
R

N
)
→ [0,∞] be a (positive) Radon measure.

Then for all u ∈ Cc

(
R

N
)
,

∫
RN

u (x) (ϕε ∗ µ) (x) dx→
∫

RN

u (x) dµ (x) (2.64)

as ε → 0+. If, in addition, µ
(
R

N
)
< ∞, then (2.64) holds for all uniformly

continuous bounded functions u.

Proof. Let u ∈ Cc

(
R

N
)
. Using Fubini’s theorem and (2.54) we have
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∫
RN

u (x) (ϕε ∗ µ) (x) dx−
∫

RN

u (y) dµ (y)

=
∫

RN

u (x)
∫

RN

ϕε (x− y) dµ (y) dx−
∫

RN

u (y) dµ (y)

=
∫

RN

(∫
RN

u (x)ϕε (x− y) dx−
∫

RN

u (y)ϕε (x) dx
)
dµ (y)

=
∫

RN

(∫
RN

u (x+ y)ϕε (x) dx−
∫

RN

u (y)ϕε (x) dx
)
dµ (y)

=
∫

RN

(∫
B(0,ε)

(u (x+ y)− u (y))ϕε (x) dx

)
dµ (y) .

Since
∫

RN ϕε (x) dx = 1, and since u is uniformly continuous and bounded,
if either u has compact support or µ

(
R

N
)
<∞, by the Lebesgue dominated

convergence theorem we conclude (2.64).

Remark 2.80. By considering separately the positive and negative parts of
each component, it follows that the previous theorem still applies to vector-
valued Radon measures.

2.2.2 Weak Convergence in Lp

In this subsection we exploit properties of R
N and the Lebesgue measure in

order to give deeper insight into the notion of weak convergence. The next two
results relate to Corollary 2.49 and the Dunford–Pettis theorem, where now
the arbitrariness of the measurable set of integration is reduced to testing on
cubes.

Proposition 2.81. Let E ⊂ R
N be a Lebesgue measurable set. If 1 < p ≤ ∞,

then un ⇀ u in Lp (E) ( ∗
⇀ if p = ∞) if and only if

(i)
∫

Q∩E
un dx→

∫
Q∩E

u dx for every cube Q ⊂ R
N ;

(ii) supn ‖un‖Lp <∞.

When p = 1 conditions (i) and (ii) of the previous proposition are still
necessary but no longer sufficient.

Theorem 2.82 (Dunford–Pettis). Let E ⊂ R
N be a Lebesgue measurable

set. A sequence un converges weakly to u in L1 (E) if and only if

(i)
∫

Q∩E
un dx→

∫
Q∩E

u dx for every cube Q ⊂ R
N ;

(ii) {un} is equi-integrable;
(iii) for every ε > 0 there exists F ⊂ E with LN (F ) <∞ such that

∫
E\F

|un| dx ≤ ε

for all n.
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Remark 2.83. Conditions (ii) and (iii) imply (but they are not implied by)
supn ‖un‖L1 <∞ (see Exercise 2.55).

Definition 2.84. A function u : R
N → R

d is said to be Q-periodic if u(x +
ei) = u(x) for all x ∈ R

N and every i = 1, . . . , N , where (e1, . . . , eN ) is the
canonical basis of R

N . More generally, u is said to be kQ-periodic, k ∈ N, if
u(k·) is Q-periodic.

Lemma 2.85 (Riemann–Lebesgue lemma). Let u ∈ Lp
loc

(
R

N
)
, 1 ≤ p ≤

∞, be kQ-periodic. For every ε > 0 and x ∈ R
N set

uε (x) := u
(x
ε

)
.

Then uε ⇀ u in Lp (E) ( ∗
⇀ if p = ∞) for every bounded measurable set

E ⊂ R
N , where

u (x) ≡ const :=
1
kN

∫
Q(0,k)

u (y) dy.

Proof. Without loss of generality we may assume that k = 1.

Step 1: Suppose first that u ∈ L∞ (Q (0, 1)). Then {uε} is a bounded sequence
in L∞ (

R
N
)
, and so there exists a subsequence (not relabeled) such that uε

∗
⇀

U in L∞ (
R

N
)
. We claim that

U (x) = u (x) =
∫

Q(0,1)

u (y) dy

for LN a.e. x ∈ Q (0, 1). Indeed, let x0 be a Lebesgue point for U . Fix δ > 0
and let kε be the integer part of δ/ε (0 < ε << δ), so that δ/ε−1 < kε ≤ δ/ε.
Decompose

1
ε
Q (x0, δ) =

kN
ε⋃

i=1

Q
(
a
(ε)
i , 1

)
∪ Eε,

where

LN (Eε) =
(
δ

ε

)N

− kN
ε ≤

(
δ

ε

)N

−
(
δ

ε
− 1

)N

= Oδ

(
1

εN−1

)
.

Then
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∣∣∣
∫

Q(x0,δ)

(U (x)− u) dx
∣∣∣

= lim
ε→0+

∣∣∣∣∣
∫

Q(x0,δ)

(
u
(x
ε

)
− u

)
dx

∣∣∣∣∣
= lim

ε→0+

∣∣∣∣∣εN

∫
Q(x0,δ)

ε

(u (y)− u) dy

∣∣∣∣∣

= lim
ε→0+

∣∣∣∣∣∣ε
N

kN
ε∑

i=1

∫
Q
(
a
(ε)
i ,1

) (u (y)− u) dy + εN

∫
Eε

(u (y)− u) dy

∣∣∣∣∣∣
≤ 2 ‖u‖L∞(Q(0,1)) lim sup

ε→0+
εNLN (Eε) = 0,

where we have used the fact that
∫

Q
(
a
(ε)
i ,1

) (u (y)− u) dy = 0, due to the

Q-periodicity of u. Hence

0 = lim
δ→0+

1
δN

∫
Q(x0,δ)

(U (x)− u) dx = U (x0)− u.

Step 2: In the general case let u ∈ Lp
loc

(
R

N
)
, 1 ≤ p ≤ ∞, and consider

standard mollifiers of the form

ϕn (x) := nNϕ (nx) , x ∈ R
N , n ∈ N,

where ϕ is defined in (2.55). For x ∈ R
N set

un (x) :=
∫

RN

ϕn (x− y)u (y) dy and un,ε (x) := un

(x
ε

)
.

Note that un is Q-periodic because for all x ∈ R
N and i = 1, . . . , N ,

un (x+ ei) =
∫

RN

ϕn (x+ ei − y)u (y) dy =
∫

RN

ϕn (y)u (x+ ei − y) dy

=
∫

RN

ϕn (y)u (x− y) dy = un (x) .

Hence, since un is continuous and Q-periodic, we have that un ∈ L∞ (
R

N
)

with ‖un‖L∞(RN ) = ‖un‖L∞(Q(0,1)) and un → u in Lp
loc

(
R

N
)
.

Now if Q′ is a cube in R
N and v ∈ Lp′

(Q′), where p′ is the conjugate
exponent of p, then by Hölder’s inequality,
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∣∣∣∣
∫

Q′
(uεv − uv) dx

∣∣∣∣ ≤
∫

Q′
|uε − un,ε| |v| dx+

∣∣∣∣
∫

Q′
(un,ε − un) v dx

∣∣∣∣
+
∫

Q′
|un − u| |v| dx (2.65)

≤
∣∣∣∣
∫

Q′
(un,ε − un) v dx

∣∣∣∣
+ ‖v‖Lp′ (Q′)

{
‖uε − un,ε‖Lp(Q′) + ‖un − u‖Lp(Q′)

}
.

We may decompose
1
ε
Q′ ⊂

L⋃
i=1

Q
(
a
(ε)
i , 1

)
,

where the cubes Q
(
a
(ε)
i , 1

)
are disjoint and L =O

(
1

εN

)
, and so by periodicity,

‖uε − un,ε‖p
Lp(Q′) = εN

∫
1
ε Q′

|u (x)− un (x)|p dx

≤ εN
L∑

i=1

∫
Q
(
a
(ε)
i ,1

) |u (x)− un (x)|p dx (2.66)

= εNL ‖u − un‖p
Lp(Q(0,1)) ≤ C ‖u− un‖p

Lp(Q(0,1)) ,

for some C > 1.
Fix η > 0 and let n0 be such that

‖un0 − u‖Lp(Q(0,1)) ≤
η

3
(
1 + ‖v‖Lp′ (Q′)

)(
C1/p + |Q′|1/p

) . (2.67)

Then

‖un0 − u‖Lp(Q′) =

∣∣∣∣∣
∫

Q(0,1)

(un0 − u) dx

∣∣∣∣∣ |Q′|1/p (2.68)

≤ ‖un0 − u‖Lp(Q(0,1)) |Q′|1/p ≤ η

3
[
1 + ‖v‖Lp′ (Q′)

] .

Finally, by Step 1 we may choose ε0 = ε0 (n0) = ε0 (η) such that for all
0 < ε < ε0, ∣∣∣∣

∫
Q′

(un0,ε − un0) v dx
∣∣∣∣ ≤ η

3
.

This together with (2.65)–(2.68) yields
∣∣∣∣
∫

Q′
(uεv − uv) dx

∣∣∣∣ ≤ η
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for all 0 < ε < ε0. Hence we have shown that uε ⇀ u in Lp (Q′) ( ∗
⇀ if

p = ∞) and in turn (given the arbitrariness of Q′) in Lp (E) for every bounded
measurable set E ⊂ R

N .

Example 2.86. A typical application of this lemma is to u the characteristic
function of the interval (0, θ) extended periodically to all of R with period 1.
Then uε

∗
⇀ u in L∞

loc (R), where

u (x) ≡
∫ 1

0

χ(0,θ) (y) dy = θ.

As a consequence, if z ∈ SN−1 ⊂ R
N then

∫
E

χ(0,θ)

(x · z
ε

)
v (x) dx→ θ

∫
E

v (x) dx (2.69)

for every v ∈ L1 (E) and for every bounded measurable set E ⊂ R
N . Said

differently, (2.69) may be written as

χEε

∗
⇀ θ in L∞ (E) , (2.70)

where

Eε :=

{
x ∈ R

N :
x · z
ε
∈
⋃
k∈Z

(k, k + θ)

}
.

Property (2.70) may be extended to measures other than the Lebesgue
measure.

Proposition 2.87. Let (X,M, µ) be a measure space with µ finite. Then µ is
nonatomic if and only if for every E ∈M and θ ∈ [0, 1] there exists a sequence
{En} ⊂ M with En ⊂ E such that χEn

∗
⇀ θχE in L∞ (X).

Proof. To prove that µ is nonatomic, let E ∈M be such that µ (E) > 0. With
θ = 1

2 find {En} ⊂ M, with En ⊂ E, such that χEn

∗
⇀ 1

2χE in L∞ (X). In
particular,

µ (En) → 1
2
µ (E) ,

and so for n sufficiently large we have

0 < µ (En) < µ (E) .

Conversely, assume that µ is nonatomic and let E ∈ M and θ ∈ [0, 1].
Without loss of generality we may assume that E = X.

Step 1: Assume first that M is generated by a countable family of sets {Fj}.
Let N be the algebra generated by {Fj}. By Theorem 2.16, N is countable,
and so we may write N = {Gj}. Fix l ∈ N and let I(l) be the family of sets I
of the form
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I = {i1, . . . , ij} ⊂ N
j ,

where 1 ≤ j ≤ l and 1 ≤ i1 < . . . < ij ≤ l. For every I ∈ I(l) let

G
(l)
I :=

⎛
⎝⋂

j∈I

Gj

⎞
⎠ \

⎛
⎝⋃

j /∈I

Gj

⎞
⎠ .

The sets G
(l)
I , I ∈ I(l), belong to N, are pairwise disjoint, and for every

1 ≤ j ≤ l,
Gj =

⋃
I∈I(l), j∈I

G
(l)
I . (2.71)

For simplicity in the notation we write
{
G

(l)
I : I ∈ I(l)

}
=
{
H

(l)
j : j = 1, . . . , �l

}
.

By Proposition 1.91 there exist measurable functions u(l)
j : H(l)

j → [0, 1) such
that for any Borel set B ⊂ [0, 1],

µ

((
u

(l)
j

)−1

(B)
)

= L1 (B)µ
(
H

(l)
j

)
. (2.72)

Define

ul :=
�l∑

j=1

χ
H

(l)
j
u

(l)
j .

As in the previous example we may construct a sequence of Borel sets {Bn} ⊂
[0, 1] such that χBn

∗
⇀ θ in L∞

loc

(
R,L1

)
. Set

En,l := u−1
l (Bn) .

For every l ∈ N and 1 ≤ j ≤ l,
∫

H
(l)
j

χEn,l
dµ = µ

(
En,l ∩H(l)

j

)
= µ

(
u−1

l (Bn) ∩H(l)
j

)

= µ

((
u

(l)
j

)−1

(Bn) ∩H(l)
j

)
= µ

((
u

(l)
j

)−1

(Bn)
)

= L1 (Bn)µ
(
H

(l)
j

)
→ θµ

(
H

(l)
j

)

as n→∞, where we have used (2.72).
In turn, by (2.71) for every l ∈ N and 1 ≤ j ≤ l,

∫
Gj

χEn,l
dµ→ θµ (Gj)

as n→∞.
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Hence for every l ∈ N we may find nl so large that
∣∣∣∣∣
∫

Gj

χEnl,l
dµ− θµ (Gj)

∣∣∣∣∣ ≤
1
l

for all 1 ≤ j ≤ l.
We claim that the sets El := Enl,l have the desired property. Indeed, for

any ε > 0 and for every j ∈ N choose l0 ≥ j so large that 1
l0
≤ ε. Then for all

l ≥ l0, ∣∣∣∣∣
∫

Gj

χEl
dµ− θµ (Gj)

∣∣∣∣∣ ≤ ε.

The result now follows from Remark 2.17.

Step 2: We now remove the additional separability assumption. For every
l ∈ N, by Corollary 1.21 we partition X into l disjoint subsets H(l)

n ∈ M,
n = 1, . . . , l, such that

µ
(
H(l)

n

)
=

1
l
µ (X)

for all n = 1, . . . , l. Let M′ ⊂ M be the σ-algebra generated by the collection
{
H(l)

n : l ∈ N, 1 ≤ n ≤ l
}

.

Then M′ is generated by a countable family of sets, and we claim that µ :
M′ → [0,∞) is nonatomic. Indeed, let F ∈ M′ with µ (F ) > 0. We show that
there exists G ∈ M′, G ⊂ F , with 0 < µ (G) < µ (F ). Choose l so large that

1
l
µ (X) < µ (F ) .

Since

F =
l⋃

n=1

F ∩H(l)
n ,

there exists n ∈ {1, . . . , l} such that

µ
(
F ∩H(l)

n

)
> 0.

Set G := F ∩H(l)
n ⊂ F . Then

0 < µ (G) ≤ µ
(
H(l)

n

)
≤ 1

l
µ (X) < µ (F ) ,

and so the claim holds.
In view of Step 1 there exist En ∈M′ such that χEn

∗
⇀ θ in L∞ (X,M′, µ).

We show that χEn

∗
⇀ θ in L∞ (X,M, µ). Let u ∈ L1 (X,M, µ) and define the

signed measure
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λu (F ) :=
∫

F

u dµ, F ∈M′.

Then λu is a finite signed measure absolutely continuous with respect to
µ : M′ → [0,∞), and so by the Radon–Nikodym theorem there exists
v ∈ L1 (X,M′, µ) such that

λu (F ) =
∫

F

v dµ, F ∈ M′.

Therefore∫
En

u dµ = λu (En) =
∫

En

v dµ→ θ

∫
X

v dµ = θλu (X) = θ

∫
X

u dµ.

This concludes the proof.

We conclude this section with a well-known compactness condition that
will be used to prove the Rellich-Kondrachov theorem in [FoLe10].

Theorem 2.88. Let 1 ≤ p < ∞ and let {un} be a sequence of functions
converging weakly in Lp

(
R

N
)
. Then {un} converges strongly in Lp

(
R

N
)

if
and only if

lim
h→0

sup
n∈N

∫
RN

|un (x+ h)− un (x)|p dx = 0, (2.73)

lim
R→∞

sup
n∈N

∫
RN\B(0,R)

|un (x)|p dx = 0. (2.74)

Proof. Step 1: Assume that (2.73) and (2.74) hold and consider standard
mollifiers of the form

ϕk (x) := kN ϕ (k x) , x ∈ R
N , k ∈ N,

where ϕ is defined in (2.55). For u ∈ Lp
(
R

N
)

and x ∈ R
N set

u(k) (x) :=
∫

RN

ϕk (x− y)u (y) dy.

By Hölder’s inequality and (2.54) we have
∣∣∣u(k) (x)− u (x)

∣∣∣p ≤
∫

RN

ϕk (x− y) |u (y)− u (x)|p dy (2.75)

≤ ckN

∫
B(0, 1

k )
|u (x+ h)− u (x)|p dh.

Hence by Fubini’s theorem,∫
RN

∣∣∣u(k) (x)− u (x)
∣∣∣p dx ≤ ckN

∫
B(0, 1

k )

∫
RN

|u (x+ h)− u (x)|p dx dh.

(2.76)
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Fix ε > 0. Taking into account (2.73) we have that

sup
n∈N

∫
RN

|un (x+ h)− un (x)|p dx ≤ ε

for all h sufficiently small. Hence, by applying (2.76) to un we get

sup
n∈N

∫
RN

∣∣∣(un)(k) (x)− un (x)
∣∣∣p dx

≤ ckN

∫
B(0, 1

k )
sup
n∈N

∫
RN

|un (x+ h)− un (x)|p dx dh ≤ cε

for all k sufficiently large, and so

lim
k→∞

sup
n∈N

∫
RN

∣∣∣(un)(k) (x)− un (x)
∣∣∣p dx = 0. (2.77)

Let u0 be the weak limit of {un}. Then we have

‖un − u0‖Lp ≤
∥∥∥(un)(k) − un

∥∥∥
Lp

+
∥∥∥(un)(k) − (u0)

(k)
∥∥∥

Lp
+
∥∥∥(u0)

(k) − u0

∥∥∥
Lp

.

Fix ε > 0. By (2.77) and Theorem 2.73(iii) there exists k̄ depending only on
ε such that for all k ≥ k̄ and all n ∈ N the first and last terms in the previous
inequality are both bounded by ε, and so

‖un − u0‖Lp ≤
∥∥∥(un)(k) − (u0)

(k)
∥∥∥

Lp
+ 2ε

for all k ≥ k̄ and all n ∈ N. Hence to complete the proof it suffices to show
that

lim
n→∞

∥∥∥(un)(k̄) − (u0)(
k̄)
∥∥∥

Lp
= 0. (2.78)

By (2.74) and the fact that u0 ∈ Lp
(
R

N
)
, there exists R > 1 such that

sup
n∈N

∫
RN\B(0,R−1)

|un (x)|p dx+
∫

RN\B(0,R−1)

|u0 (x)|p dx ≤ ε,

and so reasoning as in (2.75) and (2.76),
∫

RN\B(0,R)

∣∣∣(un)(k̄) − (u0)(
k̄)
∣∣∣p dx (2.79)

≤ ck̄N

∫
B(0, 1

k̄ )

∫
RN\B(0,R)

|un (x+ h)− u0 (x+ h)|p dx dh

≤ ck̄N

∫
B(0, 1

k̄ )

∫
RN\B(0,R−1)

|un (y)− u0 (y)|p dy dh ≤ cε,
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where we have used the change of variables y = x + h. Since un ⇀ u0 in
Lp

(
R

N
)

it follows that for all x ∈ R
N ,

(un)(k̄) (x) =
∫

RN

ϕk̄ (x− y)un (y) dy

→
∫

RN

ϕk̄ (x− y)u0 (y) dy = (u0)(
k̄) (x)

as n → ∞. Moreover, reasoning as in (2.75) and since {un} is bounded in
Lp

(
R

N
)
, we get

∣∣∣(un)(k̄) (x)− (u0)(
k̄) (x)

∣∣∣p ≤ ck̄N

∫
B(0, 1

k̄ )
|un (x+ h)− u0 (x+ h)|p dh

≤ ck̄N

for all x ∈ R
N and all n ∈ N. Therefore, by the Lebesgue dominated conver-

gence theorem we have

lim
n→∞

∫
B(0,R)

∣∣∣(un)(k̄) − (u0)(
k̄)
∣∣∣p dx = 0,

which, combined with (2.79), yields (2.78).

Step 2: Conversely, assume that {un} converges strongly in Lp
(
R

N
)
. We

begin by showing that (2.73) holds for a single function u ∈ Lp
(
R

N
)
, that is,

lim
h→0

∫
RN

|u (x+ h)− u (x)|p dx = 0. (2.80)

Fix ε > 0. By Theorem 2.78 there exists a function v ∈ C∞
c

(
R

N
)

such that

‖v − u‖Lp ≤ ε.

Hence, by Minkowski’s inequality, and the change of variable y = x+ h,
(∫

RN

|u (x+ h)− u (x)|p dx
)1/p

≤
(∫

RN

|u (x+ h)− v (x+ h)|p dx
)1/p

+
(∫

RN

|v (x+ h)− v (x)|p dx
)1/p

+
(∫

RN

|u (x)− v (x)|p dx
)1/p

= 2 ‖u− v‖Lp +
(∫

RN

|v (x+ h)− v (x)|p dx
)1/p

≤ 2ε+
(∫

RN

|v (x+ h)− v (x)|p dx
)1/p

.
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Since v is uniformly continuous and has compact support, we may find δ =
δ (ε) > 0 such that

(∫
RN

|v (x+ h)− v (x)|p dx
)1/p

≤ ε

for all |h| ≤ δ. Hence (2.80) holds.
Since {un} converges to u0 in Lp

(
R

N
)
, there exists an integer n̄ such that

‖un − u0‖Lp ≤ ε

for all n ≥ n̄. Hence by Minkowski’s inequality and the change of variable
y = x+ h,

(∫
RN

|un (x+ h)− un (x)|p dx
)1/p

≤
(∫

RN

|un (x+ h)− u0 (x+ h)|p dx
)1/p

+
(∫

RN

|u0 (x+ h)− u0 (x)|p dx
)1/p

+
(∫

RN

|un (x)− u0 (x)|p dx
)1/p

=2 ‖un − u0‖Lp +
(∫

RN

|u0 (x+ h)− u0 (x)|p dx
)1/p

≤4ε+
(∫

RN

|u0 (x+ h)− u0 (x)|p dx
)1/p

for all n ≥ n̄. Using (2.80) with u0, . . . , un̄−1 in place of u we conclude that
(2.73) holds.

The proof of (2.74) follows a similar argument (see also Vitali’s convergence
theorem) and therefore we omit it.

2.2.3 Maximal Functions

In this subsection we introduce the notion of maximal function and study
its properties. Maximal functions will play an important role in the Sobolev
space setting in [FoLe10] but they will not be used in the remainder of this
volume.

Throughout this subsection we consider Lp spaces in the case that the
underlying measure is the Lebesgue measure.

Definition 2.89. Let u ∈ L1
loc

(
R

N
)
. The (Hardy–Littlewood) maximal func-

tion of u is defined by
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M (u) (x) := sup
r>0

1
|B (x, r)|

∫
B(x,r)

|u (y)| dy

for all x ∈ R
N . For 0 < R ≤ ∞ we also define

MR (u) (x) := sup
0<r<R

1
|B (x, r)|

∫
B(x,r)

|u (y)| dy.

Note that M = M∞.

Exercise 2.90. Prove that the sets
{
x ∈ R

N : M (u) (x) > t
}

,
{
x ∈ R

N : MR (u) (x) > t
}

are open (and so Lebesgue measurable).

Theorem 2.91. Let u ∈ Lp
(
R

N
)
, 1 ≤ p ≤ ∞. Then

(i) u (x) ≤ M (u) (x) <∞ for LN a.e. x ∈ R
N ;

(ii) if p = 1 then for any t > 0,

∣∣{x ∈ R
N : M (u) (x) > t

}∣∣ ≤ 3N

t

∫
RN

|u (x)| dx; (2.81)

(iii) if 1 < p ≤ ∞ then M (u) ∈ Lp
(
R

N
)

and

‖M (u)‖Lp ≤ C (N, p) ‖u‖Lp .

The proof of the theorem is hinged on the following covering result.

Lemma 2.92 (Vitali). Let E ⊂ R
N be the union of a finite number of balls

B (xi, ri), i = 1, . . . , �. Then there exists a subset I ⊂ {1, . . . , �} such that the
balls B (xi, ri) with i ∈ I are pairwise disjoint and

E ⊂
⋃
i∈I

B (xi, 3ri) .

Proof. Without loss of generality we may assume that

r1 ≥ r2 ≥ . . . ≥ r�.

Put i1 := 1 and discard all the balls that intersect B (x1, r1). Let i2 be the
first integer, if it exists, such that B (xi2 , ri2) does not intersect B (x1, r1). If
i2 does not exist then set I := {i1}, while if i2 exists discard all the balls
B (xi, ri), with i > i2, that intersect B (xi2 , ri2). Let i3 > i2 be the first
integer, if it exists, such that B (xi3 , ri3) does not intersect B (xi2 , ri2). If i3
does not exist then set I := {i1, i2}; if i3 exists continue the process. Since
there is only a finite number of balls the process stops after a finite number
of steps and we obtain the desired set I ⊂ {1, . . . , �}.
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By construction, the balls B (xi, ri) with i ∈ I are pairwise disjoint. To
prove the last statement let x ∈ E. Then there exists i = 1, . . . , � such that
x ∈ B (xi, ri). If i ∈ I then there is nothing to prove. If i /∈ I then B (xi, ri) is
one of the balls that has been discarded and thus there exists j ∈ I such that
rj ≥ ri and B (xj , rj) ∩B (xi, ri) �= ∅. Let z ∈ B (xj , rj) ∩B (xi, ri). Then

|x− xj | ≤ |x− xi|+ |xi − z|+ |z − xj | < ri + ri + rj ≤ 3rj ,

and so x ∈ B (xj , 3rj) and the proof is complete.

We now turn to the proof of Theorem 2.91:

Proof (Theorem 2.91). We begin by proving (ii). Let

At :=
{
x ∈ R

N : M (u) (x) > t
}

.

By the definition of M (u), for every x ∈ At we can find a ball B (x, rx), with
rx > 0, such that

1
|B (x, rx)|

∫
B(x,rx)

|u (y)| dy > t. (2.82)

Let K ⊂ At be a compact set. Since {B (x, rx)}x∈At
is an open cover for K,

we may find a finite subcover. By the previous lemma there exists a disjoint
finite subfamily {B (xi, ri)}n

i=1, such that

K ⊂
n⋃

i=1

B (xi, 3ri) .

Hence, by (2.82),

|K| ≤ 3N
n∑

i=1

|B (xi, ri)| ≤
3N

t

n∑
i=1

∫
B(xi,ri)

|u| dy ≤ 3N

t

∫
RN

|u| dy.

Using the inner regularity of the Lebesgue measure, together with Exercise
2.90, we obtain that

∣∣{x ∈ R
N : M (u) (x) > t

}∣∣ ≤ 3N

t

∫
RN

|u| dy.

Note that this implies, in particular, that M (u) (x) <∞ for LN a.e. x ∈ R
N .

Thus (i) is proved for p = 1.
In order to prove (iii) it suffices to consider 1 < p < ∞, since the case

p = ∞ is immediate from the definition of M (u). For t > 0 define

ut (x) :=
{
u (x) if |u (x)| > t

2 ,
0 otherwise.

We claim that ut ∈ L1
(
R

N
)
. Indeed,
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∫
RN

|ut| dy =
∫
{x∈RN : |u(x)|> t

2}
|u| dy

≤
(

2
t

)p−1 ∫
{x∈RN : |u(x)|> t

2}
|u|p dy <∞.

Moreover, since |u| ≤ |ut|+ t
2 we have that M (u) ≤ M (ut) + t

2 , and so

{
x ∈ R

N : M (u) (x) > t
}
⊂
{
x ∈ R

N : M (ut) (x) >
t

2

}
.

Part (ii) applied to ut ∈ L1
(
R

N
)

now yields

∣∣{x ∈ R
N : M (u) (x) > t

}∣∣ ≤ 3N2
t

∫
RN

|ut| dy (2.83)

=
3N2
t

∫
{x∈RN : |u(x)|> t

2}
|u| dy.

Hence, using Theorem 1.123 and Fubini’s theorem we obtain
∫

RN

(M (u) (x))p
dx =

∫ ∞

0

∣∣{x ∈ R
N : (M (u) (x))p

> s
}∣∣ ds

= p

∫ ∞

0

tp−1
∣∣{x ∈ R

N : M (u) (x) > t
}∣∣ dt

≤ p3N2
∫ ∞

0

tp−2

∫
{x∈RN : |u(x)|> t

2}
|u (y)| dy dt

= p3N2
∫

RN

|u (y)|
(∫ 2|u(y)|

0

tp−2 dt

)
dy

=
p3N2p

p− 1

∫
RN

|u (x)|p dx.

This proves (iii) and in turn (i) for p > 1.

Property (ii) in the previous theorem is usually called the weak L1 inequal-
ity because, as opposed to the case p > 1 (see (iii)), for p = 1 the operator

u ∈ L1
(
R

N
)
�→ M (u)

is not bounded in L1. Actually, if u is not identically zero then M (u) /∈
L1

(
R

N
)
. To see this, it suffices to assume, without loss of generality, that

∫
B(0,1)

|u| dx > 0.

Then if |x| ≥ 1 it follows that B (0, 1) ⊂ B (x, 2 |x|), and thus for some c > 0,
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M (u) (x) ≥ 1
|B (x, 2 |x|)|

∫
B(x,2|x|)

|u (y)| dy ≥ c

|x|N
∫

B(0,1)

|u| dx,

with |x|−N
/∈ L1

(
R

N \B (0, 1)
)
. Moreover, even local integrability of M (u)

does not hold in general. However, it can be shown that M (u) ∈ L1
loc

(
R

N
)
,

provided u belongs to the space L logL
(
R

N
)
:

Definition 2.93. Let E ⊂ R
N be a Lebesgue measurable set. We say that a

measurable function u : E → R belongs to the space L logL (E) if
∫

E

|u (x)| log (2 + |u (x)|) dx <∞.

Note that
L logL

(
R

N
)

� L1
(
R

N
)
.

Proposition 2.94. Assume that u ∈ L logL
(
R

N
)
. Then M (u) is integrable

over measurable sets of finite measure.

Proof. Let E ⊂ R
N be any measurable set of finite measure. By Theorem

1.123,
∫

E

M (u) (x) dx =
∫ ∞

0

|{x ∈ E : M (u) > t}| dt

≤ |E|+
∫ ∞

1

|{x ∈ E : M (u) > t}| dt.

Now (2.83) and Fubini’s theorem yield

∫
E

M (u) (x) dx ≤ |E|+ C

∫ ∞

1

1
t

(∫
{x∈RN : |u(x)|>t/2}

|u (y)| dy
)
dt

= |E|+ C

∫
{x∈RN : |u(x)|> 1

2}
|u (y)|

(∫ 2|u(y)|

1

1
t
dt

)
dy

= |E|+ C

∫
{x∈RN : |u(x)|> 1

2}
|u (y)| log (2 |u (y)|) dy,

and so the proof is complete.

The previous proposition admits a partial converse, which relies on the
following decomposition theorem:

Theorem 2.95 (Calderón–Zygmund). Let u ∈ L1
(
R

N
)

be a nonnegative
function, and let t > 0. Then there exists a countable family {Qn} of open
mutually disjoint cubes such that

u (x) ≤ t for LN a.e. x ∈ R
N \

∞⋃
n=1

Qn, (2.84)
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and for every n ∈ N,

t <
1
|Qn|

∫
Qn

u (x) dx ≤ 2N t. (2.85)

Proof. Fix t > 0 and choose L > 0 large enough that
∫

RN

u (x) dx ≤ tLN .

Decompose R
N into a rectangular grid such that each cube Q of the partition

has side length L, and thus

1
|Q|

∫
Q

u (x) dx ≤ t. (2.86)

Fix one such cube Q and subdivide it into 2N congruent subcubes. Let Q′ be
one of these subcubes. If

1
|Q′|

∫
Q′
u (x) dx > t,

and in view of the fact that

1
|Q′|

∫
Q′
u (x) dx ≤ 2N

|Q|

∫
Q

u (x) dx ≤ 2N t,

then (2.85) is satisfied and therefore Q′ will be selected as one of the Qn. On
the other hand, if

1
|Q′|

∫
Q′
u (x) dx ≤ t

(note that by (2.86) there is at least one), then we subdivide Q′ into 2N

congruent subcubes and we repeat the process.
In this way we construct a family of cubes {Qn} for which (2.85) is satisfied,

and it remains to prove (2.84). It can be seen from the construction that the
cubes that were not selected to belong to the family {Qn} form a fine covering
F of R

N \
⋃∞

n=1Qn. Therefore if x ∈ R
N \

⋃∞
n=1Qn is a Lebesgue point for

u, then by Remark 1.160(ii) we have

u (x) = lim sup
diam F→0, F∈F , x∈F

1
|F |

∫
F

u (y) dy ≤ t

and the proof is completed.

Remark 2.96. A local version of the previous theorem holds. Precisely, if Q is
a cube, u ∈ L1 (Q) is nonnegative, and if

t ≥ 1
|Q|

∫
Q

u (x) dx,
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then it follows from the above proof that there exists a countable family
{Qn} ⊂ Q of open mutually disjoint cubes such that

u (x) ≤ t LN a.e. in Q \
∞⋃

n=1

Qn,

and for every n ∈ N,

t <
1
|Qn|

∫
Qn

u (x) dx ≤ 2N t.

As a consequence of the Calderón–Zygmund theorem we obtain a partial
reverse of the weak L1 inequality (2.81).

Corollary 2.97. Let u ∈ L1
loc

(
R

N
)
. Then there exists a constant C depending

on N such that for every cube Q in R
N and for every t > 0 such that

t >
1
|Q|

∫
Q

|u (x)| dx, (2.87)

we have

|{x ∈ Q : M (u) (x) > Ct}| ≥ C

t

∫
{y∈Q: |u(y)|>t}

|u (x)| dx, (2.88)

where

C := min
{

1

αNN
N
2

,
1

2N

}
.

Proof. Fix t as in (2.87) and apply the Calderón–Zygmund theorem together
with Remark 2.96 to |u| and t to find a family

{
Qn

}
⊂ Q of closed cubes with

mutually disjoint interiors such that

|u (x)| ≤ t for LN a.e. x ∈ Q \
∞⋃

n=1

Qn, (2.89)

and for every n ∈ N,

t <
1
|Qn|

∫
Qn

|u (y)| dy ≤ 2N t. (2.90)

If x ∈ Qn then the ball centered at x with radius Rn :=
√
N |Qn|

1
N contains

Qn, and so it follows from (2.90) that

M (u) (x) ≥ 1
|B (x,Rn)|

∫
B(x,Rn)

|u (y)| dy

≥ 1
|B (x,Rn)|

∫
Qn

|u (y)| dy ≥ 1

αNN
N
2
t.
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Therefore, in view of (2.89) and (2.90),

∣∣∣∣
{
x ∈ Q : M (u) (x) >

1

αNN
N
2
t

}∣∣∣∣ ≥
∞∑

n=1

|Qn|

≥ 1
2N t

∞∑
n=1

∫
Qn

|u (x)| dx =
1

2N t

∫
{y∈Q: |u(y)|>t}

|u (x)| dx.

It suffices to set

C := min
{

1

αNN
N
2

,
1

2N

}
.

This concludes the proof.

We are now ready to prove a partial converse of Proposition 2.94.

Proposition 2.98. If Q is a cube in R
N and u ∈ L1

loc

(
R

N
)

is such that
M (u) ∈ L1 (Q), then u ∈ L logL (Q) and

∫
Q

|u (x)| log (2 + |u (x)|) dx

≤ C (N, |Q|) ‖M (u)‖L1(Q) log
(
2 + ‖M (u)‖L1(Q)

)
.

Proof. Fix

t := 1 +
1
|Q|

∫
Q

|u (y)| dy.

We have∫
Q

|u| log (2 + |u|) dx

≤ log (2 + t)
∫
{x∈Q:|u|≤t}

|u| dx+
∫
{x∈Q:|u|>t}

|u| log (2 + |u|) dx

≤ log (2 + t)
∫
{x∈Q:|u|≤t}

M (u) dx+
∫
{x∈Q:|u|>t}

|u| log (3 |u|) dx

(2.91)

≤ (log (2 + t) + log 3)
∫

Q

M (u) dx+
∫
{x∈Q:|u|>t}

|u| log |u| dx,

where we have used the fact that |u| ≤ M (u) LN a.e. in Q.
Using Fubini’s theorem and Theorem 1.123, together with (2.88), we obtain
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∫
{x∈Q:|u|>t}

|u| log |u| dx =
∫
{x∈Q:|u|>t}

|u|
(∫ |u(y)|

1

1
s
ds

)
dx

=
∫ ∞

t

1
s

(∫
{x∈Q:|u|>s}

|u (x)| dx
)
ds

≤ 1
C

∫ ∞

t

|{x ∈ Q : M (u) (x) > Cs}| ds

=
1
C2

∫
{x∈Q: M(u)>Ct}

M (u) dx ≤ 1
C2

∫
Q

M (u) dx.

Hence by (2.91),
∫

Q

|u| log (2 + |u|) dx ≤
(

log (2 + t) + log 3 +
1
C2

)∫
Q

M (u) dx

≤ C (N, |Q|) ‖M (u)‖L1(Q) log
(
2 + ‖M (u)‖L1(Q)

)
,

where we have used the fact that

t ≤ 1 +
1
|Q|

∫
Q

M (u) dx.

The proof is now complete.

Remark 2.99. A simple covering argument yields an analogue to Proposition
2.98 for arbitrary compact sets. Precisely, if Ω ⊂ R

N is an open set and
Ω′ ⊂⊂ Ω then there exists a constant C = C (N,Ω′, Ω) > 0 such that

∫
Ω′
|u| log (2 + |u|) dx ≤ C ‖M (u)‖L1(Ω) log

(
2 + ‖M (u)‖L1(Ω)

)
.

We conclude this subsection with an alternative proof of the Lebesgue
differentiation theorem for the Lebesgue measure using maximal functions.

Theorem 2.100 (Lebesgue differentiation theorem). Let u ∈ L1
loc

(
R

N
)
.

Then there exists a Borel set E ⊂ R
N , with |E| = 0, such that

R
N \ E ⊂

{
x ∈ R

N : u (x) ∈ R
}

and for any x ∈ R
N \ E,

lim
r→0+

1
|B (x, r)|

∫
B(x,r)

u (y) dy = u (x) . (2.92)

Proof. Since the result is local, we may assume, without loss of generality,
that u ∈ L1

(
R

N
)
. Since for every x ∈ R

N
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∣∣∣∣∣lim inf
r→0+

1
|B (x, r)|

∫
B(x,r)

u (y) dy

∣∣∣∣∣ ≤ M (u) (x) , (2.93)

∣∣∣∣∣lim sup
r→0+

1
|B (x, r)|

∫
B(x,r)

u (y) dy

∣∣∣∣∣ ≤ M (u) (x) ,

it follows from Theorem 2.91(i)–(ii) that the function

ũ (x) := lim sup
r→0+

1
|B (x, r)|

∫
B(x,r)

u (y) dy

− lim inf
r→0+

1
|B (x, r)|

∫
B(x,r)

u (y) dy

is well-defined (and in turn finite) for LN a.e. x ∈ R
N , and for every t > 0,

∣∣{x ∈ R
N : ũ (x) > 2t

}∣∣ ≤ ∣∣{x ∈ R
N : M (u) (x) > t

}∣∣
≤ 3N

t

∫
RN

|u (x)| dx.

If we now replace in the previous inequality u with u− v, where v ∈ Cc

(
R

N
)
,

and observe that ũ (x) = ˜(u− v) (x) for LN a.e. x ∈ R
N , then we obtain that

∣∣{x ∈ R
N : ũ (x) > 2t

}∣∣ ≤ ∣∣{x ∈ R
N : M (u− v) (x) > t

}∣∣
≤ 3N

t

∫
RN

|u (x)− v (x)| dx.

Since Cc

(
R

N
)

is dense in L1
(
R

N
)
, the right-hand side of the previous in-

equality can be made arbitrarily small, and so
∣∣{x ∈ R

N : ũ (x) > 2t
}∣∣ = 0

for all t > 0. Hence ũ (x) = 0 for LN a.e. x ∈ R
N , and in turn, by (2.93) we

have that there exists

lim
r→0+

1
|B (x, r)|

∫
B(x,r)

u (y) dy ∈ R (2.94)

for all x ∈ R
N \ E1, where E1 is a set of Lebesgue measure zero.

Take r = 1
n , and apply Theorem 2.73 (see also Remark 2.72) to conclude

that the sequence of functions

vn (x) :=
1∣∣B (
x, 1

n

)∣∣
∫

B(x, 1
n )
u (y) dy

converges in L1 to u. In view of Theorem 2.20(iii), we may extract a sub-
sequence {vnk

} converging pointwise to u except on a set E2 of Lebesgue
measure zero. Therefore if x /∈ E := E1 ∪ E2 then (2.92) follows from (2.94).
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2.3 Lp Spaces on Banach Spaces

In this section we briefly introduce Lp spaces on Banach spaces. These will
play an important role in the study of Young measures in the last chapter.
We will omit most of the proofs, since the only results that will be used in the
sequel are Theorem 2.108 and part (i) of the Riesz representation theorem in
Lp (X;Y ), which we will prove. We refer to [DuSc88], [DieU77], [Ed95], and
[SY05] for more information on the subject and for the proofs omitted here.

Definition 2.101. Let (X,M, µ) be a measure space and let Y be a Banach
space. A (measurable) simple function s is a function s : X → Y of the form

s =
�∑

i=1

ciχEi
,

where � ∈ N, c1, . . . , c� ∈ Y are distinct and the sets Ei ⊂ X are measurable
and mutually disjoint.

(i) A function u : X → Y is said to be strongly measurable if there exists a
sequence {sn} of (measurable) simple functions sn : X → Y such that

lim
n→∞

‖sn (x) − u (x)‖Y = 0 for µ a.e. x ∈ X.

(ii) A function u : X → Y is said to be weakly measurable if for any L ∈ Y ′

the function
x ∈ X �→ L (u (x)) is measurable.

(iii) A function u : X → Y ′ is said to be weakly star measurable if for any
y ∈ Y the map

x ∈ X �→ 〈u (x) , y〉Y ′,Y = u (x) (y) is measurable,

where 〈·, ·〉Y ′,Y : Y ′ × Y → R is the duality pairing.

Exercise 2.102. Let (X,M, µ) be a measure space and let Y be a Banach
space. Prove that if a function u : X → Y is strongly measurable then the
function x ∈ X �→ ‖u (x)‖Y is measurable.

Exercise 2.103 (Egoroff). Let (X,M, µ) be a measure space with µ finite,
let Y be a Banach space, and let u, un : X → Y , n ∈ N, be strongly measurable
functions such that

lim
n→∞

‖un (x) − u (x)‖Y = 0

for µ a.e. x ∈ X. Prove that for every ε > 0 there exists a measurable set
E ∈ M, with µ (X \ E) ≤ ε, such that

lim
n→∞

‖un (x) − u (x)‖Y = 0
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uniformly on E: (Hint: For every n, k ∈ N define

En,k :=
⋂

i,j>n

{
x ∈ X : ‖ui (x) − uj (x)‖Y <

1
k

}

and prove that there exists an increasing sequence {nk}k∈N
such that the set

E :=
∞⋂

k=1

Enk,k

has the desired properties.)

The relation between weak and strong measurability is given by the fol-
lowing theorem.

Theorem 2.104 (Pettis). Let (X,M, µ) be a measure space with µ finite
and let Y be a Banach space. A function u : X → Y is strongly measurable if
and only if it is weakly measurable and there exists E ∈ M, with µ (E) = 0,
such that the set u (X \ E) is a separable set of Y (in the norm sense).

Proof. We prove only the easy direction of the theorem, because it will be
needed in Theorem 2.108. Thus assume that u : X → Y is strongly measur-
able. Then there exists a sequence {sn} of simple functions sn : X → Y such
that

lim
n→∞

‖sn (x) − u (x)‖Y = 0 for µ a.e. x ∈ X.

Hence for any L ∈ Y ′ we have that

lim
n→∞

L (sn (x)) = L (u (x)) for µ a.e. x ∈ X.

Since the function L ◦ sn : X → R is a simple function it follows that the
real-valued function

x ∈ X �→ L (u (x))

is measurable as the pointwise limit of measurable functions.
By Egoroff’s theorem, for every k ∈ N there exists a measurable set Ek ∈

M, with µ (Ek) ≤ 1
k , such that

lim
n→∞

‖sn (x) − u (x)‖Y = 0

uniformly on X \Ek. Since the range of each sn is finite, the set
⋃∞

n=1 sn (X)
is countable. Hence for every k ∈ N the set u (X \ Ek) is separable, and so is
the set

u

(
X \

( ∞⋂
k=1

Ek

))
= u

( ∞⋃
k=1

(X \ Ek)

)
=

∞⋃
k=1

u ((X \ Ek)) .
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To conclude this part of the proof we observe that for every j ∈ N,

0 ≤ µ

( ∞⋂
k=1

Ek

)
≤ µ (Ej) ≤

1
j
→ 0

as j →∞.

Example 2.105. Let µ be the Lebesgue measure on [0, 1] and define the func-
tion u : [0, 1] → �∞ by

u (x) :=
{

sgn (sin (2nπx)) + 1
2

}
n∈N

, x ∈ [0, 1] .

By Remark 2.42 we may identify �∞ with the dual
(
�1
)′, so for every y =

{yn}n∈N
∈ �1 we have that

x ∈ [0, 1] �→ (u (x)) (y) =
∞∑

n=1

yn
sgn (sin (2nπx)) + 1

2

is well-defined. This is a measurable function; hence u is weakly star measur-
able. It may be verified that there is no set E ∈M, with µ (E) = 0, such that
the set u (X \ E) is a separable set of �∞ and, even more, that there exists
L ∈ (�∞)′ such that the function

x ∈ [0, 1] �→ L (u (x)) is not measurable.

Hence u is not weakly measurable (and so, by the Pettis theorem, it is not
strongly measurable). We refer to [DieU77] for more details.

Definition 2.106. Let (X,M, µ) be a measure space and let Y be a Banach
space. A (measurable) simple function s : X → Y is (Bochner) integrable if
it has the form

s =
�∑

i=1

ciχEi
,

where c1, . . . , c� ∈ Y , � ∈ N, are distinct, the sets Ei ⊂ X are mutually
disjoint, and ci = 0 whenever µ (Ei) =∞. For any measurable set E ∈M the
Bochner integral of s over E is defined by

∫
E

s dµ :=
�∑

i=1

ciµ (Ei ∩ E) ,

where ciµ (Ei ∩ E) is set to be zero whenever ci = 0 and µ (Ei ∩E) = ∞.

Definition 2.107. Let (X,M, µ) be a measure space and let Y be a Banach
space. A strongly measurable function u : X → Y is (Bochner) integrable if
there exists a sequence {sn} of simple integrable functions such that
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lim
n→∞

‖sn (x)− u (x)‖Y = 0 for µ a.e. x ∈ X

and
lim

n→∞

∫
X

‖sn − u‖Y dµ = 0.

For any measurable set E ∈M the Bochner integral of u over E is defined by
∫

E

u dµ := lim
n→∞

∫
E

sn dµ.

It may be verified that this limit exists and that is independent of the
particular sequence {sn}.

Theorem 2.108. Let (X,M, µ) be a measure space with µ finite and let Y
be a Banach space. A strongly measurable function u : X → Y is (Bochner)
integrable if and only if ‖u‖Y is Lebesgue integrable over X.

Proof. Assume that the real-valued function x ∈ X �→ ‖u (x)‖Y is integrable.
Since u is strongly measurable, by the Pettis theorem there exists E ∈ M,
with µ (E) = 0, such that the set u (X \ E) is a separable subset of Y . Let
{yn} ⊂ Y be a dense set in u (X \ E). By Exercise 2.102, for each n ∈ N the
function x ∈ X �→ ‖u (x)− yn‖Y is measurable, and so for each k ∈ N the set

En,k :=
{
x ∈ X \ E : ‖u (x)− yn‖Y <

1
k

}

is measurable. By the density of {yn} in u (X \ E) we have that

∞⋃
n=1

En,k = X \ E

for every k ∈ N. For every n, k ∈ N define

Fn,k := En,k \
n−1⋃
j=1

Ej,k.

Then for each fixed k ∈ N, the measurable sets {Fn,k}n∈N
are pairwise disjoint

with ∞⋃
n=1

Fn,k = X \ E.

Since x ∈ X �→ ‖u (x)‖Y is integrable and

µ (X) = µ (X \ E) =
∞∑

n=1

µ (Fn,k) ,

we may find an integer nk ∈ N so large that
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∫
∞⋃

n=nk+1
Fn,k

‖u‖Y dµ ≤ 1
k

,
∞∑

n=nk+1

µ (Fn,k) ≤ 1
k

. (2.95)

Define the simple function

sk (x) :=
{
yn if x ∈ Fn,k, n = 1, . . . ,nk,
0 otherwise.

Then

‖sk (x)− u (x)‖Y ≤
1
k

for all x ∈
nk⋃

n=1

Fn,k,

and so by (2.95)2,

lim
k→∞

‖sk (x)− u (x)‖Y = 0 for µ a.e. x ∈ X,

while by (2.95)1,
∫

X

‖sk − u‖Y dµ =
nk∑

n=1

∫
Fn,k

‖sk − u‖Y dµ+
∫

∞⋃
n=nk+1

Fn,k

‖u‖Y dµ

≤ 1
k

nk∑
n=1

µ (Fn,k) +
1
k
≤ 1
k

(µ (X) + 1) → 0

as k →∞. Thus u : X → Y is Bochner integrable.
Conversely, assume that u : X → Y is Bochner integrable and consider a

sequence {sn} of simple integrable functions such that

lim
n→∞

‖sn (x)− u (x)‖Y = 0 for µ a.e. x ∈ X

and
lim

n→∞

∫
X

‖sn − u‖Y dµ = 0.

Then for x ∈ X and for �, n ∈ N

0 ≤ |‖sn (x)‖Y − ‖s� (x)‖Y | ≤ ‖sn (x)− s� (x)‖Y

≤ ‖sn (x)− u (x)‖Y + ‖s� (x)− u (x)‖Y ,

and so∫
X

|‖sn‖Y − ‖s�‖Y | dµ ≤
∫

X

‖sn − u‖Y dµ+
∫

X

‖s� − u‖Y dµ→ 0

as �, n → ∞. Thus {‖sn‖Y } is a Cauchy sequence in L1 (X,M, µ), and so it
converges in L1 (X,M, µ) (and up to a subsequence also pointwise µ a.e. in
X) to a function v : X → R. On the other hand, for µ a.e. x ∈ X,

0 ≤ |‖sn (x)‖Y − ‖u (x)‖Y | ≤ ‖sn (x)− u (x)‖Y → 0

as n → ∞. Hence v (x) = ‖u (x)‖Y for µ a.e. x ∈ X, which shows that ‖u‖Y

is integrable.
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Definition 2.109. Let (X,M, µ) be a measure space, let Y be a Banach space,
and let 1 ≤ p <∞. Then

Lp ((X,M, µ) ;Y ) :=
{
u : X → Y : u strongly measurable,

‖u‖Lp((X,M,µ);Y ) <∞
}
,

where

‖u‖Lp((X,M,µ);Y ) :=
(∫

X

‖u‖p
Y dµ

)1/p

.

If p =∞ then

L∞ ((X,M, µ) ;Y ) :=
{
u : X → Y : u strongly measurable,

‖u‖L∞((X,M,µ);Y ) <∞
}
,

where

‖u‖L∞((X,M,µ);Y ) = esssup
x∈X

‖u (x)‖Y

:= inf {α ∈ R : ‖u (x)‖Y < α µ a.e. x ∈ X} .

When there is no possibility of confusion we abbreviate Lp ((X,M, µ) ;Y )
as Lp (X;Y ). As in the case Y = R we identify functions with their equivalence
classes.

Theorem 2.110. Let (X,M, µ) be a measure space and let Y be a Banach
space.

(i) Lp (X;Y ) is a Banach space for 1 ≤ p ≤ ∞;
(ii) the family of all integrable simple functions is dense in Lp (X;Y ) for

1 ≤ p <∞;
(iii) if X is a separable metric space, µ is a σ-finite Radon measure, and if Y

is separable, then Lp (X;Y ) is separable for 1 ≤ p <∞.

A major problem in the theory of Lp spaces on Banach spaces is the
identification of the dual of Lp (X;Y ). Here we will consider only the two
important special cases in which Y is either separable or reflexive.

Definition 2.111. Let (X,M, µ) be a measure space, let Y be a Banach space,
and let 1 ≤ p ≤ ∞. Then the space Lp

w (X;Y ′) is the space of all (equivalence
classes of) weakly star measurable functions u : X → Y ′ such that ‖u‖Y ′ ∈
Lp (X; R). The space Lp

w (X;Y ′) is endowed with the norm

‖u‖Lp
w(X;Y ′) :=

(∫
X

‖u‖p
Y ′ dµ

)1/p
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for 1 ≤ p <∞, and

‖u‖L∞
w (X;Y ′) := esssup

x∈X
‖u (x)‖Y ′

for p =∞.

Theorem 2.112 (Riesz representation theorem in Lp). Let (X,M, µ)
be a measure space with µ σ-finite, let Y be a Banach space, let 1 ≤ p < ∞,
and let q be its Hölder conjugate exponent.

(i) Assume that Y is separable. If L ∈ (Lp (X;Y ))′ then there exists a unique
v ∈ Lq

w (X;Y ′) such that

L (u) =
∫

X

〈v, u〉Y ′,Y dµ (2.96)

for everyu ∈ Lp (X;Y ).Moreover, thenormofLcoincideswith‖v‖Lq
w(X;Y ′).

Conversely, every functional of the form (2.96), where v ∈ Lq
w (X;Y ′), is

a bounded linear functional on Lp (X;Y ).
(ii) Assume that Y is reflexive. Then for L ∈ (Lp (X;Y ))′ there exists a unique

v ∈ Lq (X;Y ′) such that

L (u) =
∫

X

〈v, u〉Y ′,Y dµ (2.97)

for everyu ∈ Lp (X;Y ).Moreover, thenormofL coincideswith ‖v‖Lq(X;Y ′).
Conversely, every functional of the form (2.97), where v ∈ Lq (X;Y ′), is
a bounded linear functional on Lp (X;Y ).

Proof. We prove only (i). Let L ∈ (Lp (X;Y ))′. Since Y is separable there
exists {yn} ⊂ Y such that {yn} = Y . For each n ∈ N the functional

Ln (u) := L (uyn) u ∈ Lp (X) = Lp (X; R)

is linear and

‖Ln‖(Lp(X))′ = sup
u∈Lp(X)\{0}

|L (uyn)|
‖u‖Lp(X)

≤ ‖L‖(Lp(X;Y ))′ ‖yn‖Y <∞, (2.98)

and so by the Riesz representation theorem in Lp (X) there exists vyn
∈

Lp′
(X) such that

L (uyn) =
∫

X

uvyn
dµ for all u ∈ Lp (X) (2.99)

and (see (2.98))

‖Ln‖(Lp(X))′ = ‖vyn
‖Lp′ (X) ≤ ‖L‖(Lp(X;Y ))′ ‖yn‖Y . (2.100)
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We claim that ∥∥∥∥sup
n∈N

|vyn
|

‖yn‖Y

∥∥∥∥
Lp′ (X)

≤ ‖L‖(Lp(X;Y ))′ . (2.101)

If p = 1 then from (2.100),

|vyn
(x)| ≤ ‖L‖(Lp(X;Y ))′ ‖yn‖Y for LN a.e. x ∈ X and for all n ∈ N,

and so the claim follows.
If p > 1 fix l ∈ N and write

sup
1≤n≤l

|vyn
(x)|

‖yn‖Y

=
l∑

n=1

χEn
(x)

|vyn
(x)|

‖yn‖Y

, x ∈ X,

where the sets E1, . . . , El are measurable and pairwise disjoint. Note that the
function

u :=
l∑

n=1

χEn

|vyn
|p

′−2

‖yn‖p′

Y

vyn
yn

belongs to Lp (X;Y ). Indeed,

‖u‖p
Lp(X;Y ) =

∫
X

∥∥∥∥∥
l∑

n=1

χEn

|vyn
|p

′−2

‖yn‖p′

Y

vyn
yn

∥∥∥∥∥
p

Y

dµ

=
l∑

n=1

∫
En

|vyn
|p

′

‖yn‖p′

Y

dµ =
l∑

n=1

∫
En

(
sup

1≤k≤l

|vyk
|

‖yk‖Y

)p′

dµ (2.102)

=
∫

X

(
sup

1≤k≤l

|vyk
|

‖yk‖Y

)p′

dµ.

Then, by the linearity of L and (2.99),

|L (u)| =
∣∣∣∣∣

l∑
n=1

L

(
χEn

|vyn
|p

′−2

‖yn‖p′

Y

vyn
yn

)∣∣∣∣∣ =
l∑

n=1

∫
En

|vyn
|p

′

‖yn‖p′

Y

dµ

=
∫

X

(
sup

1≤k≤l

|vyk
|

‖yk‖Y

)p′

dµ ≤ ‖L‖(Lp(X;Y ))′ ‖u‖Lp(X;Y )

= ‖L‖(Lp(X;Y ))′

(∫
X

(
sup

1≤k≤l

|vyk
|

‖yk‖Y

)p′

dµ

)1/p

,

where we used (2.102), and so

(∫
X

(
sup

1≤k≤l

|vyk
|

‖yk‖Y

)p′

dµ

)1/p′

≤ ‖L‖(Lp(X;Y ))′ ,
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and by letting l →∞ the claim follows from the Lebesgue monotone conver-
gence theorem.

We are now ready to construct the function v ∈ Lq
w (X;Y ′) in the state-

ment. Since {yn} is dense in Y , for every y ∈ Y we may find a subsequence{
ynj

}
converging to y. For all u ∈ Lp (X) and k > j we have
∣∣∣∣
∫

X

u
(
vynk

− vynj

)
dµ

∣∣∣∣ =
∣∣L (uynk

− uynj

)∣∣
≤ ‖L‖(Lp(X;Y ))′

∥∥ynk
− ynj

∥∥
Y
‖u‖Lp(X) ,

and so by Corollary A.42,
∥∥∥vynk

− vynj

∥∥∥
Lp′ (X)

≤ ‖L‖(Lp(X;Y ))′
∥∥ynk

− ynj

∥∥
Y
→ 0

as j → ∞. Hence
{
vynj

}
is a Cauchy sequence in Lp′

(X); thus there exists

vy ∈ Lp′
(X) such that vynj

→ vy in Lp′
(X). Similar reasoning also shows

that vy does not depend on the particular approximating subsequence. From
(2.99) and (2.100), taking nj in place of n and letting j →∞, we obtain

L (uy) =
∫

X

uvy dµ for all u ∈ Lp (X) (2.103)

and
‖vy‖Lp′ (X) ≤ ‖L‖(Lp(X;Y ))′ ‖y‖Y . (2.104)

Define v : X → Y ′ as

v (x) : Y → R,
y �→ vy (x) .

Note that v (x) is linear in view of the linearity of L and (2.103). Using once
more the fact that {yn} is dense in Y , we have that

‖v (x)‖Y ′ = sup
n

|v (x) (yn)|
‖yn‖Y

= sup
n

|vyn
(x)|

‖yn‖Y

,

which is finite for µ a.e. x ∈ X by (2.101).
Moreover, for any y ∈ Y the map x ∈ X �→ v (x) (y) = vy (x) is measur-

able, and so v is weakly star measurable, and by (2.101),

‖v‖Lp
w(X;Y ′) =

∥∥∥∥sup
n∈N

(
|vyn

|
‖yn‖Y

)∥∥∥∥
Lp′ (X)

≤ ‖L‖(Lp(X;Y ))′ .

To prove the reverse inequality we observe that the class S of simple functions
of the form
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s =
n∑

i=1

χFi
ciyi, (2.105)

where ci ∈ R and Fi ∈ M for all i = 1, . . . , n, is dense in Lp (X;Y ), and so

‖L‖(Lp(X;Y ))′ = sup
s∈S\{0}

|L (s)|
‖s‖Lp(X;Y )

.

For any s ∈ S of the form (2.105), by (2.99) and Hölder’s inequality we have

|L (s)| =
∣∣∣∣∣

n∑
i=1

∫
Fi

civyi
dµ

∣∣∣∣∣ ≤
n∑

i=1

∫
Fi

|ci| ‖yi‖Y

|vyi
|

‖yi‖Y

dµ

≤
∫

X

(
n∑

i=1

χFi
|ci| ‖yi‖Y

)
sup

k

|vyk
|

‖yk‖Y

dµ

≤
(

n∑
i=1

|ci|p ‖yi‖p
Y µ (Fi)

)1/p ∥∥∥∥sup
k∈N

(
|vyk

|
‖yk‖Y

)∥∥∥∥
Lp′ (X)

= ‖s‖Lp(X;Y )

∥∥∥∥sup
k∈N

(
|vyk

|
‖yk‖Y

)∥∥∥∥
Lp′ (X)

.

Hence

‖L‖(Lp(X;Y ))′ = sup
s∈S\{0}

|L (s)|
‖s‖Lp(X;Y )

≤
∥∥∥∥sup

k∈N

(
|vyk

|
‖yk‖Y

)∥∥∥∥
Lp′ (X)

= ‖v‖Lp
w(X;Y ′) ,

and so
‖L‖(Lp(X;Y ))′ = ‖v‖Lp

w(X;Y ′) .

Finally, for s ∈ S of the form (2.105), by the linearity of y �→ vy (x) for every
x ∈ X, we have

L (s) =
n∑

i=1

∫
Fi

civyi
(x) dµ (x) =

n∑
i=1

∫
Fi

vciyi
(x) dµ (x) =

n∑
i=1

∫
Fi

vs(x) dµ (x)

=
∫

X

vs(x) dµ (x) =
∫

X

v (x) (s (x)) dµ (x) =
∫

X

〈v (x) , s (x)〉Y ′,Y dµ (x) .

For any u ∈ Lp (X;Y ) find a sequence {sj} ⊂ S of simple functions such that

lim
j→∞

‖sj (x)− u (x)‖Y = 0 for µ a.e. x ∈ X.

Then
L (u) = lim

j→∞
L (sj) = lim

j→∞

∫
X

vsj(x) dµ (x) .

From (2.104), and again using the linearity of y �→ vy (x) for µ a.e. x ∈ X, we
deduce that
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∥∥vsj(x) − vu(x)

∥∥
Lp′ (X)

≤ ‖L‖(Lp(X;Y ))′ ‖sj (x)− u (x)‖Y → 0,

and so
L (u) =

∫
X

vu(x) dµ (x) =
∫

X

〈v (x) , u (x)〉Y ′,Y dµ (x) ,

and this concludes the proof.
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The Direct Method and Lower Semicontinuity

Although this may seem a
paradox, all exact science is
dominated by the idea of
approximation.

Bertrand Russell (1872–1970)

The direct method in the calculus of variations is an important tool in
relaxation theory and it relies heavily on the notion of lower semicontinuity,
which is the subject of the next section.

3.1 Lower Semicontinuity

Definition 3.1. Let V be a topological space and let I : V → [−∞,∞].

(i) I is lower semicontinuous if the set {v ∈ V : I (v) ≤ t} is closed for every
t ∈ R.

(ii) I is sequentially lower semicontinuous if the set {v ∈ V : I (v) ≤ t} is
sequentially closed for every t ∈ R.

(iii) I is upper semicontinuous (respectively sequentially upper semicontinu-
ous) if −I is lower semicontinuous (respectively sequentially lower semi-
continuous).

Remark 3.2. Note that (i) implies (ii). To see this, assume that I is lower
semicontinuous, fix t ∈ R, and let {vn} ⊂ V be any sequence converging to v0
and such that I (vn) ≤ t. We claim that I (v0) ≤ t. Indeed, if t < I (v0) then
the set I−1 ((t,∞]) is an open set containing v0, and thus vn ∈ I−1 ((t,∞])
for all n sufficiently large, which is a contradiction. Hence I (v0) ≤ t, and so
the set {v ∈ V : I (v) ≤ t} is sequentially closed.
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In general, the converse is not true (see Exercise A.34 below). However, it
can be shown that (ii) implies (i) if V satisfies the first axiom of countability
(see Proposition 3.12 below).

The following characterizations of lower semicontinuity will be of use in
the sequel. We recall the definition of epigraph and of limit inferior.

Definition 3.3. Let (V, τ) be a topological space and let I : V → [−∞,∞].

(i) The epigraph of I is the set

epi I := {(v, t) ∈ V × R : I (v) ≤ t} .

(ii) For any v0 ∈ V the limit inferior of I as v tends to v0 is defined as

lim inf
v→v0

I (v) := sup
A∈τ(v0)

inf
v∈A\{v0}

I (v) ,

where τ (v0) stands for the collection of all open sets in τ that contain v0.1

Proposition 3.4. Let V be a topological space and let I : V → [−∞,∞].
Then the following are equivalent:

(i) I is lower semicontinuous;
(ii) epi I is closed;
(iii) for every v0 ∈ V

I (v0) ≤ lim inf
v→v0

I (v) .

Similarly, the following are equivalent:

(i)′ I is sequentially lower semicontinuous;
(ii)′ epi I is sequentially closed;
(iii)′ for every v0 ∈ V

I (v0) ≤ lim inf
n→∞

I (vn)

for every sequence {vn} converging to v0.

Proof. Step 1: We prove that (i) is equivalent to (ii). Assume that I is lower
semicontinuous and let

D := (V × R) \ epi I = {(v, t) ∈ V × R : I (v) > t} . (3.1)

Fix (v0, t0) ∈ D and let 0 < ε < I (v0)− t0. Then the set
1 In several books, supA∈τ(v0) infv∈A I (v) is used as a definition for the limit inferior

lim infv→v0 I (v). The definition we use here is in accordance with the definition of
limit, in which the value of the function at the point v0 plays no role. In particular,
with our definition we recover the fact that the limit exists at v0 if and only if
the limit inferior and superior coincide, while with the other definition one would
get that the limit inferior and superior at v0 coincide if and only if the function
I is continuous at v0.
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U := I−1 ((t0 + ε,∞])

is open and contains v0, and so U×(t0 − ε, t0 + ε) is a neighborhood of (v0, t0).
If (v, t) ∈ U × (t0 − ε, t0 + ε) then I (v) > t0 + ε > t, which implies that
(v, t) ∈ D. Hence D is open and its complement, epi I, is closed.

Conversely, assume that epi I is closed (and so the set D defined in (3.1)
is open), and for t0 ∈ R consider the set

U := {v ∈ V : I (v) > t0} .

If v0 ∈ U then for any fixed 0 < ε0 < I (v0)− t0 the pair (v0, t0 + ε0) belongs
to the open set D, and so we may find a neighborhood U0 ⊂ V of v0 and
0 < ε ≤ ε0 such that

U0 × (t0 + ε0 − ε, t0 + ε0 + ε) ⊂ D.

In particular, if v ∈ U0 then I (v) > t0 + ε0 − ε > t0, and so U0 ⊂ U , which
shows that U is open and in turn proves the lower semicontinuity of I.

Step 2: We show that (i) is equivalent to (iii). Let I be lower semicontinuous
and assume by contradiction that there exists v0 ∈ V such that

I (v0) > lim inf
v→v0

I (v) .

Fix I (v0) > t > lim infv→v0 I (v). Then the open set

At := {v ∈ V : I (v) > t} (3.2)

belongs to τ (v0), and so

lim inf
v→v0

I (v) = sup
A∈τ(v0)

inf
v∈A\{v0}

I (v) ≥ inf
v∈At\{v0}

I (v) ≥ t,

which is a contradiction.
Conversely, assume that (iii) holds and fix t ∈ R. If the set At defined in

(3.2) is nonempty, fix any v0 that belongs to it. Since

lim inf
v→v0

I (v) ≥ I (v0) > t,

by the definition of limit inferior there exists A ∈ τ (v0) such that

inf
v∈A\{v0}

I (v) > t,

which, together with the fact that I (v0) > t, implies that A ⊂ At. Hence (i)
holds.

Step 3: We prove that (i)′ and (iii)′ are equivalent. Let I be sequentially
lower semicontinuous and assume by contradiction that there exist v0 ∈ V
and a sequence {vn} converging to v0 such that
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I (v0) > lim inf
n→∞

I (vn) .

Fix I (v0) > t > lim infn→∞ I (vn) and select a subsequence (not relabeled)
such that I (vn) ≤ t for all n ∈ N. Since the set

Ct := {v ∈ V : I (v) ≤ t} (3.3)

is sequentially closed, it follows that v0 ∈ Ct, which is a contradiction.
Conversely, assume that (iii)′ holds and fix t ∈ R. If the set Ct defined in

(3.3) is nonempty, consider any sequence {vn} ⊂ Ct converging to some v0.
Then

I (v0) ≤ lim inf
n→∞

I (vn) ≤ t,

which implies that v0 ∈ Ct. Thus Ct is sequentially closed.

Step 4: Finally, we show that (ii)′ and (iii)′ are equivalent. Suppose that
epi I is sequentially closed, fix v0 ∈ V , and let {vn} ⊂ V be any sequence
converging to v0. If

lim inf
n→∞

I (vn) =∞,

then there is nothing to show. Hence assume that the limit inferior is finite
and find a subsequence {vnk

} of {vn} such that

s := lim inf
n→∞

I (vn) = lim
k→∞

I (vnk
) .

Then {(vnk
, I (vnk

))} ⊂ epi I and (vnk
, I (vnk

)) → (v0, s), and so (v0, s) ∈ epi I
by hypothesis. This implies that

I (v0) ≤ s = lim inf
n→∞

I (vn) = lim
k→∞

I (vnk
) ,

and so (iii)′ is satisfied.
Finally, assume that (iii)′ holds and let {(vn, tn)} ⊂ epi I be such that

vn → v and tn → t for some v ∈ V and t ∈ R. Since I (vn) ≤ tn, letting
n→∞ and using the sequential lower semicontinuity of I yields

I (v) ≤ lim inf
n→∞

I (vn) ≤ lim
n→∞

tn = t.

Hence (v, t) ∈ epi I, and so epi I is sequentially closed.

An important property of lower semicontinuous functions is presented in
the next proposition.

Proposition 3.5. Let V be a topological space and let {Iα} be a (possibly
uncountable) family of lower semicontinuous (respectively sequentially lower
semicontinuous) functions, Iα : V → [−∞,∞]. Then the function

I+ := sup
α
Iα
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is still lower semicontinuous (respectively sequentially lower semicontinuous).
In addition, if the family {Iα} is finite, then the function

I− := min
α

Iα

is still lower semicontinuous (respectively sequentially lower semicontinuous).

Proof. Step 1: Assume that all the functions Iα are lower semicontinuous.
Using the definition of supremum, it follows that for every t ∈ R,

{v ∈ V : I+ (v) > t} =
⋃
α

{v ∈ V : Iα (v) > t} ,

and thus the set {v ∈ V : I+ (v) > t} is open, since it is a union of open sets.
Suppose next that all the functions Iα are sequentially lower semicontin-

uous, fix v0 ∈ V , and let {vn} ⊂ V be any sequence converging to v0. Then
for every α,

Iα (v0) ≤ lim inf
n→∞

Iα (vn) ≤ lim inf
n→∞

I+ (vn) ,

and it now suffices to take the supremum over all α.

Step 2: Assume that the family {Iα} is finite, say {Iα} = {I1, . . . ,Il}, and
that each Ij , j = 1, . . . , l, is lower semicontinuous. For any t ∈ R,

{v ∈ V : I− (v) > t} =
l⋂

j=1

{v ∈ V : Ij (v) > t} ,

and so the set {v ∈ V : I− (v) > t} is open, since it is the finite intersection
of open sets.

If instead, the functions I1, . . . , Il are sequentially lower semicontinuous,
fix v0 ∈ V , let {vn} ⊂ V be any sequence converging to v0, and find a
subsequence {vnk

} of {vn} such that

s := lim inf
n→∞

I− (vn) = lim
k→∞

I− (vnk
) .

Then there exists an integer j0 ∈ {1, . . . , l} such that

min
1≤j≤l

Ij (vnk
) = Ij0 (vnk

)

for infinitely many k. Hence, selecting a further subsequence (not relabeled),
we may assume that

s = lim inf
n→∞

I− (vn) = lim
k→∞

Ij0 (vnk
) ≥ Ij0 (v0) ≥ I− (v0) ,

and this concludes the proof.
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We now show that Weierstrass’s theorem continues to hold for lower semi-
continuous functions. This fact alone explains the importance of this class of
functions in minimization problems.

Theorem 3.6 (Weierstrass). Let V be a topological space, let K ⊂ V be
compact (respectively sequentially compact), and let I : V → [−∞,∞] be a
lower semicontinuous (respectively sequentially lower semicontinuous) func-
tion. Then there exists v0 ∈ K such that

I (v0) = min
v∈K

I (v) .

Proof. Assume first that K is compact and I lower semicontinuous and let

t := inf
v∈K

I (v) .

If the infimum is not attained, then for every v ∈ K we may find t < tv < I (v).
Then the family of open sets

Uv := {w ∈ V : I (w) > tv} , v ∈ K,

is an open cover for the compact set K, and so we may find a finite cover
Uv1 , . . . , Uvl

of the set K. But then for all v ∈ K,

I (v) ≥ min
i=1,...,l

tvi
> t = inf

w∈K
I (w) ,

which contradicts the definition of t.
Suppose instead that K ⊂ V is sequentially compact and I : V → [−∞,∞]

is a sequentially lower semicontinuous function. Let {vn} ⊂ K be such that

inf
w∈K

I (w) ≤ I (vn) ≤ inf
w∈K

I (w) +
1
n

for all n. By the sequential compactness of K there exists a subsequence {vnk
}

of {vn} that converges to some v0 ∈ K, and so

inf
w∈K

I (w) ≤ I (v0) ≤ lim inf
k→∞

I (vnk
) ≤ inf

w∈K
I (w) ,

which implies that v0 is the desired minimizer.

The next result will be used in the proof of Theorem 6.49. Note that for
metric spaces, lower semicontinuity is equivalent to sequential lower semicon-
tinuity; see also Proposition 3.12 below.

Proposition 3.7. Let V be a separable metric space and let I : V → [−∞,∞]
be a lower semicontinuous function. Then there exists a countable set Y ⊂ V
such that for each v ∈ V ,

I (v) = inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ Y , vn → v
}

.
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Proof. In view of the lower semicontinuity of I, it is enough to find a countable
set Y ⊂ V such that for each v ∈ V ,

I (v) ≥ inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ Y , vn → v
}

.

For each rational number q let Vq := {v ∈ V : I (v) ≤ q}. Since V is separable,
then so is Vq, and thus if Vq �= ∅, then there exists a countable set Yq ⊂ Vq

that is dense in Vq. Set

Y :=

⎛
⎝⋃

q∈Q

Yq

⎞
⎠ ∪ Y∞,

where Y∞ is a countable dense subset of V . Fix v ∈ V . If I (v) = ∞, then in
view of the lower semicontinuity of I it follows that

I (v) = lim
n→∞

I (vn)

for any sequence {vn} ⊂ Y∞ converging to v. If I (v) < ∞, then for any
rational number q > I (v) we have that v ∈ Vq, and so, since Yq is dense in
Vq, for any ε > 0 there exists w ∈ Yq such that I (w) ≤ q and d (v, w) ≤ ε.
Hence

lim inf
w∈Y,w→v

I (w) ≤ q,

and it now suffices to let q ↘ I (v).

When I is not lower semicontinuous often in applications it is of interest
to study the greatest lower semicontinuous function below I.

Definition 3.8. Let V be a topological space and let I : V → [−∞,∞].

(i) The lower semicontinuous envelope lsc I : V → [−∞,∞] of I is defined
by

lsc I (v) := sup {H (v) : H : V → [−∞,∞]
is lower semicontinuous, H ≤ I} .

(ii) The sequentially lower semicontinuous envelope slsc I : V → [−∞,∞] of
I is defined by

slsc I (v) := sup {H (v) : H : V → [−∞,∞] is sequentially
lower semicontinuous, H ≤ I} .

In view of Proposition 3.5, lsc I is lower semicontinuous and slsc I is sequen-
tially lower semicontinuous. When it is important to highlight the underlying
topology τ , we write lscτ I and slscτ I.
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Exercise 3.9. Let (V, τ) be a topological space and let I : V → [−∞,∞].
Prove that for all v ∈ V ,

lsc I (v) = sup
A∈τ(v)

inf
w∈A

I (w) = min
{
I (v0) , lim inf

v→v0
I (v)

}
,

where, we recall, τ (v0) stands for the collection of all open sets in τ that
contain v0.

In view of Proposition 3.4 the following proposition is not surprising.

Proposition 3.10. Let V be a topological space and let I : V → [−∞,∞].
Then

epi (lsc I) = epi I.

Proof. Since lsc I ≤ I we have

epi I ⊂ epi (lsc I) ,

and therefore epi I ⊂ epi (lsc I) = epi (lsc I), where in the last equality we
used Proposition 3.4.

Conversely, define

g (v) := inf
{
t : (v, t) ∈ epi I

}
, v ∈ V .

We show that g ≤ I. Let v ∈ V be such that I (v) <∞. Then for any t > I (v)
we have (v, t) ∈ epi I, and therefore g (v) ≤ t. Consequently, g (v) ≤ I (v).

Note also that by the definition of g it follows that epi I ⊂ epi g. We
prove equality, i.e., that epi I = epi g. Let (v, t) ∈ epi g and let ε > 0. By the
definition of g we may find t′ < t+ε such that (v, t′) ∈ epi I. The arbitrariness
of ε implies that (v, t) ∈ epi I.

Since epi g is a closed set, we conclude that g is lower semicontinuous by
Proposition 3.4, and thus lsc I ≥ g.

Finally, we obtain
epi (lsc I) ⊂ epi g = epi I,

and this completes the proof.

Remark 3.11. Note that lsc I is lower semicontinuous and slsc I is sequentially
lower semicontinuous. By Remark 3.2 the function lsc I is also sequentially
lower semicontinuous, and so

lsc I ≤ slsc I ≤ inf
{vn}

{
lim inf
n→∞

I (vn) : {vn} ⊂ V , vn → v
}

. (3.4)

Equality holds if V satisfies the first axiom of countability, as shown in the
next proposition.
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Proposition 3.12. Let V be a topological space satisfying the first axiom of
countability and let I : V → [−∞,∞]. Then

lsc I (v) = slsc I (v) = inf
{vn}

{
lim inf
n→∞

I (vn) : {vn} ⊂ V , vn → v
}

for every v ∈ V . Moreover, the infimum is attained, that is, for every v ∈ V
there exists a sequence {vn} converging to v such that

lsc I (v) = lim
n→∞

I (vn) .

Proof. Step 1: Fix v ∈ V . Define

Φ (v) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ V , vn → v
}

.

We prove that
Φ (v) = lim

n→∞
I (wn)

for some {wn} ⊂ V , wn → v. Let {Ui}i∈N
be a countable basis of open

neighborhoods of v. Find a sequence
{
v
(1)
n

}
such that v(1)

n → v and

lim inf
n→∞

I
(
v(1)

n

)
≤ Φ (v) +

1
2
.

Choose w1 := v
(1)
n1 ∈ U1 such that

I (w1) ≤ Φ (v) + 1.

Recursively, with
{
v
(k)
n

}
converging to v and

lim inf
n→∞

I
(
v(k)

n

)
≤ Φ (v) +

1
k + 1

,

choose wk := v
(k)
nk ∈

⋂k
i=1 Ui such that

I (wk) ≤ Φ (v) +
1
k

. (3.5)

Then wk → v, and so
Φ (v) ≤ lim inf

k→∞
I (wk) .

This, together with (3.5), entails

Φ (v) = lim
k→∞

I (wk) .

Step 2: In view of (3.4), all that remains to be proved is that Φ ≤ lsc I,

or, equivalently, that epi (lsc I) ⊂ epiΦ. By Proposition 3.10 we have that
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epi (lsc I) = epi I, and so it suffices to prove that epi I ⊂ epiΦ. Choose (v, t) ∈
epi I and, due to the first axiom of countability, find (vn, tn) ∈ epi I such that
(vn, tn) → (v, t). Then tn ≥ I (vn), and so

t = lim
n→∞

tn ≥ lim inf
n→∞

I (vn) ≥ Φ (v) .

We conclude that (v, t) ∈ epiΦ.

In applications V is often a normed space endowed with a weaker topology
τ . In this book we will focus on the following three cases:

τ is the weak topology on V and V ′ is separable; (3.6)
τ is the weak topology on V and V is reflexive; (3.7)
τ is the weak star topology on V ⊂ Y ′ with Y a separable normed space.

(3.8)

Remark 3.13. (i) An important application of this theory concerns the situ-
ation in which V = Lp (X,M, µ), 1 ≤ p ≤ ∞. When 1 < p <∞ and V is
endowed with the weak topology, then condition (3.7) is always satisfied,
and if in addition, µ is σ-finite and X a separable measurable space (see
the Riesz representation theorem and Theorem 2.16), then we are also
under condition (3.6).

(ii) If X is a σ-compact metric space and µ is a Radon measure, then con-
dition (3.8) is satisfied by L1 (X,M, µ) (identified with a subspace of
(C0 (X))′) with the weak star topology on finite signed Radon measures,
provided C0 (X) is separable (see Theorem 1.197). If (X,M, µ) is a mea-
sure space and µ is σ-finite with X a separable measurable space (see the
Riesz representation theorem and Theorem 2.16), then (3.8) applies to
L∞ (X,M, µ) =

(
L1 (X,M, µ)

)′, endowed with the weak star topology.

We recall that under (3.6) or (3.8) the unit ball of V is metrizable with
respect to τ (see Theorems A.59 and A.54).

Let I : V → [−∞,∞] and for all v ∈ V define

lscτ I (v) := sup {Φ (v) : Φ ≤ I, Φ lower
semicontinuous with respect to τ}

and

slscτ I (v) := sup {Φ (v) : Φ ≤ I, Φ sequentially lower
semicontinuous with respect to τ} .

In applications it is often most useful to ensure that slscτ I coincides with the
(somewhat friendlier) functional I : V → [−∞,∞], defined for all v ∈ V as

I (v) := inf
{vn}

{
lim inf
n→∞

I (vn) : {vn} ⊂ V , vn
τ→ v

}
.
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This will be established in Proposition 3.16 below under the assumption of
coercivity.

Note that by Remark 3.11 we have

lscτ I ≤ slscτ I ≤ I. (3.9)

Definition 3.14. Let V be a normed space and let I : V → [−∞,∞]. The
map I is said to be coercive if

I (v)→∞ as ‖v‖ → ∞.

Proposition 3.15. Let V be a normed space and let I : V → [−∞,∞]. Then
slscτ I is sequentially lower semicontinuous with respect to τ , and if I is co-
ercive then slscτ I is also coercive.

Proof. The sequential lower semicontinuity of slscτ I follows from the fact
that slscτ I is the supremum of sequentially lower semicontinuous functions.
Assume that I is coercive. We divide the proof of the coercivity of slscτ I into
three steps.

Step 1: We claim that for every s ∈ R,

{v ∈ V : slscτ I (v) ≤ s} ⊂ {v ∈ V : I (v) ≤ t}τ

for all t > s. If this were not true, then there would exist s, t ∈ R, with t > s,
v ∈ V , and A ∈ τ (v), such that slscτ I (v) ≤ s and I (w) > t for all w ∈ A.
Using (3.9) and Exercise 3.9 we get

s ≥ slscτ I (v) ≥ lscτ I (v) ≥ inf
w∈A

I (w) ≥ t,

and this contradicts the inequality t > s.

Step 2: We claim that for every s ∈ R,

Cs := {v ∈ V : slscτ I (v) ≤ s} ⊂ B (0, R)

for some R > 0. Let t > s. By the coercivity of I there exists R > 0 such that

{v ∈ V : I (v) ≤ t} ⊂ B (0, R) ,

and so
{v ∈ V : I (v) ≤ t}τ ⊂ B (0, R)

τ
= B (0, R),

where we have used the fact that the τ -closure of a convex set coincides with
the strong closure (see Theorem A.47).

By Step 1 we conclude that Cs ⊂ B (0, R).

Step 3: We claim that slscτ I is coercive. Indeed, if

lim inf
‖v‖→∞

slscτ I (v) =: M <∞,

then for any s > M we may find a sequence {vn} ⊂ Cs such that ‖vn‖ → ∞.
This contradicts the previous step.
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In the next proposition we give conditions under which lscτ I, I, and slscτ I
coincide.

Proposition 3.16. Let V be a normed space satisfying either condition (3.6)
or (3.8). If I : V → [−∞,∞] is coercive then lscτ I = slscτ I = I.

Proof. In view of (3.9) it suffices to show that lscτ I ≥ I. Fix v0 ∈ V . If
lscτ I (v0) = ∞ there is nothing to prove. Thus assume that lscτ I (v0) < ∞
and let lscτ I (v0) < t < ∞. By the coercivity of I there exists R > 0 such
that

{v ∈ V : I (v) < t} ⊂ B (0, R) ,

and so as in Step 2 of the previous proof we have that

K := {v ∈ V : I (v) < t}τ ⊂ B (0, R)
τ

= B (0, R).

By (3.6) or (3.8) the set K is metrizable (see Theorems A.59 and A.54) with
a metric d compatible with τ restricted to K. Let I|K : K → [−∞,∞] be
the restriction of I to the set K. We claim that v0 ∈ K. Indeed, if not, then
v0 ∈ V \K, and since V \K is open with respect to τ it would follow that
V \K ∈ τ (v0) with

lscτ I (v0) ≥ inf
w∈V \K

I (w) ≥ t,

which is a contradiction by Exercise 3.9.
Let lscτK

I|K be the lower semicontinuous envelope of IK with respect to
d and let τK be the induced topology on K. Then again by Exercise 3.9,

lscτK
I|K (v0) = sup

A∈τK(v0)

inf
w∈A

I|K (w) = sup
A∈τ(v0)

inf
w∈A∩K

I (w) = lscτ I (v0) ,

where we have used the facts that v0 ∈ K and lscτ I (v0) < t, so that for every
A ∈ τ (v0) we have

inf
w∈A∩K

I (w) = inf
w∈A

I (w) .

On the other hand, since in K we have a metric, by Proposition 3.12 there
exists a sequence {vn} ⊂ K converging to v0 with respect to d (and so with
respect to τ) such that

lscτ I (v0) = lscτK
I|K (v0) = lim

n→∞
I|K (vn) = lim

n→∞
I (vn) ≥ I (v0) .

This completes the proof.

When I is not coercive then I may fail to be sequentially lower semicon-
tinuous with respect to τ .

Using Remark A.85, for every countable ordinal α we define a functional
Eα as follows: For every v ∈ V ,
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E0 (v) := I (v) ,

Eα+1 (v) := inf
{

lim inf
n→∞

Eα (vn) : {vn} ⊂ V , vn
τ→ v

}
,

Eα (v) := inf {Eβ (v) : β < α, β not a limit ordinal} if α is a limit ordinal.

Proposition 3.17. Let V be a normed space and let I : V → [−∞,∞]. Then

slscτ I (v) = inf {Eα (v) : α countable ordinal}

for each v ∈ V .

Proof. For each v ∈ V define

H (v) := inf {Eα (v) : α ∈ Λ} .

If Φ is any functional sequentially lower semicontinuous with respect to τ ,
and Φ ≤ I, then by Remark A.83, Φ ≤ Eα for any countable ordinalα. Hence
Φ ≤ H and in turn slscτ I ≤ H.

To prove the reverse inequality, note first that if α ≥ β then Eα ≤ Eβ , and
so H ≤ I. By the definition of slscτ I it is now enough to prove that H is
sequentially lower semicontinuous with respect to τ . To see this, let {vn} ⊂ V

be such that vn
τ→ v as n → ∞. By the definition of H(vn) we may find

countable ordinals αn such that

Eαn
(vn) ≤ H(vn) +

1
n

.

Consider the countable ordinal α∞ := sup {αn : n ∈ N}. By the previous in-
equality we have

H (v) ≤ Eα∞+1 (v) = inf
{

lim
k→∞

Eα∞ (wk) : {wk} ⊂ V , wk
τ→ v

}

≤ lim
n→∞

Eα∞ (vn) ≤ lim
n→∞

Eαn
(vn) ≤ lim

n→∞
H(vn).

This concludes the proof.

Finally, we observe that when p = 1 and we consider the weak topology
in L1 (X,M, µ), we are unable to use Proposition 3.16 because the dual of
L1 (X,M, µ) is L∞ (X,M, µ) (under suitable hypotheses on (X,M, µ)), which
is not separable in general. However, as it turns out, we can still assert that
slscτ I = I, provided we have a condition stronger than coercivity:

Proposition 3.18. Let X be a separable, locally compact metric space, and
let µ be a finite Radon measure defined on B (X). Let

I : L1 (X,B (X) , µ) → [−∞,∞]

satisfy
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I (v) ≥
∫

X

γ (|v (x)|) dµ

for every v ∈ L1 (X,B (X) , µ) and for some increasing function γ : [0,∞) →
[0,∞] with

lim
s→∞

γ (s)
s

= ∞. (3.10)

Then slscτ I = I, where τ is the L1 (X,B (X) , µ) weak topology.

Proof. Since slscτ I is sequentially lower semicontinuous with respect to the
weak topology in L1 (X,B (X) , µ) and slscτ I ≤ I, we have slscτ I ≤ I. To
prove the opposite inequality, since I ≤ I (take vn ≡ v), it suffices to show
that I is sequentially lower semicontinuous with respect to weak convergence
in L1 (X,B (X) , µ). Let {vn} ⊂ L1 (X,B (X) , µ) be such that vn ⇀ v in
L1 (X,B (X) , µ). Without loss of generality we may assume that

lim inf
n→∞

I (vn) = lim
n→∞

I (vn) <∞.

Let
M := sup

n
I (vn) <∞,

fix 0 < ε < 1, and for every n find a sequence {vn,k}k ⊂ L1 (X,B (X) , µ) such
that vn,k ⇀ vn in L1 (X,B (X) , µ) as k →∞ and

I (vn) ≥ lim
k→∞

I (vn,k)− ε.

Without loss of generality we may assume that

vn,k ∈
{
w ∈ L1 (X,B (X) , µ) : I (w) ≤M + 1

}

for every n, k. Hence

sup
n,k

∫
X

γ (|vn,k (x)|) dµ ≤M + 1. (3.11)

By (3.10) we have

sup
n,k

∫
X

|vn,k (x)| dµ <∞,

and so, identifying L1 functions with measures in (C0 (X))′, we are back to
the setting (3.8). By Theorem A.54 we may find a metric d compatible with
weak star convergence in a large ball of (C0 (X))′.

In particular, we have

lim
n→∞

lim
k→∞

d (vn,k, v) = 0.

Let
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� := lim inf
n→∞

lim
k→∞

I (vn,k) .

We now use a diagonalization argument as follows. Choose n1 such that
∣∣∣∣�− lim

k→∞
I (vn1,k)

∣∣∣∣+ lim
k→∞

d (vn1,k, v) ≤ 1,

and let k1 be such that
∣∣∣∣I (vn1,k1)− lim

k→∞
I (vn1,k)

∣∣∣∣+
∣∣∣∣d (vn1,k1 , v)− lim

k→∞
d (vn1,k, v)

∣∣∣∣ ≤ 1.

Then
|�− I (vn1,k1)|+ d (vn1,k1 , v) ≤ 2.

Choose n2 > n1 such that
∣∣∣∣�− lim

k→∞
I (vn2,k)

∣∣∣∣+ lim
k→∞

d (vn2,k, v) ≤
1
2
,

and let k2 > k1 be such that
∣∣∣∣I (vn2,k2)− lim

k→∞
I (vn2,k)

∣∣∣∣+
∣∣∣∣d (vn2,k2 , v)− lim

k→∞
d (vn2,k, v)

∣∣∣∣ ≤ 1
2
.

Note that
|�− I (vn2,k2)|+ d (vn2,k2 , v) ≤ 1.

Continuing in this way we construct a diagonalized sequence
{
vnj ,kj

}
such

that

lim
j→∞

I
(
vnj ,kj

)
= lim

n→∞
lim

k→∞
I (vn,k) , lim

j→∞
d
(
vnj ,kj

, v
)

= 0.

In view of (3.11) and by Theorem 2.29 and the Dunford–Pettis theorem, we
deduce vnj ,kj

⇀ v in L1, and so by the definition of I we conclude that

lim
n→∞

I (vn) + ε ≥ lim inf
n→∞

lim
k→∞

I (vn,k) = lim
j→∞

I
(
vnj ,kj

)
≥ I (v) .

It now suffices to let ε→ 0+ to conclude the proof.

3.2 The Direct Method

Let V be a normed space and let I : V → [−∞,∞] be not identically equal
to ∞. Tonelli’s direct method provides conditions on V and I that ensure the
existence of a minimum point for I. The procedure may be reduced to four
steps:
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Step 1 Consider a minimizing sequence {vn} ⊂ V , that is, a sequence such
that

lim
n→∞

I (vn) = inf
v∈V

I.

Step 2 Prove that {vn} admits a subsequence {vnk
} that converges with

respect to some (possibly weaker) topology τ to some point v0 ∈ V .
Step 3 Establish the sequential lower semicontinuity of I with respect to τ .
Step 4 In view of Steps 1–3, conclude that v0 is a minimum of I because

inf
v∈V

I = lim
n→∞

I (vn) = lim
k→∞

I (vnk
) ≥ I (v0) ≥ inf

v∈V
I.

In the above program the challenge usually resides in guaranteeing that
Step 3 is satisfied, while, as we will see below, Step 2 usually can be easily
proved through natural growth and coercivity conditions of I. Indeed, if I is
coercive and if {vn} is a minimizing sequence, then {vn} must be bounded,
and under condition (3.7) or (3.8) of the previous subsection, this suffices to
ensure sequential compactness with respect to τ .

In most applications Step 3 fails for I, and this leads us to an important
topic at the core of the calculus of variations, namely the introduction of a
relaxed function E ′ that is related to I as follows:

(a) E ′ is sequentially lower semicontinuous with respect to τ ;
(b) E ′ inherits coercivity from I;
(c) minv∈V E ′ = infv∈V I.

Note that in (c) the existence of a minimum v0 ∈ V of E ′ is guaranteed
by (a), (b), and the direct method. In view of Proposition 3.15 (see also
Proposition 3.16), a natural candidate for E ′ is the function slscτ I introduced
in the previous subsection. Indeed, under the hypotheses of Proposition 3.16

inf
v∈V

I ≥ min
v∈V

slscτ I = slscτ I (v0)

= inf
{vn}

{
lim inf
n→∞

I (vn) : {vn} ⊂ V , vn
τ→ v0

}
≥ inf

v∈V
I,

where in the second equality we have used Proposition 3.16.
The next task is then to study under what conditions

I (v0) = slscτ I (v0) ,

i.e.,
I (v0) = min

v∈V
I.

We will not address this topic in this text (see, however, Section 5.5).



4

Convex Analysis

Where there is matter, there is
geometry. (Ubi materia, ibi
geometria)

Johannes Kepler (1571–1630)

4.1 Convex Sets

We recall that a subset E of a vector space V is convex if for all v1, v2 ∈ E
and θ ∈ (0, 1) we have

θv1 + (1− θ) v2 ∈ E.

An induction argument shows that if vi ∈ E, i = 1, . . . , n, then z :=∑n
i=1 θivi ∈ E, whenever

∑n
i=1 θi = 1, θi ≥ 0. The vector z is called a convex

combination of v1, . . . , vn.
The entire space V and the empty set are two examples of convex sets. The

arbitrary intersection of convex sets is still convex, but in general the union
is not (the simplest example is the union of two disjoint closed segments on
the real line).

Similarly, E is said to be affine if for all v1, v2 ∈ E and θ ∈ R we have

θv1 + (1− θ) v2 ∈ E.

Remark 4.1. Every affine set E ⊂ V can be written as v0 +W , where v0 ∈ E
and W is a vector subspace of V .

Given any set E ⊂ V , the convex hull co (E) is the intersection of all
convex sets that contain E.

Proposition 4.2. Let V be a vector space and let E ⊂ V . Then
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co (E) =

{
n∑

i=1

θivi : n ∈ N,
n∑

i=1

θi = 1, θi ≥ 0, vi ∈ E, i = 1, . . . , n

}
.

(4.1)

Proof. If F is any convex set that contains E, then it must contain all convex
combinations of elements of E, and so

F ⊃
{

n∑
i=1

θivi : n ∈ N,
n∑

i=1

θi = 1, θi ≥ 0, vi ∈ E, i = 1, . . . ,n

}
=: G.

Since this holds for all convex sets containing E, it follows that

co (E) ⊃ G.

To prove the opposite inclusion it suffices to show that G is convex and con-
tains E. The latter assertion follows from the fact that if u ∈ E, then we can
take n = 1 and θ1 = 1. To show that G is convex, let 0 ≤ θ ≤ 1 and let u,
v ∈ V be of the form

u =
n∑

i=1

θivi, v =
l∑

j=1

sjwj ,

where
∑n

i=1 θi =
∑l

j=1 sj = 1, θi, sj ≥ 0, vi, wj ∈ E, i = 1, . . . , n, j = 1, . . . , l.
Note that without loss of generality, we may always assume that n = l. Indeed,
if n �= l, say n > l, then it suffices to set sl+1, . . . , sn := 0 and wl+1, . . . , wn :=
w1. Then

θu+ (1− θ) v =
n∑

i=1

θθivi +
n∑

i=1

(1− θ) siwi,

which is still a convex combination of elements of E, and so it belongs to G.

Note that without loss of generality, in (4.1) one may consider only positive
coefficients θi.

Remark 4.3. If the space V is a topological vector space, then the convex hull
of an open set U ⊂ V is open. To see this, for any n ∈ N fix Λ := {θ1, . . . , θn}
with

∑n
i=1 θi = 1 and θi > 0 for all i = 1, . . . , n and consider the set

UΛ :=

{
n∑

i=1

θivi : vi ∈ U , i = 1, . . . ,n

}
.

Since addition and positive scalar multiplication are both open maps, it follows
that UΛ is an open set. By the previous proposition,

co (U) =
⋃
Λ

UΛ,

and so co(U) is open.
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Analogously, the affine hull aff (E) is the intersection of all affine sets that
contain E. Reasoning as in the proof of Proposition 4.2, it can be shown that

aff (E) =

{
n∑

i=1

θivi : n ∈ N,
n∑

i=1

θi = 1, θi ∈ R, vi ∈ E, i = 1, . . . ,n

}
.

Exercise 4.4. Prove that if V is a topological vector space, then the interior
and the closure of a convex set are also convex sets.

Given any set E of a topological vector space V , the intersection of all
closed convex sets that contain E coincides with the closure of the convex hull
co (E), and is denoted by co (E). The relative interior of E with respect to
aff (E), denoted by riaff (E), is the set of points v ∈ E such that A∩aff (E) ⊂ E
for some open set A ⊂ V with v ∈ A. The relative boundary of E with respect
to aff (E), denoted by rbaff (E), is the set E \ riaff (E).

Exercise 4.5. Let C ⊂ R
N be a nonempty convex set and let z ∈ C and

z0 ∈ riaff (C).

(i) Prove that z0 + t (z0 − z) ∈ aff (C) for all t ∈ R.
(ii) Prove that the function g : R → aff (C), defined by g (t) := z0 + t (z0 − z),

t ∈ R, is continuous.
(iii) Prove that z0 + t (z0 − z) ∈ riaff (C) for all t sufficiently small.

Exercise 4.6. Let C ⊂ R
N be a nonempty convex set and let z ∈ C. Prove

that
riaff (C) = z + riaff (−z + C) .

Proposition 4.7. Let C ⊂ R
N be a nonempty convex set. Then riaff (C) is

convex and nonempty. Moreover, if z ∈ C and z0 ∈ riaff (C), then

θz + (1− θ) z0 ∈ riaff (C)

for all 0 ≤ θ < 1.

Proof. Step 1: If C is a singleton, then riaff (C) = C, and so there is nothing
to prove. Thus assume that C has at least two elements. By Exercise 4.6,
without loss of generality, we may assume that 0 ∈ C, so that aff (C) is a
subspace of R

m. In particular, riaff (C) is relatively open in aff (C). Since R
N

is finite-dimensional, there is a finite maximal (with respect to inclusion) set
of linearly independent vectors z1, . . . , zk ∈ riaff (C). The vectors z1, . . . , zk

are a basis in aff (C), and thus we can define on aff (C) the norm

‖w‖aff(C) := max
1≤i≤k

|si| ,

where

w =
k∑

i=1

sizi ∈ aff (C) .
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Since 0 ∈ C, any point of the form

w =
k∑

i=1

θizi = 0

(
1−

k∑
i=1

θi

)
+

k∑
i=1

θizi,

where
∑k

i=1 θi ≤ 1 and θi ≥ 0 for all i = 1, . . . , k, belongs to C. In particular,
the point

w0 :=
k∑

i=1

1
2k
zi

belongs to C. We claim that w0 ∈ riaff (C). To see this, consider the open ball

Baff(C)

(
w0,

1
2k

)
:=

{
w ∈ aff (C) : ‖w − w0‖aff(C) <

1
2k

}
.

If w ∈ Baff(C)

(
w0,

1
2k

)
, then we may write w =

∑k
i=1 sizi, where

max
1≤i≤k

∣∣∣∣si −
1
2k

∣∣∣∣ < 1
2k

.

Then si ≥ 0 for all i = 1, . . . , k and

k∑
i=1

si <
k∑

i=1

1
k

= 1,

which shows that w ∈ C. Thus Baff(C)

(
w0,

1
2k

)
⊂ C, and so w0 belongs to

the interior of C relative to aff (C), or equivalently, w0 ∈ riaff (C).

Step 2: To prove the second part, let z ∈ C and z0 ∈ riaff (C). Fix 0 < θ < 1.
If C is a singleton, then riaff (C) = C = C, and so there is nothing to prove.
Thus assume that C has at least two elements. Hence, as in the previous step
there is no loss of generality in assuming that 0 ∈ C. Let z1, . . . , zk ∈ riaff (C)
and ‖·‖aff(C) be defined as in the previous step. Since z0 ∈ riaff (C), there
exists an open ball Baff(C) (z0, r) ⊂ C. Note that since the affine hull of C is
a closed set, it must contain C, and consequently it coincides with the affine
hull of C. Thus z ∈ aff (C), and we may find a sequence {wn} ⊂ C such that
‖z − wn‖aff(C) → 0. We claim that

Baff(C) (θz0 + (1− θ) z, θr) ⊂ C.

To see this, note that if w ∈ Baff(C) (θz0 + (1− θ) z, θr), then

‖w − (θz0 + (1− θ) z)‖aff(C) < θr,

or equivalently, ∥∥∥∥wθ −
(1− θ)

θ
z − z0

∥∥∥∥
aff(C)

< r.
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Since ‖z − wn‖aff(C) → 0 we may find n ∈ N so large that

∥∥∥∥wθ −
(1− θ)

θ
wn − z0

∥∥∥∥
aff(C)

< r.

Thus w
θ −

(1−θ)
θ wn ∈ Baff(C) (z0, r) ⊂ C, which implies that

w

θ
− (1− θ)

θ
wn = ξ ∈ C.

In turn, w = (1− θ)wn + θξ ∈ C, and the proof is complete.

Example 4.8. Note that if C1 ⊂ C2 are two nonempty convex sets, then in
general one cannot conclude that

riaff (C1) ⊂ riaff (C2) .

Indeed, let C2 be the closed unit cube in R
3 and let C1 be one of its faces.

Then riaff (C2) is the open unit cube, while riaff (C1) is the face without its
four edges. Hence riaff (C1) and riaff (C2) are disjoint and nonempty.

Proposition 4.9. Let C1, C2 be two nonempty convex sets of R
m. Then the

following three conditions are equivalent:

(i) C1 = C2;
(ii) riaff (C1) = riaff (C2);
(iii) riaff (C1) ⊂ C2 ⊂ C1.

Proof. Step 1: We show that for any nonempty convex set C ⊂ R
N ,

C = riaff (C), riaff
(
C
)

= riaff (C) .

Since riaff (C) ⊂ C, we have that riaff (C) ⊂ C. To prove the converse inclu-
sion, let z ∈ C and let z0 ∈ riaff (C). Note that in view of Proposition 4.7 such
z0 exists and

θz + (1− θ) z0 ∈ riaff (C)

for all 0 ≤ θ < 1. This implies that z ∈ riaff (C). Hence the first identity is
established.

Since the affine hull of C is a closed set, it must contain C, and conse-
quently, it coincides with the affine hull of C. Therefore

riaff (C) ⊂ riaff
(
C
)
.

To prove the converse inclusion, let z ∈ riaff
(
C
)

and let z0 ∈ riaff (C). If
z = z0 then z ∈ riaff (C), and there is nothing to prove. Thus assume that
z �= z0 and let

wt := tz + (1− t) z0, t > 1.



252 4 Convex Analysis

Since z ∈ riaff
(
C
)
, if t− 1 is sufficiently small, then wt ∈ riaff C ⊂ C. Hence

z =
1
t
wt +

(
1− 1

t

)
z0,

and so z ∈ riaff (C), again by Proposition 4.7.

Step 2: If (i) holds, then by Step 1,

riaff (C1) = riaff
(
C1

)
= riaff

(
C2

)
= riaff (C2) ,

that is, (ii) is true.
Similarly, if (ii) holds, then again by Step 1,

C1 = riaff (C1) = riaff (C2) = C2,

which is (i).
If (iii) holds, then by Step 1,

riaff (C1) ⊂ C2 ⊂ C1 = riaff (C1),

and (i) is satisfied.
Finally, if (i) holds, then so does (ii), and we deduce that

riaff (C1) = riaff (C2) ⊂ C2 ⊂ C2 = C1,

which is (iii).

Exercise 4.10. Let C1, C2 be two nonempty convex sets of R
m and let t ∈ R.

Prove that

(i) riaff (tC1) = t riaff (C1);
(ii) riaff (C1 + C2) = riaff (C1) + riaff (C2).

In the remainder of this section we discuss some properties of convex cones
that will be used to prove Lemma 7.7 in Chapter 7.

Definition 4.11. A subset K of R
m is a convex cone if it is closed under

addition and positive scalar multiplication. The polar K∗ of a convex cone is
the set

K∗ := {z ∈ R
m : z · ξ ≤ 0 for all ξ ∈ K} .

Note that in general there is no guarantee that a convex cone contains the
origin.

Remark 4.12. Given a set E ⊂ R
m, the smallest convex cone K containing E

is given by

K ′ :=

{
n∑

i=1

tizi : n ∈ N, ti > 0, zi ∈ E, i = 1, . . . ,n

}
.

Indeed, since K is closed under addition and positive scalar multiplication, it
must contain K ′. On the other hand, it follows from its definition that K ′ is
a convex cone containing E.
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Proposition 4.13. If K ⊂ R
m is a convex cone, then

(K∗)∗ = K.

Proof. If ξ ∈ K∗ then

K ⊂ {z ∈ R
m : z · ξ ≤ 0} ,

and thus
K ⊂

⋂
ξ∈K∗

{z ∈ R
m : z · ξ ≤ 0} = (K∗)∗ .

Since the polar set is always closed, we conclude that

K ⊂ (K∗)∗ .

Conversely, suppose that z0 /∈ K. By the second geometric form of the Hahn–
Banach theorem there exist z′ ∈ R

m, α ∈ R, and ε > 0 such that

z′ · z ≤ α− ε for all z ∈ K and z′ · z0 ≥ α+ ε.

Since K is a cone, if z ∈ K and t > 0, then tz ∈ K, and so

z′ · tz ≤ α− ε. (4.2)

Hence
z′ · z ≤ α− ε

t
,

and letting t→∞ we conclude that z′ · z ≤ 0 for all z ∈ K, and so z′ ∈ K∗.
Also, letting t → 0+ in (4.2), it follows that α ≥ ε, and therefore z′ · z0 ≥
2ε > 0. We conclude that z0 /∈ (K∗)∗.

Definition 4.14. Given a set E ⊂ R
m, the convex cone generated by E is

the convex cone obtained by adjoining the origin to the smallest convex cone
containing E.

Theorem 4.15. Let C ⊂ R
m be a nonempty closed convex set not containing

the origin, and let K be the convex cone generated by C. Then

K = {tz : t > 0, z ∈ C} ∪ {z : tz + C ⊂ C for all t ≥ 0} .

Proof. Step 1: We claim that

K = {tz : t > 0, z ∈ C} ∪ {0} .

By Remark 4.12,

K =

{
n∑

i=1

tizi : n ∈ N, ti ≥ 0, zi ∈ C, i = 1, . . . ,n

}
.
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If z ∈ K \ {0} then

z =
n∑

i=1

tizi

with ti > 0, zi ∈ C, i = 1, . . . , n, for some n ∈ N. Setting t :=
∑n

k=1 tk, then
t > 0, and with

θi :=
ti
t

i = 1, . . . , n, z0 :=
n∑

i=1

θizi,

it follows that z0 ∈ C and z = tz0. This proves the claim.

Step 2: We show first that

K ⊃ {z : tz + C ⊂ C for all t ≥ 0} . (4.3)

Indeed, fix z ∈ R
m for which tz + C ⊂ C for all t ≥ 0 and let w ∈ C. Then

nz + w ∈ C for all n ∈ N, and so

z +
1
n
w ∈ K

for all n. By letting n → ∞ we obtain that z must belong to K. Thus (4.3)
holds, and so, also by Step 1, we have

K ⊃ {tz : t > 0, z ∈ C} ∪ {z : tz + C ⊂ C for all t ≥ 0} =: D. (4.4)

To prove the converse inclusion, consider z ∈ K. If z = 0 then tz +C ⊂ C for
all t ≥ 0.

If z �= 0, then by Step 1 there exist sequences {tn} ⊂ (0,∞) and {zn} ⊂ C
such that tnzn → z. If {tn} were unbounded, then (up to the extraction of a
subsequence) zn → 0, and since C is closed we would get 0 ∈ C, which is in
contradiction with the hypotheses. Therefore, up to a subsequence, tn → t0
for some t0 ≥ 0. Consider first the case t0 > 0. Since zn → z

t0
we deduce that

z
t0
∈ C, and so z = t0

z
t0

belongs to the set D defined in (4.4). If t0 = 0, then
we claim that given t > 0 and w ∈ C we have tz + w ∈ C. Indeed,

tz + w = lim
n→∞

ttnzn + w = lim
n→∞

(ttnzn + (1− ttn)w) ,

which, together with the fact that ttnzn + (1− ttn)w ∈ C for all n so large
that ttn ∈ [0, 1), and because C is closed, entails tz + w ∈ C.

4.2 Separating Theorems

In this section we prove some separation theorems for convex sets in R
N .

Their counterparts in the infinite-dimensional setting are the Hahn–Banach
theorems, which are stated in the appendix.
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Theorem 4.16. Let C, K ⊂ R
m be nonempty disjoint convex sets, with C

closed and K compact. Then there exist a vector b ∈ R
m\{0} and two numbers

α ∈ R and ε > 0 such that

b · z ≤ α− ε for all z ∈ C and b · z ≥ α+ ε for all z ∈ K.

Proof. The distance function

z ∈ R
m �→ dist (z, C)

is a continuous function (it is actually Lipschitz), and so by the Weierstrass
theorem it admits a minimum on K at some point z0 ∈ K. Moreover, since
C is closed, there exists a point w0 ∈ C such that

|z0 − w0| = dist (z0, C) .

Define b = z0 − w0 and observe that b �= 0, since C and K are disjoint sets.
Then

0 < |b|2 = b · (z0 − w0) ,

so that b · w0 < b · z0. We claim that

b · w ≤ b · w0 for all w ∈ C and b · z0 ≤ b · z for all z ∈ K.

To see this, fix w1 ∈ C. Since w0 minimizes the distance (and so also the
square of the distance) to z0 over C, we have that

(z0 − w) · (z0 − w) ≥ (z0 − w0) · (z0 − w0)

for all w ∈ C. In particular, taking w := w0 + θ (w1 − w0) ∈ C, 0 < θ ≤ 1, in
the previous inequality yields

0 ≥ (z0 − w0) · (z0 − w0)− (z0 − w) · (z0 − w)

= 2θ (z0 − w0) · (w1 − w0)− θ2 (w1 − w0) · (w1 − w0) .

Dividing by θ > 0 and letting θ → 0+ gives

0 ≥ 2 (z0 − w0) · (w1 − w0) = 2b · (w1 − w0) ,

which shows that b · w1 ≤ b · w0.
A similar argument, which is left as an exercise, gives the analogous in-

equality for K and completes the proof.

Remark 4.17. The previous proof continues to hold for Hilbert spaces.

Exercise 4.18. Let z1, . . . , zk ∈ R
m be linearly independent vectors and let

si, s
(n)
i ∈ R, i = 1, . . . , k, n ∈ N. Prove that if

lim
n→∞

k∑
i=1

s
(n)
i zi =

k∑
i=1

sizi,

then limn→∞ s
(n)
i = si for every i = 1, . . . , k.
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Theorem 4.19. Let C1, C2 ⊂ R
m be nonempty convex sets. Then there exist

a vector b ∈ R
m \ {0} and α ∈ R such that

b · z ≤ α for all z ∈ C1 and b · z ≥ α for all z ∈ C2,

and C1 ∪ C2 is not contained in the hyperplane {z ∈ R
m : b · z = α} if and

only if riaff (C1) ∩ riaff (C2) = ∅.

Proof. Step 1: Assume that C1, C2 ⊂ R
N are nonempty convex sets with

riaff (C1) ∩ riaff (C2) = ∅. Define

C := C1 − C2.

By Exercise 4.10,
riaff (C) = riaff (C1)− riaff (C2) ,

and so by hypothesis 0 /∈ riaff (C). To complete the proof in this case it suffices
to prove that there exists b ∈ R

m \ {0} such that b · z ≥ 0 for all z ∈ C with
strict inequality for at least one element of C. There are two cases. If 0 /∈ C
then it suffices to apply Theorem 4.16 to the closed set C and the compact
set {0}. Thus assume that 0 ∈ C. Define the set

E =
⋃
t>0

t riaff (C) .

Then E is convex, riaff (C) ⊂ E ⊂ aff (E), and 0 /∈ E. Since riaff (C) is
nonempty by Proposition 4.7 and R

N is finite-dimensional, there is a fi-
nite maximal (with respect to inclusion) set of linearly independent vectors
z1, . . . , zk ∈ riaff (C). Again by Proposition 4.7 we have that riaff (C) is convex,
and so the vector

z0 :=
k∑

i=1

1
k
zi

belongs to riaff (C). We claim that −z0 /∈ E. Indeed, assume by contradiction
that −z ∈ E and find a sequence {wn} ⊂ E converging to −z0. Then by
definition of E we may write each wn as wn = tnξn, where tn > 0 and
ξn ∈ riaff (C). Since z1, . . . , zk form a maximal set of linearly independent
vectors in riaff (C), each ξn can be written as their linear combination (and
so can wn = tnξn). Thus we may write

wn =
k∑

i=1

s
(n)
i zi

for some s(n)
i ∈ R, i = 1, . . . , k. Hence

lim
n→∞

k∑
i=1

s
(n)
i zi = lim

n→∞
wn = −z0 =

k∑
i=1

(
−1
k

)
zi.
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By Exercise 4.18 this implies that limn→∞ s
(n)
i = − 1

k for every i = 1, . . . , k.
Fix n ∈ N so large that s(n)

i < 0 for every i = 1, . . . , k and set

s :=
k∑

i=1

s
(n)
i < 0.

By the convexity of the set E we have that

0 =
1

1− s
wn +

k∑
i=1

(
− s

(n)
i

1− s

)
zi ∈ E,

which is a contradiction.
This shows that −z0 /∈ E. We are now in a position to apply Theorem 4.16

to the closed set E and the compact set {−z0} to find a vector b ∈ R
m \ {0}

and two numbers α ∈ R and ε > 0 such that

b · z ≤ α− ε for all z ∈ E and b · (−z0) ≥ α+ ε.

By the definition of E, for any z ∈ riaff (C) and t > 0 we have that tz ∈ E,
and so from the previous inequality we get

b · z ≤ α− ε

t
for all t > 0.

Letting t→ 0+ and t→∞ yield α−ε ≥ 0 and b·z ≤ 0, respectively. Moreover,
b · z0 ≤ − (α+ ε) < 0. Hence we have proved that b · z ≤ 0 for all z ∈ riaff (C)
with the strict inequality at z0 ∈ riaff (C).

Step 2: To prove the converse implication assume that there exist a vector
b ∈ R

m \ {0} and α ∈ R such that

b · z ≤ α for all z ∈ C1 and b · z ≥ α for all z ∈ C2 (4.5)

and C1 ∪ C2 is not contained in the hyperplane {z ∈ R
m : b · z = α}. As in

the previous step define
C := C1 − C2.

By Exercise 4.10,
riaff (C) = riaff (C1)− riaff (C2) .

Thus it suffices to show that 0 /∈ riaff (C). By (4.5),

b · z ≤ 0 for all z ∈ C

with the strict inequality for at least one element z0 ∈ C. Assume by contra-
diction that 0 ∈ riaff (C). Then by Exercise 4.5,

0 + ε (0− z0) ∈ C

for all ε > 0 sufficiently small. This implies that b · (−εz0) ≤ 0, which is a
contradiction since b · z0 < 0.
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As a consequence of the previous separation theorem we obtain the fol-
lowing result.

Corollary 4.20. Let C1 ⊂ C2 ⊂ R
N be nonempty convex sets. Then there

exist b ∈ R
N \ {0} and α ∈ R such that

b · z = α for all z ∈ C1 and b · z ≥ α for all z ∈ C2

if and only C1 ∩ riaff (C2) = ∅.

4.3 Convex Functions

We now turn to the study of convex functions.

Definition 4.21. A function f : V → [−∞,∞] is said to be

(i) convex if
f (θv1 + (1− θ) v2) ≤ θf (v1) + (1− θ) f (v2) (4.6)

for all v1, v2 ∈ V and θ ∈ (0, 1) for which the right-hand side is well-
defined;

(ii) strictly convex if

f (θv1 + (1− θ) v2) < θf (v1) + (1− θ) f (v2)

for all v1, v2 ∈ V , v1 �= v2, and θ ∈ (0, 1) for which the right-hand side
is well-defined;

(iii) proper if it is convex, does not take the value −∞, and is not identically
∞;

(iv) concave (respectively strictly concave) if −f is convex (respectively strictly
convex).

In (i) and (ii) the right-hand side is not defined only when f (v1) = ±∞
and f (v2) = ∓∞.

If E is a subset of the vector space V , then a function f : E → [−∞,∞]
is said to be convex if the extension

f̄ (v) :=
{
f (v) if v ∈ E,
∞ if v /∈ E,

is a convex function in V . Analogous definitions apply to the concept of strict
convexity, concavity, and strict concavity.

Proposition 4.22. Let V be a vector space. A function f : V → [−∞,∞] is
convex if and only if epi f is a convex set.
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Proof. Assume that f is convex and let (v1, s), (v2, t) ∈ epi f and θ ∈ (0, 1).
We claim that

θ (v1, s) + (1− θ) (v2, t) ∈ epi f .

Indeed, since s ≥ f (v1), t ≥ f (z), it follows that

θs+ (1− θ) t ≥ θf (v1) + (1− θ) f (v2) ≥ f (θv1 + (1− θ) v2) ,

where we have used the convexity of f . Hence the claim is proved.
Conversely, let epi f be a convex set, let v1, v2 ∈ V , and let θ ∈ (0, 1).

If f (v1) = ±∞ and f (v2) = ∓∞, then the right-hand side of (4.6) is not
well-defined.

If f (v1) = ∞ and f (v2) > −∞ or f (v1) > −∞ and f (v2) = ∞, then
(4.6) holds. Thus assume that f (v1), f (v2) < ∞ and let s ≥ f (v1), t ≥
f (v2). Since (v1, s), (v2, t) ∈ epi f it follows from the convexity of epi f that
θ (v1, s) + (1− θ) (v2, t) ∈ epi f , that is,

f (θv1 + (1− θ) v2) ≤ θs+ (1− θ) t.

The convexity of f follows by letting s↘ f (v1) and t↘ f (v2).

Let V be a vector space. The effective domain of a function f : V →
[−∞,∞] is the set

dome f := {v ∈ V : f (v) <∞} .

We observe that if f is convex, then the effective domain of f is a convex
set.

Remark 4.23. Note that if V is a topological vector space and if f : V →
[−∞,∞] is a convex function, finite at some point in the interior of dome f ,
then f is proper. Indeed, suppose that f (v0) ∈ R for some v0 in the interior of
dome f , and that f (v) = −∞ for some v ∈ V . Let U be an open neighborhood
of v0 with U ⊂ dome f and set W := −v0 + U . Since W is a neighborhood of
zero, it is absorbing, and so there exists r > 0 such that r (v0 − v) ∈ W , i.e.,
v0 + r (v0 − v) ∈ U . Set θ := r

1+r . Note that

v0 = θv + (1− θ) (v0 + r (v0 − v)) ,

and due to the convexity of f we conclude that f (v0) = −∞, which is a
contradiction.

Exercise 4.24. Prove that:

(i) The function f : R
m → [0,∞) defined by f (z) := |z|p, p > 0, is convex if

and only if p ≥ 1, and is strictly convex if and only if p > 1. In particular,
if m = 1, a, b ≥ 0, and p ≥ 1, then by the convexity of f ,(

1
2
a+

1
2
b

)p

≤ 1
2
ap +

1
2
bp,

or equivalently,
(a+ b)p ≤ 2p−1 (ap + bq) .
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(ii) The function f : R
m → [0,∞) defined by f (z) :=

√
|z|2 + 1 is strictly

convex.
(iii) The function f : R

m → R defined by

f (z) := Az · z,

where A is a symmetric matrix in R
m×m, is convex if and only if A is

positive semidefinite.
(iv) The function

f (z) := log z if z > 0

is strictly concave. In particular, if a, b > 0, 1 < p < ∞, and q is its
conjugate exponent, then by the concavity of f ,

log (ab) =
1
p

log ap +
1
q

log bq ≤ log
(

1
p
ap +

1
q
bq
)

,

or equivalently,

ab ≤ 1
p
ap +

1
q
bq.

This is known as Young’s inequality . Note that, in view of the strict
concavity of f , equality holds if and only if ap = bq.

(v) If V is a vector space, the indicator function of a set E ⊂ V defined by

f (v) = IE (v) :=
{

0 if v ∈ E,
∞ if v /∈ E,

is a convex function if and only if the set E is convex.

Note that if f is convex and c > 0, then cf is still convex, the sum of
two convex functions f and g is convex (we set (f + g) (v) := +∞ whenever
f (v) = ±∞ and g (v) = ∓∞), and the pointwise supremum of an arbitrary
family of convex functions is again a convex function. If f is convex and if
g : [−∞,∞] → [−∞,∞] is convex and nondecreasing, then g ◦ f is convex.

Proposition 4.25. Let V be a topological vector space and let f : V →
[−∞,∞] be convex. Then lsc f is convex, and

epi (lsc f) = epi f .

Proof. Since f is convex, then epi f is convex by Proposition 4.22, and by
Proposition 3.10 we have

epi (lsc f) = epi f ;

hence epi (lsc f) is convex because it is the closure of a convex set, i.e., lsc f
is convex.
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Proposition 4.26. Let V be a locally convex topological vector space and let
f : V → [−∞,∞] be a lower semicontinuous convex function. Then

(i) f is weakly lower semicontinuous;
(ii) if f assumes the value −∞ at some point, then f : V → {−∞,∞}.

Proof. (i) By Propositions 3.4 and 4.22 the set epi f is closed and convex,
and so by Theorem A.47 it is weakly closed. Using once more Proposition
3.4 but now with the weak topology, we conclude that f is weakly lower
semicontinuous.
(ii) Assume by contradiction that there exists v0 ∈ V such that f (v0) ∈ R.
Since epi f is closed and convex by Propositions 3.10 and 4.22, we may apply
the second geometric form of the Hahn–Banach theorem to the sets K :=
{(v0, t0)}, where t0 < f (v0), and C := epi f to find two numbers α ∈ R

and ε > 0 and a continuous linear functional L : V × R → R of the form
L (v, t) = 〈v′, v〉V ′,V + α0t for some v′ ∈ V ′ and α0 ∈ R such that

〈v′, v〉V ′,V + α0t ≥ α+ ε for all (v, t) ∈ epi f and 〈v′, v0〉V ′,V + α0t0 ≤ α− ε.

In particular, since (v0, f (v0)) ∈ epi f , we have that

〈v′, v0〉V ′,V + α0f (v0) ≥ α+ ε > α− ε ≥ 〈v′, v0〉V ′,V + α0t0,

which gives
α0 (f (v0)− t0) > 0.

Since t0 < f (v0), we conclude that α0 > 0, and so

t ≥ α+ ε

α0
− 1
α0
〈v′, v〉V ′,V for all (v, t) ∈ epi f .

In turn,

f (v) ≥ α+ ε

α0
− 1
α0
〈v′, v〉V ′,V for all v ∈ dome f ,

which contradicts the fact that f assumes the value −∞ at some point.

Definition 4.27. Let V1, . . . , Vm be vector spaces. A function

f : V1 × . . .× Vm → [−∞,∞]

is separately convex if it is convex in each variable, i.e., if for every i =
1, . . . ,m, and for all vj ∈ Vj, j = 1, . . . ,m, j �= i, the function

f (v1, . . . , vi−1, ·, vi+1, . . . , vm) : Vi → [−∞,∞]

is convex.
If E ⊂ V1×. . .×Vm, we say that a function f : E → [−∞,∞] is separately

convex if the function obtained by extending f as ∞ outside E is separately
convex.
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Note that a convex function defined on a Cartesian product of vector
spaces is separately convex but the converse is not true in general.

Example 4.28. (i) Let f : R
2 → R be defined as

f (z) = f (z1, z2) := z1z2.

Then f is convex (actually linear) in each variable but not convex.
(ii) Let E :=

{
(z1, z2) ∈ R

2 : z1z2 ≥ 0
}

and let f : R
2 → R be defined as

f (z1, z2) :=
{

0 if (z1, z2) ∈ E,
∞ otherwise.

Then the restriction of f to each line through the origin is convex, but f
is not convex.

4.4 Lipschitz Continuity in Normed Spaces

In order to study the regularity of convex functions we need to introduce the
notion of Lipschitz and Hölder continuity.

Definition 4.29. Let V be a normed space and let E ⊂ V . A function f :
E → R is said to be

(i) Lipschitz continuous if

Lip (f ;E) := sup
{
|f (v)− f (w)|
‖v − w‖ : v,w ∈ E, v �= w

}
<∞;

(ii) locally Lipschitz continuous if for every compact set K ⊂ E,

sup
{
|f (v)− f (w)|
‖v − w‖ : v,w ∈ K, v �= w

}
<∞;

(iii) Hölder continuous with exponent 0 < α < 1 if

|f |C0,α(E) := sup
{
|f (v)− f (w)|
‖v − w‖α : v,w ∈ E, v �= w

}
<∞.

Exercise 4.30. The Weierstrass function

f (s) :=
∞∑

n=1

1
2n

sin 2ns, s ∈ R,

satisfies the estimate

|f (s)− f (t)| ≤ C |s− t| log
1

|s− t|
for all s, t ∈ R, with 0 < |s− t| < 1, and hence provides an example of a
function that is Hölder continuous of any order α < 1. Prove that f is not
Lipschitz continuous, and actually it is nowhere differentiable (see [Ha16]).
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Given a subset E of a normed space V and a function f : E → R, we
define its modulus of continuity by

ω (s) := sup {|f (v)− f (w)| : v, w ∈ E, ‖v − w‖ < s} , s > 0.

Note that f is uniformly continuous if and only if ω (s) → 0 as s → 0+. The
concave modulus of continuity � : [0,∞] → [0,∞] is defined as the smallest
concave function above ω.

Remark 4.31. If E = V and f is uniformly continuous, then it is always pos-
sible to replace ω with �. Indeed, we claim that

ω (s) ≤ � (s) ≤ 2ω (s) (4.7)

for all s ≥ 0. To see this, note that if s0 > 0, then for all n ∈ N0 and
ns0 ≤ s ≤ (n+ 1) s0 we have

ω (s) ≤ ω ((n+ 1) s0) ≤ (n+ 1)ω (s0) ≤ ω (s0) + s
ω (s0)
s0

,

where we have used the fact that ω is subadditive (this is a consequence of
the definition of ω and the fact that E = V ). Since the function

s �→ ω (s0) + s
ω (s0)
s0

is concave and above ω, it follows from the definition of � that

� (s) ≤ ω (s0) + s
ω (s0)
s0

for all s ≥ 0, and taking s = s0 we deduce (4.7) for all s > 0. For s = 0 it
suffices to observe that ω is continuous and ω (0) = 0, and so letting s→ 0+

in (4.7) we obtain that � (0) = 0.

The next result shows that any uniformly continuous function may be
extended to all of V with the same concave modulus of continuity.

Theorem 4.32. Let E be a subset of a normed space V and let f : E → R be
a uniformly continuous function such that

ω (s) ≤ a+ bs for all s ≥ 0, (4.8)

for some a, b ≥ 0. Then there exists a uniformly continuous function g : V →
R with the same concave modulus of continuity � and such that

g (v) = f (v) for all v ∈ E, (4.9)

and
inf
V
g = inf

E
f , sup

V
g = sup

E
f . (4.10)



264 4 Convex Analysis

Proof. Step 1: We claim that � is nondecreasing, � (0) = 0, and � is sub-
additive, that is,

� (s1 + s2) ≤ � (s1) +� (s2) (4.11)

for all s1, s2 ≥ 0. Since � is concave, if � were decreasing in some interval,
then it would be unbounded from below, and this would contradict the fact
that it is nonnegative.

To prove that � (0) = 0, note first that if a = 0, then this follows from
the fact that, by (4.8), � (s) ≤ bs for all s ≥ 0. If a > 0, then fix 0 < ε < a,
and since ω (s) → 0 as s→ 0+, there exists δε > 0 such that

ω (s) ≤ ε for all 0 ≤ s ≤ δε.

The function φ : [0,∞] → R, defined by

φ (s) :=

⎧⎨
⎩
a+ bs if s > δε,

ε+
a+ bδε − ε

δε
s if 0 ≤ s ≤ δε,

is concave and above ω. Therefore � (0) ≤ φ (0) = ε, and given the arbitrari-
ness of ε we conclude that � (0) = 0.

It remains to show that� is subadditive. Let s1, s2 > 0. Then by concavity,

� (s1) ≥
s1

s1 + s2
� (s1 + s2) +

s2
s1 + s2

� (0) =
s1

s1 + s2
� (s1 + s2) ,

� (s2) ≥
s2

s1 + s2
� (s1 + s2) +

s1
s1 + s2

� (0) =
s2

s1 + s2
� (s1 + s2) ,

and summing the two inequalities, we obtain (4.11).

Step 2: Since � is nondecreasing and subadditive, for all v1, v2, w ∈ V ,

� (|v2 − w|) ≤ � (|v1 − w|+ |v1 − v2|) ≤ � (|v1 − w|)+� (|v1 − v2|) . (4.12)

Moreover, from the definition of ω and � it follows that

� (|w1 − w2|) ≥ |f (w1)− f (w2) | for all w1, w2 ∈ E. (4.13)

Define
h(v) := inf {f(w) +� (|v − w|) : w ∈ E} , v ∈ V . (4.14)

We first claim that h(v) is finite for every v ∈ V . Fix w0 ∈ E. By (4.12) and
(4.13), if w ∈ E then

f(w) +� (|v − w|)− f(w0) ≥ � (|v − w|)−� (|w − w0|)
≥ −� (|v − w0|) ,

and so
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h(v) = inf {f(w) +� (|v − w|) : w ∈ E}
≥ f(w0)−� (|v − w0|) > −∞.

Note that if v ∈ E, then we can choose w0 := v in the previous inequality
to obtain h(v) ≥ f (v), since � (0) = 0. On the other hand, taking w = v in
(4.14) yields h(v) ≤ f (v), and so (4.9) holds for h (in place of g). In particular,

inf
V
h ≤ inf

E
f ,

and since � ≥ 0, we have that

h ≥ inf
E
f ,

and thus we conclude that
inf
V
h = inf

E
f .

Next we claim that

|h(v1)− h (v2)| ≤ � (|v1 − v2|) (4.15)

for all v1, v2 ∈ V . Indeed, let v1, v2 ∈ V , ε > 0. By (4.14) there exists w1 ∈ E
such that

h(v1) ≥ f(w1) +� (|v1 − w1|)− ε.

Since h (v2) ≤ f(w1) +� (|v2 − w1|), we get

h(v1)− h (v2) ≥ � (|v1 − w1|)−� (|v2 − w1|)− ε

≥ −� (|v1 − v2|)− ε

by (4.12). Given the arbitrariness of ε > 0 and interchanging the roles of v1
and v2, we have proved the claim.

Finally, define

g(v) := inf
{
h(v), sup

E
f

}
.

Then (4.9) and (4.10) hold for g. We now show that (4.15) continues to hold
for g. Indeed, this is immediate if either g(vi) = h (vi) for i = 1, 2, or if g(vi) =
supE f for i = 1, 2. Thus the only remaining case is g(v1) = h (v1) < supE f
and g(v2) = supE f ≤ h (v2). From (4.15) we obtain

0 ≤ g(v2)− g(v1) = sup
E

f − h (v1) ≤ h (v2)− h (v1) ≤ � (|v1 − v2|) ,

which establishes that the concave modulus of continuity of g, denoted by
�g, is below �. Conversely, since g extends f , it follows that the modulus of
continuity of f is less than or equal to that of g, and so �g = �.

Remark 4.33. (i) The previous result may be extended to metric spaces with
the obvious adaptations.
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(ii) In the special case that ω (s) ≤ Lsα, 0 < α ≤ 1, L > 0, we have that
� (s) ≤ Lsα. Hence if 0 < α < 1, then we can extend f to a Hölder
continuous function g on R

N such that

|g|C0,α(RN ) = |f |C0,α(E) , inf
RN
g = inf

E
f , and sup

RN

g = sup
E

f ,

while if α = 1 we can extend f to a Lipschitz continuous function g on V
such that

Lip g = Lipf , inf
RN
g = inf

E
f , and sup

RN

g = sup
E

f .

4.5 Regularity of Convex Functions

In this section we address continuity and differentiability properties of convex
functions.

In the first result we prove that real-valued separately convex functions on
finite-dimensional spaces are locally Lipschitz. This is hinged on the following
characterization of convex functions on the real line.

Proposition 4.34. Let J ⊂ R be an interval and let g : J → [−∞,∞]. If g
is convex, then for every t0 ∈ J such that g (t0) ∈ R, the difference quotient

t �→ g (t)− g (t0)
t− t0

is nondecreasing in J \ {t0}. The converse is true if g : J → (−∞,∞].

Exercise 4.35. Prove the previous proposition.

If E is a subset of R
m and f : E → R, then the oscillation of f on E is

defined by

osc (f ;E) := sup {|f (z1)− f (z2)| : z1, z2 ∈ E} .

The proof of the next theorem is particularly simple for convex functions (see
Remark 4.37 below), but in view of applications to rank one convex functions
in [FoLe10], we need a version for separately convex functions.

Theorem 4.36. If f : B (z0, 2r) ⊂ R
m → R is separately convex, then

Lip (f ;B (z0, r)) ≤
√
m

osc (f ;B (z0, 2r))
r

.

In particular, any separately convex function f : R
m → (−∞,∞] is locally

Lipschitz in the interior of its effective domain dome f .
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Proof. Step 1: Without loss of generality we may assume that z0 = 0.1 Let
L := osc (f ;B (0, 2r)) /r. Assume first that w, z ∈ B (0, r) are such that
(z − w) / |z − w| = ±e(i) for some element e(i) of the canonical basis of R

m.
For simplicity we consider the case (z − w) / |z − w| = e(i). Fix 0 < ε < r. Let
ξ be a point of intersection of ∂B (0, 2r − ε) with the ray from w through z,
so that z belongs to the segment of endpoints w and ξ, and |w − ξ| ≥ r − ε.
Define g (t) := f (w + tei). Since f is separately convex, then g is convex, and
so by the previous proposition and the fact that |ξ − w| ≥ |z − w| we have

g (|z − w|)− g (0)
|z − w| ≤ g (|ξ − w|)− g (0)

|ξ − w| ,

or equivalently

f (z)− f (w)
|z − w| ≤ f (ξ)− f (w)

|ξ − w| ≤ osc (f ;B (0, 2r))
r − ε

,

where we have used the fact that |w − ξ| ≥ r − ε. Letting ε→ 0+ yields

f (z)− f (w)
|z − w| ≤ osc (f ;B (0, 2r))

r
= L. (4.16)

Next we show that any w = (w1, . . . , wm), z = (z1, . . . , zm) ∈ B (0, r) can
be joined by a chain ξ(0) := w, ξ(1), . . . , ξ(m) := z of points in B (0, r) such
that ξ(i)− ξ(i−1) =

(
wσ(i) − zσ(i)

)
e(σ(i)), i = 1, . . . ,m, for a suitable bijection

σ : {1, . . . ,m} → {1, . . . ,m}.
Let J+ := {i ∈ {1, . . . ,m} : |wi| ≥ |zi|}. Construct a bijection σ of

{1, . . . ,m} onto itself in such a way that σ (i) ∈ J+ if and only if i ≤ card (J+).
Define

ξ(i) := ξ(0) −
i∑

j=1

(
wσ(j) − zσ(j)

)
e(σ(j)), i = 1, . . . ,m− 1.

Then ξ(i) − ξ(i−1) =
(
wσ(i) − zσ(i)

)
e(σ(i)) for all i = 1, . . . ,m and

∣∣∣ξ(i)
∣∣∣ ≤

{
|w| < r if 1 ≤ i ≤ card (J+) ,
|z| < r if card (J+) < i ≤ m.

Since ξ(i) ∈ B (0, r) and ξ(i) − ξ(i−1) =
(
wσ(i) − zσ(i)

)
e(σ(i)) we can apply

(4.16) to obtain

1 In the proof of this theorem, z(i) denotes a vector of R
m, while zi is the ith

component of a vector z ∈ R
m.
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|f (w)− f (z)| ≤
m∑

i=1

∣∣∣f
(
ξ(i)

)
− f

(
ξ(i−1)

)∣∣∣ ≤ L

m∑
i=1

∣∣∣ξ(i) − ξ(i−1)
∣∣∣

= L
m∑

i=1

∣∣wσ(i) − zσ(i)

∣∣

≤ L

(
m∑

i=1

12

)1/2 ( m∑
i=1

(
wσ(i) − zσ(i)

)2)1/2

= L
√
m |w − z| .

Step 2: Here we prove that if z0 belongs to the interior of dome f , then there

exists a neighborhood of z0 on which f is bounded and thus its oscillation is
finite.

Without loss of generality we may assume that z0 = 0, and consider in
R

m the equivalent norm

‖z‖∞ := max {|zi| : i = 1, . . . ,m} .

Let ε > 0 be such that B∞ (0, 2ε) ⊂ dome f and set

a := max {f (z) : zi ∈ {−ε, 0, ε} , i = 1, . . . ,m} .

We claim that
f (z) ≤ a for all z ∈ B∞ (0, ε). (4.17)

Indeed, let z, w ∈ B∞ (0, ε) with wi ∈ {−ε, 0, ε}, i = 1, . . . ,m. If zm �= 0 write

zm =
|zm|
ε

(sgn zm) ε+
(

1− |zm|
ε

)
0.

By the separate convexity of f we have

f (w1, . . . , wm−1, zm) ≤|zm|
ε

f (w1, . . . , wm−1, (sgn zm) ε)

+
(

1− |zm|
ε

)
f (w1, . . . , wm−1, 0) ≤ a.

The same inequality holds if zm = 0. Similarly, if zm−1 �= 0, then we have

f(w1, . . . ,wm−2, zm−1, zm)

≤|zm−1|
ε

f (w1, . . . , wm−2, (sgn zm−1) ε, zm)

+
(

1− |zm−1|
ε

)
f (w1, . . . , wm−2, 0, zm) ≤ a,

where we have used the previous inequality. Recursively we obtain (4.17).
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Next we show that

f (z) ≥ 2mf (0)− (2m − 1) a for all z ∈ B∞ (0, ε). (4.18)

Writing

0 =
1
2
zm +

1
2

(−zm) ,

we have

f (0) ≤ 1
2
f (0, . . . , 0, zm) +

1
2
f (0, . . . , 0,−zm) ≤ 1

2
f (0, . . . , 0, zm) +

1
2
a,

and so
f (0, . . . , 0, zm) ≥ 2f (0)− a,

where we have used (4.17). Similarly,

2f (0)− a ≤ f (0, . . . , 0, zm)

≤ 1
2
f (0, . . . , 0, zm−1, zm) +

1
2
f (0, . . . , 0,−zm−1, zm)

≤ 1
2
f (0, . . . , 0, zm−1, zm) +

1
2
a,

and thus
f (0, . . . , 0, zm−1, zm) ≥ 22f (0)−

(
22 − 1

)
a.

Proceeding by induction we deduce (4.18).

Remark 4.37. (i) It follows from the previous proof (see (4.18)) that if f :
B∞ (z0, 2r) ⊂ R

m → R is separately convex with f (z0) = 0, then

inf
B∞(z0,r)

f + (2m − 1) sup
B∞(z0,r)

f ≥ 0.

(ii) This proof provides a sharper estimate for the Lipschitz constant of f as
compared with simpler arguments already available in the literature (see
[Dac89, Theorem 2.3]).

(iii) If f : B (z0, 2r) ⊂ R
m → R is convex, then the sharper estimate

Lip (f ;B (z0, r)) ≤
osc (f ;B (z0, 2r))

r

holds. To see this, assume that the right-hand side is finite and let w,
z ∈ B (z0, r). Fix 0 < ε < r. Suppose that f (z) ≥ f (w) and choose ξ to
be a point of intersection of ∂B (z0, 2r − ε) with the ray from w through
z such that |w − ξ| ≥ r − ε. Then as in the proof of (4.16) we have

f (z)− f (w)
|z − w| ≤ f (ξ)− f (w)

|ξ − w| ≤ osc (f ;B (0, 2r))
r − ε

.

It suffices to let ε→ 0+.
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Corollary 4.38. Let f : R
m → (−∞,∞] be a proper convex function. Then

the restriction of f to riaff (dome f) is locally Lipschitz. In particular, if dome f
is affine, then the restriction of f to dome f is locally Lipschitz.

Proof. If dome f consists of a point, then there is nothing to prove. If dome f
has more than one point, by Remark 4.1,

aff (dome f) = z0 +W ,

where z0 ∈ dome f and W is a subspace of R
m of dimension 1 ≤ � ≤ m.

By a change of coordinates, without loss of generality we may assume that
aff (dome f) = R

� × {0}. Define

g (w) := f ((w, 0)) , w ∈ R
�.

Then riaff (dome g) reduces simply to the interior of dome g. The result now
follows from Theorem 4.36 applied to g.

Exercise 4.39. The previous corollary cannot be improved in general. In-
deed, let m = 2 and consider the function

f (z) = f (z1, z2) =

⎧⎪⎪⎨
⎪⎪⎩

(z2)
2

2z1
if z1 > 0,

0 if z1 = z2 = 0,
∞ otherwise.

Prove that f is convex in R
2 and continuous everywhere except at the origin.

Corollary 4.38 implies in particular that the lower semicontinuous envelope
of a proper convex function coincides with the function except at most on the
relative boundary of its effective domain. Indeed, we have the following result.

Theorem 4.40. Let f : R
m → (−∞,∞] be a proper convex function. Then

lsc f agrees with f everywhere except possibly on rbaff (dome f). Moreover, for
any fixed z0 ∈ riaff (dome f) and for any z ∈ R

m,

f (z) ≥ lsc f (z) = lim
θ→1−

f ((1− θ) z0 + θz) . (4.19)

Proof. Step 1: Fix any

z /∈ rbaff (dome f) = dome f \ riaff (dome f) .

By Proposition 3.12, for every z ∈ R
m,

lsc f (z) = inf
{zn}

{
lim inf
n→∞

f (zn) : {zn} ⊂ R
m, zn → z

}
,

and so we may find {zn} ⊂ R
m such that zn → z and
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lsc f (z) = lim
n→∞

f (zn) .

We now distinguish two cases.
If z ∈ riaff (dome f), then since

∞ > f (z) ≥ lsc f (z) = lim
n→∞

f (zn) ,

it follows that zn ∈ riaff (dome f) for all n sufficiently large, and thus, using
the continuity of f in riaff (dome f) (see Corollary 4.38), we obtain that

lsc f (z) = lim
n→∞

f (zn) = f (z) .

If z /∈ dome f , then zn /∈ dome f for all n sufficiently large, and so

f (z) ≥ lsc f (z) = lim
n→∞

f (zn) =∞,

which concludes the first part of the theorem.

Step 2: To prove (4.19) fix any z0 ∈ riaff (dome f) (note that since f is proper,
by Proposition 4.7 we may always find at least one). We again distinguish two
cases.

If z ∈ dome f , then in view of the convexity of dome f , by Proposition 4.7
we have

θz + (1− θ) z0 ∈ riaff (dome f)

for all 0 ≤ θ < 1. Hence by Step 1,

f (θz + (1− θ) z0) = lsc f (θz + (1− θ) z0)

for all 0 ≤ θ < 1. The lower semicontinuous function

g (θ) := lsc f (θz + (1− θ) z0) , θ ∈ [0, 1] ,

is convex and real-valued (except possibly at θ = 1), and so continuous in
[0, 1]. Therefore

f (z) ≥ lsc f (z) = g (1) = lim
θ→1−

g (θ)

= lim
θ→1−

lsc f (θz + (1− θ) z0) = lim
θ→1−

f (θz + (1− θ) z0) .

Finally, if z /∈ dome f , then θz+(1− θ) z0 /∈ dome f for all θ sufficiently close
to one, and so again by Step 1,

∞ = f (θz + (1− θ) z0) = lsc f (θz + (1− θ) z0)

for all θ sufficiently close to one, which yields (4.19).
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Corollary 4.41. Let f : R
m → (−∞,∞] be a proper convex function and let

C ⊂ dome f be such that C is convex. Then

inf
C
f = inf

C
f .

Proof. It is enough to show that if t ∈ R is such that f (z1) < t for some
z1 ∈ C, then f (z2) < t for some z2 ∈ C. Define

g (z) :=
{
f (z) if z ∈ C,
∞ otherwise.

Since
riaff (C) ⊂ C ⊂ dome g ⊂ C,

it follows from Proposition 4.9 that

riaff (dome g) = riaff (C) .

Fix any z0 ∈ riaff (C). By (4.19),

t > f (z1) = g (z1) ≥ lim
θ→1−

g ((1− θ) z0 + θz1) ,

and thus the result follows by Proposition 4.7.

Next we extend some of the previous continuity results to the infinite-
dimensional setting.

Proposition 4.42. Let V1, . . . , Vm be locally convex topological vector spaces
and let f : V1 × . . . × Vm → [−∞,∞] be separately convex. If f is bounded
from above in a neighborhood of a point v0 such that f (v0) ∈ R, then f is
continuous at v0.

Proof. Without loss of generality we may assume that v0 = 0 and that f (0) =
0. For every i = 1, . . . ,m, let Ui be an open convex neighborhood of the origin
in Vi such that

f (v) ≤ a for all v ∈ U1 × . . .× Um

for some a ∈ R. We symmetrize the neighborhoods as Wi := Ui ∩ (−Ui),
i = 1, . . . ,m. Given 0 < ε < 1, we prove that

|f (v)| ≤ mεa for all v ∈ ε (W1 × . . .×Wm) . (4.20)

The argument is similar to the one used in Step 2 of the proof of Theorem
4.36. Fix v ∈ ε (W1 × . . .×Wm) and write

v = (v1, . . . , vm) ,

where vi ∈ Vi, i = 1, . . . ,m. By the separate convexity of f we have
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f (0, . . . , 0, vm) ≤ (1− ε) f (0) + εf
(
0, . . . , 0,

vm

ε

)
≤ εa,

where we have used the fact that
(
0, . . . , 0, vm

ε

)
∈ U1 × . . . × Um. Again by

separate convexity we obtain

f (0, . . . , 0, vm) ≥ (1 + ε) f (0)− εf
(
0, . . . , 0,−vm

ε

)
≥ −εa,

and thus
|f (0, . . . , 0, vm)| ≤ εa. (4.21)

Similarly,

f(0, . . . ,0, vm−1, vm)

≤ (1− ε) f (0, . . . , 0, vm) + εf
(
0, . . . , 0,

vm−1

ε
, vm

)

≤ 2εa

by (4.21) and the fact that
(
0, . . . , 0, vm−1

ε , vm

)
∈ U1× . . .×Um. Here we have

used the convexity of Um to deduce that vm ∈ εUm ⊂ Um. Recursively we
obtain (4.20).

More can be said about regularity when f is convex.

Theorem 4.43. Let V be a locally convex topological vector space and let
f : V → [−∞,∞] be convex. Then the following are equivalent:

(i) f is a proper function and is continuous in the interior of dome f , which
is nonempty;

(ii) there exists a nonempty open set on which f is not identically −∞ and is
bounded from above.

Proof. It suffices to show that (ii) implies (i). Let U ⊂ V be an open set such
that

f (v) ≤ a

for all v ∈ U for some positive constant a, and fix any v0 ∈ U such that
f (v0) ∈ R. By the previous proposition f is continuous at v0, and so in
particular, it is finite in a neighborhood of v0. By Remark 4.23 the function
f is proper. Let now v1 be any point in the interior of dome f and find a
neighborhood U1 of v1 such that U1 ⊂ dome f . By the continuity of the
function

t ∈ R �→ v0 + t (v1 − v0)

at t = 1 we may find t > 1 such that the point vt := v0 + t (v1 − v0) is in U1.
The continuous invertible function L : V → V , defined by

L (v) :=
1
t
vt +

(
1− 1

t

)
v, v ∈ V ,
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maps U into an open set L (U) and L (v0) = v1 ∈ L (U). Moreover, by the
convexity of f , for any w ∈ L (U), letting v := L−1 (w) ∈ U , we have

f (w) = f

(
1
t
vt +

(
1− 1

t

)
v

)

≤ 1
t
f (vt) +

(
1− 1

t

)
f (v) ≤ 1

t
f (vt) +

(
1− 1

t

)
a,

which shows that f is bounded from above in a neighborhood of v1. Using
again the previous proposition, we conclude that f is continuous at v1, and,
given the arbitrariness of v1 in the interior of dome f , this concludes the proof.

Exercise 4.44. We construct an example of a convex function that is not
continuous. Let V be an infinite-dimensional normed space and let {en} ⊂ V
be a sequence of linearly independent vectors of norm one. Let f : V → R be
the linear function satisfying f (en) := n for all n ∈ N and f :≡ 0 outside the
span of {en}. Prove that f is linear but not continuous.

If in the previous theorem we assume in addition that f is lower semicon-
tinuous and that V is a Banach space, then we may remove the assumption
that f is bounded from above on an open set.

Corollary 4.45. Let V be a Banach space and let f : V → (−∞,∞] be a
lower semicontinuous convex function. Then f is continuous over the interior
of dome f .

Proof. Let v0 be in the interior of dome f . By replacing f with f (· − v0) we
may assume, without loss of generality, that v0 = 0, so that we may find
B (0, r) ⊂ dome f . Since f is lower semicontinuous and convex, the set

C := {v ∈ V : f (v) ≤ f (0) + 1}

is closed and convex and 0 ∈ C. We claim that

V =
∞⋃

n=1

nC.

Indeed, if v ∈ V , v �= 0, then the function

g (t) := f (tv) , t ∈ R,

is convex and
(
− r

|v| ,
r
|v|

)
⊂ dome g. In particular, g is continuous in

(
− r

|v| ,
r
|v|

)
,

and so there exists 0 < δ < r
|v| such that

|f (tv)− f (0)| = |g (t)− g (0)| ≤ 1

for all |t| ≤ δ. Hence tv ∈ C for all |t| ≤ δ, which implies that v ∈ nC for all
n ≥ 1

δ . This proves the claim.



4.5 Regularity of Convex Functions 275

By the Baire category theorem there exists n0 ∈ N such that the set n0C
has nonempty interior. In turn, C has nonempty interior and thus we may
apply the previous theorem to conclude that f is continuous over the interior
of dome f .

Exercise 4.46. Let V := L1 ([0, 1]), where the underlying measure is the
Lebesgue measure. Show that the functional

I : L1 ([0, 1]) → [0,∞]

defined by

I (v) :=

⎧⎨
⎩
∫ 1

0

|v (x)|2 dx if v ∈ L2 ([0, 1]) ,

∞ otherwise,

is convex and lower semicontinuous, but the sets
{
v ∈ L1 ([0, 1]) :

∫ 1

0

|u (x)|2 dx ≤ t

}
, t > 0,

have empty interiors.

The proof of the next result follows from Theorem 4.43 and adapting Step
1 of the proof of Theorem 4.36. We omit the details.

Theorem 4.47. Let V be a normed space and let f : V → (−∞,∞] be a con-
vex function. Then there exists a nonempty open set over which f is bounded
from above if and only if f is locally Lipschitz in the interior of dome f , which
is nonempty.

Next we study differentiability properties of convex functions. We begin
by introducing the notion of subdifferential.

Definition 4.48. Let V be a locally convex topological vector space, let f :
V → [−∞,∞], and let v0 ∈ V be such that f (v0) ∈ R. The function f is said
to be subdifferentiable at v0 if there exists v′ ∈ V ′ such that

f (v) ≥ f (v0) + 〈v′, v − v0〉V ′,V for all v ∈ V .

The element v′ is called a subgradient of f at v0, and the set of all subgradients
at v0 is called the subdifferential of f at v0 and is denoted by ∂f (v0). Precisely,

∂f (v0) = {v′ ∈ V : f (v) ≥ f (v0) + 〈v′, v − v0〉V ′,V for all v ∈ V } .

If f is not subdifferentiable at v0, then ∂f (v0) := ∅.
The one-sided directional derivative of f at v0 in the direction v ∈ V is

defined by
∂+f

∂v
(v0) := lim

t→0+

f (v0 + tv)− f (v0)
t

whenever the limit exists.
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Note that

f (v0) = min
v∈V

f (v) if and only if 0 ∈ ∂f (v0) . (4.22)

Remark 4.49. If V is a locally convex topological vector space, f : V →
[−∞,∞] is convex, and v0 ∈ V is such that f (v0) ∈ R, then for every v ∈ V

the one-sided directional derivatives ∂+f
∂v (v0) always exist in view of Proposi-

tion 4.34. It may be verified that

v ∈ V �→ ∂+f

∂v
(v0)

is positively homogeneous of degree one, convex, and so subadditive. Moreover,

− ∂+f

∂ (−v) (v0) ≤
∂+f

∂v
(v0) .

In addition, if f is subdifferentiable at v0, then

∂+f

∂v
(v0) ≥ sup

v′∈∂f(v0)

〈v′, v〉V ′,V > −∞

for all v ∈ V . Indeed, let v ∈ V and let v′ ∈ ∂f (v0). Then by definition of
subdifferential for all t > 0 we have

f (v0 + tv)− f (v0)
t

≥ 〈v′, v〉V ′,V . (4.23)

Dividing by t and letting t→ 0+ yields

∂+f

∂v
(v0) ≥ 〈v′, v〉V ′,V ,

and given the arbitrariness of v′ ∈ ∂f (v0) we get

∂+f

∂v
(v0) ≥ sup

v′∈∂f(v0)

〈v′, v〉V ′,V .

Exercise 4.50. Show that the convex function f : R
m → (−∞,∞] defined

by

f (z) :=

⎧⎨
⎩−

(
1− |z|2

) 1
2

if |z| ≤ 1,
∞ otherwise,

is differentiable, and so subdifferentiable (see Theorem 4.61 below) in the
open unit ball {z ∈ R

m : |z| < 1} but it is not subdifferentiable at points z
with |z| = 1.

We now study the existence of the subdifferential.
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Theorem 4.51. Let V be a locally convex topological vector space and let
f : V → [−∞,∞] be a convex function. If there exists v0 ∈ V such that
f (v0) ∈ R and f is continuous at v0, then ∂f (v) �= ∅ for all v in the interior
of dome f . In particular, ∂f (v0) �= ∅.

We begin with a preliminary result.

Lemma 4.52. Let V be a locally convex topological vector space, let f : V →
[−∞,∞] be convex, and let v0 ∈ V be such that f (v0) ∈ R and f is continuous
at v0. If C ⊂ V ×R is a convex set that does not intersect the interior of epi f
and such that (v0, s0) ∈ C for some s0 ∈ R, then there exist v′ ∈ V ′ and
α ∈ R such that

f (v) ≥ α+ 〈v′, v〉V ′,V for all v ∈ V ,
t ≤ α+ 〈v′, v〉V ′,V for all (v, t) ∈ C.

Proof. Since f is convex, by Proposition 4.22 epi f is a convex set of V × R

and we claim that its interior is nonempty. Indeed, fix t > f (v0). Since f is
continuous at v0 there exists a neighborhood U of v0 such that

f (v) < t for all v ∈ U .

Hence the open set U×(t,∞) is a subset of epi f , which shows that the interior
of epi f is nonempty. By the first geometric form of the Hahn–Banach theorem,
with A being the interior of epi g and E := C, we may find a continuous linear
functional L : V × R → R, L �= 0, and a number α ∈ R such that

L (v, t) ≥ α for all (v, t) ∈ A and L (v, t) ≤ α for all (v, t) ∈ C.

Note that by the continuity of L it follows that the first inequality actually
holds for all (v, t) ∈ epi f . The functional L has the form L (v, t) = 〈v′, v〉V ′,V +
α0t for some v′ ∈ V ′ and α0 ∈ R. Hence

〈v′, v〉V ′,V + α0t ≥ α for all (v, t) ∈ epi f , (4.24)
〈v′, v〉V ′,V + α0t ≤ α for all (v, t) ∈ C.

Let v ∈ dome f . Then for any t ≥ f (v),

〈v′, v〉V ′,V + α0t ≥ α,

and so letting t → ∞, we obtain that α0 ≥ 0. If α0 = 0, then since
(v0, f (v0)) ∈ epi f and (v0, s0) ∈ C, taking v = v0 in (4.24) we get
〈v′, v0〉V ′,V = α. Again by (4.24),

〈v′, v − v0〉V ′,V ≥ 0 for all v ∈ dome f .

But since f is continuous at v0 we may find a neighborhood of zero U1 ⊂ V
such that v0 + U1 ⊂ dome f . This implies that
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〈v′, u〉V ′,V ≥ 0 for all u ∈ U1,

and since U1 is absorbing, we have that

〈v′, u〉V ′,V ≥ 0 for all u ∈ V ,

which is a contradiction unless v′ = 0. But since L �= 0, this is not possible,
and so α0 > 0, so that by (4.24),

f (v) ≥ α

α0
− 1
α0
〈v′, v〉V ′,V for all v ∈ V ,

t ≤ α

α0
− 1
α0
〈v′, v〉V ′,V for all (v, t) ∈ C,

which gives the desired conclusion.

We are now ready to prove Theorem 4.51.

Proof (Theorem 4.51). By Theorem 4.43 the function f is proper and contin-
uous in the interior of dome f . Hence it suffices to show that ∂f (v0) �= ∅. By
the previous lemma with C := {(v0, f (v0))}, there exist v′ ∈ V ′ and α ∈ R

such that

f (v) ≥ α+ 〈v′, v〉V ′,V for all v ∈ V , f (v0) ≤ α+ 〈v′, v0〉V ′,V .

Taking v = v0 it follows that f (v0) = α+ 〈v′,v0〉V ′,V , and so

f (v) ≥ f (v0) + 〈v′, v − v0〉V ′,V for all v ∈ V .

Hence ∂f (v0) �= ∅.

As a corollary of the previous theorem we have the following.

Corollary 4.53. Let f : R
m → (−∞,∞] be a proper convex function. If

z ∈ riaff (dome f), then ∂f (z) �= ∅. In particular, if f is real-valued, then
∂f (z) �= ∅ for every z ∈ R

m.

Proof. Fix a point z0 ∈ riaff (dome f). If dome f consists only of z0, then

f (z0) = min
z∈Rm

f (z) ,

and so 0 ∈ ∂f (z0) by (4.22).
If dome f has more than one point, by Remark 4.1 the affine hull of its

effective domain aff (dome f) is, up to a translation, a subspace W of R
m of

dimension 1 ≤ � ≤ m. Since linear changes of variables preserve convexity,
without loss of generality we may assume that aff (dome f) = R

�×{0}. Define

g (w) := f ((w, 0)) , w ∈ R
�. (4.25)
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Then the relative interior of dome g reduces simply to the interior of dome g,
and so, writing z0 = (w0, 0), then w0 belongs to the interior of dome g. By
Theorem 4.36 the function g is continuous in the interior of dome g, and so by
Theorem 4.51 we have that ∂g (w0) is nonempty. Hence there exists ξ0 ∈ R

�

such that

g (w) ≥ g (w0) + ξ0 · (w − w0) for all w ∈ dome g.

Since aff (dome f) = R
�×{0}, by (4.25) the previous inequality may be written

as
f (z) ≥ f (z0) + (ξ0, 0) · (z − z0) for all z ∈ aff (dome f) .

On the other hand, if z /∈ aff (dome f), then f (z) = ∞, and so (ξ0, 0) ∈
∂f (z0).

Remark 4.54. It is actually possible to show that if f (z0) ∈ R and f is not
subdifferentiable at z0, then

∂+f

∂v
(z0) = −∞

for all v ∈ −z0 + riaff (dome f). See Theorem 4.56 below.

Exercise 4.55. The set of points at which a convex function is subdifferen-
tiable may be larger than riaff (dome f). Indeed, let m = 2 and consider the
function

f (z) = f (z1, z2) =

{
max

{
1− z

1
2
1 , |z1|

}
if z1 ≥ 0,

∞ otherwise.

Prove that f is subdifferentiable everywhere in the half-plane {z1 ≥ 0} except
in the relative interior of the segment joining (0, 1) and (0,−1). Note that the
set on which f is subdifferentiable is not convex.

The following theorem relates the subdifferential to one-sided directional
derivatives.

Theorem 4.56. Let V be a Banach space and let f : V → (−∞,∞] be a
proper lower semicontinuous convex function. Assume that the interior of
dome f is nonempty. If v0 ∈ dome f , then one of the following two alter-
natives holds:

(i) ∂f (v0) = ∅ and
∂+f

∂v
(v0) = −∞

for all v ∈ −v0 +
◦

dome f ;
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(ii) ∂f (v0) �= ∅, the function v �→ ∂+f
∂v (v0) is continuous on −v0 +

◦
dome f ,

and
∂+f

∂v
(v0) = max

v′∈∂f(v0)
〈v′, v〉V ′,V

for all v in −v0 +
◦

dome f .

Proof. Let A denote the interior of dome f .

Step 1: We claim that if v0 ∈ A then

∂+f

∂v
(v0) = max

v′∈∂f(v0)
〈v′, v〉V ′,V

for all v ∈ V . By Corollary 4.45 and Theorem 4.51, f is continuous and
subdifferentiable in A, and so by Remark 4.49,

∂+f

∂v
(v0) ≥ sup

v′∈∂f(v0)

〈v′, v〉V ′,V > −∞

for all v ∈ V .
To prove the reverse inequality we show that

p (v) :=
∂+f

∂v
(v0) , v ∈ V ,

is continuous. Since v0 ∈ A, by Corollary 4.45 and Theorem 4.47 there exist
r, M > 0 such that

f (w)− f (v0) ≤M ‖w − v0‖
for all w ∈ B (v0, r). Hence if v ∈ V \ {0}, then for 0 < t < r/ ‖v‖ we have

f (v0 + tv)− f (v0)
t

≤M ‖v‖ ,

and letting t→ 0+ we conclude that

p (v) ≤M ‖v‖ .

Since p : V → R is convex by Remark 4.49, it follows from Theorem 4.43 that
it is actually continuous. Fix v1 ∈ V \ {0}. By Lemma 4.52, with p and v1 in
place of f and v0 and with C := {(v1, p (v1))}, we may find v′ ∈ V ′ and α ∈ R

such that

p (v) ≥ α+ 〈v′, v〉V ′,V for all v ∈ V , p (v1) ≤ α+ 〈v′, v1〉V ′,V . (4.26)

Replacing v with tv, t > 0, in the first inequality and using the fact that p is
positively homogeneous (see Remark 4.49), we obtain that

t (p (v)− 〈v′, v〉V ′,V ) ≥ α for all v ∈ V and t > 0.
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Letting t→ 0+ we conclude that α ≤ 0, while if we divide by t > 0 and then
let t→∞ we obtain

∂+f

∂v
(v0) = p (v) ≥ 〈v′, v〉V ′,V for all v ∈ V ,

which implies in particular that v′ ∈ ∂f (v0). It now follows from the second
inequality in (4.26) that α = 0 and

∂+f

∂v1
(v0) = p (v1) = 〈v′, v1〉V ′,V ,

and so the claim holds.

Step 2: Assume that ∂+f
∂v (v0) = −∞ for all v ∈ −v0 + A. We claim that

∂f (v0) = ∅. Indeed, if not, fix v ∈ −v0 + A and let v′ ∈ ∂f (v0). By letting
t→ 0+ in (4.23) we obtain a contradiction.

Step 3: Assume that ∂+f
∂v1

(v0) > −∞ for some v1 ∈ −v0 + A. Consider the
sequence of functions

gn (v) :=
1
n

[
f

(
v0 +

1
n
v

)
− f (v0)

]
, v ∈ V .

Each gn is convex, proper, lower semicontinuous, and continuous on −v0 +A
by Corollary 4.45. By Remark 4.49 the function

g (v) := inf
n∈N

gn (v) = lim
n→∞

gn (v) =
∂+f

∂v
(v0) , v ∈ V ,

is convex, and since dome g ⊃ dome g1, we deduce that −v0 + A ⊂ dome g.
Also g (v1) ∈ R. Since g is finite at some point in the interior of its domain, g
is proper and in particular finite on −v0 +A (see Remark 4.23).

Since −v0+A is a Baire space and g is the limit of a sequence of continuous
functions on −v0 + A, the set of points at which g is continuous is dense.
By Corollary 4.45, g is continuous on −v0 + A. Hence by Step 1, for every
v1 ∈ −v0 +A and v ∈ V ,

∂+g

∂v
(v1) = max

v′∈∂g(v1)
〈v′, v〉V ′,V . (4.27)

Fix v′ ∈ ∂g (v1) and v ∈ V . Since g is subadditive by Remark 4.49, we have

∂+f

∂v
(v0) = g (v) ≥ g (v1 + v)− g (v1) ≥ 〈v′, v〉V ′,V ,

and given the arbitrariness of v ∈ V it follows that v′ ∈ ∂f (v0), and in turn,
∂g (v1) ⊂ ∂f (v0). This implies in particular that ∂f (v0) is nonempty, and so
by Remark 4.49,
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sup
v′∈∂f(v0)

〈v′, v1〉V ′,V ≤
∂+f

∂v1
(v0) .

By (4.27) there is v′1 ∈ ∂g (v1) such that

∂+g

∂v1
(v1) = 〈v′1, v1〉V ′,V .

Then v′1 ∈ ∂f (v0) and

〈v′1, v1〉V ′,V =
∂+g

∂v1
(v1) = lim

t→0+

g (v1 + tv1)− g (v1)
t

= g (v1) lim
t→0+

(1 + t)− 1
t

= g (v1) =
∂+f

∂v1
(v0) ,

where we have used the fact that g is positively homogeneous. Hence

max
v′∈∂f(v0)

〈v′, v1〉V ′,V =
∂+f

∂v1
(v0)

for all v1 ∈ −v0 +A.

Remark 4.57. If V is a Banach space and f : V → (−∞,∞] is a proper
lower semicontinuous convex function, then considering the restriction f :
aff (dome f) → (−∞,∞], the previous theorem still holds provided the interior
of the effective domain in aff (dome f) is nonempty, i.e., riaff (dome f) �= ∅.

When V is only a locally convex topological vector space we can still prove
a weaker form of the previous theorem:

Proposition 4.58. Let V be a locally convex topological vector space and let
f : V → (−∞,∞] be a proper convex function. If v0 ∈ V is such that f (v0) ∈
R and f is continuous at v0, then

∂+f

∂v
(v0) = max

v′∈∂f(v0)
〈v′, v〉V ′,V

for all v ∈ V .

Proof. By Theorem 4.51, f is subdifferentiable at v0, and so by Remark 4.49,

∂+f

∂v
(v0) ≥ sup

v′∈∂f(v0)

〈v′, v〉V ′,V > −∞

for all v ∈ V . To prove the reverse inequality, as in Step 1 of the previous
theorem it suffices to show that the seminorm

p (v) :=
∂+f

∂v
(v0) , v ∈ V ,
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is continuous. Since

p (v) = inf
t>0

f (v0 + tv)− f (v0)
t

≤ f (v0 + v)− f (v0)

and f is continuous at v0, it follows that p is bounded from above in a neigh-
borhood of v0, and so it is continuous by Theorem 4.43.

Next we study the subdifferentiability of the sum of two convex functions.

Proposition 4.59. Let V be a locally convex topological vector space and let
f1, f2 : V → (−∞,∞] be two proper convex, lower semicontinuous functions.
Assume that there exists

v0 ∈ domef1 ∩ domef2

such that f1 is continuous at v0. Then for every v ∈ V ,

∂ (f1 + f2) (v) = ∂f1 (v) + ∂f2 (v) .

Proof. Step 1: Let v ∈ V . If v′1 ∈ ∂f1 (v) and v′2 ∈ ∂f2 (v), then

f1 (w) ≥ f1 (v) + 〈v′1, w − v〉V ′,V for all w ∈ V ,
f2 (w) ≥ f2 (v) + 〈v′2, w − v〉V ′,V for all w ∈ V ,

and so, adding the two inequalities, we conclude that v′1 +v′2 ∈ ∂ (f1 + f2) (v).
Hence if ∂f1 (v) and ∂f2 (v) are nonempty, then ∂ (f1 + f2) (v) is nonempty
and

∂ (f1 + f2) (v) ⊃ ∂f1 (v) + ∂f2 (v) .

Step 2: Conversely, if ∂ (f1 + f2) (v) is nonempty, let v′ ∈ ∂ (f1 + f2) (v).

Then

(f1 + f2) (w) ≥ (f1 + f2) (v) + 〈v′, w − v〉V ′,V for all w ∈ V . (4.28)

In particular, f1 (v), f2 (v) ∈ R. Define

g (w) := f1 (w)− f1 (v) + 〈v′, w − v〉V ′,V , w ∈ V ,

and
C := {(w, t) ∈ V × R : t ≤ f2 (v)− f2 (w)} .

Then g is a convex function and C a convex set. We claim that g and C satisfy
the hypotheses of Lemma 4.52. Indeed, since f1 is proper and continuous at
v0 then so is g. Moreover, in view of (4.28), if (w, t) ∈ epi g ∩ C, then

g (w) = f1 (w)− f1 (v) + 〈v′, w − v〉V ′,V ≤ t ≤ f2 (v)− f2 (w)
≤ f1 (w)− f1 (v) + 〈v′, w − v〉V ′,V ,



284 4 Convex Analysis

which implies that g (w) = t and f2 (v)−f2 (w) = t, that is, (w, t) ∈ ∂ (epi g)∩
∂C. Finally, (v0, f2 (v)− f2 (v0)) ∈ C. Hence we may apply Lemma 4.52 to
find w′ ∈ V ′ and α ∈ R such that

g (w) = f1 (w)− f1 (v) + 〈v′, w − v〉V ′,V ≥ α+ 〈w′, w〉V ′,V ≥ f2 (v)− f2 (w)

for all w ∈ V . Taking w = v yields 〈w′,v〉V ′,V = −α, so that

f1 (w)− f1 (v) + 〈v′, w − v〉V ′,V ≥ 〈w′, w − v〉V ′,V ≥ f2 (v)− f2 (w)

for all w ∈ V , and so v′ − w′ ∈ ∂f1 (v) and w′ ∈ ∂f2 (v). Hence

v′ = (v′ − w′) + w′ ∈ ∂f1 (v) + ∂f2 (v) ,

which proves that if ∂ (f1 + f2) (v) is nonempty, then

∂ (f1 + f2) (v) ⊂ ∂f1 (v) + ∂f2 (v) .

Step 3: To conclude the proof we observe that if either ∂f1 (v) or ∂f2 (v) is
empty, then by Step 2 so must be ∂ (f1 + f2) (v). If both ∂f1 (v) and ∂f2 (v)
are nonempty, then by Steps 1 and 2, ∂ (f1 + f2) (v) is also nonempty and

∂ (f1 + f2) (v) = ∂f1 (v) + ∂f2 (v) .

This completes the proof.

We now turn to the relation between subdifferentiability and (Gâteaux)
differentiability.

Definition 4.60. Let V be a locally convex topological vector space. A func-
tion f : V → [−∞,∞] is Gâteaux differentiable at v0 ∈ V if f (v0) ∈ R and
there exists v′ ∈ V ′ such that for every v ∈ V ,

lim
t→0+

f (v0 + tv)− f (v0)
t

= 〈v′, v〉V ′,V .

The element v′ is called the Gâteaux differential of f at v0 and is denoted by
f ′ (v0).

Theorem 4.61. Let V be a locally convex topological vector space and let
f : V → [−∞,∞] be a convex function. If f is Gâteaux differentiable at
v0 ∈ V , then it is subdifferentiable at v0 and ∂f (v0) = {f ′ (v0)}. Conversely,
if f is continuous and finite at v0 ∈ V and the subdifferential of f at v0 is a
singleton, then f is Gâteaux differentiable at v0.
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Proof. Assume that f is Gâteaux differentiable at v0 ∈ V , let v ∈ V , and
define g (t) := f (v0 + tv). By Proposition 4.34 the difference quotient

t �→ g (t)− g (0)
t− 0

is nondecreasing in R \ {t0}. Hence

f (v0 + v)− f (v0) =
g (1)− g (0)

1− 0
≥ lim

t→0+

g (t)− g (0)
t− 0

= lim
t→0+

f (v0 + tv)− f (v0)
t

= 〈f ′ (v0) , v〉V ′,V ,

which implies that f ′ (v0) ∈ ∂f (v0). We claim that ∂f (v0) = {f ′ (v0)}. In-
deed, if v′ ∈ ∂f (v0), then for any v ∈ V and t > 0,

f (v0 + tv)− f (v0)
t

≥ 〈v′, v〉V ′,V .

By letting t→ 0+ we obtain that

〈f ′ (v0) , v〉V ′,V ≥ 〈v′, v〉V ′,V for all v ∈ V ,

which implies that v′ = f ′ (v0).
Conversely, assume that f is continuous and finite at v0 ∈ V and the

subdifferential of f at v0 is a singleton {v′}. Then f > −∞ by Remark 4.23,
and so by Proposition 4.58 and the fact that ∂f (v0) = {v′} we deduce that

∂+f

∂v
(v0) = 〈v′, v〉V ′,V

for all v ∈ V , which shows that f is Gâteaux differentiable at v0.

The next result shows that for smooth functions convexity is equivalent to
the monotonicity of the Gâteaux differential.

Theorem 4.62. Let E be a convex subset of a locally convex topological vector
space V and let f : V → [−∞,∞] be Gâteaux differentiable in E. Then the
following three conditions are equivalent:

(i) f : E → R is convex;
(ii) for all v,w ∈ E,

f (v) ≥ f (w) + 〈f ′ (w) , v − w〉V ′,V ;

(iii) for all v,w ∈ E,

〈f ′ (v)− f ′ (w) , v − w〉V ′,V ≥ 0.
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Proof. Assume that (i) holds. Since f is Gâteaux differentiable in E, by the
previous theorem f is subdifferentiable at every w ∈ E and ∂f (w) = {f ′ (w)}.
Hence (ii) holds.

Assume next that (ii) holds. Then for all v,w ∈ E,

f (v) ≥ f (w) + 〈f ′ (w) , v − w〉V ′,V ,
f (w) ≥ f (v)− 〈f ′ (v) , v − w〉V ′,V ,

and by adding these inequalities we obtain that

0 ≥ 〈f ′ (w)− f ′ (v) , v − w〉V ′,V ,

which gives (iii).
Finally, assume that (iii) holds and fix v,w ∈ E. Since f is Gâteaux

differentiable in E, the function g : [0, 1] → R, defined by

g (t) := f (tv + (1− t)w) , t ∈ [0, 1] ,

is differentiable and

g′ (t) = 〈f ′ (tv + (1− t)w) , v − w〉V ′,V .

If s > t, then

g′ (s)− g′ (t) =〈f ′ (sv + (1− s)w)− f ′ (tv + (1− t)w) , v − w〉V ′,V

=
1

s− t
〈f ′ (sv + (1− s)w)− f ′ (tv + (1− t)w) ,

(sv + (1− s)w)− (tv + (1− t)w)〉V ′,V ≥ 0.

Hence g′ is nondecreasing, and so g is convex. In particular,

f (tv + (1− t)w) = g (t) ≤ (1− t) g (0) + tg (1) = (1− t) f (w) + tf (v) ,

which implies the convexity of f .

Remark 4.63. A similar result holds for strictly convex functions provided we
require the inequalities (i) and (ii) to be strict when v �= w.

As a consequence of the previous theorem we now specialize the result of
Theorem 4.36 to obtain a p-Lipschitz condition for separately convex functions
with algebraic growth.

Proposition 4.64. Let f : R
m → R be a separately convex function such that

|f (z)| ≤ C (1 + |z|p)

for some C > 0, p ≥ 1, and all z ∈ R
m. Then

|f (z)− f (w)| ≤ C
(
1 + |z|p−1 + |w|p−1

)
|z − w|

for all z, w ∈ R
m.
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Proof. Step 1: We first assume that f ∈ C∞ (Rm). Let z := (z1, . . . , zm) ∈
R

m be fixed and consider

g (t) := f (z1, . . . , zi−1, t, zi+1, . . . , zm) , t ∈ R.

Since g is convex and smooth by Theorem 4.62 (see also Proposition 4.34),
for all s and t ∈ R we have

g (t+ s)− g (t) ≥ g′ (t) s.

Thus, with s := 1 + |z|, t := zi,

g′ (t) =
∂f

∂zi
(z) ≤ g (t+ s)− g (t)

s
≤ C

(1 + |z|p)
1 + |z| ≤ C

(
1 + |z|p−1

)
.

Also, g (t− s)− g (t) ≥ −g′ (t) s, and so

−g′ (t) ≤ g (t− s)− g (t)
s

≤ C
(1 + |z|p)
1 + |z| ≤ C

(
1 + |z|p−1

)
.

Hence ∣∣∣∣ ∂f∂zi
(z)

∣∣∣∣ ≤ C
(
1 + |z|p−1

)

for every i = 1, . . . ,m.
Let z, w ∈ R

m. By the mean value theorem there is θ ∈ (0, 1) such that

|f (z)− f (w)| = |∇f (θz + (1− θ)w) · (z − w)|

≤C
(
1 + |θz + (1− θ)w|p−1

)
|(z − w)|

≤C
(
1 + |z|p−1 + |w|p−1

)
|z − w| ,

where we have used the fact that if 0 < q <∞ and a, b ≥ 0, then

(a+ b)q ≤ max
{
1, 2q−1

}
(aq + bq) .

Step 2: To remove the smoothness hypothesis consider a standard mollifier

ϕε and let

fε (z) :=
∫

Rm

ϕε (w) f (z − w) dw, ε > 0.

The function fε is still separately convex and, in addition,

|fε (z)| ≤
∫

Rm

ϕε (w) |f (z − w)| dw ≤ C

∫
B(0,ε)

ϕε (w) (1 + |z − w|p) dw

≤ C (1 + |z|p)
∫

Rm

ϕε (w) dw = C (1 + |z|p) ,
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where the constants are independent of ε. By the previous step,

|fε (z)− fε (w)| ≤ C
(
1 + |z|p−1 + |w|p−1

)
|z − w| ,

and since fε (z) → f (z) pointwise as ε → 0+ (see Theorem 2.75) we obtain
the desired result for f .

We conclude this subsection by proving that differentiable separately con-
vex functions are of class C1.

Theorem 4.65. Let B ⊂ R
m be an open ball. If f : B → R is separately

convex and E is the set of points in B at which f is differentiable, then
∇f : E → R

m is continuous.

Proof. Let z0 ∈ E and define

h (z) := f (z)− f (z0)−∇f (z0) · (z − z0) , z ∈ B.

Then the function h is separately convex and differentiable in E. By Theorem
4.36,

|∇f (z)−∇f (z0)| = |∇h (z)| ≤ Lip (h;B (z0, r)) ≤
√
m

osc (h;B (z0, 2r))
r

for any z ∈ E with |z − z0| < r and with B (z0, 2r) ⊂ B. Since f is differen-
tiable at z0 we have that

lim
r→0+

sup
z∈E, |z−z0|<r

|∇f (z)−∇f (z0)| ≤ lim
r→0+

√
m

osc (h;B (z0, 2r))
r

= 0,

and thus ∇f (z) → ∇f (z0) as z → z0, z ∈ E.

4.6 Recession Function

In this section we introduce and study some properties of the recession func-
tion of a convex function. This material will be used in Section 5.2.3.

Definition 4.66. If C ⊂ R
m is a nonempty convex set, then its recession

cone is defined by

C∞ := {z ∈ R
m : tz + w ∈ C for all w ∈ C and t ≥ 0} .

Proposition 4.67. If C ⊂ R
m is nonempty and convex, then

(i) C∞ is convex and C∞ = {z ∈ R
m : z + w ∈ C for all w ∈ C}, i.e., z +

C ⊂ C if and only if tz + C ⊂ C for all t ≥ 0.

If, in addition, C is closed, then
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(ii) C∞ is closed;
(iii) z ∈ C∞ if and only if z = limn→∞ θnwn with wn ∈ C and θn → 0+.

Proof. In part (i) the convexity of C∞ and the inclusion

C∞ ⊂ {z ∈ R
m : z + w ∈ C for all w ∈ C} =: D

are immediate. To prove the converse inclusion let z ∈ D. Then z+w ∈ C for
all w ∈ C. By induction, it follows that w + nz ∈ C for all n ∈ N. Therefore,
if t ∈ [n− 1, n], then writing t = θ (n− 1) + (1− θ)n for some θ ∈ [0, 1], we
have

w + tz = θ (w + (n− 1) z) + (1− θ) (w + nz) ∈ C
by convexity of C, and so z ∈ C∞.

To prove (ii) let z = limn→∞ zn, zn ∈ C∞. In view of part (i) it suffices to
prove that w+ z ∈ C for all w ∈ C. Suppose that w+ z /∈ C for some w ∈ C.
Since C is closed, there would exist r > 0 such that B (w + z, r) ∩ C = ∅.
However, w + zn ∈ C for every n and thus

0 < r ≤ dist (w + z, C) ≤ |(w + z)− (w + zn)| → 0,

and this is a contradiction.
Similarly, in part (iii), if z = limn→∞ θnwn, with wn ∈ C and θn → 0+,

and z were not in C∞, then there would exist w ∈ C and r > 0 such that
B (w + z, r) ∩C = ∅. If n is sufficiently large we may assume that θn ∈ [0, 1],
and so

(1− θn)w + θnwn ∈ C
by convexity of C, with

w + z = lim
n→∞

{(1− θn)w + θnwn + θnw} .

Once again we would reach a contradiction because

0 < r ≤ dist (w + z, C) ≤ |θnw| → 0.

Conversely, if z ∈ C∞ and w0 ∈ C, then nz + w0 = wn ∈ C for all n ∈ N,
and so θnwn → z with θn := 1

n .

Remark 4.68. It can be shown that the notion of recession cone of an arbitrary
set E ⊂ R

m introduced as

E∞ :=
{
z ∈ R

m : there exist wn ∈ E, θn → 0+ such that θnwn → z
}

inherits several properties of the recession cone of a convex set (see [RocWe98]).
Note, however, that E∞ defined in this way is always closed, which is in con-
trast to Definition 4.66 (see Theorem 4.67 (iii)).

We now introduce the concept of recession function.
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Definition 4.69. Let f : R
m → (−∞,∞] be a proper convex function. The

recession function of f is the function f∞ : R
m → [−∞,∞] defined by

f∞(z) := sup {f(w + z)− f (w) : w ∈ domef} , z ∈ R
m.

The next result relates the recession function of a convex function to the
recession cone of its epigraph.

Theorem 4.70. Let f : R
m → (−∞,∞] be a proper convex function. The

recession function f∞ of f is a positively homogeneous proper convex function
and

epi f∞ = (epi f)∞ . (4.29)

Moreover, if f is lower semicontinuous, then so is f∞, and for every w ∈
dome f we have

f∞(z) = sup
t>0

f(w + tz)− f (w)
t

= lim
t→∞

f(w + tz)− f (w)
t

. (4.30)

Proof. We begin by showing that

epi f∞ = (epi f)∞ . (4.31)

Note that in view of Propositions 4.22 and 4.67(i) this entails that epi f∞ is
convex, and so f∞ is convex. Convexity of f∞ also follows from the fact that
f∞ is the supremum of a family of convex functions.

By Proposition 4.67(i) we have

(epi f)∞ = { (z, t) ∈ R
m × R : (w, s) + (z, t) ∈ epi f

for all (w, s) ∈ epi f}
= { (z, t) ∈ R

m × R : f (w + z) ≤ s+ t

for all w ∈ dome f and all s ∈ R such that s ≥ f (w)}
= { (z, t) ∈ R

m × R : f (w + z) ≤ f (w) + t

for all w ∈ dome f}
= { (z, t) ∈ R

m × R : f∞ (z) ≤ t} = epi f∞.

Since for a fixed w ∈ domef ,

f∞(z) ≥ f(w + z)− f (w)

for all z ∈ R
m, we have that f∞ never takes the value −∞. On the other

hand, f∞ is not identically ∞ because f∞ (0) = 0. Hence f∞ is proper.
To prove that f∞ is positively homogeneous let z ∈ R

m and t > 0. We
first claim that

tf∞(z) ≥ f∞(tz). (4.32)

If f∞(z) = ∞ there is nothing to prove. Thus assume that f∞(z) <∞. Then
(z, f∞(z)) ∈ epi f∞, and so by (4.29) and the definition of recession cone,
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t (z, f∞(z)) + epi f ⊂ epi f .

In particular, t (z, f∞(z)) + (w, f (w)) ∈ epi f for all w ∈ dome f , and thus

f (w + tz) ≤ f (w) + tf∞(z), (4.33)

or equivalently,
f (w + tz)− f (w) ≤ tf∞(z)

for all w ∈ dome f . Taking the supremum on the left-hand side over all w ∈
dome f , it follows that

f∞(tz) ≤ tf∞(z)

for all z ∈ R
m and t > 0. To prove the reverse inequality it suffices to replace

z and t in the previous inequality with tz and 1
t .

Assume next that f is lower semicontinuous. Note that by (4.31) and
Proposition 4.67(ii), epi f∞ is closed, and thus by Proposition 3.10, f∞ is
lower semicontinuous.

To prove (4.30), in view of Proposition 4.34 it suffices to establish the
equality

f∞(z) = sup
t>0

f(w + tz)− f (w)
t

for all z ∈ R
m and for any fixed w ∈ dome f . Fix w0 ∈ dome f . We show first

that

f∞(z) ≥ f(w0 + tz)− f (w0)
t

for all z ∈ R
m. Reasoning as in the proof of (4.32) we have that (4.33) holds

for all w ∈ dome f and for every t ≥ 0. In particular,

f (w0 + tz) ≤ f (w0) + tf∞(z)

for all t ≥ 0 and z ∈ R
m, which gives

sup
t>0

f(w0 + tz)− f (w0)
t

≤ f∞(z) (4.34)

for all z ∈ R
m. Conversely, if for z ∈ R

m,

sup
t>0

f(w0 + tz)− f (w0)
t

=∞,

then there is nothing to prove; otherwise, let

s ≥ f(w0 + tz)− f (w0)
t

for all t > 0. Then st+ f (w0) ≥ f(w0 + tz) for all t > 0, and so

(w0 + tz, st+ f (w0)) ∈ epi f (4.35)
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for all t > 0. Write

(z, s) = lim
n→∞

1
n

((w0, f (w0)) + n (z, s)) .

By (4.35) and Proposition 4.67(iii), it follows that (z, s) ∈ (epi f)∞, and now
invoking (4.31), we conclude that f∞ (z) ≤ s. Given the arbitrariness of s, we
deduce that

f∞ (z) ≤ sup
t>0

f(w0 + tz)− f (w0)
t

.

This, together with (4.34), yields (4.30).

Remark 4.71. For nonconvex functions it is also possible to define the recession
function using formula (4.29), and where (epi f)∞ is given as in Remark 4.68
(see [RocWe98]). We call attention, however, to the fact that the recession
function introduced in this way is always lower semicontinuous, in contrast to
the case of a convex function (see Theorem 4.70).

Exercise 4.72. Prove that:

(i) If 1 ≤ p <∞, then the recession function of f (z) := |z|p is

f∞ (z) =
{
∞ if z �= 0,
0 if z = 0,

for p > 1, while f∞ (z) = f (z) = |z| if p = 1;

(ii) the recession function of f (z) :=
√
|z|2 + 1 is f∞ (z) = |z|;

(iii) the recession function of

f (z) := Az · z,

where A is a symmetric positive semidefinite matrix in R
m×m, is

f∞ (z) =
{
∞ if Az �= 0,
0 if Az = 0.

The next result shows that the recession function is of interest only for
convex functions that are not superlinear at infinity.

Theorem 4.73. Let f : R
m → (−∞,∞] be a proper convex lower semicon-

tinuous function. Then

lim inf
|z|→∞

f (z)
|z| = inf

|z|=1
f∞ (z) .

Proof. By (4.29),

inf
|z|=1

f∞ (z) = inf
|z|=1

inf {t ∈ R : (z, t) ∈ epi f∞}

= inf
|z|=1

inf {t ∈ R : (z, t) ∈ (epi f)∞} .
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Since f is convex and lower semicontinuous, by Propositions 3.10 and 4.22, epi f
is closed and convex, and by Theorem 4.67 (iii) we have

inf
|z|=1

f∞ (z) = inf
|z|=1

inf {t ∈ R : (z, t) ∈ (epi f)∞}

= inf
|z|=1

inf
{
t ∈ R : there are (wn, tn) ∈ epi f , θn → 0+,

such that θn (wn, tn) → (z, t)}
= inf

{
t ∈ R : there are (wn, tn) ∈ epi f , θn → 0+,

such that |θnwn| → 1, θntn → t}
= inf

{
t ∈ R : there are wn ∈ R

m, θn → 0+,
such that |θnwn| → 1, θnf (wn) → t}

= inf
{
t ∈ R : there is wn ∈ R

m, such that |wn| → ∞,
f (wn)
|wn|

→ t

}

= lim inf
|z|→∞

f (z)
|z| .

This concludes the proof.

Remark 4.74. The previous theorem continues to hold for nonconvex functions
provided f∞ is defined as in Remark 4.71.

4.7 Approximation of Convex Functions

In this section we show that every convex lower semicontinuous function f
may be written as the supremum of a sequence of affine functions.

If V is a topological vector space, an affine continuous function g : V → R

is a function of the form

g (v) = α+ 〈v′, v〉V ′,V ,

where v′ ∈ V ′ and α ∈ R.

Proposition 4.75. Let V be a locally convex topological vector space and let
f : V → (−∞,∞] be a convex and lower semicontinuous function. Then

(i) there exists an affine continuous function g such that g ≤ f ;
(ii) f (v) = sup {g (v) : g affine continuous, g ≤ f}.

Proof. (i) If f ≡ ∞, then the result is immediate. So assume that there exists
v0 ∈ dome f , and fix t0 < f (v0). By the second geometric form of the Hahn–
Banach theorem, with C := epi f , K := {(v0, t0)}, there exist a continuous
linear functional L : V ×R → R and two numbers α ∈ R and ε > 0 such that

L (v, f (v)) ≥ α+ ε for all v ∈ dome f and L (v0, t0) ≤ α− ε.
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The functional L has the form L (v, t) = 〈v′, v〉V ′,V + α0t for some v′ ∈ V ′

and α0 ∈ R. Hence

〈v′, v〉V ′,V +α0f (v) ≥ α+ε for all v ∈ dome f and 〈v′, v0〉V ′,V +α0t0 ≤ α−ε.

Taking v = v0 we get 〈v′, v0〉V ′,V + α0f (v0) ≥ α+ ε > α− ε ≥ 〈v′, v0〉V ′,V +
α0t0, and since t0 < f (v0) it follows that α0 > 0 and thus

f (v) ≥ g (v) := −〈α−1
0 v′, v〉V ′,V + α−1

0 (α+ ε) for all v ∈ dome f .

Hence f ≥ g in V .

(ii) If f ≡ ∞, then the result is immediate, so assume as before that there
exists v0 ∈ dome f . For any fixed t0 < f (v0), we claim that there exists an
affine function g below f with g(v0) ≥ t0. Indeed, it suffices to observe that
in the construction in part (i),

g(v0) = −〈α−1
0 v′, v0〉V ′,V + α−1

0 (α+ ε) ≥ t0.

This completes the proof.

Remark 4.76. If f takes the value −∞, then (i) fails, and thus the right-hand
side in (ii) is identically −∞, while there exist functions f : V → {−∞,∞}
that are convex and lower semicontinuous with f �≡ −∞. As an example let
V = R and define

f (z) :=
{
∞ if z > 0,
−∞ if z ≤ 0.

When more is known about the space V it may be possible to restrict the
supremum in part (ii) of the previous proposition to a countable family of
affine functions. For simplicity, here we address the case V = R

m.

Proposition 4.77. Let f : R
m → (−∞,∞] be convex and lower semicontin-

uous. Then
f (z) = sup

i∈N

{ai + bi · z} (4.36)

for all z ∈ R
m and for some ai ∈ R, bi ∈ R

m. Moreover,

f∞ (z) = sup
i∈N

{bi · z} (4.37)

for all z ∈ R
m.

We begin with a preliminary result based on Lindelöf’s theorem.

Proposition 4.78. Let A ⊂ R
m be an open set, let G ⊂ C (A), and let

f = sup
g∈G

g. (4.38)

Then there exists a countable subfamily G1 ⊂ G such that

f = sup
g∈G1

g.
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Proof. The space C (A) has a countable base of open sets when it is endowed
with the topology compatible with the metric

d (g, h) := max
n∈N

1
2n

‖g − h‖C(Kn)

1 + ‖g − h‖C(Kn)

,

where

A =
∞⋃

n=1

Kn,

Kn is compact, nonempty, and Kn is contained in the interior of Kn+1. Let

A1 := {B (g, r) : g ∈ G, 0 < r ≤ 1} .

By Lindelöf’s theorem, A1 admits a countable subfamily D1 such that

G ⊂
⋃

B(g,r)∈A1

B (g, r) =
⋃

B(g,r)∈D1

B (g, r) .

Inductively, for every k ∈ N let

Ak :=
{
B (g, r) : g ∈ G, 0 < r ≤ 1

k

}
,

and again by Lindelöf’s theorem we may find a countable subfamily Dk ⊂ Ak

such that
G ⊂

⋃
B(g,r)∈Ak

B (g, r) =
⋃

B(g,r)∈Dk

B (g, r) . (4.39)

Write
Dk =

{
B
(
g
(k)
j , r

(k)
j

)
: j ∈ N

}
.

We claim that
f = sup

j,k∈N

{
g
(k)
j

}
. (4.40)

Indeed, by (4.38),
f ≥ sup

j,k∈N

{
g
(k)
j

}
.

Conversely, fix z ∈ A and let t < f (z). By (4.38) we may find g ∈ G such that

t < g (z) . (4.41)

Let 0 < ε < 1
2 (g (z)− t), and let n ∈ N be such that z ∈ Kn and let k1 ∈ N

be large enough that
2n ≤ εk1. (4.42)

By (4.39) there exist g(k1)
j1

and 0 < r
(k1)
j1

≤ 1
k1

such that g ∈ B
(
g
(k1)
j1

, r
(k1)
j1

)
.

In particular,
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1
2n

∥∥∥g − g
(k1)
j1

∥∥∥
C(Kn)

1 +
∥∥∥g − g

(k1)
j1

∥∥∥
C(Kn)

≤ r
(k1)
j1

.

Hence
∣∣∣g (z)− g

(k1)
j1

(z)
∣∣∣ ≤

∥∥∥g − g
(k1)
j1

∥∥∥
C(Kn)

≤
2nr

(k1)
j1

1− 2nr
(k1)
j1

< 2ε,

where we have used (4.42). By (4.41) and the fact that 0 < ε < 1
2 (g (z)− t),

we deduce that

t < g (z)− 2ε ≤ g
(k1)
j1

(z) ≤ sup
j,k∈N

{
g
(k)
j

}
(z) ,

and given the arbitrariness of t < f (z) we obtain (4.40).

Proof (Proposition 4.77). By Proposition 4.75(ii),

f (z) = sup {g (z) : g affine continuous, g ≤ f}

for all z ∈ R
m, and (4.36) follows from Proposition 4.78. To prove (4.37) fix

w ∈ domef and let z ∈ R
m. Then for every i ∈ N and by Theorem 4.70,

f∞ (z) = lim
t→∞

f(w + t z)− f (w)
t

≥ lim
t→∞

ai + bi · (w + t z)− f (w)
t

= bi · z.

Therefore
f∞ (z) ≥ sup

i∈N

{bi · z}

for all z ∈ R
m. Conversely, for t > 0,

f(w + t z)− f (w)
t

= sup
i∈N

ai + bi · (w + t z)− f (w)
t

≤ sup
i∈N

bi · z + sup
i∈N

ai + bi · w − f (w)
t

= sup
i∈N

bi · z,

and this concludes the proof of (4.37).

In the case that f is real-valued it is possible to give an explicit character-
ization of the coefficients ai and bi in the previous proposition.

Let f : R
m → R be a convex function and let ϕ ∈ C1

c (Rm) be any function
with ϕ ≥ 0 and

∫
Rm ϕ (z) dz = 1. Define

aϕ :=
∫

Rm

f (z) ((m+ 1)ϕ (z) +∇ϕ (z) · z) dz,

bϕ := −
∫

Rm

f (z)∇ϕ (z) dz.

When necessary we will also write aϕ (f) and bϕ (f) to highlight the depen-
dence on f .
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Theorem 4.79 (De Giorgi). Let f and ϕ be as above. Then

(i) f (z) ≥ aϕ + bϕ · z for all z ∈ R
m;

(ii) f (z) = supk∈N, q∈Qm

{
aϕk,q

+ bϕk,q
· z
}

for all z ∈ R
m, where

ϕk,q (z) := kmϕ (k (q − z)) , z ∈ R
m. (4.43)

Proof. (i) Assume first that f ∈ C1 (Rm). Then by Theorem 4.61, for any z,
ξ ∈ R

m we have
f (z) ≥ f (ξ) +∇f (ξ) · (z − ξ) .

Multiply the previous inequality by ϕ (ξ) and integrate in ξ over R
m to obtain

f (z) ≥
∫

Rm

(f (ξ)−∇f (ξ) · ξ)ϕ (ξ) dξ + z ·
∫

Rm

∇f (ξ)ϕ (ξ) dξ.

Integrating by parts now yields

f (z) ≥
∫

Rm

f (ξ) ((m+ 1)ϕ (ξ) +∇ϕ (ξ) · ξ) dξ − z ·
∫

Rm

f (ξ)∇ϕ (ξ) dξ.

This proves (i) when f ∈ C1 (Rm). In the general case, let ψε be a standard
mollifier. Applying the previous inequality to the smooth convex function
fε := ψε ∗ f gives

fε (z) ≥
∫

Rm

fε (ξ) ((m+ 1)ϕ (ξ) +∇ϕ (ξ) · ξ) dξ − z ·
∫

Rm

fε (ξ)∇ϕ (ξ) dξ.

Since ϕ has compact support, by Theorem 2.75 we may now let ε→ 0+.

(ii) Let k ∈ N, q ∈ Q
m. By replacing the function ϕ with ϕk,q in (i) we obtain

f (z) ≥ aϕk,q
+ bϕk,q

· z for all z ∈ R
m

and hence f ≥ g, where

g (z) := sup
k∈N, q∈Qm

{
aϕk,q

+ bϕk,q
· z
}

.

Since g is everywhere finite and convex, it is continuous, and so is f (see
Corollary 4.38). Hence, to prove (ii) it suffices to show that

f (q) = g (q) for all q ∈ Q
m,

since Q
m is dense in R

m.
For k ∈ N, q ∈ Q

m, we have

aϕk,q
+ bϕk,q

· z

=
∫

Rm

f (ξ) (m+ 1) kmϕ (k (q − ξ))− km+1∇ϕ (k (q − ξ)) · (ξ − z) dξ

=
∫

Rm

f
(
q − w

k

)
((m+ 1)ϕ (w)−∇ϕ (w) · (k (q − z)− w)) dw,
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where we have made the change of variables w = k (q − ξ). Taking z = q we
obtain

aϕk,q
+ bϕk,q

· q =
∫

Rm

f
(
q − w

k

)
((m+ 1)ϕ (w) +∇ϕ (w) · w) dw.

Since the integrand is continuous and with compact support, we may let
k →∞ to get

lim
k→∞

aϕk,q
+ bϕk,q

· q = f (q)
∫

Rm

((m+ 1)ϕ (w) +∇ϕ (w) · w) dw = f (q) ,

where we have used the facts that∫
Rm

ϕ (w) dw = 1,
∫

Rm

∇ϕ (w) · w dw = −m
∫

Rm

ϕ (w) dw = −m.

Since
f (q) = lim

k→∞
aϕk,q

+ bϕk,q
· q ≤ g (q) ,

(ii) follows.

A simple use of the approximation result given in Proposition 4.75 gives
an extension of Jensen’s inequality for real-valued functions to functions that
may take the value ∞. We begin with the real-valued case.

Theorem 4.80 (Jensen’s inequality). Let V be a Banach space and let
f : V → R be bounded from above in a neighborhood of a point. Then f is
convex if and only if given any probability measure µ on a measurable space
(X,M), where X has at least two distinct elements, and any function g ∈
L1 ((X,M, µ) ;V ), then

f

(∫
X

g dµ

)
≤
∫

X

f ◦ g dµ. (4.44)

Proof. Assume that Jensen’s inequality (4.44) holds, and let (X,M, µ) be as
in the statement. Fix z1, z2 ∈ V and θ ∈ (0, 1). Set

µ := θδx1 + (1− θ) δx2 ,

where x1, x2 ∈ X, x1 �= x2. Define

g (x) :=
{
z1 if x = x1,
z2 otherwise.

Then

f

(∫
X

g dµ

)
≤
∫

X

f ◦ g dµ

becomes
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f (θg (x1) + (1− θ) g (x2)) ≤ θ (f ◦ g) (x1) + (1− θ) (f ◦ g) (x2) ,

that is,
f (θz1 + (1− θ) z2) ≤ θf (z1) + (1− θ) f (z2) ,

and so f is convex.
Conversely, assume that f is convex. Then by Proposition 4.42 and The-

orem 4.51, for every v0 ∈ V there exists v′ ∈ V ′ such that

f (v) ≥ f (v0) + 〈v′, v − v0〉V ′,V for all v ∈ V .

Let (X,M, µ) and g be as in the statement and set

v0 :=
∫

X

g dµ.

Then

f (g (w)) ≥ f

(∫
X

g dµ

)
+
〈
v′, g (w)−

∫
X

g dµ

〉
V ′,V

for all w ∈ X.

Integrating with respect to µ yields
∫

X

f (g (w)) dµ (w) ≥ f

(∫
X

g dµ

)
,

which is the desired inequality.

We now extend Jensen’s inequality to the case that f may take the value ∞.

Corollary 4.81. Let V be a Banach space and let f : V → (−∞,∞] be a
convex, lower semicontinuous function. Given any probability measure µ on a
measurable space (X,M) and any function g ∈ L1 ((X,M, µ) ;V ), then

f

(∫
X

g dµ

)
≤
∫

X

f ◦ g dµ. (4.45)

Proof. By Proposition 4.75,

f (v) = sup {h (v) : h affine continuous, h ≤ f} .

Let h be any affine function such that f ≥ h. If X has only one element, then
(4.45) holds as equality. Otherwise, applying Jensen’s inequality to h we have

∫
X

f ◦ g dµ ≥
∫

X

h ◦ g dµ ≥ h

(∫
X

g dµ

)
,

and taking the supremum over all affine functions h below f yields
∫

X

f ◦ g dµ ≥ f

(∫
X

g dµ

)
.

This concludes the proof.
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Exercise 4.82. Let f : R
m → (−∞,∞] be a lower semicontinuous function

and let Q ⊂ R
N be the unit cube. Prove that f is convex if and only if

f (z) ≤
∫

Q

f (z + v (x)) dx

for all z ∈ R
m and all Q-periodic functions v ∈ L1

loc

(
R

N ; Rm
)
, with

∫
Q

v (x) dx = 0,

for which the right-hand side of the previous inequality is well-defined.

4.8 Convex Envelopes

As we will see in relaxation problems, in the case of nonconvex integrands
f one is interested in “convexifying” f . This brings us to various notions of
convex envelopes.

Definition 4.83. Let V be a vector space and let f : V → [−∞,∞]. The
convex envelope Cf : V → [−∞,∞] of f is defined by

Cf (v) := sup {g (v) : g : V → [−∞,∞] convex, g ≤ f} .

The following result relates the convex envelope of a function with the
convex hull of its epigraph.

Theorem 4.84. Let V be a vector space and let f : V → [−∞,∞]. Then

dome Cf = co (dome f)

and
Cf (v) = inf {t ∈ R : (v, t) ∈ co (epi f)} , v ∈ V .

Proof. If v ∈ co (dome f), then by Proposition 4.2, v can be written as a
convex combination of elements of dome f , that is,

v =
n∑

i=1

θivi

for some n ∈ N,
∑n

i=1 θi = 1, θi ≥ 0, vi ∈ dome f . Since Cf ≤ f , it follows
that vi ∈ dome Cf . Since dome Cf is a convex set, we have that v ∈ dome Cf ,
and so co (dome f) ⊂ dome Cf . To prove the converse inclusion, note that the
function

g (v) :=
{
−∞ if v ∈ co (dome f) ,
∞ otherwise,
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is convex and below f , and so g ≤ Cf , which implies that

co (dome f) = dome g ⊃ dome Cf .

To prove the second part of the theorem define

h (v) := inf {t ∈ R : (v, t) ∈ co (epi f)} , v ∈ V .

Since co (epi f) is a convex set, by Proposition 4.22 it follows that h is convex.
Moreover, if v ∈ dome f , then (v, f (v)) ∈ epi f ⊂ co (epi f), and so h (v) ≤
f (v). Hence by the definition of convex envelope we have that

h ≤ Cf .

To prove the reverse inequality let g : V → [−∞,∞] be any convex function,
with g ≤ f . Then epi f ⊂ epi g, and since epi g is a convex set by Proposition
4.22, we have that

co (epi f) ⊂ epi g.

Hence for every v ∈ dome g,

g (v) = inf {t ∈ R : (v, t) ∈ epi g} (4.46)
≤ inf {t ∈ R : (v, t) ∈ co (epi f)} = h (v) .

On the other hand, if v ∈ dome h, then there exists t ∈ R such that (v, t) ∈
co (epi f). In particular, we may write

v =
n∑

i=1

θivi

for some n ∈ N,
∑n

i=1 θi = 1, θi ≥ 0, vi ∈ dome f . Hence v ∈ co (dome f) =
dome Cf by the first part of the proof. Since g (v) ≤ Cf (v) < ∞, it follows
that v ∈ dome g. Thus dome h ⊂ dome g, which implies that the inequality
(4.46) holds everywhere. In turn, g ≤ h, and given the arbitrariness of g we
conclude that Cf ≤ h. This proves the second part of the theorem.

Remark 4.85. It follows by Remark 4.3 that if V is a topological vector space
and dome f is open, then dome Cf is open.

Another type of convex envelope is obtained by restricting the class of
admissible functions below f to affine continuous functions.

Definition 4.86. Given a dual pair (V,W ) and a function f : V → [−∞,∞],
the polar or conjugate function f∗ : W → [−∞,∞] of f is defined by

f∗ (w) := sup
v∈V

{〈v, w〉V,W − f (v)} , w ∈W ,

and the bipolar or biconjugate function f∗∗ : V → [−∞,∞] of f is defined
by

f∗∗ (v) := sup
w∈W

{〈v, w〉V,W − f∗ (w)} , v ∈ V .
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The spaces V,W are endowed with the topologies σ (V,W ) and σ (W,V ),
respectively. Since f∗ is the supremum of a family of continuous and convex
functions, f∗ is convex and lower semicontinuous. The same holds true for
f∗∗, and f∗∗ ≤ f . Even when f is convex and lower semicontinuous it may
happen that f∗∗ �= f . Indeed, if f takes the value −∞ at some point and
f �≡ −∞ (see Proposition 4.26), then f∗ ≡ ∞, and in turn, f∗∗ ≡ −∞.

Remark 4.87. If V is a topological vector space and f : V → [−∞,∞], then
we may take W to be the topological dual of V , so that

f∗ (v′) = sup
v∈V

{〈v′, v〉V ′,V − f (v)} , v′ ∈ V ′,

and
f∗∗ (v) = sup

v′∈V ′
{〈v′, v〉V ′,V − f∗ (v′)} , v ∈ V .

In what follows, whenever the space W is not specified, it is understood that
W := V ′.

Proposition 4.88. Let (V,W ) be a dual pair and f : V → [−∞,∞]. Then

f∗ = f∗∗∗.

Proof. From the definition of f∗∗ we have that

f∗∗ (v) ≥ 〈v, w〉V,W − f∗ (w)

for all v ∈ V and w ∈W . Therefore

f∗ (w) ≥ f∗∗∗ (w) = sup
v∈V

{〈v, w〉V,W − f∗∗ (v)} .

Conversely,

f∗∗∗ (w) ≥ 〈v, w〉V,W − f∗∗ (v) ≥ 〈v, w〉V,W − f (v)

for all v ∈ V and w ∈ W , where we have used the fact that f∗∗ ≤ f . Taking
the supremum over all v ∈ V , we conclude that

f∗∗∗ (w) ≥ f∗ (w)

for all w ∈W , and this completes the proof.

Exercise 4.89. Let V = R
m. Prove that:

(i) If 1 ≤ p <∞, then the polar function of f (z) = |z|p
p is

f∗ (w) =
|w|p

′

p′
w ∈ R

m,

for p > 1 and

f∗ (w) =
{
∞ if |w| > 1,
0 if |w| ≤ 1,

if p = 1.



4.8 Convex Envelopes 303

(ii) The polar function of f (z) :=
√
|z|2 + 1 is

f∗ (w) =

{
∞ if |w| > 1,

−
√

1− |w|2 if |w| ≤ 1.

(iii) Let m = 1. The polar function of f (z) := ez is

f∗ (w) =

⎧⎨
⎩
w logw − w if w > 0,
0 if w = 0,
∞ if w < 0.

Remark 4.90. Note that if V is a topological vector space and f : V →
[−∞,∞], f �≡ ∞, is positively homogeneous of degree one, i.e.,

f (tv) = tf (v)

for all v ∈ V and t > 0, then

f∗ : V ′ → {0,∞} .

Indeed, fix v′ ∈ V ′. If there exists v0 ∈ V such that 〈v′, v0〉V ′,V − f (v0) > 0,
then for all t > 0,

f∗ (v′) = sup
v∈V

{〈v′, v〉V ′,V − f (v)}

≥ 〈v′, tv0〉V ′,V − f (tv0) = t (〈v′, v0〉V ′,V − f (v0)) ,

and by letting t → ∞ we obtain f∗ (v′) = ∞. On the other hand, if
〈v′, v〉V ′,V − f (v) ≤ 0 for all v ∈ V , then f∗ (v′) ≤ 0. Let v ∈ V be such
that f (v) <∞. Then

0 ≥ f∗ (v′) ≥ t (〈v′, v〉V ′,V − f (v)) → 0

as t→ 0+. Hence f∗ (v′) = 0.

From the definition of f∗ we have that

f∗ (v′) ≥ 〈v′, v〉V ′,V − f (v)

for all v ∈ V and v′ ∈ V ′. The next result characterizes pairs (v, v′) ∈ V × V ′

for which equality holds.

Theorem 4.91. Let V be a topological vector space, let f : V → (−∞,∞] be
a convex function not identically equal to ∞, and let (v, v′) ∈ V × V ′. Then
v′ ∈ ∂f (v) if and only if

f (v) + f∗ (v′) = 〈v′, v〉V ′,V . (4.47)
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Proof. Fix (v, v′) ∈ V × V ′. If v′ ∈ ∂f (v), then

f (w) ≥ f (v) + 〈v′, w − v〉V ′,V for all w ∈ V ,

or equivalently,

〈v′, v〉V ′,V − f (v) ≥ f∗ (v′) = sup
w∈V

{〈v′, w〉V ′,V − f (w)} .

Since the opposite inequality holds by definition of f∗, equality (4.47) follows.
Conversely, assume that (4.47) holds. In particular, f (v) ∈ R. By defini-

tion of f∗ (v′) we have that for all w ∈ V ,

f (w)− 〈v′, w〉V ′,V ≥ −f∗ (v′) = f (v)− 〈v′, v〉V ′,V ,

that is,
f (w) ≥ f (v) + 〈v′, w − v〉V ′,V for all w ∈ V ,

which is equivalent to v′ ∈ ∂f (v).

We now relate the various types of convex envelopes.

Theorem 4.92. Let V be a locally convex topological vector space and f :
V → [−∞,∞], f �≡ ∞. Then

(i) f∗∗ (v) = sup {g (v) : g affine continuous, g ≤ f} for all v ∈ V . In par-
ticular, if f∗∗ takes the value −∞, then f∗∗ ≡ −∞;

(ii) f∗∗ ≤ lsc (Cf) ≤ C (lsc f) ≤ Cf ≤ f ;
(iii) if, in addition, there exists an affine continuous function below f , then

f∗∗ = lsc (Cf).

Proof. Step 1: Set

f̃ (v) := sup {g (v) : g affine continuous, g ≤ f} , v ∈ V .

We first prove that f̃ ≡ −∞, i.e., the family of admissible functions g in the
definition of f̃ is empty, if and only if f∗ ≡ ∞. Indeed, if there exist v′ ∈ V ′

and α ∈ R such that
〈v′, v〉V ′,V + α ≤ f (v)

for every v ∈ V , then, equivalently,

〈v′, v〉V ′,V − f (v) ≤ −α

for every v ∈ V . Therefore
f∗ (v′) ≤ −α. (4.48)

Conversely, if there exists v′ ∈ V ′ such that f∗ (v′) < ∞, then f∗ (v′) ∈ R

since f �≡ ∞. In view of the definition of f∗ (v′), it follows that

〈v′, v〉V ′,V − f∗ (v′) ≤ f (v)
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for every v ∈ V and thus

g (v) := 〈v′, v〉V ′,V − f∗ (v′) ≤ f̃ (v) . (4.49)

Step 2: We prove (i). If f∗ ≡ ∞, then f∗∗ ≡ −∞, and by Step 1, property (i)
holds. Suppose now that there exists v′ ∈ V ′ such that f∗ (v′) < ∞. Taking
the supremum in (4.49) over all such v′ yields f∗∗ (v) ≤ f̃ (v).

Conversely, by Step 1 there is at least one admissible function g (v) =
〈v′,v〉V ′,V +α in the definition of f̃ . As in (4.48) we obtain f∗ (v′) ≤ −α, and
we deduce that

f∗∗ (v) ≥ 〈v′, v〉V ′,V − f∗ (v′) ≥ 〈v′, v〉V ′,V + α.

Taking the supremum over all such pairs (v′, α), we conclude that f∗∗ (v) ≥
f̃ (v).
(ii) The last two inequalities are immediate. Since Cf ≤ f , then lsc (Cf) ≤
lsc f , and using the fact that lsc (Cf) is convex by Proposition 4.25, we obtain
that lsc (Cf) ≤ C (lsc f).

Since f∗∗ is lower semicontinuous, convex, and below f , we have that
f∗∗ ≤ lsc (Cf).
(iii) Since lsc (Cf) is convex, lower semicontinuous, and above an affine con-
tinuous function, then by Proposition 4.75, invoking (ii), it follows that

lsc (Cf) (v) = sup {g (v) : g affine continuous, g ≤ lsc (Cf) (v)} (4.50)
= (lsc (Cf))∗∗ (v) ,

where in the last equality we used part (i). Since lsc (Cf) ≤ f by (4.50) we
conclude that lsc (Cf) ≤ f∗∗.

Remark 4.93. (i) Note that if there is no affine continuous function below f ,
then Theorem 4.92(iii) does not hold in general. Observe that Remark
4.76 exhibits an example in which f∗∗ ≡ −∞ � lsc (Cf) = f .

(ii) From Theorem 4.92 it follows that if there exists an affine continuous
function below f and if Cf is lower semicontinuous, then f∗∗ = lsc (Cf) =
C (lsc f) = Cf . In particular, if f : V → R is bounded from above in an
open set and if there exists an affine continuous function g such that
f ≥ g, then

−∞ < g ≤ f∗∗ ≤ C (lsc f) ≤ Cf ≤ f <∞,

and so Cf : V → R. By Theorem 4.43 it follows that Cf is continuous,
and so f∗∗ = lsc (Cf) = C (lsc f) = Cf .

(iii) Note that when V is a Euclidean space, say V = R
m, and f : R

m → R

is bounded from below by an affine function g, then Cf is continuous by
Corollary 4.38, and so by (ii) we have that f∗∗ = lsc (Cf) = C (lsc f) = Cf .
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However, when f takes the value∞, then by Theorem 4.40, f∗∗ = lsc (Cf)
agrees with Cf except possibly on rbaff (dome Cf), and in particular, it
may happen that f∗∗

� C (lsc f) on rbaff (dome Cf) as shown by the
following example.

Exercise 4.94. Let m = 2 and consider the function

f (z) = f (z1, z2) =

⎧⎨
⎩
z2 − z1e

z2 if z2 ≥ 0 and 0 < z1 ≤ z2e
−z2 ,

0 if z2 ≥ 0 and z2e
−z2 < z1,

∞ otherwise.

Prove that

f∗∗ (z1, z2) =
{

0 if z1 ≥ 0 and z2 ≥ 0,
∞ otherwise,

while

C (lsc f) (z1, z2) =

⎧⎨
⎩
z2 if z1 = 0 and z2 ≥ 0,
0 if z1 > 0 and z2 ≥ 0,
∞ otherwise.

Note that C (lsc f) is convex but not lower semicontinuous.

If we restrict our attention to the space V = R
m, then additional qualita-

tive properties may be obtained for convex envelopes.
We start with Carathéodory’s theorem, which improves (4.1) in that it

limits the number of terms in the convex combination to at most m+ 1.

Theorem 4.95 (Carathéodory). Let E ⊂ R
m. Then

coE =

{
m+1∑
i=1

θizi :
m+1∑
i=1

θi = 1, θi ≥ 0, zi ∈ E, i = 1, . . . ,m+ 1

}
.

Theorem 4.96. Let f : R
m → (−∞,∞]. Then for all z ∈ R

m,

Cf (z) = inf

{
m+1∑
i=1

θif (zi) : θi ∈ [0, 1] , zi ∈ R
m, i = 1, . . . ,m+ 1,

m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = z

}
.

The formula is also valid if one takes only the combinations such that

aff ({z1, . . . , zm+1}) = R
m.

In the previous theorem if θi = 0 we set θif (zi) := 0 even if f (zi) = ∞.
As a corollary we obtain the following result.
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Corollary 4.97. Let f : R
m → (−∞,∞] be bounded from below by an affine

function g. Then

dome f∗∗ = dome Cf = co (dome f). (4.51)

Moreover, for all z /∈ rbaff (dome Cf),

f∗∗ (z) = inf

{
m+1∑
i=1

θif (zi) : θi ∈ [0, 1] , zi ∈ R
m, i = 1, . . . ,m+ 1,

m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = z

}
,

while for z ∈ rbaff (dome Cf),

f∗∗ (z) = lim
θ→1−

Cf ((1− θ) z0 + θz)

for any fixed z0 ∈ riaff (dome Cf).

Proof. By Theorem 4.92(iv), f∗∗ = lsc (Cf), and so by Proposition 3.12, for
every z ∈ R

m,

f∗∗ (z) = inf
{zn}

{
lim inf
n→∞

Cf (zn) : {zn} ⊂ R
m, zn → z

}
,

which implies that

dome Cf ⊂ dome f
∗∗ ⊂ dome Cf .

Property (4.51) now follows from Proposition 4.9 and Theorem 4.84.
The second part of the theorem is a consequence of Theorems 4.96 and

Theorem 4.40.

If f is superlinear at infinity, then we have the following result.

Theorem 4.98. Let f : R
m → [0,∞] be such that

lim
|z|→∞

f (z)
|z| = ∞. (4.52)

Then

f∗∗ (z) =C (lsc f) (z)

= min

{
m+1∑
i=1

θi (lsc f) (zi) : θi ∈ [0, 1] , zi ∈ R
m, i = 1, . . . ,m+ 1,

m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = z

}
.



308 4 Convex Analysis

Proof. Step 1: Assume first that f is lower semicontinuous. We claim that
Cf is lower semicontinuous. To see this, let z(n) → z. We need to show that

lim inf
n→∞

Cf
(
z(n)

)
≥ Cf (z) .

Without loss of generality we may assume that

lim inf
n→∞

Cf
(
z(n)

)
= lim

n→∞
Cf

(
z(n)

)
<∞

and
C := sup

n
Cf

(
z(n)

)
<∞. (4.53)

For each n ∈ N, by Theorem 4.96 we may find
{(

θ
(n)
i , z

(n)
i

)}
⊂ [0, 1] × R

m,
i = 1, . . . ,m+ 1, such that

m+1∑
i=1

θ
(n)
i = 1,

m+1∑
i=1

θ
(n)
i z

(n)
i = z(n),

and
m+1∑
i=1

θ
(n)
i f

(
z
(n)
i

)
≤ Cf

(
z(n)

)
+

1
n

(4.54)

as k →∞. Upon extracting a subsequence if necessary, for each i = 1, . . . ,m+
1 we may assume that θ(n)

i → θi and that either
∣∣∣z(n)

i

∣∣∣ → ∞ or z(n)
i → zi as

n→∞. Let

I :=
{
i = 1, . . . ,m+ 1 :

∣∣∣z(n)
i

∣∣∣→∞ as n→∞
}

.

Next we show that if j ∈ I then θ
(n)
j

∣∣∣z(n)
j

∣∣∣→ 0. Indeed, for every fixed ε > 0,
by (4.52) there exists L > 0 such that

f (z) ≥ (C + 1)
ε

|z| for all |z| ≥ L,

where C is the constant given in (4.53). Since j ∈ I then
∣∣∣z(n)

j

∣∣∣ ≥ L for all
n sufficiently large, and so by the previous inequality, together with (4.53),
(4.54), and the fact that f ≥ 0, we obtain

θ
(n)
j

∣∣∣z(n)
j

∣∣∣ ≤ ε

C + 1
θ
(n)
j f

(
z
(n)
j

)
≤ ε

C + 1

m+1∑
i=1

θ
(n)
i f

(
z
(n)
i

)
≤ ε,

which shows that θ(n)
j

∣∣∣z(n)
j

∣∣∣→ 0. Note also that since
∣∣∣z(n)

j

∣∣∣→∞ as n→∞,
this implies in particular that θj = 0. Hence
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z(n) =
m+1∑
i=1

θ
(n)
i z

(n)
i =

∑
i/∈I

θ
(n)
i z

(n)
i + o (1) ,

and so ∑
i/∈I

θ
(n)
i z

(n)
i → z =

∑
i/∈I

θizi

as n → ∞. Since f is lower semicontinuous, from (4.54) and the fact that
f ≥ 0 we conclude that

lim
n→∞

Cf
(
z(n)

)
≥ lim inf

n→∞

∑
i/∈I

θ
(n)
i f

(
z
(n)
i

)
≥
∑
i/∈I

lim inf
n→∞

θ
(n)
i f

(
z
(n)
i

)
(4.55)

≥
∑
i/∈I

θif (zi) ≥ Cf (z) .

This proves the claim. Hence lsc (Cf) = Cf , and so using once more the fact
that f ≥ 0, by Theorem 4.92(iv) we have that f∗∗ = Cf , and thus from
Theorem 4.96 it follows that

f∗∗ (z) = inf

{
m+1∑
i=1

θi (lsc f) (zi) : θi ∈ [0, 1] , zi ∈ R
m, i = 1, . . . ,m+ 1,

m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = z

}
.

To see that the infimum is realized it suffices to consider the special sequence
z(n) := z for all n ∈ N in (4.55).

Step 2: We claim that

lim
|z|→∞

lsc f (z)
|z| = ∞.

Indeed, by (4.52) for every fixed M > 0 there exists L > 0 such that

f (z) ≥M |z| for all |z| > L.

Since f ≥ 0 we have that

lsc f (z) ≥
{
M |z| for |z| > L,
0 for |z| ≤ L,

for all z ∈ R
m, which proves the claim.

By applying the previous step to lsc f we conclude that

(lsc f)∗∗ = C (lsc f) .

By Theorem 4.92(iv) we have that

f∗∗ = (f∗∗)∗∗ = (lsc (Cf))∗∗ ≤ (C (lsc f))∗∗ ≤ (lsc f)∗∗ ≤ (Cf)∗∗ ≤ f∗∗,

which concludes the proof.
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Remark 4.99. (i) Note that under the assumptions of the previous theorem,

lim
|z|→∞

f∗∗ (z)
|z| = ∞. (4.56)

Indeed, fix M > 0 and let L > 0 be such that

f (z)
|z| ≥M

for all |z| ≥ L. Since f ≥ 0 we obtain that

f (z) ≥M |z| −ML

for all z ∈ R
m. Hence f∗∗ (z) ≥M |z| −ML for all z ∈ R

m, and so

lim inf
|z|→∞

f∗∗ (z)
|z| ≥M .

Given the arbitrariness of M we conclude (4.56).
(ii) If f : R → [−∞,∞] is an increasing function, then f∗∗ is also increasing.

In particular, if γ : [0,∞)→ [0,∞) is increasing, with

lim
z→∞

γ (z)
z

=∞, (4.57)

then extend γ to R by defining γ (z) := γ (0) if z < 0. The extended
function γ is increasing, and so is γ∗∗. Using an argument similar to (i)
we have that for every M > 0 there exists L > 0 such that

γ (z) ≥Mz −ML (4.58)

for all z ≥ 0, and since γ (0) ≥ 0, the inequality (4.58) holds for all z ∈ R.
Hence, as in (i) we conclude that γ∗∗ satisfies (4.57). Moreover, γ∗∗ is
continuous since γ is real-valued and nonnegative. Here we recall Remark
2.30.

(iii) The previous theorem continues to hold if we assume that f is bounded
from below rather than nonnegative. Indeed, it suffices to apply the result
to the function g := f − inf f .

As a consequence of the previous theorem we have the following proposi-
tion:

Proposition 4.100. Let f : R
m → (−∞,∞] be bounded from below by an

affine function. Let {ϕj} be a decreasing sequence of upper semicontinuous
functions ϕj : R

m → [0,∞] such that

lim
j→∞

ϕj (z) = 0
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for all z ∈ R
m and

lim
|z|→∞

ϕj (z)
|z| =∞. (4.59)

Then
C (lsc f) = inf

j∈N

(f + ϕj)
∗∗ .

Proof. By hypothesis there exist (α, β) ∈ R× R
m such that

f (z) ≥ α+ β · z (4.60)

for all z ∈ R
m. Fix j ∈ N. By (4.59), (4.60) it follows that

lim
|z|→∞

(f + ϕj) (z)
|z| = ∞.

By (4.59) we may find M > 0 such that ϕj (z) ≥ |β| |z| whenever |z| ≥ M ,
which, together with (4.60), entails

(f + ϕj) ≥ α− |β|M .

By Theorem 4.98 and Remark 4.99(iii) we have

(f + ϕj)
∗∗ = C (lsc (f + ϕj))

and thus
C (lscf) ≤ inf

j∈N

(f + ϕj)
∗∗ . (4.61)

To prove the reverse inequality, note first that since ϕj is upper semicontin-
uous, then lsc(f + ϕj) − ϕj is lower semicontinuous and below f . Therefore
lsc(f + ϕj)− ϕj ≤ lsc f , or equivalently,

lsc (f + ϕj) ≤ lsc f+ϕj for each j ∈ N.

Hence for every z ∈ R
m and by the fact that the bipolar is lower semicontin-

uous,

inf
j∈N

(f + ϕj)
∗∗ (z) = lim

j→∞
(f + ϕj)

∗∗ (z)

≤ lim
j→∞

lsc (f + ϕj) (z) (4.62)

≤ lsc f (z)+ lim
j→∞

ϕj (z) = lsc f (z).

Here we have used the fact that since the sequence {ϕj} is decreasing, then
so are the sequences

{
(f + ϕj)

∗∗} and {lsc (f + ϕj)}. In particular,

inf
j∈N

(f + ϕj)
∗∗ = lim

j→∞
(f + ϕj)

∗∗

is a convex function, and thus from (4.62) we deduce that

inf
j∈N

(f + ϕj)
∗∗ ≤ C (lscf) .

This, together with (4.61), gives the result.
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Remark 4.101. When condition (4.59) is violated one can conclude only that

f∗∗ ≤ inf
j∈N

(f + ϕj)
∗∗ ≤ C (lscf) .

However, if f : R
m → R satisfies (4.60), then in view of Remark 4.93 we have

that
f∗∗ = inf

j∈N

(f + ϕj)
∗∗ = C (lscf) .

A result in the same spirit of the previous proposition is the following.

Proposition 4.102. Let {fj} be an increasing sequence of lower semicontin-
uous functions fj : R

m → [0,∞] such that

fj(z) ≥ γ (|z|)

for all j ∈ N and z ∈ R
m, where γ : [0,∞) → [0,∞) is a function such that

lim
s→∞

γ (s)
s

= ∞.

Then (
sup

j
fj

)∗∗
= sup

j
f∗∗

j .

Proof. Let f := supj fj . Since f ≥ fj for all j ∈ N we have f∗∗ ≥ supj f
∗∗
j .

To prove the reverse inequality, let (α,β) ∈ R× R
m be such that

f∗∗ (z) ≥ g (z) := α+ β · z (4.63)

for all z ∈ R
m. By the superlinear growth of γ, we may find L > 0 such that

γ (|z|) ≥ g (z) for all |z| ≥ L. (4.64)

We claim that for every fixed ε > 0 there exists j0 such

fj (z) ≥ g (z)− ε

for all j ≥ j0 and |z| ≤ L. Indeed, if not, then there would exist a sequence
{zk} ⊂ B (0, L) and a subsequence {fjk

} of {fj} such that

fjk
(zk) < g (zk)− ε.

Without loss of generality we may assume that zk → z0. Since the sequence
{fjk

} is increasing and by lower semicontinuity,

fjk
(z0) ≤ lim inf

n→∞
fjk

(zk+n) ≤ lim inf
n→∞

fjk+n
(zk+n)

≤ lim
n→∞

g (zk+n)− ε = g (z0)− ε.
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Letting k →∞ in the previous inequality, we would get

f (z0) = lim
k→∞

fjk
(z0) ≤ g (z0)− ε,

which is in contradiction with (4.63).
Hence the claim holds, and together with (4.64), it yields

fj (z) ≥ g (z)− ε

for all j ≥ j0 and all z ∈ R
m. Thus for all j ≥ j0 and all z ∈ R

m,

f∗∗
j (z) ≥ g (z)− ε

and in turn supj f
∗∗
j ≥ g − ε. By letting ε→ 0+ we obtain supj f

∗∗
j ≥ g, and

taking the supremum over all the affine functions g that are below f gives the
desired inequality in view of Theorem 4.92.

We conclude this chapter with some regularity results for the convex en-
velope Cf of a smooth function f .

Theorem 4.103. Let f : R
m → (−∞,∞] be a continuous function. Assume

that f is differentiable in dome f . Then its convex envelope Cf is C1 in a
neighborhood of each point z0 ∈ R

m satisfying

Cf (z0) < lim inf
|z|→∞

f (z) .

Moreover, if ∇f is locally Hölder continuous with exponent 0 < α < 1 or
locally Lipschitz in dome f , then ∇Cf has the same (local) regularity in the
open set {

w ∈ R
m : Cf (w) < lim inf

|z|→∞
f (z)

}
.

Lemma 4.104. Let B ⊂ R
m be any open ball. If g : B → R is convex, and

f : B → R is differentiable at z0 ∈ B, g ≤ f , f (z0) = g (z0), then g is
differentiable at z0 and ∇g (z0) = ∇f (z0).

Proof. Since g ≤ f and f is differentiable at z0, we have

lim sup
z→z0

g (z)− g (z0)−∇f (z0) · (z − z0)
|z − z0|

(4.65)

≤ lim
z→z0

f (z)− f (z0)−∇f (z0) · (z − z0)
|z − z0|

= 0.

Conversely, using Remark 4.37(i), for ε > 0 sufficiently small we have

inf
B∞(z0,ε)

{g (z)− g (z0)−∇f (z0) · (z − z0)}

≥ − (2m − 1) sup
B∞(z0,ε)

{g (z)− g (z0)−∇f (z0) · (z − z0)}

≥ − (2m − 1) sup
B∞(z0,ε)

{f (z)− f (z0)−∇f (z0) · (z − z0)} = o (ε) ,
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and so

lim inf
z→z0

g (z)− g (z0)−∇f (z0) · (z − z0)
|z − z0|

≥ 0.

This, together with (4.65), implies that g is differentiable at z0 and ∇g (z0) =
∇f (z0).

Proof (Theorem 4.103). Step 1: We claim that the set

A :=
{
z ∈ R

m : Cf (z) < lim inf
|w|→∞

f (w)
}

is open. If A is nonempty, then

lim inf
|z|→∞

f (z) > −∞,

and since f is continuous, we deduce that f must be bounded from below by
some constant c. By replacing f with f −c, without loss of generality, we may
assume that f ≥ 0.

Since f is continuous its effective domain is open, and so by Remark 4.85,
dome Cf is open. By Corollary 4.38, Cf is continuous in dome Cf . In particular,
the set A is open.

Step 2: Next we claim that Cf is differentiable in A. Indeed, fix z0 ∈ A. By
Theorem 4.96, let

{(
θ
(n)
i , z

(n)
i

)}
⊂ [0, 1]×R

m, i = 1, . . . ,m+ 1, n ∈ N, be a
minimizing sequence such that

m+1∑
i=1

θ
(n)
i = 1,

m+1∑
i=1

θ
(n)
i z

(n)
i = z0,

and
m+1∑
i=1

θ
(n)
i f

(
z
(n)
i

)
→ Cf (z0) (4.66)

as n→∞.
Upon extracting a subsequence if necessary, for each i = 1, . . . ,m + 1 we

may assume that θ
(n)
i → θi, and that either

∣∣∣z(n)
i

∣∣∣ → ∞ or z
(n)
i → zi as

n→∞.
Fix

Cf (z0) < s < t < lim inf
|w|→∞

f (w) ,

let 0 < ε0 < 1 be so small that

t (1− ε0) > s, (4.67)

and find L > 0 such that

f (z) ≥ t for all |z| ≥ L. (4.68)
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Define

I :=
{
i = 1, . . . ,m+ 1 :

∣∣∣z(n)
i

∣∣∣ ≥ L for all n large
}

,

J := {i = 1, . . . ,m+ 1} \ I.

We claim that there exists i ∈ J such that θi ≥ ε0
m+1 . Indeed, if this is not the

case, then θi <
ε0

m+1 for all i ∈ J , and so

∑
i∈I

θi = 1−
∑
i∈J

θi ≥ 1− ε0 > 0. (4.69)

By (4.68), for any i ∈ I we have that f
(
z
(n)
i

)
≥ t for all n sufficiently large,

and so, using the fact that f ≥ 0,

m+1∑
i=1

θ
(n)
i f

(
z
(n)
i

)
≥
∑
i∈I

θ
(n)
i f

(
z
(n)
i

)
≥ t

∑
i∈I

θ
(n)
i .

Letting n→∞, by (4.66) and (4.69) we get

s > Cf (z0) ≥ t
∑
i∈I

θi ≥ t (1− ε0) ,

which contradicts (4.67) and proves the claim. Hence, without loss of gener-
ality, we may assume that θ(n)

1 → θ1 ≥ ε0
m+1 , z(n)

1 → z1 ∈ B (0, L) as n→∞.
Since f ≥ 0 we have that

θ
(n)
1 f

(
z
(n)
1

)
≤

m+1∑
i=1

θ
(n)
i f

(
z
(n)
i

)
,

and so letting n→∞ by (4.66) and using the continuity of f we get

ε0
m+ 1

f (z1) ≤ θ1f (z1) = lim
n→∞

θ
(n)
1 f

(
z
(n)
1

)
≤ Cf (z0) < s. (4.70)

This shows that z1 ∈ dome f , and thus f is differentiable at z1 by assumption.
By the convexity of Cf and since for any h ∈ R

m,

z0 + h = θ
(n)
1

(
z
(n)
1 +

h

θ
(n)
1

)
+

m+1∑
i=2

θ
(n)
i z

(n)
i ,

for all n sufficiently large we obtain
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Cf (z0 + h)− Cf (z0) ≤θ(n)
1 Cf

(
z
(n)
1 +

h

θ
(n)
1

)

+
m+1∑
i=2

θ
(n)
i Cf

(
z
(n)
i

)
− Cf (z0)

≤θ(n)
1

[
f

(
z
(n)
1 +

h

θ
(n)
1

)
− f

(
z
(n)
1

)]

+

[
m+1∑
i=1

θ
(n)
i f

(
z
(n)
i

)
− Cf (z0)

]
,

where we have used the fact that since z1 ∈ dome f and dome f is open,{
z
(n)
1

}
⊂ dome f for all n sufficiently large. Letting n → ∞ in the previous

inequality yields

Cf (z0 + h)− Cf (z0) ≤ θ1

[
f

(
z1 +

h

θ1

)
− f (z1)

]
(4.71)

for all h ∈ R
m. Since by assumption f is differentiable at z1, it follows in

particular that the right-hand side is finite for all h sufficiently small, say
|h| < r. In turn, the nonnegative convex function Cf (z0 + ·) is finite for
the same values of h. Since the left-hand side is a convex function in the
variable h, the previous lemma implies that Cf (z0 + ·) is differentiable at 0
and ∇ (Cf) (z0) = ∇f (z1).

Thus we have shown that Cf is differentiable in A, and by Theorem 4.65(i)
it follows that ∇ (Cf) is continuous on A.
Step 3: Finally, assume that ∇f is locally Hölder continuous with exponent
0 < α < 1 or locally Lipschitz in dome f and let U be an open set compactly
contained in A. Find U ⊂⊂ D ⊂⊂ A. By the continuity of Cf and the
definition of the set A we may find s,

0 < s < lim inf
|z|→∞

f (z) ,

such that Cf (z) < s for all z ∈ D. Fix

s < t < lim inf
|z|→∞

f (z) ,

and let ε0 > 0 and L > 0 be as in (4.67) and (4.68). By the previous step,
for any z ∈ D we may find z

(z)
1 ∈ dome f ∩ B (0, L) and ε0

m+1 ≤ θ1 ≤ 1 such

that ∇ (Cf) (z) = ∇f
(
z
(z)
1

)
and (4.70) and (4.71) hold. We claim that there

exists an open set U1 compactly contained in dome f such that z(z)
1 ∈ U1 for

all z ∈ D. Indeed, if not, then we may find a sequence {zk} ⊂ D converging
to some z ∈ D such that z(zk)

1 → z1 ∈ B (0, L) \ dome f . But by (4.70),
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ε0
m+ 1

f
(
z
(zk)
1

)
≤ Cf (zk) < s.

Letting k →∞ and using the continuity of f we obtain a contradiction since
z1 /∈ dome f . Hence the claim holds.

Let U1 ⊂⊂ U2 ⊂⊂ dome f and by hypothesis let C = C (U2) > 0 be such
that

|∇f (z)−∇f (w)| ≤ C |z − w|α (4.72)

for all z, w ∈ U2. Let r > 0 be so small that w + (m+1)h
ε0

∈ U2 for all |h| < r
and all w ∈ U1.

If z ∈ U , then by what we just proved, z(z)
1 ∈ U1, and so z(z)

1 + h

θ
(z)
1
∈ U2

for all |h| < r. By the mean value theorem and the fact that ∇ (Cf) (z) =
∇f

(
z
(z)
1

)
we obtain

Cf(z + h)− Cf (z)−∇ (Cf) (z) · h

≤ θ
(z)
1

[
f

(
z
(z)
1 +

h

θ
(z)
1

)
− f

(
z
(z)
1

)
−∇f

(
z
(z)
1

)
· h

θ
(z)
1

]

= θ
(z)
1

[
∇f

(
w

(z,h)
1

)
· h

θ
(z)
1

−∇f
(
z
(z)
1

)
· h

θ
(z)
1

]

≤ θ
(z)
1 C

∣∣∣∣∣
h

θ
(z)
1

∣∣∣∣∣
1+α

≤ (m+ 1)
εα
0

α

C |h|1+α

for some w(z,h)
1 on the segment of endpoints z(z)

1 and z
(z)
1 + h

θ
(z)
1

, and where

we have used (4.71), (4.72), and the fact that θ(z)
1 ∈

[
ε0

m+1 , 1
]
. Hence also by

Theorem 4.62,

0 ≤ Cf (z + h)− Cf (z)−∇ (Cf) (z) · h ≤ (m+ 1)
εα
0

α

C |h|1+α

for all |h| < r. By Remark 4.37(iii) applied to the convex function

g (h) := Cf (z + h)− Cf (z)−∇ (Cf) (z) · h

we obtain that

|∇ (Cf) (z + h)−∇ (Cf) (z) | (4.73)

= |∇g (h)| ≤ Lip (g;B (0, 2 |h|)) ≤ osc (g;B (0, 4 |h|))
2 |h|

≤ 41+α (m+ 1)
2εα

0

α

C |h|α

for all |h| < 1
4r.
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Fix z̄ ∈ U and let r(z̄) > 0 be so small that B
(
z̄, r(z̄)

)
⊂ D and r(z̄) < r

8 .
We claim that ∇ (Cf) is Hölder continuous with exponent 0 < α < 1 or
Lipschitz in B

(
z̄, r(z̄)

)
. To see this, let z, w ∈ B

(
z̄, r(z̄)

)
and write

w = z + h,

where h := w − z is such that

|h| = |w − z| ≤ |w − z̄|+ |z − z̄| < 2r̄ <
r

4
.

By (4.73),

|∇Cf (w)−∇ (Cf) (z)| 41+α (m+ 1)
2εα

0

α

C |w − z|α ,

which proves the claim.
Since the family of balls

{
B
(
z̄, r(z̄)

)}
z̄∈U

is an open cover for the compact
set U , we can find a finite number of balls that still cover U .

Hence∇Cf is locally Hölder continuous with exponent 0 < α < 1 or locally
Lipschitz.

Example 4.105. The next two examples show the sharpness of the previous
theorem.

(i) The function f (z) = f (z1, z2) =
√

exp (−z2
1) + z2

2 shows that the condi-
tion Cf (z) < lim inf |z|→∞ f (z) cannot be eliminated.

(ii) Note that in general one cannot go beyond the regularity stated in the
previous theorem. Indeed, any smooth function f : R → [0,∞) such that
Cf = f outside [−1, 1], f−1 ({0}) = {−1, 1}, and f ′′ (±1) > 0 shows that
Cf may not be of class C2 even if f is.

4.9 Star-Shaped Sets

Given a vector space V , a set E ⊂ V is said to be star-shaped with respect
to a set F ⊂ E if E is star-shaped with respect to each point of F , i.e., if
θv + (1− θ)w ∈ E for all v ∈ F , w ∈ E, and θ ∈ (0, 1).

If V = R
m and E ⊂ R

m is star-shaped with respect to a point z0 ∈ R
m,

the function ϕ : Sm−1 → [0,∞], defined by

ϕ (z) := sup {s ≥ 0 : z0 + sz ∈ E} z ∈ Sm−1,

is called the radial function of the set E. In the next theorem, we assume,
without loss of generality, that z0 = 0 and for any z1, z2 ∈ Sm−1 we define
d (z1, z2) to be the measure of the angle formed by the vectors z1 and z2.
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Exercise 4.106. Consider the ball B (0, r) ⊂ R
m, let w /∈ B (0, r), and define

C := co (B (0, r) ∪ {w}) .

Let ϕ be the radial function of C. Prove that

ϕ (z) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

r
if z ∈ Sm−1

and d (z1, z) ≥ arccos
r

|w| ,

r

cos
(

arccos
r

|w| − d (z1, z)
) if z ∈ Sm−1

and d (z1, z) < arccos
r

|w| .

Theorem 4.107. Assume that C ⊂ R
m is a bounded closed set, star-shaped

with respect to a ball B (0, ε) ⊂ C, and let B (0, R) ⊃ C. Then for all z1,
z2 ∈ Sm−1,

|ϕ (z1)− ϕ (z2)| ≤

⎛
⎝R

√(
R

ε

)2

− 1

⎞
⎠ d (z1, z2) . (4.74)

We begin with a preliminary result that is of independent interest. Given
an arbitrary nonempty set E ⊂ R

m, a convex component of E is a maximal
(in the sense of inclusion) convex subset of E. The kernel of E, denoted by
kerE, is the set

kerE := {z ∈ E : θz + (1− θ)w ∈ E for all w ∈ E and θ ∈ (0, 1)} .

Lemma 4.108. Given an arbitrary nonempty set E ⊂ R
m, the kernel of E is

the intersection of all convex components of E.

Proof. Let {Cα}α∈I be the family of all convex components of E. Define

C0 :=
⋂
α∈I

Cα

and let z ∈ C0. Since
E =

⋃
α∈I

Cα,

for all w ∈ E there exists α ∈ I such that w ∈ Cα, and so

θz + (1− θ)w ∈ Cα ⊂ E

for all θ ∈ (0, 1), which implies that z ∈ kerE and, in turn, that C0 ⊂ kerE.
Conversely, let z ∈ kerE and let Cα be an arbitrary convex component of

E. Let
Kα := {θz + (1− θ)w : θ ∈ [0, 1] , w ∈ Cα} .
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Then Cα ⊂ Kα and, since z ∈ kerE, Kα ⊂ E. Also, Kα is convex, since for
any w1, w2 ∈ Cα and θ, θ1, θ2 ∈ (0, 1) we have

θ(θ1z + (1− θ1)w1) + (1− θ) (θ2z + (1− θ2)w2)
= [θθ1 + (1− θ) θ2] z + (1− [θθ1 + (1− θ) θ2])

×
[

θ (1− θ1)
1− [θθ1 + (1− θ) θ2]

w1 +
(1− θ) (1− θ2)

1− [θθ1 + (1− θ) θ2]
w2

]
,

which is still in Kα since Cα is convex. By the maximality of Cα it follows
that Cα = Kα, and so z ∈ Cα. Given the arbitrariness of Cα we have that
z ∈ C0, which shows that kerE ⊂ C0, and this completes the proof.

We are now ready to prove Theorem 4.107.

Proof (Theorem 4.107). Step 1: Assume first that C is convex. Let z1, z2 ∈
Sm−1 and assume that ϕ (z2) ≤ ϕ (z1) := s1. The point w1 := s1z1 is in C,
and so the set

Cw1 := co (B (0, ε) ∪ {w1})
is contained in C. Hence, if ϕw1 denotes the radial function of Cw1 , then ϕw1 ≤
ϕ and ϕw1 (z1) = ϕ (z1). Moreover, by Exercise 4.106, for any z ∈ Sm−1,

ϕw1 (z) =
{
ε if θ (z) ≥ θ0,

ε
cos(θ0−θ(z)) if θ (z) < θ0,

where
θ (z) := d (z1, z) , θ0 := arccos

ε

s1
.

If d (z1, z2) > θ0 let z3 ∈ Sm−1 be a point between z1 and z2 such that
d (z1, z3) = θ0, while if d (z1, z2) ≤ θ0 let z3 := z2. Then

g (z3) :=
ϕw1 (z1)− ϕw1 (z3)

d (z1, z3)
=
s1 − ε

cos(θ0−θ(z3))

θ (z3)

=
s1 cos (θ0 − θ (z3))− ε

θ (z3) cos (θ0 − θ (z3))
.

Note that g (z3) increases as z3 tends to z1. Moreover, by Taylor’s formula, if
θ (z3) is small, then

g (z3) =
ε cos θ (z3) + s1

√
1−

(
ε
s1

)2

sin θ (z3)− ε

θ (z3)

[
ε
s1

cos θ (z3)−
√

1−
(

ε
s1

)2

sin θ (z3)

]

=
s1

√
1−

(
ε
s1

)2

(1 + o (1))
ε
s1

(1 + o (1))

= s1

√(s1
ε

)2

− 1 (1 + o (1)) .
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Hence

ϕ (z1)− ϕ (z2)
d (z1, z2)

≤ ϕw1 (z1)− ϕw1 (z2)
d (z1, z2)

≤ ϕw1 (z1)− ϕw1 (z3)
d (z1, z3)

= g (z3)

≤ R

√(
R

ε

)2

− 1.

Step 2: Assume now that C ⊂ R
m is as in the statement of the problem and

let {Cα}α∈I be the family of all convex components of C. Since C is star-
shaped with respect to a ball B (0, ε), we have that B (0, ε) ⊂ kerC, and so in
view of the previous lemma, we may apply the previous step to each convex
component Cα of C.

We claim that
ϕ (z) = max

α∈I
ϕα (z) , (4.75)

where ϕα is the radial function of Cα. Indeed, since Cα ⊂ C for all α ∈ I, we
have that ϕα ≤ ϕ. Conversely, if ϕ (z) = s, then w := sz ∈ C, and so we may
find α ∈ I such that sz ∈ Cα. Thus ϕα (z) ≥ s, which, together with the fact
that ϕ ≥ ϕα, shows that ϕ (z) = ϕα (z), so that (4.75) holds.

We are now ready to conclude the proof. For any z1, z2 ∈ Sm−1 assume
that ϕ (z2) ≤ ϕ (z1) and let α ∈ I be such that ϕα (z1) = ϕ (z1). Then by
(4.75),

ϕ (z1)− ϕ (z2)
d (z1, z2)

=
ϕα (z1)− ϕ (z2)

d (z1, z2)
≤ ϕα (z1)− ϕα (z2)

d (z1, z2)
≤ R

√(
R

ε

)2

− 1.

This completes the proof.

Exercise 4.109. Let C be as in Exercise 4.106 and let R := |w|. Prove that

for this set, the constant R
√(

R
ε

)2 − 1 in (4.74) is sharp.



Part III

Functionals Defined on Lp



5

Integrands f = f (z)

Mathematics is the science which
draws necessary conclusions.

Benjamin Peirce (1809–1880)

We study necessary and sufficient conditions for the sequential lower semi-
continuity of functionals of the form

v ∈ Lp (E; Rm) �→
∫

E

f(v (x)) dx,

where 1 ≤ p ≤ ∞ and
f : R

m → [−∞,∞] .

We assume throughout this chapter that E is a Lebesgue measurable subset
of R

N . In view of Proposition 1.68 note that without loss of generality we may
always assume that the domain of integration E is a Borel set.

We are interested in the following types of convergence:

• strong convergence in Lp (E; Rm) for 1 ≤ p ≤ ∞;
• weak convergence in Lp (E; Rm) for 1 ≤ p <∞;
• weak star convergence in L∞ (E; Rm);
• weak star convergence in the sense of measures in L1 (E; Rm).

The reason why the last type of convergence is of interest is that for
1 < p ≤ ∞, bounded sequences in Lp (E; Rm) admit weakly convergent sub-
sequences (respectively weakly star if p = ∞), but when p = 1, due to lack
of reflexivity of the space L1(E; Rm) one can conclude only that an energy-
bounded sequence {vn} ⊂ L1(E; Rm) with

sup
n
‖vn‖L1 <∞

admits a subsequence (not relabeled) such that vnLN
⌊
E

∗
⇀ λ in M (E; Rm),

i.e., if for all u ∈ C0 (E),
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∫
E

u vn dx→
∫

E

u dλ

(see Remark 2.51). In particular, we will provide conditions under which the
lower semicontinuity property

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f

(
dλ

dLN

)
dx

holds whenever vnLN
⌊
E

∗
⇀ λ in M (E; Rm) and λ admits the Radon–

Nikodym decomposition

λ =
dλ

dLN
LN

⌊
E + λs,

with λs and LN
⌊
E mutually singular.

The proofs in the next sections use heavily the fact that the Lebesgue
measure is nonatomic (see Remark 1.161).

5.1 Well-Posedness

As mentioned in Section 1.1.1, measurability of functions with values in the
Euclidean space R

m or in the extended real line R := [−∞,∞] is understood
when these target spaces are endowed with the Borel σ-algebras associated
to the respective usual topologies. Therefore if v ∈ Lp (E; Rm) and f : R

m →
[−∞,∞], then measurability of f ◦ v : E → [−∞,∞] is ensured provided f is
a Borel function.

Theorem 5.1. Let E be a Borel subset of R
N with finite measure, let 1 ≤

p ≤ ∞, and let f : R
m → [−∞,∞] be a Borel function. Then

∫
E

(f (v (x)))− dx <∞ (5.1)

for every v ∈ Lp (E; Rm) if and only if there exists a constant C > 0 such that

f (z) ≥ −C (1 + |z|p) for all z ∈ R
m if 1 ≤ p <∞, (5.2)

f is locally bounded from below if p =∞. (5.3)

The proof uses the following lemma.

Lemma 5.2. Let L > 0 and let an →∞. Then there exists bn ≥ 0 such that

∞∑
n=1

bn ≤ L and
∞∑

n=1

anbn =∞.
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Proof. Without loss of generality we may assume that L = 1. For every k ∈ N

define
Mk := min

{
n : al ≥ 2k for all l ≥ n

}
.

Let
{
Mkj

}
be a strictly increasing subsequence of {Mk}, with kj ≥ j, and

define

bn :=

{
0 if n < Mk1 ,
1

2kj

1
Mkj+1−Mkj

if Mkj
≤ n < Mkj+1 .

Then

∞∑
n=1

bn =
∞∑

j=1

Mkj+1−1∑
n=Mkj

1
2kj

1
Mkj+1 −Mkj

=
∞∑

j=1

1
2kj

≤
∞∑

j=1

1
2j

= 1

and

∞∑
n=1

anbn =
∞∑

j=1

Mkj+1−1∑
n=Mkj

1
2kj

an

Mkj+1 −Mkj

≥
∞∑

j=1

Mkj+1−1∑
n=Mkj

1
Mkj+1 −Mkj

= ∞.

This completes the proof.

We are now ready to prove Theorem 5.1.

Proof (Theorem 5.1). Note that (5.2) and (5.3) imply (5.1) for 1 ≤ p < ∞
and p =∞, respectively.

Conversely, assume that (5.1) is satisfied. By considering constant func-
tions, it follows that f cannot take the value −∞.

Step 1: Suppose first that 1 ≤ p < ∞. Assume by contradiction that (5.2)
does not hold. Then we can find a sequence {zn} ⊂ R

m such that

lim
n→∞

f (zn)
1 + |zn|p

= −∞.

By the previous lemma with L := |E| and

an := − f (zn)
1 + |zn|p

,

we can find bn ≥ 0 such that

∞∑
n=1

bn ≤ |E| and
∞∑

n=1

f (zn)
1 + |zn|p

bn = −∞. (5.4)
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By Corollary 1.21 we may construct a countable family {En} of mutually
disjoint measurable subsets of E, with

|En| =
bn

1 + |zn|p
.

Setting

v :=
∞∑

n=1

znχEn
,

it now follows from (5.4) that

∫
E

|v|p dx =
∞∑

n=1

|zn|p |En| ≤
∞∑

n=1

bn ≤ |E| <∞,

while
∫

E

(f (v))− dx ≥ −
∞∑

n=1

f (zn) |En| = −
∞∑

n=1

f (zn)
1 + |zn|p

bn = −∞.

Step 2: If p = ∞, assume by contradiction that (5.3) does not hold. Then we

can find a bounded sequence {zn} ⊂ R
m such that

lim
n→∞

f (zn) = −∞.

By the previous lemma with L := |E| and an := −f (zn), we can find bn ≥ 0
such that ∞∑

n=1

bn ≤ |E| and
∞∑

n=1

f (zn) bn = −∞. (5.5)

By Corollary 1.21 we may construct a countable family {En} of mutually
disjoint measurable subsets of E, with |En| = bn. Setting

v :=
∞∑

n=1

znχEn
,

it now follows from (5.5) and the fact that {zn} is bounded that v ∈
L∞ (E; Rm) and

∫
E

(f (v))− dx ≥ −
∞∑

n=1

f (zn) |En| = −
∞∑

n=1

f (zn) bn = −∞.

This concludes the proof.
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Remark 5.3. Applying the previous proposition to f and −f , it follows that
if f : R

m → [−∞,∞] is a Borel function, then f ◦ v ∈ L1 (E) for every
v ∈ Lp (E; Rm) if and only if f does not take the values −∞ and ∞ and,
moreover, there exists a constant C > 0 such that

|f (z)| ≤ C (1 + |z|p) for all z ∈ R
m if 1 ≤ p <∞,

f is locally bounded if p =∞.

Exercise 5.4. Prove that the previous proposition still holds if Lp (E; Rm)
is replaced by the space Lp ((X,M, µ) ; Rm), where (X,M, µ) is a measure
space with µ finite and nonatomic. What can you conclude if the measure µ
has atoms (recall Proposition 1.22)?

Exercise 5.5. Let E be a Borel subset of R
N with finite measure, let 1 ≤ p ≤

∞, and let f : R
m → [−∞,∞] be a Borel function. Prove that the integral∫

E
f (v (x)) dx is well-defined for every v ∈ Lp (E; Rm) (that is, the integrals∫

E
(f (v (x)))− dx and

∫
E

(f (v (x)))+ dx are not both infinite) if and only if f
or −f (or both) satisfies condition (5.2) if 1 ≤ p <∞ and (5.3) if p =∞.

Next we address the case that E has infinite measure.

Theorem 5.6. Let E be a Borel subset of R
N with infinite measure, let 1 ≤

p ≤ ∞, and let f : R
m → [−∞,∞] be a Borel function. Then

∫
E

(f (v (x)))− dx <∞ (5.6)

for every v ∈ Lp (E; Rm) if and only if there exists a constant C > 0 such that

f (z) ≥ −C |z|p for all z ∈ R
m if 1 ≤ p <∞, (5.7)

f (z) ≥ 0 for all z ∈ R
m if p = ∞. (5.8)

Proof. Note that (5.7) and (5.8) imply (5.6) for 1 ≤ p < ∞ and p = ∞,
respectively.

Conversely, assume that (5.6) is satisfied. For p = ∞ and taking constant
functions, we have that f cannot take negative values.

Consider now the case 1 ≤ p < ∞. First note that f > −∞. Indeed, if
f (z0) = −∞ for some z0 ∈ R

m, using the fact that the Lebesgue measure
is nonatomic, choose a measurable subset E1 ⊂ E, with 0 < |E1| < ∞, and
define

v (x) :=
{
z0 if x ∈ E1,
0 otherwise.

Then v ∈ Lp (E; Rm) and still
∫

E

(f (v))− dx ≥ (f (z0))
− |E1| =∞,
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which violates (5.6).
Assume by contradiction that (5.7) does not hold. Then we can find a

sequence {zn} ⊂ R
m such that

lim
n→∞

f (zn)
|zn|p

= −∞,

and thus

lim
n→∞

|zn|p

f (zn)
= 0.

Extract a subsequence {znk
} such that

∞∑
k=1

|znk
|p

−f (znk
)
<∞.

By Proposition 1.20 we may construct a countable family {Ek} of mutually
disjoint measurable subsets of E, with

|Ek| = − 1
f (znk

)
.

Defining

v :=
∞∑

k=1

znk
χEk

,

it now follows that
∫

E

|v|p dx =
∞∑

k=1

|znk
|p

−f (znk
)
<∞,

while ∫
E

(f (v))− dx ≥ −
∞∑

k=1

f (znk
) |Ek| =∞.

Hence we have reached a contradiction, and so (5.7) holds.

Exercise 5.7. Prove that the previous proposition still holds if Lp (E; Rm) is
replaced by the space Lp ((X,M, µ) ; Rm), where (X,M, µ) is a measure space
with µ nonatomic. What can you conclude if the measure µ has atoms (recall
Proposition 1.22)?

Exercise 5.8. Let E be a Borel subset of R
N with infinite measure, let 1 ≤

p ≤ ∞, and let f : R
m → [−∞,∞] be a Borel function. Prove that the integral∫

E
f (v (x)) dx is well-defined for every v ∈ Lp (E; Rm) (that is, the integrals∫

E
(f (v (x)))− dx and

∫
E

(f (v (x)))+ dx are not both infinite) if and only if f
or −f (or both) satisfies condition (5.7) if 1 ≤ p <∞ and (5.8) if p =∞.
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5.2 Sequential Lower Semicontinuity

This section is dedicated to finding necessary and sufficient conditions for
sequential lower semicontinuity with respect to strong convergence in Lp, 1 ≤
p ≤ ∞, weak convergence in Lp, 1 ≤ p < ∞, weak star convergence in L∞,
and weak star convergence in the sense of measures.

5.2.1 Strong Convergence in Lp

From now on we will assume that the integrand f satisfies the appropriate
growth conditions from below that are necessary and sufficient to guarantee
that (f ◦ v)− ∈ L1 (E) for all Lp (E; Rm), so that the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

is well-defined (see Theorems 5.1 and 5.6).

Theorem 5.9. Let E be a Borel subset of R
N with finite measure, let 1 ≤

p ≤ ∞, and let f : R
m → (−∞,∞] be a Borel function. Assume that there

exists C > 0 such that

f (z) ≥ −C (1 + |z|p) for all z ∈ R
m if 1 ≤ p <∞, (5.9)

f is locally bounded from below if p =∞. (5.10)

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lp (E; Rm) if and only if f is lower semicontinuous.

Proof. Assume that

v ∈ Lp (E; Rm) �→
∫

E

f (v) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lp (E; Rm). Let {zn} ⊂ R

m be such that zn → z, and set vn (x) := zn,
v (x) := z. Then vn → v in Lp (E; Rm), and so

f (z) =
1
|E|

∫
E

f (v) dx ≤ lim inf
n→∞

1
|E|

∫
E

f (vn) dx = lim inf
n→∞

f (zn) ,

i.e., f is lower semicontinuous.
Conversely, suppose that f is lower semicontinuous and let vn → v in

Lp (E; Rm). Consider first the case 1 ≤ p <∞.
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Without loss of generality we may assume that

lim inf
n→∞

∫
E

f(vn) dx = lim
n→∞

∫
E

f(vn) dx,

and, by extracting a further subsequence if necessary (see Theorem 2.20),
that vn → v pointwise LN a.e. in E. By (5.9) we can apply Fatou’s lemma to
conclude that

lim inf
n→∞

∫
E

f (vn) dx+
∫

E

[C + C |v|p] dx

= lim inf
n→∞

∫
E

[f (vn) + C + C |vn|p] dx

≥
∫

E

lim inf
n→∞

[f (vn) + C + C |vn|p] dx

≥
∫

E

f (v) dx+
∫

E

[C + C |v|p] dx,

and thus, since E has finite measure,

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f (v) dx. (5.11)

The case p =∞ is similar. Let

M := sup
n
‖vn‖L∞ <∞.

By (5.10) there exists a constant C > 0 such that

f (z) ≥ −C for all z ∈ R
m with |z| ≤M .

Hence, again by Fatou’s lemma, we have that

lim inf
n→∞

∫
E

f (vn) dx+ C |E| = lim inf
n→∞

∫
E

[f (vn) + C] dx

≥
∫

E

lim inf
n→∞

[f (vn) + C] dx ≥
∫

E

f (v) dx+ C |E| ,

and so (5.11) holds.

Remark 5.10. Applying the previous proposition to f and −f it follows that if
f : R

m → R is a Borel function satisfying (5.9) and (5.10), then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

is continuous with respect to strong convergence in Lp (E; Rm) if and only if
f is continuous.
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Exercise 5.11. Prove that the previous proposition still holds if Lp (E; Rm)
is replaced by the space Lp ((X,M, µ) ; Rm), where (X,M, µ) is a measure
space with µ finite.

Next we consider the case that E has infinite measure.

Theorem 5.12. Let E be a Borel subset of R
N with infinite measure, let

1 ≤ p ≤ ∞, and let f : R
m → (−∞,∞] be a Borel function. Assume that

there exists C > 0 such that

f (z) ≥ −C |z|p for all z ∈ R
m if 1 ≤ p <∞,

f (z) ≥ 0 for all z ∈ R
m if p = ∞.

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lp (E; Rm) if and only if f is lower semicontinuous.

Proof. Without loss of generality we may assume that there exists v0 ∈
Lp (E; Rm) such that ∫

E

f (v0 (x)) dx <∞. (5.12)

The proof of the sufficiency follows an argument entirely similar to that
of the previous theorem. As for the necessity, consider a Borel subset E1 ⊂ E
with finite measure, and let zn → z in R

m. Define

vn (x) :=
{
zn if x ∈ E1,
v0 (x) if x ∈ E \ E1.

Then vn → v in Lp (E; Rm), where

v (x) :=
{
z if x ∈ E1,
v0 (x) if x ∈ E \ E1.

Hence

|E1| f (z) +
∫

E\E1

f (v0) dx =
∫

E

f (v) dx ≤ lim inf
n→∞

∫
E

f (vn) dx

= |E1| lim inf
n→∞

f (zn) +
∫

E\E1

f (v0) dx,

and by (5.12) we conclude that

f (z) ≤ lim inf
n→∞

f (zn) .

Thus the proof is complete.

Exercise 5.13. Prove that the previous proposition still holds if Lp (E; Rm)
is replaced by Lp ((X,M, µ) ; Rm), where (X,M, µ) is a measure space that
admits at least one measurable set of positive finite measure. What happens
if µ : M→ {0,∞}?
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5.2.2 Weak Convergence and Weak Star Convergence in Lp

Since functionals that are sequentially lower semicontinuous with respect to
weak (respectively weak star when p = ∞) convergence in Lp (E; Rm) are
sequentially lower semicontinuous also with respect to strong convergence in
Lp (E; Rm), without loss of generality we may assume in what follows that
the integrand f satisfies all the necessary conditions for strong convergence
in Lp (E; Rm).

Theorem 5.14. Let E be a Borel subset of R
N with finite measure, let 1 ≤

p ≤ ∞, and let f : R
m → (−∞,∞] be a lower semicontinuous function.

Assume that there exists C > 0 such that

f (z) ≥ −C (1 + |z|p) for all z ∈ R
m if 1 ≤ p <∞,

f is locally bounded from below if p =∞.

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to weak convergence in
Lp (E; Rm) (weak star if p =∞) if and only if f is convex.

Proof (Sufficiency). We consider only the case 1 ≤ p < ∞, since the case
p = ∞ can be treated in an entirely similar way. The proof of the sufficiency
part is based on the the blowup method . Assume that f is convex.

Step 1: Suppose first that f is nonnegative. Let {vn} ⊂ Lp (E; Rm) be a
sequence weakly converging to some v ∈ Lp (E; Rm). Without loss of gene-
rality we may assume that

lim inf
n→∞

∫
E

f(vn) dx = lim
n→∞

∫
E

f(vn) dx <∞.

By Remark 2.51, passing to a subsequence if necessary, there exists a (positive)
Radon measure µ such that

f(vn(·)) LN
⌊
E

∗
⇀ µ in M (E; R) (5.13)

as n→∞. We claim that

dµ

dLN
(x0) ≥ f(v(x0)) for LN a.e. x0 ∈ E. (5.14)

If (5.14) holds, then the conclusion of the theorem follows. Indeed, since by
the Radon–Nikodym and Lebesgue decomposition theorems

µ =
dµ

dLN
LN

⌊
E + µs,
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where µs ≥ 0, by Proposition 1.203(i) with X = E we have

lim
n→∞

∫
E

f(vn) dx ≥ µ (E) ≥
∫

E

dµ

dLN
dx ≥

∫
E

f(v) dx.

Thus, to conclude the proof of the theorem, it suffices to prove (5.14) for LN

a.e. x0 ∈ E.
Take x0 ∈ E a point of Lebesgue density one for E such that, in view of

Besicovitch’s derivation theorem and Corollary 1.159,

dµ

dLN
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)
εN

<∞, (5.15)

lim
ε→0+

1
εN

∫
Q(x0,ε)∩E

|v(x)− v(x0)| dx = 0. (5.16)

Since f is convex and lower semicontinuous, by Proposition 4.77 we may write

f (z) = sup
i∈N

{ai + bi · z} , (5.17)

for some ai ∈ R, bi ∈ R
m. By Proposition 1.15 we may choose εk ↘ 0 such

that µ(∂Q(x0, εk) ∩ E) = 0. Using Proposition 1.203(iii), with X := E and
the (relatively) open set A := Q(x0, εk) ∩ E, by (5.15) for any fixed i ∈ N we
have

dµ

dLN
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
εN

k

= lim
k→∞

lim
n→∞

1
εN

k

∫
Q(x0,εk)∩E

f(vn) dx

≥ lim inf
k→∞

lim inf
n→∞

1
εN

k

∫
Q(x0,εk)∩E

(ai + bi · vn) dx (5.18)

= lim inf
k→∞

1
εN

k

∫
Q(x0,εk)∩E

(ai + bi · v) dx,

where we have used the fact that vn ⇀ v in Lp (E; Rm). Since x0 is a point
of density one for E, we have

lim
k→∞

1
εN

k

∫
Q(x0,εk)∩E

ai dx = ai,

and by (5.16) we obtain

lim
k→∞

1
εN

k

∫
Q(x0,εk)∩E

bi · (v (x)− v (x0)) dx = 0.

Hence from (5.18) it follows that

dµ

dLN
(x0) ≥ ai + bi · v (x0) ,
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and taking the supremum over all i and using (5.17) we conclude (5.14).

Step 2: Since f (z) ≥ a1 + b1 · z for all z ∈ R
m (see (5.17)), we have that the

function f (z)−(a1 + b1 · z) is convex, nonnegative, and lower semicontinuous.
By Step 1,

lim inf
n→∞

∫
E

f (vn) dx− a1 |E| −
∫

E

b1 · v dx

= lim inf
n→∞

∫
E

(f (vn) − (a1 + b1 · vn)) dx

≥
∫

E

f (v) dx− a1 |E| −
∫

E

b1 · v dx.

Since E has finite measure and v ∈ Lp (E; Rm), the result follows.

Proof (Necessity). Let z1, z2 ∈ R
m, y ∈ SN−1, θ ∈ (0, 1), and for n ∈ N and

x ∈ R
m define

vn (x) := z2 + χ (nx · y) (z1 − z2) ,

where χ is the characteristic function of the interval [0, θ] in [0, 1] extended
periodically to R with period one. In view of Example 2.86 we have that
vn

∗
⇀ z2 + θ (z1 − z2) in L∞ (

E; Rd
)
, hence weakly in Lp (E; Rm). Thus

f (z2 + θ (z1 − z2)) =
1
|E|

∫
E

f (z2 + θ (z1 − z2)) dx

≤ lim inf
n→∞

1
|E|

∫
E

f (z2 + χ (nx · y) (z1 − z2)) dx

= lim inf
n→∞

1
|E|

∫
E

χ (nx · y) f (z1) + (1− χ (nx · y)) f (z2) dx

= θf (z1) + (1− θ) f (z2) .

Therefore f is convex.

Exercise 5.15. Show that the sufficiency part of the previous proof still
holds with the Lebesgue measure replaced by a (positive) finite Radon mea-
sure1. Prove also that the necessity part of the theorem continues to hold
for Lp ((X,M, ν) ; Rm), where (X,M, ν) is a measure space with µ finite and
nonatomic (recall Proposition 2.87).

In order to prove the analogous result for the case in which E has infinite
measure we present first an auxiliary result.

1 More generally, using an argument different from the one offered here, the suffi-
ciency part may be extended to Lp ((X, M, ν) ; Rm), where (X, M, ν) is a measure
space with ν finite (see [Bu89]).
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Proposition 5.16. Let f : R
m → (−∞,∞] be a convex, lower semicontinu-

ous function such that

f (z) ≥ −1
p
|z|p for all z ∈ R

m and for some 1 ≤ p <∞.

Then there exist a constant a ≥ 0 and a vector b ∈ R
m such that

f (z) ≥ a+ b · z ≥ −1
p
|z|p for all z ∈ R

m. (5.19)

Moreover, |b| ≤ 1 for p = 1, while for p > 1,

|b|p
′
≤
[

1

(p′)1/p
+

1

p1/p (p− 1)1/p′

]p′

a. (5.20)

Proof. It suffices to consider the case that f is not identically∞. The existence
of some a ∈ R and a vector b ∈ R

m satisfying (5.19) follows from Theorem
4.19 applied to the convex sets epi f and

A :=
{

(z, t) ∈ R
m × R : t < −1

p
|z|p

}
.

To see this, let (β, γ) ∈ (Rm × R) \ {(0, 0)} and s ∈ R be such that

β · z + γt ≥ s for every (z, t) ∈ epi f ,
β · z + γt ≤ s for every (z, t) ∈ A.

We claim that γ > 0. If z ∈ dome f , then letting t→∞ in the first inequality
we obtain that γ ≥ 0. Assume by contradiction that γ = 0. Then β �= 0, and
so, taking zn := nβ and tn < − 1

p |zn|p, n ∈ N, we have that (zn, tn) ∈ A. It
follows that

n |β|2 ≤ s

for all n ∈ N, which is a contradiction. Hence γ > 0, and so

β

γ
· z + f (z) ≥ s

γ
for all z ∈ dome f ,

s

γ
≥ β

γ
· z − 1

p
|z|p for all z ∈ R

m,

and in turn,

f (z) ≥ s

γ
− β

γ
· z ≥ −1

p
|z|p

for all z ∈ R
m. It suffices to define a := s

γ , b := −β
γ to obtain (5.19).

Taking z = 0 in (5.19) we obtain that a ≥ 0. Assume that b �= 0 and in
(5.19) set
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z := −µ b

|b|
with µ > 0. We get

a− µ |b| ≥ −µ
p

p

for all µ > 0, or, equivalently,

|b| ≤ inf
µ>0

(
a

µ
+
µp−1

p

)
=

{
1 if p = 1,
a1/p′

[
1

(p′)1/p + 1

p1/p(p−1)1/p′

]
if p > 1.

This concludes the proof.

We are now ready to treat the case that E has infinite measure.

Theorem 5.17. Let E be a Borel subset of R
N with infinite measure, let

1 ≤ p ≤ ∞, and let f : R
m → (−∞,∞] be a lower semicontinuous function.

Assume that there exists C > 0 such that

f (z) ≥ −C |z|p for all z ∈ R
m if 1 ≤ p <∞, (5.21)

f (z) ≥ 0 for all z ∈ R
m if p = ∞. (5.22)

Suppose that there exists v0 ∈ Lp (E; Rm) such that
∫

E

f (v0 (x)) dx <∞.

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to weak convergence in
Lp (E; Rm) (weak star if p =∞) if and only if

(i) f is convex;
(ii) f ≥ 0 if 1 < p ≤ ∞;
(iii) f (0) = 0 if 1 ≤ p <∞;
(iv) min f = 0 if p = ∞.

Proof. We begin by proving the necessity part. Using an argument similar to
that of Theorem 5.12 it can be shown that sequential lower semicontinuity of
the functional with respect to weak convergence in Lp (E; Rm) (weak star if
p = ∞) yields sequential lower semicontinuity in Lp (E1; Rm) for any Borel
subset E1 ⊂ E with finite measure. Therefore, by the previous theorem we
conclude that f is convex.

In view of (5.22), we need to prove (ii) only for 1 < p <∞. By Proposition
5.16 there exist a constant a ≥ 0 and a vector b ∈ R

m such that
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f (z) ≥ a+ b · z ≥ −C |z|p for all z ∈ R
m.

If a = 0, then by (5.20), b = 0; hence f ≥ 0. If a > 0, let ε > 0 be such that
a− ε |b| > 0. Since

|{x ∈ E : |v0 (x)| > ε}| ≤ 1
εp

∫
E

|v0 (x)|p dx <∞,

the set
Eε := {x ∈ E : |v0 (x)| ≤ ε}

has infinite measure. Therefore

∞ >

∫
Eε

f (v0) dx ≥
∫

Eε

(a+ b · v0) dx ≥ (a− ε |b|) |Eε| = ∞,

and we have reached a contradiction.
We now prove (iii), i.e., that f (0) = 0 for all 1 ≤ p < ∞. By Proposition

4.77 we may write
f (z) = sup

i∈N

{ai + bi · z}

for all z ∈ R
m. If ai > 0 for some i ∈ N, then reasoning as above but now

with ai − ε |bi| > 0, we obtain that

∞ >

∫
Eε

(f (v0))
+
dx ≥

∫
Eε

(ai + bi · v0)+ dx ≥ (ai − ε |bi|) |Eε| =∞,

which is a contradiction. Hence ai ≤ 0 for all i ∈ N, and so f (0) =
supi∈N {ai} ≤ 0, which, together with either (5.21) or (5.22), yields f (0) = 0.

Finally we prove (iv). Let R := ‖v0‖L∞(E;Rm). Since f is lower semicon-

tinuous, by the Weierstrass theorem there exists z0 ∈ B (0, R) such that

min
B(0,R)

f = f (z0) ≥ 0.

If f (z0) > 0, then

∞ >

∫
E

f (v0) dx ≥ f (z0) |E| = ∞,

which is a contradiction. Hence f (z0) = 0, and since f is nonnegative, it
follows that

min
Rm

f = f (z0) = 0.

This concludes the proof of the necessity part of the theorem.
Conversely, in the cases in which 1 < p ≤ ∞ we have f ≥ 0, and so

the same argument as in the proof of the previous theorem yields sequential
lower semicontinuity. If p = 1 and if f ≥ 0, then similar reasoning will assert
sequential lower semicontinuity. If p = 1 and if f takes negative values, then
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using once more Proposition 5.16, and since a ≥ 0, we have that g (z) =
f (z)− b · z is a nonnegative, convex, lower semicontinuous function. Hence if
vn ⇀ v in L1, then

lim inf
n→∞

∫
E

f (vn) dx−
∫

E

b · v dx

= lim inf
n→∞

∫
E

g (vn) dx ≥
∫

E

g (v) dx

=
∫

E

f (v) dx−
∫

E

b · v dx,

and thus
lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f (v) dx,

which gives the desired result.

Exercise 5.18. For which measures does the necessity part of the theorem
continue to hold? For which measures does the sufficiency part of the theorem
continue to hold?

5.2.3 Weak Star Convergence in the Sense of Measures

As we remarked in the beginning of this chapter, due to lack of reflexivity of
the space L1(E;Rm), if {vn} ⊂ L1(E;Rm) is such that

sup
n
‖vn‖L1 <∞,

one can conclude only that {vn} admits a subsequence (not relabeled) such
that vnLN

⌊
E

∗
⇀ λ in M (E; Rm). Thus we will also study sequential lower

semicontinuity under this natural notion of convergence. In particular, we will
address necessary and sufficient conditions under which the lower semiconti-
nuity property

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f

(
dλ

dLN

)
dx

holds, whenever vnLN
⌊
E

∗
⇀ λ in M (E; Rm) and λ admits the Radon–

Nikodym decomposition

λ =
dλ

dLN
LN

⌊
E + λs,

with λs and LN
⌊
E mutually singular.

Since functionals that are sequentially lower semicontinuous with respect
to weak star convergence in the sense of measures are in particular sequentially
lower semicontinuous also with respect to weak convergence in L1 (E; Rm),
without loss of generality we may assume in what follows that the integrand
f satisfies all the necessary conditions for weak convergence in L1 (E; Rm).

We will study the following cases:
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• The Borel set E has finite measure. We divide this case into two subcases:
– There exists a compact set K ⊂ E such that

|E \K| = 0. (5.23)

– For all compact sets K ⊂ E,

|E \K| > 0. (5.24)

• The Borel set E has infinite measure.

Note that (5.24) is satisfied if, e.g., E is open.
When (5.23) holds, then for every v ∈ L1 (E; Rm) we have that

∫
E

f (v (x)) dx =
∫

K

f (v (x)) dx,

and thus there is no loss of generality in considering the functional

v ∈ L1 (K; Rm) �→
∫

K

f (v (x)) dx.

This case will be treated in the next theorem.

Theorem 5.19. Let E be a compact subset of R
N and let f : R

m → (−∞,∞]
be a convex, lower semicontinuous function. Then the functional

v ∈ L1 (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures.

More generally, for any sequence {vn} ⊂ L1(E;Rm) such that

vnLN
⌊
E

∗
⇀ λ in M (E; Rm)

we have

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f

(
dλ

dLN

)
dx+

∫
E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ ,

where f∞ is the recession function of f .

Proof. Without loss of generality we may assume that f is not identically ∞,
since otherwise there is nothing to prove.

Step 1: Assume that f is nonnegative. Let {vn} ⊂ L1 (E; Rm) be such that
vnLN

⌊
E

∗
⇀ λ in M (E; Rm).

As in the sufficiency proof of Theorem 5.14, we use the blowup method.
Let the Radon measure µ be as in (5.13). In view of Proposition A.57 we have
that



342 5 Integrands f = f (z)

sup
n

∫
E

|vn| dx <∞,

and so by extracting a further subsequence if necessary, we may assume that

|vn| LN
⌊
E

∗
⇀ ν in M (E; R)

for some (positive) Radon measure ν (see Remark 2.51).
We claim that for LN a.e. x0 ∈ E,

dµ

dLN
(x0) ≥ f

(
dλ

dLN
(x0)

)
, (5.25)

and for ‖λs‖ a.e. x0 ∈ E,

dµ

d ‖λs‖
(x0) ≥ f∞

(
dλ

d ‖λs‖
(x0)

)
. (5.26)

If (5.25) and (5.26) hold, then the conclusion of the theorem follows. Indeed,
since by Corollary 1.116,

µ =
dµ

dLN
LN

⌊
E +

dµ

d ‖λs‖
‖λs‖+ µs,

where µs is a (positive) Radon measure singular with respect to LN
⌊
E+‖λs‖,

by Proposition 1.203(i) with X = E we have

lim
n→∞

∫
E

f(vn) dx ≥ µ (E) ≥
∫

E

dµ

dLN
dx+

∫
E

dµ

d ‖λs‖
d ‖λs‖

≥
∫

E

f

(
dλ

dLN

)
dx+

∫
E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ .

Step 2: We prove (5.25). Take x0 ∈ E a point of Lebesgue density one of E

with respect to LN such that

dµ

dLN
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)
εN

<∞, (5.27)

dλ

dLN
(x0) = lim

ε→0+

λ(Q(x0, ε) ∩ E)
εN

, (5.28)

where we have used Theorem 1.155.
Since f is convex and lower semicontinuous, by Proposition 4.77 we may

write
f (z) = sup

i∈N

{ai + bi · z} . (5.29)

By Proposition 1.15 we may choose εk ↘ 0 such that µ(∂Q(x0, εk) ∩ E) = 0
and ν(∂Q(x0, εk) ∩ E) = 0. Invoking Corollary 1.204 with X := E and the
(relatively) open set A := Q(x0, εk) ∩ E, for all i, k ∈ N we have
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lim
n→∞

∫
Q(x0,εk)∩E

bi · vn dx =
∫

Q(x0,εk)∩E

bi · dλ, (5.30)

while by Proposition 1.203,

dµ

dLN
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
εN

k

= lim
k→∞

lim
n→∞

1
εN

k

∫
Q(x0,εk)∩E

f(vn) dx

≥ lim inf
k→∞

lim inf
n→∞

1
εN

k

∫
Q(x0,εk)∩E

(ai + bi · vn) dx (5.31)

= ai + lim inf
k→∞

1
εN

k

∫
Q(x0,εk)∩E

bi · dλ,

where in the last identity we used the fact that x0 ∈ E is a point of density
one of E. Using (5.28) we have that

lim inf
k→∞

1
εN

k

∫
Q(x0,εk)∩E

bi · dλ = bi ·
dλ

dLN
(x0) ,

which, together with (5.31), yields

dµ

dLN
(x0) ≥ ai + bi ·

dλ

dLN
(x0) .

The inequality (5.25) now follows from (5.29).

Step 3: We prove (5.26). Take x0 ∈ E such that (see Theorem 1.155)

dµ

d ‖λs‖
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)
‖λs‖ (Q(x0, ε) ∩ E)

<∞, (5.32)

dλ

d ‖λs‖
(x0) = lim

ε→0+

λ(Q(x0, ε) ∩ E)
‖λs‖ (Q(x0, ε) ∩ E)

, (5.33)

lim
ε→0+

LN (Q(x0, ε) ∩E)
‖λs‖ (Q(x0, ε) ∩ E)

= 0. (5.34)

Choosing εk ↘ 0 such that µ(∂Q(x0,εk) ∩ E) = 0 and ν(∂Q(x0,εk) ∩ E) = 0
and reasoning as in the previous step we obtain

dµ

d ‖λs‖
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
‖λs‖ (Q(x0, εk) ∩E)

= lim
k→∞

lim
n→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

f(vn) dx

≥ lim inf
k→∞

lim inf
n→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

(ai + bi · vn) dx

(5.35)

= lim inf
k→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

bi · dλ,
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where in the last equality we have used (5.34) and (5.30). By (5.33) we have
that

lim inf
k→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

bi · dλ (x) (5.36)

= bi · lim
k→∞

λ(Q(x0, εk) ∩ E)
‖λs‖ (Q(x0, εk) ∩ E)

= bi ·
dλ

d ‖λs‖
(x0),

which, together with (5.35), yields

dµ

d ‖λs‖
(x0) ≥ bi ·

dλ

d ‖λs‖
(x0).

Taking the supremum over all i, it follows from (5.29) and Proposition 4.77
that

dµ

d ‖λs‖
(x0) ≥ f∞

(
dλ

d ‖λs‖
(x0)

)
.

Step 4: Here we remove the additional assumption that f ≥ 0. By Proposition
4.75 there exist a ∈ R and b ∈ R

m such that f (z) ≥ a+ b · z (see (5.17)); we
have that the function g (z) := f (z)− (a+ b · z) is convex, nonnegative, and
lower semicontinuous. Using (for the first time) the fact that E is compact we
have that M (E) is the dual of C0 (E) = Cb (E), and so

lim
n→∞

∫
E

b · vn dx =
∫

E

b · dλ.

Hence, by Steps 1–3 applied to g,

lim inf
n→∞

∫
E

f (vn) dx− a |E| −
∫

E

b · dλ = lim inf
n→∞

∫
E

g (vn) dx

≥
∫

E

g

(
dλ

dLN

)
dx+

∫
E

g∞
(

dλ

d ‖λs‖

)

=
∫

E

f

(
dλ

dLN

)
dx− a |E| −

∫
E

b · dλ

dLN
dx

+
∫

E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ −

∫
E

b · dλ

d ‖λs‖
d ‖λs‖

=
∫

E

f

(
dλ

dLN

)
dx+

∫
E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ − a |E| −

∫
E

b · dλ,

where we have used the fact that by Theorem 4.70, for every w ∈ dome f we
have

g∞(z) = lim
t→∞

g(w + tz)− g (w)
t

= lim
t→∞

f(w + tz)− b · (tz)− f (w)
t

= f∞ (z)− b · z.

Since E has finite measure and
∫

E
b · dλ is well-defined and finite, the result

follows.
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Exercise 5.20. Show that the previous theorem still holds if the Lebesgue
measure is replaced by a (positive) nonatomic finite Radon measure.

We now turn to the case in which (5.24) holds.

Theorem 5.21. Let E be a Borel subset of R
N with finite measure for which

there is no compact set K ⊂ E such that LN (E \K) = 0, and let f : R
m →

(−∞,∞] be a convex, lower semicontinuous function. Then the functional

v ∈ L1 (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures if and only if

lim inf
|z|→∞

f (z)
|z| ≥ 0. (5.37)

More generally, if f : R
m → (−∞,∞] is a convex, lower semicontinuous

function satisfying (5.37), then for any sequence {vn} ⊂ L1(E; Rm) such that

vnLN
⌊
E

∗
⇀ λ in M (E; Rm) ,

we have

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f

(
dλ

dLN

)
dx+

∫
E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ .

Remark 5.22. We note that in view of Theorem 4.73, condition (5.37) is equiv-
alent to f∞ ≥ 0.

Proof (Sufficiency). Without loss of generality we may assume that f is not
identically ∞, since otherwise there is nothing to prove. By condition (5.37)
for ε > 0, then there exists M > 0 such that

f (z)
|z| ≥ −ε

for all z ∈ R
m with |z| > M . Since f is lower semicontinuous, by the Weier-

strass theorem f (·) + ε |·| is bounded from below in B (0,M), and so there
exists aε ∈ R such that

gε (z) := f (z) + ε |z|+ aε ≥ 0

for all z ∈ R
m.

Let {vn} ⊂ L1 (E; Rm) be such that vnLN
⌊
E

∗
⇀ λ in M (E; Rm). By

Proposition A.57 we have

sup
n
‖vn‖L1 =: C <∞.
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As we already remarked in the proof of the previous theorem, the hypothesis
that E is compact is not needed for nonnegative integrands. Hence we may
apply Steps 1–3 of the previous theorem to gε to obtain

lim inf
n→∞

∫
E

f (vn) dx+ εC + aε |E| ≥ lim inf
n→∞

∫
E

gε (vn) dx

≥
∫

E

gε

(
dλ

dLN

)
dx+

∫
E

g∞ε

(
dλ

d ‖λs‖

)

=
∫

E

f

(
dλ

dLN

)
dx+ ε

∫
E

∣∣∣∣ dλdLN

∣∣∣∣ dx+ aε |E|

+
∫

E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖+ ε

∫
E

∣∣∣∣ dλ

d ‖λs‖

∣∣∣∣ d ‖λs‖ ,

where we have used the fact that by Theorem 4.70, for every w ∈ dome f we
have

g∞(z) = lim
t→∞

g(w + tz)− g (w)
t

= lim
t→∞

f (w + tz) + ε |w + tz| − f (w)− ε |w|
t

= f∞ (z) + ε |z| .

Hence

lim inf
n→∞

∫
E

f (vn) dx+ εC ≥
∫

E

f

(
dλ

dLN

)
dx+ ε

∫
E

∣∣∣∣ dλdLN

∣∣∣∣ dx

+
∫

E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖+ ε

∫
E

∣∣∣∣ dλ

d ‖λs‖

∣∣∣∣ d ‖λs‖ ,

and the result now follows by letting ε→ 0.

Proof (Necessity). Step 1: We claim that there exists a sequence {Kj} ⊂ E
of pairwise disjoint compact sets with positive Lebesgue measure such that
for any compact K ⊂ E we have that Kj ⊂ E \K for all j sufficiently large.

Indeed, assume first that E is unbounded in the measure-theoretic sense,
that is ∣∣∣E \B (0, r)

∣∣∣ > 0 for all r > 0. (5.38)

By the inner regularity of the Lebesgue measure there exists a compact set
K1 ⊂ E with |K1| > 0. Let r1 ≥ 1 be so large that K1 ⊂ B (0, r1). Since∣∣∣E \B (0, r1)

∣∣∣ > 0, again by the inner regularity of the Lebesgue measure we

may find a compact set K2 ⊂ E \ B (0, r1) with |K2| > 0. Find r2 > r1 + 1
such that K2 ⊂ B (0, r2). Inductively we can construct a sequence of pairwise
disjoint compact sets {Kj} and a sequence of radii {rj} such that |Kj | > 0,
Kj ⊂ E\B (0, rj−1), and rj > rj−1+1. The sequence {Kj} satisfies the claim.

Next assume that (5.38) fails, so that there exists R > 0 such that∣∣∣E \B (0, R)
∣∣∣ = 0. Define
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C :=
{
x ∈ E :

∣∣∣E ∩B (x, r)
∣∣∣ > 0 for all r > 0

}
∩B (0, R).

We show that C is compact. Since C is bounded it suffices to prove that C
is closed. Thus, let {xl} ⊂ C be such that xl → x. Then x ∈ E ∩ B (0, R).
Fix r > 0 and let l be so large that |xl − x| < r

2 . Since xl ∈ C we have that∣∣∣E ∩B (
xl,

r
2

)∣∣∣ > 0, and so

∣∣∣E ∩B (x, r)
∣∣∣ ≥

∣∣∣∣E ∩B
(
xl,

r

2

)∣∣∣∣ > 0,

where we have used the fact that B (x, r) ⊃ B
(
xl,

r
2

)
. Hence x ∈ C.

Next we prove that |E \ C| = 0. Indeed,

E \ C ⊂ E1 ∪
(
E \B (0, R)

)
,

where

E1 :=
{
x ∈ E ∩B (0, R) :

∣∣∣E ∩B (x, r)
∣∣∣ = 0 for some r > 0

}
,

and since
∣∣∣E \B (0, R)

∣∣∣ = 0, it suffices to show that |E1| = 0. This follows
from the Vitali–Besicovitch covering theorem, since the family of closed balls

{
B (x, r) : x ∈ E1,

∣∣∣E ∩B (x, r)
∣∣∣ = 0

}

is a fine Morse cover for E1. Hence we have shown that |E \ C| = 0. In view of
the hypothesis on E we cannot have that E ⊃ C, and so there exists a point
x1 ∈ C \ E. By the definition of the set C we have that

∣∣∣E ∩B (x1, r)
∣∣∣ > 0

for all r > 0.
We are now ready to construct the sequence {Kj} even in this case. By the

inner regularity of the Lebesgue measure, there exists a compact set K1 ⊂ E
with |K1| > 0. Since x1 ∈ E \ E we have that dist (x1,K1) > 0. Let r1 <

1 be so small that K1 ⊂ E \ B (x1, r1). Since
∣∣∣E ∩B (x1, r1)

∣∣∣ > 0, again
by the inner regularity of the Lebesgue measure, there exists a compact set
K2 ⊂ E ∩ B (x1, r1) with |K2| > 0. Find 0 < r2 < min

{
r1,

1
2

}
such that

K2 ⊂ E \ B (x1, r2). Inductively we can construct a sequence of pairwise
disjoint compact sets {Kj} ⊂ E and a sequence of radii {rj} such that |Kj | >
0, Kj ⊂ B (x1, rj−1) \ B (x1, rj), and rj < min

{
rj−1,

1
j

}
. Moreover, since

x1 ∈ E \ E, for any compact K ⊂ E we have that dist (x1,K) > 0, and so
there is j0 ∈ N such that Kj ⊂ E\K for all j ≥ j0. Hence the claim is satisfied
also in this case.

Step 2: We prove that (5.37) holds. Suppose, without loss of generality, that
f is not identically ∞ and let z0 ∈ dome f . Replacing f with the integrands
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g (z) := f (z − z0)− f (z0) , z ∈ R
m,

and using the fact that E has finite measure, we have that the functional

v ∈ L1 (E; Rm) �→
∫

E

g (v (x)) dx

is still sequentially lower semicontinuous with respect to weak star convergence
in the sense of measures. Moreover, (5.37) holds for g if and only if it holds
for f . Thus, without loss of generality, we may assume that f (0) = 0. Assume
by contradiction that

lim inf
|z|→∞

f (z)
|z| < 0.

Then we may find a sequence {zn} ⊂ R
m such that |zn| ↗ ∞ and

f (zn) ≤ −c |zn| for all n ∈ N, (5.39)

for some constant c > 0. Let {Kj} ⊂ E be the sequence constructed in Step
1 and select a subsequence

{
znj

}
such that

|Kj | >
1∣∣znj

∣∣ .
By Proposition 1.20 find a Borel set Ej ⊂ Kj such that

|Ej | =
1∣∣znj

∣∣ .
Define

vj := znj
χEj

.

We claim that vjLN
⌊
E

∗
⇀ 0 in M (E; Rm). Indeed, fix ϕ ∈ C0 (E). Given

ε > 0 find a compact set K ⊂ E such that

|ϕ (x)| ≤ ε if x ∈ E \K. (5.40)

If j is sufficiently large, then Ej ⊂ E \K, and so
∣∣∣∣
∫

E

ϕvj dx

∣∣∣∣ =
∣∣znj

∣∣
∣∣∣∣∣
∫

Ej

ϕdx

∣∣∣∣∣ ≤ ε
∣∣znj

∣∣ |Ej | = ε. (5.41)

On the other hand, by (5.39) we have
∫

E

f (vj) dx = f
(
znj

) 1∣∣znj

∣∣ ≤ −c.
Hence

lim inf
j→∞

∫
E

f (vj) dx ≤ −c <
∫

E

f (0) dx = 0,

which is a contradiction and proves the theorem.



5.2 Sequential Lower Semicontinuity 349

Remark 5.23. Note that if f is lower semicontinuous, then condition (5.37) is
stronger than (5.2) with p = 1, although it still does not guarantee that f is
bounded from below, as confirmed by the function f : R → (−∞,∞] defined
by

f (z) :=
{
− log z if z > 0,
∞ if z ≤ 0.

Exercise 5.24. Show that the sufficiency part of the previous theorem still
holds with the Lebesgue measure replaced by a (positive) finite Radon
measure, while the necessity part requires in addition the measure to be
nonatomic. What happens in the case of measures with atoms?

We consider next the case that E has infinite measure. In view of Theorems
5.6 and 5.17, it suffices to consider the case that f (0) = 0 and f (z) ≥ −C |z|
for all z ∈ R

m.

Theorem 5.25. Let E be a Borel subset of R
N with infinite measure, and

let f : R
m → (−∞,∞] be a convex, lower semicontinuous function such that

f (0) = 0. Assume that there exists C > 0 such that

f (z) ≥ −C |z| for all z ∈ R
m.

Then the functional

v ∈ L1 (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures if and only if f ≥ 0.

More generally, if f : R
m → [0,∞] is a convex, lower semicontinuous

function such that f (0) = 0, then for any sequence {vn} ⊂ L1(E; Rm) such
that vnLN

⌊
E

∗
⇀ λ in M (E; Rm) we have

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f

(
dλ

dLN

)
dx+

∫
E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ .

Proof. Since f ≥ 0, the proof of the sufficiency is identical to Steps 1–3 of the
proof of Theorem 5.19.

To prove the necessity we proceed somewhat as in Step 2 of the proof
of the necessity part of the previous theorem. Assume by contradiction that
there exists z ∈ R

m such that f (z) < 0. Since E has infinite measure,

lim
R→∞

|E ∩B (0, R)| = |E| =∞,

and so there is R1 > 1 such that |E ∩B (0, R1)| > 1
|z| . By Proposition 1.20

there exists a Borel set E1 ⊂ E ∩ B (0, R1) such that |E1| = 1
|z| . Since

|E \B (0, R1)| = ∞ we may find R2 > R1 + 1 such that
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|E ∩ (B (0, R2) \B (0, R1))| >
1
|z|

and then use Proposition 1.20 to obtain a Borel set

E2 ⊂ E ∩ (B (0, R2) \B (0, R1))

such that |E2| = 1
|z| . Recursively, we may construct a sequence Rn ↗∞ and

Borel sets {En} ⊂ E such that

En ⊂ B (0, Rn) \
n−1⋃
j=1

B (0, Rj) (5.42)

and
|En| =

1
|z| .

Note that by (5.42) and the fact that Rn ↗ ∞ for any compact set K ⊂ E
we have that En ⊂ E \K for all n sufficiently large. Therefore, if we define

vn := zχEn
,

then we may proceed as in (5.40) and (5.41) to conclude that vnLN
⌊
E

∗
⇀ 0

in M (E; Rm). On the other hand, since f (0) = 0 we have
∫

E

f (vn) dx = f (z)
1
|z| < 0.

Hence
lim inf
n→∞

∫
E

f (vn) dx = f (z)
1
|z| <

∫
E

f (0) dx = 0,

contradicting the sequential lower semicontinuity. This concludes the proof of
the theorem.

Exercise 5.26. Prove that the sufficiency part of the previous theorem still
holds with the Lebesgue measure replaced by a (positive) Radon measure,
while the necessity part holds if in addition, the measure is nonatomic. What
can you conclude if the measure has atoms?

5.2.4 Weak Star Convergence in
(
Cb

(
E; R

m
))′

In the previous theorems we identified L1(E;Rm) with a subspace of

(C0 (E; Rm))′ = M (E; Rm) ,

as is usual in the literature. However, when E is not compact this choice
carries disadvantages. For example, linear functionals of the form
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v ∈ L1 (E; Rm) �→
∫

E

(a+ b · v(x)) dx

are not sequentially lower continuous with respect to weak star convergence
in (C0 (E))′ unless b = 0 as required by (5.2).

Moreover, another drawback of weak star convergence in (C0 (E; Rm))′

is that, unless the set is closed, it misses measures that concentrate at the
boundary (see Prohorov’s theorem). As an example, let N = 1, E = (0, 1),
and

un := nχ(0, 1
n ).

Then unL1
⌊
(0, 1) ∗

⇀ 0 in M ((0, 1) ; R), while unL1 ∗
⇀ δ0 in M (R; R).

To overcome this, a possibility is to consider L1(E;Rm) as a subspace of(
Cb

(
E; Rm

))′
.

The structure of the proof of the previous theorem used strongly Radon–
Nikodym type arguments that continue to hold if E is bounded, since in
this case Cb

(
E; Rm

)
= C0

(
E; Rm

)
, and thus

(
Cb

(
E; Rm

))′
is still the set of

signed Radon measures. If E is unbounded, then the dual of Cb

(
E; Rm

)
is

the space of regular finitely additive signed measures rba
(
E; Rm

)
, where the

Radon–Nikodym theorem may fail (see Theorem 1.118).

Theorem 5.27. Let E be a bounded Borel subset of R
N , and let f : R

m →
(−∞,∞] be convex and lower semicontinuous. Then the functional

v ∈ L1 (E; Rm) �→
∫

E

f (v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
M

(
E; Rm

)
.

More generally, for any sequence {vn} ⊂ L1(E;Rm) such that

χEvnLN
⌊
E

∗
⇀ λ in M

(
E; Rm

)
we have

lim inf
n→∞

∫
E

f (vn) dx ≥
∫

E

f

(
dλ

dLN

)
dx+

∫
∂E\E

f∞
(

dλ

dLN

)
dx (5.43)

+
∫

E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ .

Proof. Step 1: Assume that f ≥ 0 and let {vn} ⊂ L1(E;Rm) be such that
χEvnLN

⌊
E

∗
⇀ λ in M

(
E; Rm

)
. The argument follows closely that of Step 1

of the proof of Theorem 5.19 with the following changes:

1. (5.13) is replaced by

χEf(vn(·)) LN
⌊
E

∗
⇀ µ

as n→∞ in M
(
E; Rm

)
.
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2. Inequalities (5.25) and (5.26) are complemented by

dµ

dLN
(x0) ≥ f∞

(
dλ

dLN
(x0)

)
, (5.44)

for LN a.e. x0 ∈ ∂E \E. The proof of (5.44) follows closely that of (5.25),
namely take x0 ∈ ∂E \ E a point of density one for ∂E \ E with respect
to LN such that

dµ

dLN
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)∣∣Q(x0, ε) ∩ E
∣∣ <∞, (5.45)

dλ

dLN
(x0) = lim

ε→0+

λ(Q(x0, ε) ∩ E)∣∣Q(x0, ε) ∩ E
∣∣ , (5.46)

where we have used Theorem 1.155. Note that

|Q(x0, ε) ∩E|
εN

= 1−
∣∣Q(x0, ε) ∩

(
R

N \ E
)∣∣

εN
(5.47)

≤ 1− |Q(x0, ε) ∩ (∂E \ E)|
εN

→ 0

as ε→ 0+.
By Proposition 1.15 we may choose εk ↘ 0 such that µ(∂Q(x0, εk)∩E) = 0
and ν(∂Q(x0, εk) ∩ E) = 0. Invoking Corollary 1.204 with X := E and
the (relatively) open set A := Q(x0, εk) ∩ E, for all i, k ∈ N we have

lim
n→∞

∫
Q(x0,εk)∩E

bi · vn dx = lim
n→∞

∫
Q(x0,εk)∩E

bi · dλn (5.48)

=
∫

Q(x0,εk)∩E

bi · dλ,

where λn := χEvnLN
⌊
E. As in (5.31) we have

dµ

dLN
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
εN

≥ lim inf
k→∞

lim inf
n→∞

1
εN

∫
Q(x0,εk)∩E

(ai + bi · vn (x)) dx

= lim inf
k→∞

1
εN

k

∫
Q(x0,εk)∩E

bi · dλ (x) ,

where in the last identity we used (5.47) and (5.48). By (5.46) we have
that

lim inf
k→∞

1
εN

k

∫
Q(x0,εk)∩E

bi · dλ (x) = bi ·
dλ

dLN
(x0) ,

which yields
dµ

dLN
(x0) ≥ bi ·

dλ

dLN
(x0) .

By taking the supremum over all i we obtain (5.44).
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3. The inequality (5.26) continues to hold for ‖λs‖ a.e. x0 ∈ E. To see this,
replace E by E in (5.32)–(5.34) and in (5.36), and replace (5.35) by

dµ

d ‖λs‖
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
‖λs‖ (Q(x0, εk) ∩ E)

= lim
k→∞

lim
n→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

f(vn) dx

≥ lim inf
k→∞

lim inf
n→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

(ai + bi · vn) dx

= lim inf
k→∞

1
‖λs‖ (Q(x0, εk) ∩ E)

∫
Q(x0,εk)∩E

bi · dλ,

where in the last inequality we have used (5.48) and (5.34) (with E re-
placed by E).

Step 2: Here we remove the additional assumption that f ≥ 0. Since f is
convex and lower semicontinuous, there exist a ∈ R and b ∈ R

m such that

f (z) ≥ a+ b · z

for all z ∈ R
m. Setting g (z) := f (z) − a − b · z, since g is a nonnegative,

lower semicontinuous convex integrand, by Step 1, for any sequence {vn} ⊂
L1(E;Rm) such that χEvnLN

⌊
E

∗
⇀ λ in M

(
E; Rm

)
we have

lim inf
n→∞

∫
E

f (vn) dx− a |E| −
∫

E

b · dλ = lim inf
n→∞

∫
E

g (vn) dx

≥
∫

E

g

(
dλ

dLN

)
dx+

∫
∂E\E

g∞
(

dλ

dLN

)
dx+

∫
E

g∞
(

dλ

d ‖λs‖

)
d ‖λs‖

=
∫

E

f

(
dλ

dLN

)
dx− a |E| −

∫
E

b · dλ

dLN
dx+

∫
∂E\E

f∞
(

dλ

dLN

)
dx

−
∫

∂E\E

b · dλ

dLN
dx+

∫
E

f∞
(

dλ

d ‖λs‖

)
d ‖λs‖ −

∫
E

b · dλ

d ‖λs‖
d ‖λs‖ ,

where we have used the facts that since 1 ∈ Cb

(
E
)
, we have

lim
n→∞

∫
E

b · vn dx =
∫

E

b · dλ,

and that by Theorem 4.70, for every w ∈ dome f ,

g∞(z) = lim
t→∞

g(w + tz)− g (w)
t

= lim
t→∞

f(w + tz)− b · (tz)− f (w)
t

= f∞ (z)− b · z.
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It now suffices to observe that∫
E

b · dλ =
∫

E

b · dλ

dLN
dx+

∫
∂E\E

b · dλ

dLN
dx+

∫
E

b · dλ

d ‖λs‖
d ‖λs‖ ,

and so we obtain (5.43).

Exercise 5.28. Prove that the previous theorem still holds with the Lebesgue
measure replaced by a (positive) Radon measure.

5.3 Integral Representation

In the previous sections we have studied necessary and sufficient conditions
on the integrand f for the functional

v ∈ Lp (E; Rm) �→
∫

E

f (v (x)) dx

to be well-defined and lower semicontinuous with respect to various types
of convergence. As we will explain in more detail in the next section, when
these conditions are violated one looks for a relaxed or effective energy. The
next natural question is whether this relaxed energy still has an integral form
for some new integrand h and if so, what is the relation between h and the
original integrand f . As a first step in this direction, in this section we give
conditions under which the relaxation of an abstract functional admits an
integral representation. The main result is the following theorem.

Theorem 5.29. Let Ω ⊂ R
N be an open set, 1 ≤ p <∞, and let

I : Lp (Ω; Rm)× B(Ω) → [0,∞]

satisfy the following properties:

(I1) I (v; ·) is additive, that is,

I(v;B1 ∪B2) = I(v;B1) + I(v;B2)

for all v ∈ Lp(Ω;Rm) and B1, B2 ∈ B(Ω) such that B1 ∩B2 = ∅;
(I2) I (v; ·) is local, that is,

I(v;B) = I(w;B)

for all v, w ∈ Lp(Ω;Rm) such that v = w LN a.e. on B ∈ B(Ω);
(I3) there exist v0 ∈ Lp (Ω; Rm) and a finite Radon measure µ absolutely

continuous with respect to the Lebesgue measure such that

I(v0;B) ≤ µ (B)

for all B ∈ B(Ω);
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(I4) I (v;Q(x0, ε)) = I (v (x0 + (· − y0)) ;Q(y0, ε)) for all v ∈ Lp (Ω; Rm), and
all cubes Q (x0, ε), Q (y0, ε) ⊂ Ω.

For every B ∈ B(Ω) let τ be either the weak or the strong topology in
Lp (B; Rm) and let Ep (·;B) be the greatest functional below I (·, B) that is
sequentially lower semicontinuous with respect to τ . Then there exists a Borel
function h : R

m → [0,∞] (depending on τ) such that

Ep(v;B) =
∫

B

h (v) dx (5.49)

for every B ∈ B(Ω) and v ∈ Lp (Ω; Rm).

In particular, if I is sequentially lower semicontinuous with respect to the
strong topology, then I admits an integral representation as in (5.49).

We begin with an auxiliary result on Yosida transforms.

Lemma 5.30. Let (V, d) be a metric space, let Ψ : V → [0,∞] be a lower
semicontinuous function, and let g : [0,∞) → [0,∞) be an increasing function
such that g (0) = 0 and g (s) > 0 for s > 0. For every k ∈ N and v ∈ V define

Ψk (v) := inf {Ψ (w) + kg (d (w, v)) : w ∈ V } .

Then
Ψ = sup

k∈N

Ψk.

Proof. Let v ∈ V . Then for every k ∈ N we have

Ψk (v) ≤ Ψ (v) + kg (d (v, v)) = Ψ (v) ,

where we have used the fact that g (0) = 0. Taking the supremum over all
k ∈ N implies that

sup
k∈N

Ψk (v) ≤ Ψ (v) .

To prove the reverse inequality, let t < Ψ (v). Since Ψ is lower semicontinuous
there exists r > 0 such that

t < inf {Ψ (w) : w ∈ B (v, r)} .

Since g (r) > 0 we may find k0 ∈ N such that k0g (r) > t. Then for every
w ∈ B (v, r) we have

Ψ (w) + k0g (d (w, v)) ≥ Ψ (w) > t,

while for all w ∈ V \B (v, r) we obtain

Ψ (w) + k0g (d (w, v)) ≥ k0g (r) > t,
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where we have used the fact that g is increasing. Combining the two previous
inequalities yields

sup
k∈N

Ψk (v) ≥ Ψk0 (v) = inf {Ψ (w) + k0g (d (w, v)) : w ∈ V } ≥ t.

It now suffices to let t↗ Ψ (v).

We now turn to the proof of Theorem 5.29.

Proof (Theorem 5.29). Step 1: We claim that Ep satisfies conditions (I1)–(I4).
In view of Remark A.85, for every countable ordinal α we define a functional
Hα as follows. For v ∈ Lp (Ω; Rm) and B ∈ B(Ω) set

H0 (v;B) :=I (v;B) ,

Hβ+1 (v;B) := inf
{

lim inf
n→∞

Hβ (vn;B) : {vn} ⊂ Lp(Ω; Rm),

vn
τ→ v in Lp(B; Rm)

}
if β is not a limit ordinal,

Hβ (v;B) := inf {Hα (v;B) : α < β, α not a limit ordinal}

if β is a limit ordinal. We recall that by Proposition 3.17,

Ep(v;B) = inf {Hβ (v;B) : β countable ordinal} , (5.50)

and thus it suffices to show that each functional Hβ satisfies conditions (I1)–
(I4). Properties (I2)–(I4) hold. We prove (I1) using Remark A.83. By assump-
tion, H0 satisfies (I1). Fix a countable ordinal β that is not a limit ordinal and
assume that Hβ satisfies (I1). We claim that Hβ+1 has the same property. Let
B1, B2 ∈ B(Ω) be such that B1 ∩ B2 = ∅. Fix ε > 0 and find two sequences
{vn} ⊂ Lp (Ω; Rm), {wn} ⊂ Lp (Ω; Rm) τ -converging to v in Lp (B1; Rm) and
Lp (B2; Rm), respectively, such that

lim
n→∞

Hβ(vn;B1) ≤ Hβ+1(v;B1) + ε,

lim
n→∞

Hβ(wn;B2) ≤ Hβ+1(v;B2) + ε.

Define

zn (x) :=
{
vn (x) for x ∈ B1,
wn (x) for x ∈ Ω \B1.

Then zn
τ→ v in Lp (B1 ∪B2; Rm) and hence by (I1) for Hβ ,

Hβ+1(v;B1 ∪B2) ≤ lim
n→∞

Hβ (zn;B1 ∪B2)

= lim
n→∞

Hβ (vn;B1) + lim
n→∞

Hβ (wn;B2)

≤ Hβ+1(v;B1) +Hβ+1(v;B2) + 2ε.

By letting ε→ 0+ we obtain
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Hβ+1(v;B1 ∪B2) ≤ Hβ+1(v;B1) +Hβ+1(v;B2).

To prove the opposite inequality, fix ε > 0 and let {vn} ⊂ Lp (Ω; Rm) be a
sequence τ converging in Lp (B1 ∪B2; Rm) to v and such that

lim
n→∞

Hβ (vn;B1 ∪B2) ≤ Hβ+1(v;B1 ∪B2) + ε.

Then, by the definition of Hβ+1 and (I1) for Hβ ,

Hβ+1(v;B1) +Hβ+1(v;B2) ≤ lim inf
n→∞

Hβ(vn;B1) + lim inf
n→∞

Hβ(vn;B2)

≤ lim
n→∞

Hβ (vn;B1 ∪B2) ≤ Hβ+1(v;B1 ∪B2)+ ε.

By letting ε→ 0+ we have proved the claim.
Finally, if β is a limit ordinal and Hα satisfies condition (I1) for each

α < β, α not a limit ordinal, then so does

Hβ := inf {Hα : α < β, α not a limit ordinal} . (5.51)

To see this, note that for any α < β, α not a limit ordinal, we have that

Hα(v;B1 ∪B2) = Hα(v;B1) +Hα(v;B2),

and so taking the infimum over all such α yields

Hβ(v;B1 ∪B2) ≥ Hβ(v;B1) +Hβ(v;B2).

To prove the reverse inequality fix ε > 0 and by (5.51) find a nonlimit ordinal
α with α < β such that

Hα(v;B1 ∪B2) ≤ Hβ(v;B1 ∪B2) + ε.

Since property (I1) holds for Hα and using again (5.51), we get

Hβ(v;B1) +Hβ(v;B2) ≤ Hα(v;B1) +Hα(v;B2)
= Hα(v;B1 ∪B2) ≤ Hβ(v;B1 ∪B2) + ε.

It now suffices to let ε→ 0+.

Step 2: We claim that Ep (v; ·) is a measure, absolutely continuous with re-
spect to the Lebesgue measure. By (I1) and Proposition 1.9 it is enough to
prove that

Ep(v;Bn) → Ep(v;B) whenever Bn ↗ B.

Since Ep ≥ 0 we have

lim sup
n→∞

Ep(v;Bn) ≤ Ep(v;B).

Setting
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vn (x) :=
{
v (x) if x ∈ Bn,
v0 (x) if x ∈ Ω \Bn,

since vn → v in Lp by (I1)–(I3) for Ep (see Step 1) and Proposition 1.7(ii)
(applied to the finite measure µ) we have that

Ep(v;B) ≤ lim inf
n→∞

Ep(vn;B) = lim inf
n→∞

[Ep(v;Bn) + Ep(v0;B \Bn)]

≤ lim inf
n→∞

Ep(v;Bn) + lim sup
n→∞

µ (B \Bn) = lim inf
n→∞

Ep(v;Bn).

Thus Ep (v; ·) is a measure. To prove that it is absolutely continuous with
respect to the Lebesgue measure, let B be a Borel set of zero measure. By
(I2) and (I3) for Ep we have

0 ≤ Ep(v;B) = Ep(v0;B) ≤ µ (B) = 0.

At this point, for every v ∈ Lp (Ω; Rm) we are in a position to apply the
Radon–Nikodym theorem to represent Ep (v; ·) as

Ep(v;B) =
∫

B

hv (x) dx, B ∈ B(Ω),

where the Radon–Nikodym derivative hv = dEp(v;·)
dLN is a nonnegative measur-

able function. However, since in general there is no assurance that Ep (v; ·) is a
Radon measure, we cannot apply Besicovitch’s derivation theorem to obtain
an explicit formula of hv in terms of Ep (v; ·). This is the reason why we need
to consider the Yosida transforms, and this leads us to Step 3.

Step 3: For every k ∈ N, B ∈ B(Ω), and v ∈ Lp (Ω; Rm) we introduce the
Yosida transform

Yk(v;B) := inf
{
Ep(w;B) + k

∫
B

|w − v|p dx : w ∈ Lp(Ω; Rm)
}

. (5.52)

Then Yk still satisfies (I4) and by Lemma 5.30 (with g (s) := s
1
p ) for all

B ∈ B(Ω) and v ∈ Lp (Ω; Rm) we have

Ep(v;B) = sup
k∈N

Yk(v;B). (5.53)

Moreover, taking w = v0 in the definition of Yk yields

0 ≤ Yk(v;B) ≤ µ (B) + k

∫
B

|v − v0|p dx (5.54)

for all k ∈ N, B ∈ B(Ω), and v ∈ Lp (Ω; Rm). Note that this implies in
particular that in the definition of Yk(v;B) it is enough to consider those
w ∈ Lp(Ω; Rm) for which
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Ep(w;B) + k

∫
B

|w − v|p dx ≤ µ (B) + k

∫
B

|v − v0|p dx,

so that, since Ep ≥ 0 and k ≥ 1,
∫

B

|w|p dx ≤ C

(
µ (B) +

∫
B

|v|p dx+
∫

B

|v0|p dx
)

. (5.55)

Fix k ∈ N, B ∈ B(Ω), and u, v, w ∈ Lp (Ω; Rm), with
∫

B

|w|p dx ≤ C

(
µ (B) +

∫
B

|v|p dx+
∫

B

|u|p +
∫

B

|v0|p dx
)

.

Using the inequality
∣∣∣ |z1|p − |z2|p

∣∣∣ ≤ p
(
max

{
|z1|p−1

, |z2|p−1
})
|z1 − z2| ,

which holds for all z1, z2 ∈ R
m, we obtain

Yk(v;B) ≤Ep(w;B) + k

∫
B

|w − v|p dx

≤Ep(w;B) + k

∫
B

|w − u|p dx

+ kp

∫
B

(
max

{
|w − v|p−1

, |w − u|p−1
})
|u− v| dx

≤Ep(w;B) + k

∫
B

|w − u|p dx

+ Ck

(
µ (B) +

∫
B

(|u|p + |v0|p + |v|p) dx
)1/p′(∫

B

|v − u|p dx
)1/p

,

where we have used Hölder’s inequality and (5.55). Taking the infimum over
all admissible w ∈ Lp(Ω; Rm) yields

Yk(v;B) ≤Yk(u;B)

+ Ck

(
µ (B) +

∫
B

(|u|p + |v0|p + |v|p) dx
)1/p′(∫

B

|v−u|p dx
)1/p

,

and in turn, by interchanging u and v, we get

|Yk(v;B)− Yk(u;B)|

≤Ck
(
µ (B) +

∫
B

(|u|p + |v0|p + |v|p) dx
)1/p′ (∫

B

|v − u|p dx
)1/p

,

(5.56)

for all k ∈ N, B ∈ B(Ω) and u, v ∈ Lp (Ω; Rm).
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Substep 3 a: We claim that for every v ∈ Lp (Ω; Rm) the set function Yk (v; ·)
is a Radon measure absolutely continuous with respect to the Lebesgue mea-
sure. In view of (5.54) and by Proposition 1.60 it suffices to prove that
Yk (v; ·) is countably additive. Consider a sequence of pairwise disjoint sets
{Bn} ⊂ B(Ω), and let

B :=
∞⋃

n=1

Bn.

Given u ∈ Lp (Ω; Rm), by Step 2 we have

Ep(u;B) + k

∫
B

|u− v|p dx =
∞∑

n=1

[
Ep(u;Bn) + k

∫
Bn

|u− v|p dx
]

≥
∞∑

n=1

Yk(v;Bn).

Taking the infimum over all such u, by (5.52) we deduce that

Yk(v;B) ≥
∞∑

n=1

Yk(v;Bn).

Conversely, fix ε > 0 and for every n ∈ N choose un ∈ Lp (Ω; Rm) such that
(see (5.52))

Ep(un;Bn) + k

∫
Bn

|un − v|p dx ≤ ε

2n
+ Yk(v;Bn). (5.57)

Fix l ∈ N and define

wl (x) :=

⎧⎨
⎩
un (x) if x ∈ Bn, 1 ≤ n ≤ l,

v0 (x) if x ∈ Ω \
l⋃

n=1
Bn.

By (5.52), the fact that Ep (wl; ·) is a measure, (I2), (I3) for Ep (see Step 1),
Proposition 1.7(ii) (applied to the finite measure µ), and (5.57), in this order,
we obtain

Yk(v;B) ≤ lim inf
l→∞

[
Ep(wl;B) + k

∫
B

|wl − v|p dx
]

≤ lim sup
l→∞

⎡
⎣µ

(
v0;B \

l⋃
n=1

Bn

)
+ k

∫
B\

l⋃
n=1

Bn

|v0 − v|p dx

⎤
⎦

+ lim inf
l→∞

l∑
n=1

[
Ep(un;Bn) + k

∫
Bn

|un − v|p dx
]

≤ lim inf
l→∞

l∑
n=1

[
Yk(v;Bn) +

ε

2n

]
= ε+

∞∑
n=1

Yk(v;Bn).
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It suffices now to let ε→ 0+.

Substep 3b: Fix a cube Q (y0, r0) ⊂ Ω and for every z ∈ R
m set

fk (z) := lim inf
r→0+

1
rN
Yk (z;Q (y0, r)) . (5.58)

We claim that
Yk(v;B) =

∫
B

fk (v) dx (5.59)

for every v ∈ Lp (Ω; Rm) and B ∈ B(Ω).
Since Yk (v; ·) is a Radon measure absolutely continuous with respect to

the Lebesgue measure, by the Radon–Nikodym theorem we may write

Yk(v;B) =
∫

B

hk,v (x) dx,

where hk,v = dYk(v;·)
dLN . Take x0 ∈ Ω such that, by Besicovitch’s derivation

theorem and Corollary 1.159,

hk,v(x0) = lim
ε→0+

Yk(v;Q(x0, ε))
εN

<∞, (5.60)

lim
ε→0+

1
εN

∫
Q(x0,ε)

|v(x)− v(x0)|p dx = 0, (5.61)

lim
ε→0+

µ(v;Q(x0, ε))
εN

<∞, (5.62)

lim
ε→0+

1
εN

∫
Q(x0,ε)

|v0(x)− v0(x0)|p dx = 0. (5.63)

Since by (5.56), for every ε > 0 so small that Q (x0, ε) ⊂ Ω we have

|Yk(v;Q(x0, ε))− Yk(v (x0) ;Q(x0, ε))|

≤Ck
(
µ (Q(x0, ε)) +

∫
Q(x0,ε)

(|v (x0)|p + |v0|p + |v|p) dx
)1/p′

×
(∫

Q(x0,ε)

|v(x)− v(x0)|p dx
)1/p

,

it follows from (5.58), (5.60)–(5.63) that

hk,v(x0) = lim
ε→0+

Yk(v;Q(x0, ε))
εN

= lim
ε→0+

Yk(v (x0) ;Q(x0, ε))
εN

= lim
ε→0+

Yk(v (x0) ;Q(y0, ε))
εN

= fk (v (x0)) ,

where we have used (I4) for Yk, and this confirms (5.59).
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Since for k ≤ n we have Yk (v;B) ≤ Yn (v;B), it follows that

fk (z) ≤ fn (z)

for all z ∈ R
m. Define

h (z) := sup
k∈N

fk (z) .

By (5.53), (5.59), and the Lebesgue monotone convergence theorem, we have

Ep(v;B) = sup
k∈N

Yk(v;B) = sup
k∈N

∫
B

fk (v) dx

= lim
k→∞

∫
B

fk (v) dx =
∫

B

h (v) dx

for every v ∈ Lp (Ω; Rm) and B ∈ B(Ω).

In the case that p = ∞, an integral representation analogous to the one
provided in the previous proposition still holds, where now the relevant topolo-
gies τ are either the weak star topology or the Mackey topology in Lp (B; Rm).

Theorem 5.31. Let Ω ⊂ R
N be an open set and let

I : L∞ (Ω; Rm)× B(Ω) → [0,∞]

satisfy properties (I1)–(I4) of the previous theorem. For every B ∈ B(Ω) let τ
be either the weak star or the Mackey topology in L∞ (B; Rm) and let E∞ (·;B)
be the greatest functional below I (·, B) that is sequentially lower semicontin-
uous with respect to τ . Then there exists a Borel function h : R

m → [0,∞]
(depending on τ) such that

E∞(v;B) =
∫

B

h (v) dx

for every B ∈ B(Ω) and v ∈ L∞(Ω; Rm).
If, in addition, I satisfies the growth condition

(I5) for every M > 0 there exists a nonnegative function γM ∈ L1 (Ω) such
that for all B ∈ B(Ω),

I (v;B) ≤
∫

B

γM (x) dx

for all v ∈ L∞(Ω; Rm) with |v (x)| ≤M for LN a.e. x ∈ B,

then τ can also be taken as the strong topology in L∞(B; Rm).
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Proof. Exactly as in Step 1 of the previous proof it can be shown that E∞
satisfies properties (I1)–(I4). Fix M ≥ ‖v0‖∞ and define a new functional

v ∈ L1 (Ω; Rm) �→ TM (v;B) := E∞ (τM ◦ v;B) ,

where τM is given by

τM (z) :=

{
z if |z| ≤M ,
z

|z|M if |z| > M .

Then TM satisfies (I1)–(I4), where to assert (I3) we use the fact that
τM ◦ v0 = v0. We claim that TM is sequentially lower semicontinuous with
respect to strong convergence in L1. Indeed, let {vn} ⊂ L1 (Ω; Rm) be any
sequence converging strongly in L1 (Ω; Rm) to some v ∈ L1 (Ω; Rm). Without
loss of generality we may assume that

lim inf
n→∞

TM (vn;B) = lim
n→∞

TM (vn;B)

and then extract a subsequence (not relabeled) of {vn} that converges to v
pointwise LN a.e. in Ω. Then {τM ◦ vn} converges to τM ◦ v with respect to
the Mackey topology, and so by (I4) we have

lim inf
n→∞

TM (vn;B) = lim
n→∞

E∞ (τM ◦ vn;B) ≥ E∞ (τM ◦ v;B) = TM (v;B) .

Since the functional TM satisfies all the hypotheses of the previous theorem
we may find a Borel function hM : R

m → [0,∞] such that

TM (v;B) =
∫

B

hM (v) dx

for all v ∈ L1(Ω; Rm) and B ∈ B(Ω). This implies that

E∞(v;B) =
∫

B

hM (v) dx

for all v ∈ L∞(Ω; Rm) with ‖v‖L∞(Ω;Rm) ≤M and B ∈ B(Ω). We now repeat
the same reasoning for some L > M to conclude that

∫
B

hL (v) dx =
∫

B

hM (v) dx

for all v ∈ L∞(Ω; Rm), with ‖v‖L∞(Ω;Rm) ≤M , and for all B ∈ B(Ω), which
yields

hL (z) = hM (z)

for all z ∈ R
m with |z| ≤M . Take a sequence Mk ↗∞ and for each z ∈ R

m

define
h (z) := hMk

(z)



364 5 Integrands f = f (z)

if |z| ≤Mk. We obtain that

Ep(v;B) =
∫

B

h (v) dx

for all v ∈ L∞(Ω; Rm) and all B ∈ B(Ω).
Suppose now that (I5) holds. To show that TM is sequentially lower semi-

continuous with respect to L1 convergence, fix B ∈ B(Ω) and consider a
sequence {vn} ⊂ L1 (Ω; Rm) converging to v in L1 (B; Rm). For any fixed
ε > 0 find a compact set K ⊂ B such that

∫
B\K

γM (x) dx < ε, (5.64)

and a number δ > 0 such that∫
E

γM (x) dx < ε (5.65)

for all E ⊂ B with |E| < δ.
By Egoroff’s theorem there exists a set E ⊂ K such that |E| < δ and vn

converges uniformly to v in K \ E. Define

wn :=
{
vn in K \ E,
v otherwise.

Then the sequence {τM ◦ wn} converges in L∞ (B; Rm) to τM◦v ∈L∞ (B; Rm),
and by (I1), (I2), and (I4),

lim inf
n→∞

TM (vn;B) = lim inf
n→∞

E∞ (τM ◦ vn;B)

≥ lim inf
n→∞

E∞ (τM ◦ vn;K \ E)

= lim inf
n→∞

E∞ (τM ◦ wn;K \ E)

≥ E∞ (τM ◦ v;K \ E) (5.66)

≥ E∞ (τM ◦ v;B)−
∫

B\E

γM dx

≥ TM (v;B)− 2ε,

where we have used (5.64) and (5.65). It suffices to let ε→ 0+.

5.4 Relaxation

In this section we consider functionals of the form

v ∈ Lp (E; Rm) �→ I (v) :=
∫

E

f (v) dx,
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where E is a Borel subset of R
N , 1 ≤ p ≤ ∞, and f : R

m → (−∞,∞] is a
Borel function, f �≡ ∞.

As described in Chapter 3, if the functional I is not sequentially lower
semicontinuous with respect to a given topology τ , then it is of interest to
characterize the relaxed energy

E : Lp (E; Rm) → [−∞,∞]

of I, that is, the greatest functional E below I that is sequentially lower
semicontinuous with respect to the topology τ . We will consider the following
types of convergence:

• weak convergence in Lp (E; Rm) for 1 ≤ p <∞;
• weak star convergence in L∞ (E; Rm);
• weak star convergence in the sense of measures in L1 (E; Rm).

By Propositions 3.16 and 3.18, when I satisfies a suitable coercivity con-
dition, then E (v) coincides with

I (v) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ Lp (E; Rm) , vn
τ→ v

}
.

5.4.1 Weak Convergence and Weak Star Convergence in Lp,
1 ≤ p ≤ ∞

In this subsection we characterize the relaxed energy

Ep : Lp (E; Rm) → [−∞,∞]

of I with respect to weak convergence in Lp, 1 ≤ p < ∞ (respectively weak
star convergence if p = ∞), that is, the functional Ep is the greatest func-
tional below I that is sequentially lower semicontinuous with respect to weak
(respectively weak star if p = ∞) convergence in Lp (E; Rm).

For every v ∈ Lp(E; Rm) define

Ip(v) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ Lp(E; Rm),

vn ⇀ v ( ∗
⇀ if p = ∞) in Lp(E; Rm)

}
.

Since Ep ≤ I, for every v ∈ Lp(E; Rm) we have

Ep(v) ≤ Ip(v).

Theorem 5.32. Let E be a Borel subset of R
N with finite measure, 1 ≤ p ≤

∞, and let f : R
m → (−∞,∞] be a Borel function, f �≡ ∞, such that

f (z) ≥ a+ b · z for all z ∈ R
m, (5.67)
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where a ∈ R, b ∈ R
m. Then for every v ∈ Lp(E; Rm) we have

Ep(v) =
∫

E

f∗∗(v) dx. (5.68)

Moreover, for every v ∈ Lp(E; Rm) for which Ip(v) <∞ we have

Ip(v) =
∫

E

C (lsc f) (v) dx, (5.69)

where the function C (lsc f) is the convex envelope of the lower semicontinuous
envelope of f .

Remark 5.33. (i) We recall that by Propositions 3.16, 3.18 we have

Ep(v) = Ip (v) =
∫

E

f∗∗(v) dx

for every v ∈ Lp(E; Rm) provided f satisfies the coercivity condition

f (z) ≥ Cγ (|z|)− 1
C

for all z ∈ R
m,

where C > 0 and where for t ≥ 0,

γ (t) := tp if 1 < p <∞, (5.70)

γ (t) :=
{

0 if 0 ≤ t < R,
∞ if t ≥ R, if p = ∞, (5.71)

for some R > 0, and γ : [0,∞) → [0,∞] is an increasing function with

lim
t→∞

γ (t)
t

=∞

if p = 1.
(ii) In view of Remark 4.93, if f : R

m → R satisfies (5.67), then f∗∗ =
lsc (Cf) = C (lsc f) = Cf , and so by the previous theorem, for every v ∈
Lp(E; Rm) for which Ip(v) <∞ we have

Ep(v) = Ip (v) =
∫

E

f∗∗(v) dx.

We now turn to the proof of Theorem 5.32

Proof. Since the functional

v ∈ Lp(E; Rm) �→
∫

E

(a+ b · v) dx
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is continuous with respect to weak (respectively weak star if p = ∞) conver-
gence, replacing f (z) by f (z) − (a+ b · z), we may assume, without loss of
generality, that f ≥ 0.

Hence f∗∗ is convex, lower semicontinuous, and nonnegative. By Theorem
5.14 the functional

v ∈ Lp(E; Rm) �→
∫

E

f∗∗(v) dx

is sequentially weakly (respectively weakly star if p = ∞) lower semicontinu-
ous in Lp(E; Rm), and since f∗∗ ≤ f we deduce that for every v ∈ Lp(E; Rm),

Ep(v) ≥
∫

E

f∗∗(v) dx.

To prove the reverse inequality, let Ω be an open subset of R
N with finite

measure that contains E, and for every Borel set B ∈ B(Ω) we define the
functional

v ∈ Lp (Ω; Rm) �→ I (v;B) :=
∫

B

f (v) dx.

Note that I satisfies (I1), (I2), (I4), while to prove (I3) it suffices to set v0 ≡ z0,
where z0 ∈ R

m is such that f (z0) ∈ R.
By Theorems 5.29 and 5.31 there exists a Borel function h : R

m → [0,∞]
such that

Ep(v;B) =
∫

B

h (v) dx

for every B ∈ B(Ω) and v ∈ Lp(Ω; Rm).
Note that for every fixed z ∈ R

m, taking v (x) :≡ z and using the fact that
Ep ≤ I, we obtain that

h (z) |Ω| ≤ f (z) |Ω| ,
which, since |Ω| <∞, implies that h ≤ f .

Suppose now that v ∈ Lp(E; Rm). Consider the extension

v (x) :=
{
v (x) if x ∈ E,
v0 (x) if x ∈ Ω \ E.

Then
Ep(v) = Ep(v;E) =

∫
E

h (v) dx.

Since Ep is sequentially lower semicontinuous and below I and since h ≥ 0,
by Theorems 5.9 and 5.14 we conclude that h must be lower semicontinuous,
convex, and since h ≤ f then h ≤ f∗∗.

This completes the proof of (5.68).
To prove (5.69) fix v ∈ Lp(E; Rm) and ε > 0. By the definition of Ip(v) we

may find {vn} ⊂ Lp(E; Rm), vn ⇀ v ( ∗
⇀ if p = ∞) in Lp(E; Rm) such that
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lim
n→∞

I (vn;E) ≤ Ip(v) + ε. (5.72)

If p = 1, then by Theorem 2.29 let γ : [0,∞) → [0,∞) be an increasing
continuous function with

lim
t→∞

γ (t)
t

=∞

and such that
sup

n

∫
E

γ (|vn|) dx =: c <∞. (5.73)

If 1 < p < ∞ (respectively p = ∞), then (5.73) continues to hold, provided
we define γ as in (5.70) (respectively in (5.71) for an appropriate R > 0).

Although the sequence {vn}, and hence γ, depends on ε, for simplicity of
notation we do not indicate this dependence. For k ∈ N and all z ∈ R

m define

fk (z) := f (z) +
1
k
γ (|z|) ,

with corresponding energy I(k) and envelopes E(k)
p and I(k)

p . By Remark 5.33(i)
and (5.68) we have

E(k)
p (v) = I(k)

p (v) =
∫

E

(fk)∗∗ (v) dx.

Since the sequence {fk} is decreasing, the same is true for
{
(fk)∗∗

}
. By Propo-

sition 4.100,
C (lsc f) = inf

k∈N

(fk)∗∗ .

We claim that
Ip(v) = inf

k∈N

I(k)
p (v).

Since f ≤ fk we have Ip(v) ≤ infk∈N I(k)
p (v). On the other hand, by (5.73)

and (5.72),

I(k)
p (v) ≤ lim

n→∞
Ik (vn;E) ≤ lim

n→∞
I (vn;E) +

c

k
≤ Ip(v) + ε+

c

k
.

Hence
Ip(v) ≤ inf

k∈N

I(k)
p (v) ≤ Ip(v) + ε,

and given the arbitrariness of ε, the claim is proved.
If now Ip(v) <∞, then by the Lebesgue monotone convergence theorem,

Ip(v) = inf
k∈N

I(k)
p (v) = lim

k→∞
I(k)

p (v) = lim
k→∞

∫
E

(fk)∗∗ (v) dx

=
∫

E

C (lsc f) (v) dx.

Thus (5.69) holds.
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Remark 5.34. In the case that E has infinite measure the previous theorem
still holds provided the constant a in (5.67) is zero, and we assume that there
exists v0 ∈ L1 (E; Rm) such that

∫
E

f (v0) dx <∞.

When I∞(v) = ∞ the inequality I∞(v) =
∫

E
C (lsc f) (v) dx may fail.

Exercise 5.35. Let N = m = 2 and consider the function

f (z) = f (z1, z2) =

⎧⎨
⎩
∞ if z1 ≤ 0,
1
z1
− ez2

2 if 0 < z1 ≤ e−z2
2 ,

0 if z1 > e−z2
2 .

Prove that

C (lsc f) (z1, z2) =
{
∞ if z1 ≤ 0,
0 if z1 > 0,

while for any integer k ∈ N,

(fk)∗∗ (z1, z2) =

⎧⎨
⎩
∞ if z1 ≤ 0 or z1 ≥ k or |z2| ≥ k,
1
z1
− ek2

if 0 < z1 ≤ e−k2
and |z2| < k,

0 if e−k2
< z1 < k and |z2| < k.

Let E := (0, 1)× (−1, 1) and v (x, y) := (x, 0). Prove that

I∞(v) �=
∫

E

C (lsc f) (v) dx.

5.4.2 Weak Star Convergence in the Sense of Measures

In this subsection we consider functionals of the form

v ∈ L1 (Ω; Rm) �→ I (v) :=
∫

Ω

f (v) dx,

where Ω is an open subset of R
N and f : R

m → (−∞,∞] is a Borel function,
f �≡ ∞. For any λ ∈M (Ω; Rm) we define the functional

H (λ) :=
{
I (v) if λ = v LN

⌊
Ω,

∞ otherwise,

and we characterize the relaxed energy

H : M (Ω; Rm) → [−∞,∞]

of H with respect to weak star convergence in M (Ω; Rm), that is, the func-
tional H is the greatest functional below H that is sequentially lower semi-
continuous with respect to weak star convergence in M (Ω; Rm).
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For every λ ∈M (Ω; Rm) define

I(λ) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ L1(Ω; Rm),

vn LN
⌊
Ω

∗
⇀ λ in M (Ω; Rm)

}
.

Since H ≤ H, for every λ ∈M (Ω; Rm) we have

H(λ) ≤ I(λ).

Theorem 5.36. Let Ω be an open subset of R
N , and let f : R

m → [0,∞] be
a Borel function. Assume that there exists v0 ∈ L1 (Ω; Rm) such that

∫
Ω

f (v0) dx <∞.

Then for every λ ∈M (Ω; Rm) we have

H(λ) =
∫

Ω

f∗∗
(

dλ

dLN

)
dx+

∫
Ω

(f∗∗)∞
(

dλ

d ‖λs‖

)
d ‖λs‖ . (5.74)

Moreover, for every λ ∈M (Ω; Rm) for which I(λ) <∞ we have

I(λ) =
∫

Ω

g

(
dλ

dLN

)
dx+

∫
Ω

h

(
dλ

d ‖λs‖

)
d ‖λs‖ , (5.75)

where

g = inf
k

(
f +

1
k
|·|
)∗∗

, h = inf
k

((
f +

1
k
|·|
)∗∗)∞

.

Remark 5.37. We recall that by Proposition 3.16 we have

I (λ) = H(λ) =
∫

Ω

f∗∗
(

dλ

dLN

)
dx+

∫
Ω

(f∗∗)∞
(

dλ

d ‖λs‖

)
d ‖λs‖

for every λ ∈M (Ω; Rm) provided f satisfies the coercivity condition

f (z) ≥ C |z| for all z ∈ R
m,

where C > 0.

We are now ready to prove Theorem 5.36.

Proof. Since f∗∗ is convex, lower semicontinuous, and nonnegative, and f∗∗ ≤
f , by Theorems 5.19 and 5.25 we deduce that for every λ ∈M (Ω; Rm),

H(λ) ≥
∫

Ω

f∗∗
(

dλ

dLN

)
dx+

∫
Ω

(f∗∗)∞
(

dλ

d ‖λs‖

)
d ‖λs‖ . (5.76)
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To prove the reverse inequality it suffices to consider the case that the right-
hand side in (5.76) is finite. We start by showing that if λ = v LN

⌊
Ω for

some L1 (Ω; Rm), then

H(λ) =
∫

Ω

f∗∗ (v) dx.

Indeed, setting E1 to be the greatest functional below H that is sequentially
lower semicontinuous with respect to L1 weak convergence, then by Theorem
5.32 it follows that

H(λ) ≤ E1 (v) =
∫

Ω

f∗∗ (v) dx,

and equality follows by virtue of (5.76).
Consider now an arbitrary λ ∈ M (Ω; Rm) and a family of standard mol-

lifiers {ϕε}. Fix δ > 0, let

Ωδ := {x ∈ Ω : dist (x, ∂Ω) > δ} ,

and define
λε,δ := vε,δ LN

⌊
Ω,

where

vε,δ :=
{
ϕε ∗ λ in Ωδ,
v0 on Ω \Ωδ.

By Remark 2.80 it can be shown that for any ψ ∈ C0 (Ω),

lim
δ→0+

lim
ε→0+

∫
Ω

ψ dλε,δ =
∫

Ω

ψ dλ.

Moreover, since f∗∗ ◦ dλ
dLN ∈ L1 (Ω), it follows that

lim
δ→0+

lim
ε→0+

∫
Ωδ

ϕε ∗ f∗∗
(

dλ

dLN

)
dx =

∫
Ω

f∗∗
(

dλ

dLN

)
dx.

Using a diagonalization argument we may find a sequence εn → 0 such that

λn
∗
⇀ λ in M (Ω; Rm) ,

lim
n→∞

∫
Ωδn

ϕεn
∗ f∗∗

(
dλ

dLN

)
dx =

∫
Ω

f∗∗
(

dλ

dLN

)
dx, (5.77)

where δn := 1
n and λn := λεn,δn

. Hence, with vn := vεn,δn
, we have

H(λ;Ω) ≤ lim inf
n→∞

H(λn;Ω) = lim inf
n→∞

∫
Ω

f∗∗ (vn) dx

≤ lim sup
n→∞

∫
Ω\Ωδn

f∗∗ (v0) dx+ lim inf
n→∞

∫
Ωδn

f∗∗ (ϕεn
∗ λ) dx

≤ lim sup
n→∞

∫
Ωδn

f∗∗
(
ϕεn

∗ dλ

dLN

)
dx

+ lim inf
n→∞

∫
Ωδn

(f∗∗)∞ (ϕεn
∗ λs) dx,
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where in the last inequality we have used the facts that f∗∗ ◦ v0 ∈ L1 (Ω) and
(see, e.g., (4.33) with t = 1)

f∗∗ (a+ b) ≤ f∗∗ (a) + (f∗∗)∞ (b).

By Jensen’s inequality,
∫

Ωδn

f∗∗
(
ϕεn

∗ dλ

dLN

)
dx =

∫
Ωδn

f∗∗
(∫

Ω

ϕεn
(x− y)

dλ

dLN
(y) dy

)
dx

≤
∫

Ωδn

∫
Ω

ϕεn
(x− y) f∗∗

(
dλ

dLN
(y)

)
dydx

=
∫

Ωδn

ϕεn
∗ f∗∗

(
dλ

dLN

)
dx,

and by (5.77) we deduce that

lim sup
n→∞

∫
Ωδn

f∗∗
(
ϕεn

∗ dλ

dLN

)
dx ≤

∫
Ω

f∗∗
(

dλ

dLN

)
dx.

Furthermore,
∫

Ωδn

(f∗∗)∞ (ϕεn
∗ λs) dx =

∫
Ωδn

(f∗∗)∞
(∫

Ω

ϕεn
(x− y) dλs (y)

)
dx

=
∫

Ωδn

(f∗∗)∞
(∫

Ω

ϕεn
(x− y) ‖λs‖ (Ω)

dλ

d ‖λs‖
(y) d

‖λs‖
‖λs‖ (Ω)

(y)
)
dx

≤
∫

Ωδn

∫
Ω

ϕεn
(x− y) (f∗∗)∞

(
dλ

d ‖λs‖
(y)

)
d ‖λs‖ (y) dx,

where we used Jensen’s inequality and the homogeneity of (f∗∗)∞. By Fubini’s
theorem and using the fact that

∫
RN ϕεn

dx = 1 we deduce that
∫

Ωδn

(f∗∗)∞ (ϕεn
∗ λs) dx ≤

∫
Ω

(f∗∗)∞
(

dλ

d ‖λs‖
(y)

)
d ‖λs‖ (y) .

We have proved that

H(λ) ≤
∫

Ω

f∗∗
(

dλ

dLN

)
dx+

∫
Ω

(f∗∗)∞
(

dλ

d ‖λs‖

)
d ‖λs‖ .

To prove (5.75), for k ∈ N and all z ∈ R
m define

fk (z) := f (z) +
1
k
|z|

with corresponding energy I(k) and envelopes I(k) and H(k). By Remark
5.37(i) and (5.74) we have
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I(k) (λ) = H(k)(λ) =
∫

Ω

f∗∗
k

(
dλ

dLN

)
dx+

∫
Ω

(f∗∗
k )∞

(
dλ

d ‖λs‖

)
d ‖λs‖ .

Since the sequence {fk} is decreasing, the same is true for
{
(fk)∗∗

}
. We claim

that
I (λ) = inf

k∈N

I(k)(λ).

Since f ≤ fk we have I (λ) ≤ infk∈N I(k) (λ). On the other hand, by the defi-
nition of I (λ) we may find {vn} ⊂ L1(Ω; Rm), vn LN

⌊
Ω

∗
⇀ λ in M (Ω; Rm),

such that
lim

n→∞
I (vn) ≤ I (λ) + ε.

Without loss of generality we may assume that

sup
n

∫
Ω

|vn| dx =: c <∞,

and so

I(k)(λ) ≤ lim
n→∞

Ik (vn) ≤ lim
n→∞

I (vn) +
c

k
≤ I (λ) + ε+

c

k
.

Hence
I (λ) ≤ inf

k∈N

I(k) (λ) ≤ I(λ) + ε,

and given the arbitrariness of ε, the claim is established.
If now I (λ) <∞, then by the Lebesgue monotone convergence theorem,

I (λ) = inf
k∈N

I(k) (λ) = lim
k→∞

I(k) (λ)

= lim
k→∞

(∫
Ω

f∗∗
k

(
dλ

dLN

)
dx+

∫
Ω

(f∗∗
k )∞

(
dλ

d ‖λs‖

)
d ‖λs‖

)

=
∫

Ω

g

(
dλ

dLN

)
dx+

∫
Ω

h

(
dλ

d ‖λs‖

)
d ‖λs‖ .

This proves (5.75).

5.5 Minimization

We conclude this chapter with a minimization problem. We begin with the
case that f is real-valued.

Theorem 5.38. Let E be a Borel subset of R
N with finite measure, let 1 ≤

p ≤ ∞, and let f : R
m → R be a Borel function bounded from below by an

affine function. If z0 ∈ R
m, then

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
= f∗∗ (z0) |E| ,
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and the infimum is attained if and only if

z0 ∈ coMz0 ,

where

Mz0 := {z ∈ R
m : f (z) = f∗∗ (z0) + β · (z − z0) for all β ∈ ∂f∗∗ (z0)}.

Lemma 5.39. Let E be a Borel subset of R
N , let µ be a (positive) finite Radon

measure on E, and let v ∈ L1 ((E,B (E) , µ) ; Rm). Then

1
µ (E)

∫
E

v dµ ∈ co {v (x) : x ∈ E, x is a Lebesgue point of v} .

Proof. The proof is by induction on m. Let

z0 :=
1

µ (E)

∫
E

v dµ, G := {v (x) : x ∈ E, x a Lebesgue point of v} .

For m = 1 it is not difficult to show that coG is the (possibly infinite) interval
of endpoints essinfE v and esssupE v. If z0 /∈ coG, then either z0 ≥ esssupE v
or z0 ≤ essinfE v. Assume that z0 ≥ esssupE v. Then z0 − v (x) ≥ 0 for µ a.e.
x ∈ E, and so since

1
µ (E)

∫
E

(z0 − v (x)) dµ (x) = 0,

we deduce that v (x) = z0 for µ a.e. x ∈ E. In turn, G = {z0}, which con-
tradicts the fact that z0 /∈ coG. The case z0 ≤ essinfE v is treated in an
analogous way.

Assume that the result is true for functions with values in R
m−1 and

let v ∈ L1 ((E,B (E) , µ) ; Rm). If z0 /∈ coG, then by Theorem 4.19 (with
C1 = {z0} and C2 = coG) we may find a half-space

H = {z ∈ R
m : b · (z − z0) ≥ 0}

through z0 containing coG, where b ∈ R
m, b �= 0. Then from the definition of

z0 and G and since G ⊂ H,

0 =
∫

E

b · (v (x)− z0) dµ (x) =
∫
{y∈E: b·(v(y)−z0)≥0}

b · (v (x)− z0) dµ (x)

+
∫
{y∈E: b·(v(y)−z0)<0}

b · (v (x)− z0) dµ (x) .

Hence∫
E

|b · (v (x)− z0)| dµ (x) = 2
∫
{y∈E: b·(v(y)−z0)<0}

|b · (v (x)− z0)| dµ (x) = 0,
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since v (x) ∈ H for µ a.e. x ∈ E. This implies that

v (x) ∈ {z ∈ R
m : b · (z − z0) = 0}

for µ a.e. x ∈ E, and thus the function v takes values on an (m− 1)-
dimensional hyperplane. By the induction hypothesis we have that z0 ∈ coG,
which is a contradiction.

Proof (Theorem 5.38). We begin by observing that by Theorem 4.96,

inf
{∫

E

f(s) dx : s ∈ Lp (E; Rm) , s simple,
1
|E|

∫
E

s dx = z0

}

= inf

{
n∑

i=1

θif (zi) : n ∈ N, θi ∈ [0, 1] , zi ∈ R
m, i = 1, . . . , n,

n∑
i=1

θi = 1,
n∑

i=1

θizi = z0

}
= Cf (z0) |E| ,

and so

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
≤ Cf (z0) |E| .

By Remark 4.93 and the fact that f is real-valued, the right-hand side of the
previous inequality coincides with f∗∗ (z0) |E|.

Conversely, by Jensen’s inequality,
∫

E

f(v) dx ≥
∫

E

f∗∗(v) dx ≥ f∗∗ (z0) |E| , (5.78)

and so

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
≥ f∗∗ (z0) |E| .

Suppose now that the infimum is attained at some function v ∈ Lp (E; Rm)
with

1
|E|

∫
E

v (x) dx = z0. (5.79)

By (5.78) we have
∫

E

f(v) dx =
∫

E

f∗∗(v) dx = f∗∗ (z0) |E| , (5.80)

and so f(v (x)) = f∗∗(v (x)) for LN a.e. x ∈ E.
Therefore, given any β ∈ ∂f∗∗ (z0) (recall Theorem 4.53), it follows that

f(v (x)) = f∗∗(v (x)) ≥ f∗∗ (z0) + β · (v (x)− z0) ,
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and the inequality must be an equality for LN a.e. x ∈ E or else, in view of
(5.79), (5.80) would be violated. We deduce that

v (x) ∈ {z ∈ R
m : f (z) = f∗∗ (z) = f∗∗ (z0) + β · (z − z0)}

for LN a.e. x ∈ E, which, together with (5.79) and Lemma 5.39, yields

z0 ∈ co {z ∈ R
m : f (z) = f∗∗ (z) = f∗∗ (z0) + β · (z − z0)}.

Conversely, assume that z0 ∈ coMz0 and write

z0 =
m+1∑
i=1

θizi, (5.81)

where θi ∈ [0, 1], zi ∈ Mz0 , i = 1, . . . ,m+ 1, and
∑m+1

i=1 θi = 1. By Corollary
1.21 we may find a partition of E into measurable subsets Ei such that

|Ei| = θi |E| ,

i = 1, . . . ,m+ 1, and define

v :=
m+1∑
i=1

χEi
zi.

By (5.81), v is admissible, and for a fixed β ∈ ∂f∗∗ (z0) we have

∫
E

f(v) dx =
m+1∑
i=1

|Ei| f (zi) =
m+1∑
i=1

|Ei| (f∗∗ (z0) + β · (zi − z0))

= |E| f∗∗ (z0) ,

where we have used (5.81) and the fact that zi ∈Mz0 .

Next we consider the case in which f takes the value ∞.

Theorem 5.40. Let E be a Borel subset of R
N with finite measure, let 1 ≤

p ≤ ∞, and let f : R
m → (−∞,∞] be a Borel function bounded from below

by an affine function. If z0 ∈ R
m, then

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
= Cf (z0) |E| . (5.82)

Moreover, if f (z0) > Cf (z0), then the infimum is attained if and only if there
exists an affine space H of dimension �, � = 1, . . . ,m, such that

z0 ∈ coNz0 ,

where

Nz0 :=
{
z ∈ H : f (z) = Cf (z0) + β · (z − z0) for all β ∈ ∂ (f |H)∗∗ (z0)

}
.
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Proof. Step 1: As in the previous proof we have that

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
≤ Cf (z0) |E| .

In particular, if for every v ∈ Lp (E; Rm) with average z0 we have
∫

E

f(v) dx =∞,

then the previous inequality implies that Cf (z0) =∞ and (5.82) holds. Hence
in what follows we always take for granted the existence of admissible functions
v ∈ Lp (E; Rm) with finite energy.

Step 2: Assume that z0 ∈ riaff (co (dome f)). In this case we take H := R
m.

By Corollary 4.97,

f∗∗ (z0) = Cf (z0) = inf

{
m+1∑
i=1

θif (zi) : θi ∈ [0, 1] , zi ∈ R
m, i = 1, . . . ,m+ 1,

m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = z0

}
,

and so we can proceed as in the first part of the proof of the previous theorem
to conclude that (5.82) holds.

Moreover, by Theorem 4.53 we have that f∗∗ is subdifferentiable at z0,
and so, as in the second part of proof of the previous theorem, we can show
that the infimum is attained if and only if z0 ∈ coNz0 .

Step 3: Assume that z0 ∈ co (dome f) \ riaff (co (dome f)), and by Corollary
4.20 find a half-space

H+ = {z ∈ R
m : b · (z − z0) ≥ 0}

through z0 containing co (dome f), b �= 0. Note that z0 ∈ H := ∂H+.
Given any admissible test function v ∈ Lp (E; Rm) such that

∫
E

f(v) dx <∞,

we have that v (x) ∈ dome f for LN a.e. x ∈ E, and so, reasoning as in
the proof of Lemma 5.39, we conclude that v (x) ∈ H for LN a.e. x ∈ E.
With an abuse of notation we may identify H with R

m−1 and denote by
f1 : R

m−1 → (−∞,∞] the restriction of f to H. Then

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
(5.83)

= inf
{∫

E

f1(v) dx : v ∈ Lp
(
E; Rm−1

)
,

1
|E|

∫
E

v dx = z0

}
.
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If z0 ∈ riaff (co (dome f1)), then applying the previous step to f1 yields

inf
{∫

E

f1(v) dx : v ∈ Lp
(
E; Rm−1

)
,

1
|E|

∫
E

v dx = z0

}
= Cf1 (z0) |E| ,

(5.84)
and the infimum is realized if and only if

z0 ∈ co
{
z ∈ R

m−1 : f1 (z) = f∗∗
1 (z0) + β · (z − z0) for all β ∈ ∂f∗∗

1 (z0)
}
.

Since f1 is the restriction of f to H, by Theorem 4.96 we have Cf (z0) ≤
Cf1 (z0), and so by Step 1, (5.83), and (5.84) we conclude that

Cf (z0) = Cf1 (z0) ,

and in turn (5.82) follows.
If z0 ∈ co (dome f1) \ riaff (co (dome f1)), then we repeat the first part of

this step to lower the dimension to R
m−2.

Continuing in this way we either prove (5.82) or reduce to dimension m =
1, that is,

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}

= inf
{∫

E

fm−1(v) dx : v ∈ Lp (E; R) ,
1
|E|

∫
E

v dx = z0

}
.

Note that the convex set co (dome fm−1) ⊂ R is an interval I. If z0 belongs
to the interior of I, then we use Step 2 to obtain (5.82), while if z0 is one of
the endpoints of I, then as in the first part of this step we conclude that the
only admissible function v ∈ Lp (E; R) such that

∫
E

fm−1(v) dx <∞

is the function v (x) ≡ z0, and so

inf
{∫

E

fm−1(v) dx : v ∈ Lp (E; R) ,
1
|E|

∫
E

v dx = z0

}
= f (z0) |E| ,

and (5.82) follows once again by Step 1.

Step 4: If z0 /∈ co (dome f), then by Corollary 4.97 it follows that Cf (z0) =
f∗∗ (z0) =∞, so that by (5.78),

inf
{∫

E

f(v) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v dx = z0

}
= ∞,

and (5.82) follows.
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Integrands f = f (x, z)

There are in this world optimists
who feel that any symbol that
starts off with an integral sign
must necessarily denote
something that will have every
property that they should like an
integral to possess. This of
course is quite annoying to us
rigorous mathematicians; what is
even more annoying is that by
doing so they often come up
with the right answer.

E. J. McShane, 1963

In this chapter we study well-posedness, lower semicontinuity, and relax-
ation for functionals

v ∈ Lp (E; Rm) �→
∫

E

f (x, v (x)) dx.

Unless otherwise specified, in what follows, Cf (x, ·), f∗ (x, ·), f∗∗ (x, ·), and
lsc f (x, ·) stand for the convex envelope, polar, bipolar, and lower semicon-
tinuous envelope, respectively, of f (x, ·).

Several results in the following chapters rely heavily on multifunctions.
Thus we begin with a preliminary section that provides an overview of their
definition and main properties.
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6.1 Multifunctions

6.1.1 Measurable Selections

In order to introduce the concept of multifunction we exhibit a simple example
in which a measurable selection criterion is needed.

Consider a bounded continuous function f : R
d ×K → R, with K ⊂ R

m

compact, and let u : Ω ⊂ R
N → R

d be a measurable function, where Ω is
open. Define

f̄ (x) := min
y∈K

f (u (x) , y) x ∈ Ω.

Aumann’s measurable selection theorem (that relies on the notion of mul-
tifunctions) will entail the existence of a measurable minimizing function
ȳ : Ω → K such that

f̄ (x) = f (u (x) , ȳ (x))

for every x ∈ Ω.

Definition 6.1. Given two nonempty sets X, Y , a multifunction or corre-
spondence from X to Y is a map from X to the family of nonempty subsets
of Y , namely

Γ : X → P (Y ) \ {∅} .

The graph of a multifunction Γ is the set

GrΓ := {(x, y) ∈ X × Y : y ∈ Γ (x)} .

A function u : X → Y is said to be a selection of the multifunction Γ if
u (x) ∈ Γ (x) for every x ∈ X.

We now study measurability properties of multifunctions.

Definition 6.2. Let (X,M) be a measurable space, let Y be a topological
space, and let Γ : X → P (Y ) \ {∅} be a multifunction.

(i) Γ is measurable if for every closed set C ⊂ Y the set

Γ−(C) := {x ∈ X : Γ (x) ∩ C �= ∅}

belongs to M;
(ii) Γ is weakly measurable if for every open set A ⊂ Y the set

Γ−(A) := {x ∈ X : Γ (x) ∩A �= ∅}

belongs to M.

The relation between these two notions of measurability is explained in
the next proposition.
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Proposition 6.3. Let (X,M) be a measurable space and let Y be a metric
space. If Γ : X → P (Y ) \ {∅} is measurable, then it is weakly measurable.

Proof. Since Y is a metric space, every open set A ⊂ Y may be written as a
countable union of closed sets,

A =
⋃
n

Cn.

Hence

Γ−(A) = {x ∈ X : Γ (x) ∩A �= ∅} =
⋃
n

{x ∈ X : Γ (x) ∩ Cn �= ∅} ∈M,

and the desired result follows.

Remark 6.4. If Y = R
m and Γ is closed-valued, then weak measurability im-

plies measurability. Indeed, let K ⊂ R
m be a compact set and for each n ∈ N

define the open set

An :=
{
z ∈ R

m : dist (z,K) <
1
n

}
.

Then An is compact and An ⊃ An+1. Moreover, if x ∈ X, then Γ (x)∩An �= ∅
for all n ∈ N if and only if Γ (x) ∩ An �= ∅ for all n ∈ N, and since Γ (x) is
closed, the latter is equivalent by the compactness of K to

Γ (x) ∩K =
∞⋂

n=1

(
Γ (x) ∩An

)
�= ∅.

Therefore, by weak measurability,

Γ−(K) =
∞⋂

n=1

Γ−(An) ∈M.

Finally, if C ⊂ R
m is a closed set, write

C =
∞⋃

n=1

(
C ∩B (0, n)

)
.

Then

Γ−(C) =
∞⋃

n=1

Γ−(C ∩B (0, n)) ∈M

since C ∩B (0, n) is compact.

We now prove a selection theorem for closed-valued multifunctions.
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Theorem 6.5. Let (X,M) be a measurable space, let Y be a complete separa-
ble metric space, and let Γ be a multifunction from X to the nonempty closed
subsets of Y . Then the following properties are equivalent:

(i) Γ is weakly measurable;
(ii) there exists a sequence of measurable selections un : X → Y , n ∈ N, such

that {un (x)}n is dense in Γ (x) for every x ∈ X;
(iii) for every y ∈ Y the map

x ∈ X �→ dist (y, Γ (x))

is measurable.

The proof requires the following auxiliary result, which is of interest in
itself.

Lemma 6.6. Let (X,M) be a measurable space and let Y be a metric space.
Then the pointwise limit of a sequence of measurable functions un : X → Y ,
n ∈ N, is measurable.

Proof. Let {un} be a sequence of measurable functions un : X → Y , n ∈ N,
and let u : X → Y be its pointwise limit. In view of Remark 1.70 it suffices
to show that u−1 (C) ∈M for any closed set C ⊂ Y . To see this, we write

C =
∞⋂

k=1

Ak,

where

Ak :=
{
y ∈ C : dist (y, C) <

1
k

}

is an open set. The proof will be completed once we show that

u−1 (C) =
∞⋂

k=1

∞⋃
l=1

∞⋂
n=l

u−1
n (Ak) . (6.1)

Indeed, M is closed under countable unions and intersections and u−1
n (Ak) ∈

M for all n, k ∈ N. To prove (6.1) let x ∈ u−1 (C). Since un (x) → u (x) ∈ C
as n → ∞, for any fixed k ∈ N we have that u (x) ∈ Ak, and so there exists
l ∈ N such that un (x) ∈ Ak for all n ≥ l. Hence x ∈

⋂∞
n=l u

−1
n (Ak), which

implies that

x ∈
∞⋃

l=1

∞⋂
n=l

u−1
n (Ak)

for all k ∈ N. It follows that x ∈
⋂∞

k=1

⋃∞
l=1

⋂∞
n=l u

−1
n (Ak), which shows that

u−1 (C) ⊂
∞⋂

k=1

∞⋃
l=1

∞⋂
n=l

u−1
n (Ak) .
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Conversely, assume that x ∈
⋂∞

k=1

⋃∞
l=1

⋂∞
n=l u

−1
n (Ak). Then for all k ∈ N

there exists l ∈ N such that x ∈
⋂∞

n=l u
−1
n (Ak), or equivalently un (x) ∈ Ak

for all n ≥ l. This implies that u (x) = limn→∞ un (x) ∈ Ak for all k ∈ N, that
is,

dist (u (x) , C) ≤ 1
k

for all k ∈ N. Letting k → ∞ and using the fact that C is closed yields
u (x) ∈ C, and so

u−1 (C) ⊃
∞⋂

k=1

∞⋃
l=1

∞⋂
n=l

u−1
n (Ak) ,

which completes the proof.

We now turn to the proof of Theorem 6.5

Proof (Theorem 6.5). Step 1: Assume that Γ−(A) ∈ M for every open set
A ⊂ Y . We show that there exists a measurable selection of Γ . Let {yn}n be
a countable dense set in Y . For every x ∈ X let nx be the smallest positive
integer such that Γ (x) ∩ B (ynx

, 1) �= ∅. Note that nx exists since Γ (x) is
nonempty and {yn}n is a dense set in Y . Define v0 (x) := ynx

. Then by
definition of nx, for every n we have that

v−1
0 ({yn}) = Γ−(B (yn, 1)) \

⋃
j<n

Γ−(B (yj , 1)).

We claim that v0 is measurable. Indeed, v0 : X → {yn}n, and so for any open
set A ⊂ Y ,

v−1
0 (A) =

⋃
yn∈A

v−1
0 ({yn}) (6.2)

=
⋃

yn∈A

⎛
⎝Γ−(B (yn, 1)) \

⋃
j<n

Γ−(B (yj , 1))

⎞
⎠ ∈M,

where we have used the facts that Γ− (B (yn, 1)) ∈ M for every n and that
M is a σ-algebra.

Assume next that v0, . . . , vk : X → {yn}n measurable functions have been
chosen such that

dist (vi (x) , Γ (x)) <
1
2i

, d (vi (x) , vi+1 (x)) ≤ 1
2i−1

(6.3)

for all x ∈ X and for all i = 1, . . . , k. Since vk : X → {yn}n, the sets
E

(k)
j := v−1

k ({yj}), j ∈ N, form a partition of X. Moreover, if x ∈ E(k)
j , then

by (6.3)1, with i = k,

Γ (x) ∩B
(
yj ,

1
2k

)
�= ∅,
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and so, again by the density of {yn}n in Y , there exists a smallest positive
integer nx such that

Γ (x) ∩B
(
yj ,

1
2k

)
∩B

(
ynx

,
1

2k+1

)
�= ∅. (6.4)

Define vk+1 (x) := ynx
for all x ∈ E

(k)
j . Reasoning as in (6.2) we have that

vk+1 : X → {yn}n is measurable, and by (6.4) for all x ∈ E(k)
j ,

dist (vk+1 (x) , Γ (x)) <
1

2k+1

and
d (vk (x) , vk+1 (x)) = d (yj , ynx

) ≤ 1
2k

+
1

2k+1
≤ 1

2k−1
.

Hence we have constructed a sequence {vj}j∈N
of measurable functions satis-

fying (6.3). It follows from (6.3)2 that for each x ∈ X the sequence {vj (x)}j∈N

is a Cauchy sequence in the complete metric space Y . Thus vj (x) → v (x)
as j → ∞ for all x ∈ X, and since Γ (x) is closed, by (6.3)1 we have that
v (x) ∈ Γ (x) for all x ∈ X. By the previous lemma the function v is measur-
able.

Step 2: We prove that (i) implies (ii). Fix i, n ∈ N and for all x ∈ X define

Γi,n (x) :=
{
Γ (x) ∩B

(
yn,

1
2i

)
if Γ (x) ∩B

(
yn,

1
2i

)
�= ∅,

Γ (x) otherwise.

Then Γi,n : X → P (Y ) \ {∅} (but Γi,n is not closed-valued in general). We
claim that for every open set A ⊂ Y the set (Γi,n)− (A) belongs to M. Indeed,
we have

(Γi,n)− (A) =
{
x ∈ X : Γ (x) ∩B

(
yn,

1
2i

)
∩A �= ∅

}

∪
{
x ∈ X : Γ (x) ∩B

(
yn,

1
2i

)
= ∅, Γ (x) ∩A �= ∅

}

=Γ−
(
B

(
yn,

1
2i

)
∩A

)

∪
((

X \ Γ−
(
B

(
yn,

1
2i

)))
∩ Γ−(A)

)
∈M.

Define next the multifunction Γ i,n : X → {C ⊂ Y , C closed, C �= ∅} as

Γ i,n (x) := Γi,n (x).

Note that for every x ∈ X and every open set A ⊂ Y we have that Γi,n (x) ∩
A �= ∅ if and only if Γi,n (x) ∩A �= ∅, and so
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(
Γ i,n

)−
(A) =

{
x ∈ X : Γ i,n (x) ∩A �= ∅

}
= {x ∈ X : Γi,n (x) ∩A �= ∅} = (Γi,n)− (A) ∈ M.

Hence by Step 1 there exists a measurable selection ui,n : X → Y of Γ i,n. Since
Γ i,n (x) ⊂ Γ (x) for all x ∈ X it follows that ui,n is a measurable selection of
Γ . It remains to show that for each x ∈ X the family {ui,n (x)}i,n∈N

is dense
in Γ (x). To see this, fix x ∈ X and y ∈ Γ (x). For every i ∈ N, by the density
of {yn}n in Y , we may find yn such that

d (y, yn) ≤ 1
2i+1

.

Hence Γ (x)∩B
(
yn,

1
2i

)
�= ∅, and so by the definition of Γi,n (x) we have that

ui,n (x) ∈ Γ i,n (x) = Γ (x) ∩B
(
yn,

1
2i

)
.

It follows that

d (y, ui,n (x)) ≤ d (y, yn) + d (yn, ui,n (x)) ≤ 1
2i+1

+
1
2i

,

which, given the arbitrariness of i ∈ N, implies that the family {ui,n (x)}i,n∈N

is dense in Γ (x).

Step 3: We show that (ii) implies (i). Assume that there exists a sequence of
measurable selections un : X → Y such that {un (x)}n is dense in Γ (x) for
every x ∈ X. Then for every open set A ⊂ Y and for every n we have that
u−1

n (A) ∈ M, and so

Γ−(A) = {x ∈ X : Γ (x) ∩A �= ∅} =

{
x ∈ X :

⋃
n

{un (x)} ∩A �= ∅
}

=

{
x ∈ X :

(⋃
n

{un (x)}
)
∩A �= ∅

}
=
⋃
n

u−1
n (A) ∈M.

Step 4: We prove that (i) is equivalent to (iii). Since Y is separable, every

open set A ⊂ Y is the countable union of countably many open balls, say

A =
⋃
n

B (yn, rn) .

Since
Γ−(A) =

⋃
n

Γ−(B (yn, rn)),

it follows that (i) holds if and only if Γ−(B (y, r)) ∈ M for all y ∈ Y and
r > 0. On the other hand,
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Γ−(B (y, r)) = {x ∈ X : Γ (x) ∩B (y, r) �= ∅}
= {x ∈ X : dist (y, Γ (x)) < r} ,

and so (i) is equivalent to the measurability of the function

x ∈ X �→ dist (y, Γ (x))

for all y ∈ Y , which is (iii). This concludes the proof.

Any of the previous properties implies the measurability of the graph of
Γ . Indeed, the following result holds.

Corollary 6.7. Let (X,M) be a measurable space, let Y be a complete sep-
arable metric space, and let Γ be a multifunction from X to the nonempty
closed subsets of Y . If Γ satisfies any of the conditions (i)–(iii) of the previ-
ous theorem, then GrΓ belongs to M⊗ B (Y ).

Proof. Since Γ is closed-valued,

GrΓ = {(x, y) ∈ X × Y : y ∈ Γ (x)}
= {(x, y) ∈ X × Y : dist (y, Γ (x)) = 0} ,

and thus it suffices to show that the mapping

(x, y) ∈ X × Y �→ ψ (x, y) := dist (y, Γ (x))

is M⊗B (Y )-measurable. Let {yn}n be a countable dense set in Y . For every
y ∈ Y and k ∈ N let ny,k be the smallest positive integer such that y ∈
B
(
yny,k

, 1
k

)
. Note that ny,k exists since {yn}n is dense in Y . Define

ψk (x, y) := ψ
(
x, yny,k

)
, (x, y) ∈ X × Y .

If k →∞, then yny,k
→ y for all y ∈ Y , and so

ψk (x, y) = ψ
(
x, yny,k

)
= dist

(
yny,k

, Γ (x)
)
→ dist (y, Γ (x)) ,

where we have used the continuity of the distance function. Since the pointwise
limit of M ⊗ B (Y )-measurable functions is still M ⊗ B (Y )-measurable, it
remains to prove that each function ψk is M⊗B (Y )-measurable. This follows
from the fact that on the set

X ×

⎛
⎝B

(
yn,

1
k

)
\
⋃
j<n

B

(
yj ,

1
k

)⎞
⎠

the function ψk coincides with the function

(x, y) ∈ X × Y �→ ϕn (x) := dist (yn, Γ (x)) ,
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and so for any open set A ⊂ R,

ψ−1
k (A) = {(x, y) ∈ X × Y : ψk (x, y) ∈ A}

=
∞⋃

n=1

⎧⎪⎪⎨
⎪⎪⎩

(x, y) ∈ X ×

⎛
⎜⎜⎝B

(
yn,

1
k

)
\
⋃

j∈N,
j<n

B

(
yj ,

1
k

)
⎞
⎟⎟⎠ : ψk (x, y) ∈ A

⎫⎪⎪⎬
⎪⎪⎭

=
∞⋃

n=1

⎧⎪⎪⎨
⎪⎪⎩

(x, y) ∈ X ×

⎛
⎜⎜⎝B

(
yn,

1
k

)
\
⋃

j∈N,
j<n

B

(
yj ,

1
k

)
⎞
⎟⎟⎠ : ϕn (x) ∈ A

⎫⎪⎪⎬
⎪⎪⎭

=
∞⋃

n=1

ϕ−1
n (A)×

⎛
⎜⎜⎝B

(
yn,

1
k

)
\
⋃

j∈N,
j<n

B

(
yj ,

1
k

)
⎞
⎟⎟⎠ ∈ M⊗ B (Y ) ,

where we have used the fact that ϕ−1
n (A) ∈ M by (iii). This completes the

proof.

We now turn to the case that Γ is not necessarily closed-valued. We begin
by showing that N

N := {f : N → N} is a complete separable metric space.

Proposition 6.8. The function d : N
N × N

N → [0,∞) defined as

d (f, g) :=
{

0 if f = g,
1
k if f �= g and k = min {j ∈ N : f (j) �= g (j)} , (6.5)

is a metric and
(
N

N, d
)

is a complete separable metric space.

Proof. To prove that d is a metric it suffices to prove the triangle inequality.
We will actually prove more, namely that

d (f, g) ≤ max {d (f, h) , d (h, g)}

for all f , g, h ∈ N
N. Let

k1 = min {j ∈ N : f (j) �= h (j)} , k2 = min {j ∈ N : g (j) �= h (j)} ,

with, say, k1 ≤ k2. Then g (j) = f (j) = h (j) for all j = 1, . . . , k1, and so

min {j ∈ N : f (j) �= g (j)} ≥ k1,

which implies that

d (f, g) ≤ 1
k1

= max {d (f, h) , d (h, g)} .

We now show that
(
N

N, d
)

is a complete metric space. Let {fn} ⊂ N
N be a

Cauchy sequence. Then for all k ∈ N there exists nk ∈ N such that
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d (fn, fl) <
1
k

(6.6)

for all l, n ≥ nk. Without loss of generality we may assume that nk > nk−1.
Taking l = nk it follows from (6.5) and (6.6) that fn (j) = fnk

(j) for all
j = 1, . . . , k and all n ≥ nk. Since the sequence {nk}k is increasing, for all
k ∈ N we have that fnl

(k) = fnk
(k) for all l > k. For all k ∈ N define

f (k) := fnk
(k). Then

d (fn, f) <
1
k

for all k ∈ N and n ≥ nk. Hence {fn} converges to f , and so
(
N

N, d
)

is a
complete metric space.

To show that
(
N

N, d
)

is separable, for all n ∈ N and all m1, . . . ,mn ∈ N

define,

fm1,...,mn
(j) :=

{
mj if 1 ≤ j ≤ n,
0 otherwise.

Note that for each fixed n ∈ N the family

{fm1,...,mn
: m1, . . . ,mn ∈ N}

is countable, and so is

{fm1,...,mn
: m1, . . . ,mn ∈ N, n ∈ N} .

We show that this family is dense in
(
N

N, d
)
. Fix f ∈ N

N and k ∈ N. Then
f (j) = ff(1),...,f(k) (j) for all j = 1, . . . , k, and so

d
(
f, ff(1),...,f(k)

)
≤ 1
k

.

Hence
(
N

N, d
)

is separable.

Note that for every f ∈ N
N and r > 0,

BNN (f, r) =
{
g ∈ N

N : g (j) = f (j) for all j = 1, . . . ,
⌈

1
r

⌉}
. (6.7)

In what follows, if (X,M, µ) is a measure space, we denote by Mµ the
σ-algebra of all µ∗-measurable subsets, where µ∗ is the outer measure that
extends µ given in Corollary 1.38. We recall that Mµ ⊃ M.

Theorem 6.9. Let (X,M, µ) be a measure space and let Y be a complete
separable metric space. Let R be the class of all rectangles F × C, where
F ∈ M and C ⊂ Y is closed. Given any Suslin-R set E ⊂ X ×Y on X, there
exists a sequence {un} of Mµ-measurable functions un : πX (E) → Y , n ∈ N,
such that (x, un (x)) ∈ E for all x ∈ πX (E) and all n ∈ N. Moreover, for all
(x, y) ∈ E and ε > 0 there exists n ∈ N such that dY (y, un (x)) ≤ ε.
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Proof. Since E is a Suslin-R set there exists a Suslin scheme E : I → R such
that

E = A (E) =
⋃

f∈NN

∞⋂
k=1

(
F f |k × C f |k

)
,

where F f |k ∈ M and C f |k ⊂ Y is closed. The set E is the projection onto
X × Y of the set E∗ ⊂ X × Y × N

N defined by

E∗ :=
⋃

f∈NN

∞⋂
k=1

(
F f |k × C f |k × I f |k

)
=

⋃
f∈NN

(Ff × Cf × {f}) , (6.8)

where (see (6.7))

I f |k :=
{
g ∈ N

N : g|k = f |k
}

= BNN

(
f,

1
k

)

and

Ff :=
∞⋂

k=1

F f |k , Cf :=
∞⋂

k=1

C f |k .

Let R∗ be the class of all rectangles F × C, where F ∈ M and C ⊂ Y × N
N

is closed. Rewriting E∗ as

E∗ =
⋃

f∈NN

∞⋂
k=1

(
F f |k ×K f |k

)
,

where K f |k := C f |k × {f} is closed in Y ×N
N, we see that E∗ is a Suslin-R∗

set. Consider the multifunction

Γ : πX (E) → P
(
Y × N

N
)
\ {∅}

defined by
Γ (x) :=

{
(y, f) ∈ Y × N

N : (x, y, f) ∈ E∗} .

Note that πX (E) belongs to Mµ by Theorem 1.135. We claim that Γ (x) is
closed in Y × N

N for all x ∈ πX (E), or equivalently that
(
Y × N

N
)
\ Γ (x) is

open. Fix x ∈ πX (E) and (y, f) ∈
(
Y × N

N
)
\ Γ (x). Then (x, y, f) /∈ E∗ by

definition of Γ , and so by (6.8) there exists k ∈ N such that

(x, y, f) /∈ F f |k × C f |k × I f |k ,

that is, since f ∈ I f |k , (x, y) /∈ F f |k × C f |k . There are now two cases. If x /∈
F f |k , then Y × I f |k is a neighborhood of (y, f) and (x, z, g) /∈ F f |k ×Y × I f |k
for all (z, g) ∈ Y × I f |k . Hence

Γ (x) ∩
(
Y × I f |k

)
= ∅.
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If y /∈ C f |k , then, since C f |k is closed in Y , there exists BY (y, r) ⊂ Y such
that BY (y, r) ⊂ Y \ C f |k . Then BY (y, r) × I f |k is a neighborhood of (y, f)
and (x, z, g) /∈ F f |k × C f |k × I f |k for all (z, g) ∈ BY (y, r)× I f |k . Hence

Γ (x) ∩
(
BY (y, r)× I f |k

)
= ∅.

Thus we have proved that

Γ : πX (E)→
{
C ⊂ Y × N

N, C closed, C �= ∅
}

.

Next we claim that Γ− (U) ∈ Mµ for all open sets U ⊂ Y × N
N. Indeed, fix

an open set U ⊂ Y × N
N and note that

Γ− (U) = {x ∈ πX (E) : Γ (x) ∩ U �= ∅} = π̃X (E∗ ∩ (X × U)) ,

where π̃X : X×Y ×N
N → X is the usual projection. Since Y ×N

N is a metric
space, we can write U as a countable union of closed balls, and so X ×U is a
Suslin-R∗ set. By Theorem 1.133, E∗ ∩ (X × U) is a Suslin-R∗ set, and so by
Theorem 1.135 the set Γ− (U) = π̃X (E∗ ∩ (X × U)) belongs to Mµ. Hence
we are now in a position to apply Theorem 6.5 to find a sequence {vn} of
Mµ-measurable selections vn : πX (E) → Y × N

N of Γ such that {vn (x)}n is
dense in Γ (x) for every x ∈ X. For all n ∈ N define

un (x) := πY (vn (x)) , x ∈ πX (E) ,

where πY : Y × N
N → Y is the projection onto Y . If x ∈ πX (E), then

vn (x) ∈ Γ (x), and so (x, vn (x)) ∈ E∗. Hence (x, un (x)) ∈ E, since E is the
projection of E∗ onto X × Y .

Moreover, if A ⊂ Y is open, then

u−1
n (A) = {x ∈ πX (E) : πY (vn (x)) ∈ A}

=
{
x ∈ πX (E) : vn (x) ∈ A× N

N
}

= v−1
n

(
A× N

N
)
∈Mµ,

which shows that un is Mµ-measurable for all n ∈ N.
Finally, for all (x, y) ∈ E and ε > 0 we have that (x, y, f) ∈ E∗ for any

fixed f ∈ N
N. Hence (y, f) ∈ Γ (x), and since {vn (x)}n is dense in Γ (x), there

exists n ∈ N such that

dY ×NN ((y, f) , vn (x)) ≤ ε,

and so in particular,

dY (y, un (x)) = dY (y, πY (vn (x))) ≤ dY ×NN ((y, f) , vn (x)) ≤ ε.

This completes the proof.

As a corollary of the previous theorem we obtain the following result.
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Theorem 6.10 (Aumann measurable selection). Let (X,M, µ) be a mea-
sure space, let Y be a complete separable metric space, and let

Γ : X → P (Y ) \ {∅}

be a multifunction. Assume that the graph of Γ belongs to M⊗B (Y ) (or more
generally to Mµ⊗B (Y )). Then there exists a sequence {un} of Mµ-measurable
selections un : X → Y such that {un (x)} is dense in Γ (x) for every x ∈ X.

Proof. As in the proof of the projection theorem we have that GrΓ is a
Suslin-R set. Hence by the previous theorem there exists a sequence {un} of
Mµ-measurable functions un : X → Y such that (x, un (x)) ∈ GrΓ for all
x ∈ X and n ∈ N, where we have used the fact that πX (GrΓ ) = X. It follows
from the definition of GrΓ that un (x) ∈ Γ (x) for all x ∈ X. Hence un is a
measurable selection of Γ . Finally, if z ∈ Γ (x) and ε > 0, then we may find
y ∈ Γ (x) such that dY (y, z) ≤ ε. By the properties of the sequence {un} we
may find n ∈ N such that dY (y, un (x)) ≤ ε. Hence dY (z, un (x)) ≤ 2ε, and
the proof is complete.

Remark 6.11. In particular, if Γ is closed-valued and Mµ = M, then by the
previous theorem and Corollary 6.7 the condition that GrΓ ∈ M ⊗ B (Y ) is
equivalent to any of the conditions (i)–(iii) in Theorem 6.5.

To apply Aumann selection theorem to the example at the beginning of
this subsection it suffices to define Γ : Ω → P (K) \ {∅} as

Γ (x) :=
{
y ∈ K : f̄ (x) = f (u (x) , y)

}
,

and to consider the restriction to Ω of the σ-algebra of Lebesgue measurable
sets of R

N . Recall that this σ-algebra is the completion of the σ-algebra of
Borel sets with respect to the Lebesgue measure.

Exercise 6.12. Let (X,M) be a measurable space and let Y be a topological
space.

(i) Show that if
Γ (x) := {u (x)} , x ∈ X, (6.9)

for some function u : X → Y , then Γ is measurable if and only if u is
measurable.

(ii) Let Y = R and let

Γ (x) := (−∞, u (x)] , x ∈ X. (6.10)

Prove that Γ is measurable if and only if u is measurable.

Next we introduce the concept of the supremum of a family of multifunc-
tions.



392 6 Integrands f = f (x, z)

Theorem 6.13 (Essential supremum). Let (X,M, µ) be a measure space,
with µ a (positive) σ-finite measure, and let Y be a separable metric space.
Let F = {Γα}α∈J be a nonempty family of closed-valued weakly measurable
multifunctions. Then there exists a countable set I0 ⊂ J such that the closed-
valued multifunction Γ0 defined by

Γ0 (x) :=
⋃

α∈I0

Γα (x), x ∈ X, (6.11)

is weakly measurable and satisfies the following properties:

(i) for every α ∈ J we have
Γα (x) ⊂ Γ0 (x)

for µ a.e. x ∈ X;
(ii) if Γ ′ is a closed-valued weakly measurable multifunction such that

Γα (x) ⊂ Γ ′ (x)

for µ a.e. x ∈ X and every α ∈ J , then

Γ0 (x) ⊂ Γ ′ (x)

for µ a.e. x ∈ X.

Proof. Let {yk} ⊂ Y be a dense set and consider the countable family of balls{
B
(
yk,

1
l

)
: k, l ∈ N

}
. By Remark 1.107(ii), for every k, l ∈ N, there exists a

countable set Ik,l ⊂ J such that the set

⋃
α∈Ik,l

(Γα)−
(
B

(
yk,

1
l

))

is the essential union of the family of sets
{

(Γα)−
(
B
(
yk,

1
l

))}
α∈J

. This im-

plies, in particular, that for every β ∈ J, up to a set of µ measure zero,

(Γβ)−
(
B

(
yk,

1
l

))
⊂

⋃
α∈Ik,l

(Γα)−
(
B

(
yk,

1
l

))
. (6.12)

Set
I0 :=

⋃
k,l∈N

Ik,l

and define Γ0 as in (6.11). In order to show that Γ0 is a weakly measurable
multifunction, fix an open set A ⊂ Y and let x ∈ X be such that Γ0 (x)∩A �= ∅.
Since Γ0 (x) is closed and A is open, it follows that

( ⋃
α∈I0

Γα (x)

)
∩A �= ∅,
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and this shows that

(Γ0)
− (A) =

⋃
α∈I0

(Γα)− (A) ∈ M.

Property (ii) follows from the definition of Γ0 (see (6.11)). To prove (i) fix
β ∈ J . Using (6.12) it follows that for every k, l ∈ N, up to a set of µ measure
zero,

(Γβ)−
(
B

(
yk,

1
l

))
⊂ (Γ0)

−
(
B

(
yk,

1
l

))
. (6.13)

Hence the set

Eβ :=
⋃

k,l∈N

(
(Γβ)−

(
B

(
yk,

1
l

))
\ (Γ0)

−
(
B

(
yk,

1
l

)))

has measure zero. We claim that if x /∈ Eβ , then Γβ (x) ⊂ Γ0 (x). Indeed,
fix one such x and let y ∈ Γβ (x). Since the sequence {yk} is dense in Y , we
can find subsequences {ykx

} ⊂ {yk} and {lkx
} ⊂ N such that lkx

→ ∞ and
y ∈ B

(
ykx

, 1
lkx

)
. We deduce that

x ∈ (Γβ)−
(
B

(
ykx

,
1
lkx

))
⊂ (Γ0)

−
(
B

(
yk,

1
l

))
,

where we have used (6.13) and the fact that x /∈ Eβ . Therefore we may find

zkx
∈ B

(
ykx

, 1
lkx

)
∩Γ0 (x), and since zkx

→ y and Γ0 (x) is closed, we conclude
that y ∈ Γ0 (x) . This concludes the proof.

The multifunction Γ0 is called the essential supremum of the family F
with respect to the measure µ. We omit the reference to the dependence on
the measure µ when it is clear from the context.

Remark 6.14. (i) Under the hypotheses of Theorem 1.108, the essential supre-
mum u0 defined in (1.49) satisfies

u0 (x) = sup
y∈Γ̃0(x)

y

for µ a.e. x ∈ X, where Γ̃0 is the essential supremum of the family of
multifunctions Γ̃α : X → P ([−∞,∞]) \ {∅} given by

Γ̃α (x) := {uα (x)} .

Indeed, setting
v (x) := sup

y∈Γ̃0(x)

y,
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then v (x) ≥ uα (x) for every α ∈ J and for µ a.e. x ∈ X because Γ̃0 (x) ⊃
{uα (x)} , and so v (x) ≥ u0 (x) for µ a.e. x ∈ X by property (ii) of
Definition 1.106. Conversely, define Γ ′ (x) := [−∞, u0 (x)]. Then Γ ′ (x) ⊃
{uα (x)} for every α ∈ J and for µ a.e. x ∈ X by property (i) of Definition
1.106, and hence Γ ′ (x) ⊃ Γ̃0 (x) for µ a.e. x ∈ X. In particular, it follows
that v (x) ≤ u0 (x) for µ a.e. x ∈ X.

(ii) Under the hypotheses of the previous theorem, if F is a convex set of the
space of measurable functions, then Γ̃0 (x) is a convex set for µ a.e. x ∈ X.
Indeed, by (6.11) there exists a sequence {vn} ⊂ F such that

Γ̃0 (x) =
⋃
n

{vn (x)}

for µ a.e. x ∈ X. To prove that Γ̃0 (x) is a convex set for µ a.e. x ∈ X, we
consider θ ∈ [0, 1] ∩Q and we show that

θΓ̃0 (x) + (1− θ) Γ̃0 (x) ⊂ Γ̃0 (x) (6.14)

for all x ∈ X \Xθ, where µ (Xθ) = 0. Setting

X0 :=
⋃

θ∈[0,1]∩Q

Xθ,

it follows that µ (X0) = 0, and due to the closedness of Γ̃0 (x) we conclude
that (6.14) holds for every θ ∈ [0, 1] and for all x ∈ X \X0.
To establish (6.14), define

Xθ :=
⋃
n,l

{
x ∈ X : θvn (x) + (1− θ) vl (x) /∈ Γ̃0 (x)

}
.

Since F is convex, θvn + (1− θ) vl ∈ F for every n, l ∈ N, and thus
µ (Xθ) = 0. Fix x ∈ X \Xθ, let y1, y2 ∈ Γ̃0 (x), and find {vn1}, {vn2} ⊂
{vn} such that vni

(x) → yi, i = 1, 2. Since x ∈ X \ Xθ, we have that

θvn1 (x)+(1− θ) vn2 (x) ∈ Γ̃0 (x), and so θy1+(1− θ) y2 ∈ Γ̃0 (x) = Γ̃0 (x).
(iii) Under the hypotheses of the previous theorem, if ν is a (positive) σ-finite

measure such that µ is absolutely continuous with respect to ν, then

Γν (x) = Γµ (x)

for µ a.e. x ∈ X, where Γν and Γµ are the essential suprema of the family
of multifunctions F with respect to ν and µ, respectively. Indeed, for every
α ∈ J we have

Γα (x) ⊂ Γν (x)

for ν a.e. x ∈ X, therefore for µ a.e. x ∈ X, and so by the definition of
essential supremum with respect to µ, we conclude that

Γµ (x) ⊂ Γν (x)



6.1 Multifunctions 395

for µ a.e. x ∈ X. Conversely, find a countable set I0 ⊂ J such that

Γν (x) :=
⋃

α∈I0

Γα (x), x ∈ X. (6.15)

For every α ∈ I0 there exists Nα ∈M with µ (Nα) = 0 such that

Γα (x) ⊂ Γµ (x)

for all x ∈ X \Nα. Hence setting

N0 :=
⋃

α∈I0

Nα,

it follows that µ (N0) = 0 and for all x ∈ X \N0,
⋃

α∈I0

Γα (x) ⊂ Γµ (x) .

Since Γµ (x) is closed, in view of (6.15) we have Γν (x) ⊂ Γµ (x) for all
x ∈ X \N0.

6.1.2 Continuous Selections

We study next the existence of continuous selections.

Definition 6.15. Let X and Y be topological spaces. A multifunction Γ from
X to the nonempty subsets of Y is said to be lower semicontinuous if for every
open set A ⊂ Y the set

Γ−(A) := {x ∈ X : Γ (x) ∩A �= ∅}

is open in X.

Exercise 6.16. Let X, Y be topological spaces.

(i) Let v : Y → X be onto and define

Γ : X → P (Y ) \ {∅}

as
Γ (x) := v−1 ({x}) , x ∈ X.

Prove that Γ is lower semicontinuous if and only if v is open, i.e., it maps
open sets into open sets. In this case a continuous selection u : X → Y is
a continuous “inverse”, in the sense that u (x) ∈ v−1 ({x}) for all x ∈ X.
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(ii) Let Y := [−∞,∞], and let w : X → [−∞,∞) and v : X → (−∞,∞] be
such that w ≤ v. Define

Γ : X → P (Y ) \ {∅}

as
Γ (x) := {y ∈ R : w (x) ≤ y ≤ v (x)} , x ∈ X.

Show that Γ is lower semicontinuous if and only if w is upper semicon-
tinuous and v lower semicontinuous. In this case a continuous selection
u : X → Y is a continuous function such that w ≤ u ≤ v.

It can be verified that lower semicontinuity of Γ is equivalent to lower
semicontinuity of u when Γ is of the form (6.10), while in the case (6.9) lower
semicontinuity of Γ implies continuity of u. This follows from the theorem
below.

Theorem 6.17 (Michael continuous selection theorem). Let X be a
metric space and let Y be a Banach space. If the multifunction

Γ : X → {C ⊂ Y : C convex, nonempty, closed}

is lower semicontinuous, then for every x0 ∈ X and every y0 ∈ Γ (x0) there
exists a continuous function u : X → Y such that u (x0) = y0 and u (x) ∈
Γ (x) for every x ∈ X.

In order to prove the previous theorem we need some auxiliary results that
are of interest in themselves. We begin by showing that given any cover in an
open space there exists a locally finite partition of unity subordinated to it.

Theorem 6.18 (Partition of unity). Let X be a metric space and let
{Uα}α∈I be an open cover of X. Then there exists a locally finite partition
of unity subordinated to it.

Proof. Step 1: We assume first that I is finite, say I = {1, . . . , n}. For each
i = 1, . . . , n define the continuous function

ui (x) := dist (x,X \ Ui) , x ∈ X,

and set u :=
∑n

i=1 ui. Note that u > 0, since U1, . . . , Un is a cover of X and
ui > 0 in Ui, i = 1, . . . , n. Next, for each i = 1, . . . , n we define the continuous
function

vi (x) := max
{
ui (x)− 1

n+ 1
u (x) , 0

}
, x ∈ X.

We claim that supp vi ⊂ Ui for each i = 1, . . . , n. Indeed,

supp vi =
{
x ∈ X : ui (x) >

1
n+ 1

u (x)
}
⊂
{
x ∈ X : ui (x) ≥ 1

n+ 1
u (x)

}
.
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Since u > 0, the closed set
{
x ∈ X : ui (x) ≥ 1

n+1u (x)
}

is contained in Ui =
{x ∈ X : ui (x) > 0}.

Next we show that
∑n

i=1 vi > 0. For all x ∈ X we have

n∑
i=1

vi (x) ≥
n∑

i=1

(
ui (x)− 1

n+ 1
u (x)

)
= u (x)− n

n+ 1
u (x) =

1
n+ 1

u (x) > 0.

It now suffices to define for each i = 1, . . . , n,

ϕi (x) :=
vi (x)

n∑
j=1

vj (x)
, x ∈ X.

Step 2: Assume next that I = N. For each i ∈ N define the continuous

function ui : X →
[
0, 1

2i

]
by

ui (x) := min
{

dist (x,X \ Ui) ,
1
2i

}
, x ∈ X.

Then ui > 0 in Ui, ui = 0 outside Ui, and ui ≤ 1
2i . Hence the function

u :=
∑∞

i=1
1

2i−1ui is continuous and u > 0 since {Ui}i∈N
is a cover of X. Next,

for i ∈ N we define the continuous function vi : X → [0, 1] by

vi (x) := max
{
ui (x)− 1

3
u (x) , 0

}
, x ∈ X.

As in the previous step we have that supp vi ⊂ Ui. We claim that {vi}i∈N
is

locally finite. For any fixed x ∈ X, since u is positive and continuous there
exist ε, r > 0 such that u (y) > ε for all y ∈ B (x, r). Let i0 ∈ N be so large
that 1

2i0 < ε
3 . From the definition of vi and the fact that ui ≤ 1

2i it follows
that vi (y) = 0 for all y ∈ B (x, r) and i ≥ i0.

Next we show that
∑∞

i=1 vi > 0. Fix x ∈ X. Since ui (x) > 0 for some
i ∈ N and un ≤ 1

2n < 1
2i for all n ≥ i, it follows that there exists i0 ∈ N such

that
ui0 (x) = sup

i∈N

ui (x) ,

and so

u (x) =
∞∑

i=1

1
2i−1

ui (x) ≤ ui0 (x)
∞∑

i=1

1
2i−1

= 2ui0 (x) .

Hence

vi0 (x) ≥ ui0 (x)− 1
3
u (x) ≥ ui0 (x)− 2

3
ui0 (x) =

1
3
ui0 (x) > 0.

It now suffices to define for each i ∈ N,
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ϕi (x) :=
vi (x)

∞∑
j=1

vj (x)
, x ∈ X.

Step 3: Finally, if {Uα}α∈I is an arbitrary open cover of X, note that for any

x ∈ X,

X =
∞⋃

n=1

B (x, n).

Since each closed ball B (x, n) is compact it may be covered by a finite number
of open sets in the cover. Thus we may select a countable subcover of X and
then apply Step 2 (defining ϕα ≡ 0 if Uα does not belong to the countable
subcover).

Remark 6.19. (i) Note that as a consequence of Step 3 in the above proof, all
but at most a countable number of ϕα are identically zero.

(ii) Given x0 ∈ X it is possible to construct the locally finite partition of
unity such that ϕα (x0) = 1 for some α and thus ϕβ (x0) = 0 for all
β �= α. To see this, choose α ∈ I such that x0 ∈ Uα and let r > 0 be such
that B (x0, r) ⊂ Uα. It suffices to apply the previous theorem to the open
cover

{
Ûβ

}
β∈I

of X, where

Ûβ :=
{
Uβ \B (x0, r) if β �= α,
Uα if β = α.

As a consequence of the previous result we have the following.

Lemma 6.20. Let X be a metric space, let Y be a locally convex topological
vector space, and let

Γ : X → {C ⊂ Y : C convex, nonempty}

be a lower semicontinuous multifunction. If x0 ∈ X, y0 ∈ Γ (x0), and if
A ⊂ Y is a convex, balanced neighborhood of the origin, then there exists a
continuous function u : X → Y such that u (x0) = y0 and u (x) ∈ (Γ (x) +A)
for all x ∈ X.

Proof. For every x ∈ X choose yx ∈ Γ (x), with yx0 := y0. Since Γ is lower
semicontinuous it follows that Γ−(yx + A) is open in X and thus the family
{Γ−(yx +A)}x∈X is an open cover of X. By Remark 6.19 there exists a locally
finite partition of unity {ϕx}x∈X subordinated to {Γ−(yx +A)}x∈X such that
ϕx0 (x0) = 1 and ϕx (x0) = 0 for all x �= x0. Note that if ϕx (z) > 0, then
z ∈ Γ−(yx + A), and so yx ∈ Γ (z) + A, where we have used the fact that A
is balanced. Since Γ (z) and A are convex sets, so is their sum Γ (z) +A, and
since {ϕx}x∈X is locally finite, the convex combination
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u (z) :=
∑
x∈X

ϕx (z) yx

belongs to Γ (z) +A. The function u is continuous and

u (x0) =
∑
x∈X

ϕx (x0) yx = ϕx0 (x0) yx0 = y0.

This completes the proof.

Lemma 6.21. Let X be a metric space, let Y be a topological vector space,
and let

Γ : X → P (Y ) \ {∅}
be a lower semicontinuous multifunction. Let A ⊂ Y be a neighborhood of the
origin and let u : X → Y be a continuous function such that

Γ (x) ∩ (u (x) +A) �= ∅

for all x ∈ X. Then the multifunction Γ ′ : X → P (Y ) \ {∅}, defined by

Γ ′ (x) := Γ (x) ∩ (u (x) +A) , x ∈ X,

is lower semicontinuous.

Proof. Fix an open set W ⊂ Y . To prove that Γ ′ is lower semicontinuous we
need to show that the set (Γ ′)− (W ) is open in X. Let x0 ∈ (Γ ′)− (W ). If
y0 ∈ Γ ′ (x0)∩W , then in particular, by the definition of Γ ′, y0 belongs to the
open set (u (x0) +A) ∩W , and thus we may find a balanced neighborhood
D ⊂ Y of the origin such that

y0 +D +D ⊂ (u (x0) +A) ∩W , (6.16)

where we have used the continuity of addition. Since u is continuous, the
set U := u−1 (u (x0) +D) is a neighborhood of x0 in X. Also, since y0 ∈
Γ (x0) ∩ (y0 +D), we have that x0 belongs to the set Γ−(y0 + D), which is
open since Γ is lower semicontinuous.

We claim that the neighborhood U0 := U ∩Γ−(y0 +D) of x0 is contained
in (Γ ′)− (W ). Given the arbitrariness of x0 ∈ (Γ ′)− (W ) this will prove that
(Γ ′)− (W ) is an open set in X, and in turn that Γ ′ is lower semicontinuous.

To prove the claim we begin by showing that

y0 +D ⊂ u (x) +A (6.17)

for all x ∈ U . To see this, let x ∈ U and y ∈ D. By the definition of U and
the fact that D is balanced we have that (u (x0)− u (x)) ∈ D, while by (6.16)
we may find z ∈ A such that u (x0) + z ∈W and

y0 + (u (x0)− u (x)) + y = u (x0) + z.
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Hence
y0 + y = u (x) + z ∈ u (x) +A

and so (6.17) holds.
If x ∈ U0 = U ∩ Γ−(y0 +D), then there exists y ∈ Γ (x) ∩ (y0 +D), and

so by (6.16) we have that y = y + 0 ∈ y0 +D +D ⊂ W . On the other hand,
by (6.17),

Γ ′ (x) ∩W = Γ (x) ∩ (u (x) +A) ∩W ⊃ Γ (x) ∩ (y0 +D) ∩W �= ∅,

since y ∈ Γ (x) ∩ (y0 +D) ∩W . Hence Γ ′ (x) ∩W �= ∅ for all x ∈ U0, which
shows that U0 ⊂ (Γ ′)− (W ).

We now turn to the proof of Michael’s continuous selection theorem.

Proof (Michael’s continuous selection theorem). By Lemma 6.20 there exists
a continuous function u1 : X → Y such that u1 (x0) = y0 and

u1 (x) ∈
(
Γ (x) +B

(
0,

1
2

))

for all x ∈ X. Inductively, assume that continuous functions u1, . . . , u� : X →
Y have been constructed such that un (x0) = y0,

un (x) ∈
(
Γ (x) +B

(
0,

1
2n

))
, un (x) ∈

(
un−1 (x) +B

(
0,

1
2n−2

))

(6.18)
for all x ∈ X and all n = 2, . . . , �. Define the multifunction

Γ� (x) := Γ (x) ∩
(
u� (x) +B

(
0,

1
2�

))
. (6.19)

Note that for all x ∈ X the set Γ� (x) is nonempty by (6.18) and convex,
since it is the intersection of two convex sets. By Lemma 6.21, Γ� is lower
semicontinuous, and so we may apply Lemma 6.20 to Γ� to find a continuous
function u�+1 : X → Y such that for all x ∈ X,

u�+1 (x) ∈
(
Γ� (x) +B

(
0,

1
2�+1

))
.

Then, by (6.19), u�+1 (x) ∈
(
Γ (x) +B

(
0, 1

2�+1

))
, while

u�+1 (x) ∈
(
u� (x) +B

(
0,

1
2�

)
+B

(
0,

1
2�+1

))
⊂ u� (x) +B

(
0,

1
2�−1

)

for all x ∈ X.
Hence we have constructed a sequence {un} of continuous functions satis-

fying (6.18) for all positive integers n ≥ 2. In particular, by (6.18)2,
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‖un+� (x)− un (x)‖Y ≤
1

2n−2

for all x ∈ X and for all n ≥ 2 and � ∈ N. Since Y is a Banach space it follows
that C (X;Y ) is also a Banach space and thus {un} is a Cauchy sequence in
C (X;Y ). Thus {un} converges uniformly to a continuous function u : X → Y
such that u (x0) = y0. Since Γ (x) is a closed set, it follows from (6.18)1 that
u (x) ∈ Γ (x) for all x ∈ X.

Remark 6.22. Note that the fact that X is a metric space has been used in
Lemma 6.20 only to guarantee the existence of a locally finite partition of
unity subordinated to an arbitrary cover of X. Thus Michael’s continuous
selection theorem continues to hold when X is a topological vector space for
which a locally finite partition of unity subordinated to an arbitrary cover of
X exists, namely for paracompact spaces. We refer to [Mi56] and [W04] for
more details.

As a corollary of the previous theorem we have the following result (see
also Example 6.16 above).

Corollary 6.23. Let X, Y be Banach spaces and let L : Y → X be linear,
continuous, and onto. Then there exists a continuous function u : X → Y
such that u (x) ∈ L−1 ({x}) for all x ∈ X.

Proof. Define
Γ : X → P (Y ) \ {∅}

as
Γ (x) := L−1 ({x}) , x ∈ X.

By the open mapping theorem the function L sends open sets into open sets
and thus (see Example 6.16 above) Γ is lower semicontinuous. Since L is linear,
continuous, and onto, the set Γ (x) is convex, closed, and nonempty for all
x ∈ X. Hence we may apply the previous theorem to obtain a continuous
selection u : X → Y .

6.2 Integrands

In the remainder of this chapter, E ⊂ R
N is a Lebesgue measurable set, and

as usual, B (E) is the class of Borel subsets of E.

6.2.1 Equivalent Integrands

Consider a function
f : E × R

m → [−∞,∞] .

We say that f : E ×R
m → [−∞,∞] is LN ×B measurable if it is measurable

with respect to the σ-algebra generated by products of Lebesgue measurable
subsets of E and Borel subsets of R

m. Then for every measurable function
v : E → R

m the function f (·, v (·)) is Lebesgue measurable.
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Proposition 6.24. Let E ⊂ R
N be a Lebesgue measurable set and let f, g :

E × R
m → [−∞,∞] be LN × B measurable functions. Assume that for every

M > 0 there exists a nonnegative function γM ∈ L1 (E) such that

f (x, z) , g (x, z) ≥ −γM (x)

for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤ M. Then the following two

conditions are equivalent:

(i) for every v ∈ L∞ (E; Rm) and every Lebesgue measurable set G ⊂ E,
∫

G

f (x, v (x)) dx ≤
∫

G

g (x, v (x)) dx;

(ii) f (x, z) ≤ g (x, z) for LN a.e. x ∈ E and all z ∈ R
m.

Proof. Obviously (ii) implies (i). The proof of the converse implication is
established in two steps.

Step 1: Assume that E has finite measure. For k ∈ N define fk := inf {f, k} ,
gk := inf {g, k} . It is enough to show that

fk (x, z) ≤ gk (x, z) for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤ k.

For n ∈ N define

Sn,k :=
{

(x, z) ∈ E × R
m : |z| ≤ k, fk (x, z) > gk (x, z) +

1
n

}
,

Sn,k (x) := {z ∈ R
m : (x, z) ∈ Sn,k} ,

Πn,k := {x ∈ E : Sn,k (x) �= ∅} .

Since the set Sn,k is LN × B measurable, we have that Πn,k is Lebesgue
measurable by the projection theorem. We claim that |Πn,k| = 0. Indeed,
assume by contradiction that |Πn,k| > 0. Then by Aumann’s selection theorem
we may find measurable functions vn,k : Πn,k → R

m such that vn,k (x) ∈
Sn,k (x) for every x ∈ Πn,k. Hence |vn,k (x)| ≤ k. Extend vn,k to be zero on
E \Πn,k. Then vn,k ∈ L∞ (E; Rm), and so by hypothesis,

∫
Πn,k

f (x, vn,k (x)) dx ≤
∫

Πn,k

g (x, vn,k (x)) dx. (6.20)

By definition of Sn,k and fk,

k ≥ fk (x, vn,k (x)) > gk (x, vn,k (x)) +
1
n

(6.21)

for all x ∈ Πn,k, and so, since k > gk (x, vn,k (x)) = inf {g (x, vn,k (x)) , k} , we
have that
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g (x, vn,k (x)) +
1
n

= gk (x, vn,k (x)) +
1
n
< fk (x, vn,k (x)) ≤ f (x, vn,k (x)) ,

and upon integration over Πn,k,∫
Πn,k

g (x, vn,k (x)) dx+
1
n
|Πn,k| ≤

∫
Πn,k

f (x, vn,k (x)) dx

≤
∫

Πn,k

g (x, vn,k (x)) dx

by (6.20). Since E is bounded, it follows by (6.21) that the right-hand side of
the previous inequality is finite, and thus |Πn,k| = 0. Define

Nk :=
∞⋃

n=1

Πn,k.

Then |Nk| = 0 and hence

fk (x, z) ≤ gk (x, z) for all x ∈ E \Nk and all z ∈ R
m with |z| ≤ k.

Step 2: In the case that E has infinite measure it suffices to apply Step 1 to

Ej := E ∩B (0, j).

Remark 6.25. Since every Lebesgue measurable set G ⊂ E may be written as
the union of a Borel set and a set of Lebesgue measure zero, property (i) may
be equivalently stated for Borel sets G ⊂ E.

Similarly, we can prove the following result.

Proposition 6.26. Let E ⊂ R
N be a Lebesgue measurable set and let f, g :

E × R
m → [−∞,∞] be LN × B measurable functions such that

f (x, v (x)) = g (x, v (x)) for LN a.e. x ∈ E
for every v ∈ Cb (E; Rm) . Then

f (x, z) = g (x, z) for LN a.e. x ∈ E and all z ∈ R
m.

Proof. Let

S := {(x, z) ∈ E × R
m : f (x, z) �= g (x, z)} ,

S (x) := {z ∈ R
m : (x, z) ∈ S} ,

Π := {x ∈ E : S (x) �= ∅} .

Since the set S is LN × B measurable, by the projection theorem we have
that Π is a Lebesgue measurable set, and so by Aumann’s selection theorem
we may find measurable functions w : Π → R

m such that w (x) ∈ S (x) for
every x ∈ Π. Assume by contradiction that LN (Π) > 0. Then by Lusin’s
theorem there exists a compact set K ⊂ Π such that LN (K) > 0 and w is
continuous on K. By the Tietze extension theorem we may extend w outside
K as a function v ∈ Cb (E; Rm) . Hence (x, v (x)) ∈ S for all x ∈ K, but this
contradicts the hypothesis.
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Motivated by the previous proposition, in what follows we say that two
functions f , g : E×R

m → [−∞,∞] are equivalent integrands (in the Lp sense)
if for every v ∈ Cb (E; Rm) we have

g (x, v (x)) = f (x, v (x)) for LN a.e. x ∈ E.

Note that for equivalent integrands,
∫

E

f (x, v (x)) dx =
∫

E

g (x, v (x)) dx

whenever the integrals are defined. Since Lebesgue integration does not dis-
tinguish g from f, for simplicity, and in analogy with Lebesgue spaces, we
identify equivalent integrands.

6.2.2 Normal and Carathéodory Integrands

In this subsection we introduce the notion of normal and Carathéodory inte-
grands.

Definition 6.27. Let E ⊂ R
N be a Lebesgue measurable set and let B ⊂ R

m

be a Borel set. A function f : E × B → [−∞,∞] is said to be a normal
integrand if:

(i) for LN a.e. x ∈ E the function f (x, ·) is lower semicontinuous on B;
(ii) there exists a Borel function g : E ×B → [−∞,∞] such that

f (x, ·) = g (x, ·)

for LN a.e. x ∈ E.

The next result can be regarded as a “uniform” Lusin theorem.

Theorem 6.28. Let E ⊂ R
N be a Lebesgue measurable set, let B ⊂ R

m be a
Borel set, and let f : E × B → [−∞,∞] be such that for LN a.e. x ∈ E the
function f (x, ·) is lower semicontinuous. Then the following conditions are
equivalent:

(i) f is a normal integrand.
(ii) For every ε > 0 there exists a closed set Cε ⊂ E, with LN (E \ Cε) ≤ ε,

such that the restriction of f to Cε ×B is lower semicontinuous.

Proof. Step 1: We prove that (i) implies (ii). By eventually modifying f on
a subset of E of Lebesgue measure zero, we may assume that f (x, ·) is lower
semicontinuous on B for all x ∈ E and that f is a Borel function on E × B.
Moreover, after composing f with an isomorphism from [−∞,∞] to [0, 1], we
may assume that f : E ×B → [0, 1]. Let A be the countable family obtained
by taking all finite unions of open balls with rational radii centered at z ∈ Q

m

and
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F := {rχA : r ∈ Q∩ [0, 1] , A ∈ A} .

Then F is a countable family of lower semicontinuous functions. For any lower
semicontinuous g : B → [0, 1] we have

g (z) = sup {ψ (z) : ψ ∈ F and ψ ≤ g} (6.22)

for all z ∈ B. Indeed, the inequality ≥ is immediate. To prove the reverse
inequality fix z0 ∈ B. If g (z0) = 0, then there is nothing to prove. Thus
assume that g (z0) > 0 and let r ∈ Q be such that

g (z0) > r > 0.

Since g is lower semicontinuous, there exists ε > 0 such that

g (z) > r

for all z ∈ B (z0, ε). Consider a ball B (z1, ε1) ∈ A such that

z0 ∈ B (z1, ε1) ⊂ B (z0, ε) .

Then
sup {ψ (z0) : ψ ∈ F and ψ ≤ g} ≥ rχB(z1,ε1) (z0) = r.

It suffices to let r ↗ g (z0) to obtain (6.22).
Since F is countable, we may write F = {rnχAn

}, and set

Gn := {x ∈ E : f (x, ·) ≥ rnχAn
(·)} ,

Fn := {(x, z) ∈ E ×B : f (x, z) < rnχAn
(z)} .

Using the facts that f is a Borel function and rnχAn
is a lower semicontinuous

function, we have that the set Fn is LN × B measurable. The set Gn is the
complement of the projection of Fn and thus it is Lebesgue measurable by
the projection theorem.

Since f (x, ·) is lower semicontinuous on B, for every x ∈ E in view of
(6.22) we may write

f (x, z) = sup
n
χGn

(x) rnχAn
(z) (6.23)

for all (x, z) ∈ E×B. By Remark 1.95 applied to each function χGn
, for every

fixed ε > 0 we may find a closed set Cn ⊂ E such that

LN (E \ Cn) ≤ ε

2n+1

and the restriction of χGn
to Cn is continuous. Let

Cε :=
∞⋂

n=1

Cn.
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Then Cε is closed and LN (E \ Cε) ≤ ε.
Since each function χGn

(x) rnχAn
(z) restricted to Cε × B is lower semi-

continuous, it follows that f , which is their pointwise supremum, is also lower
semicontinuous on Cε ×B by Proposition 3.5.

Step 2: We prove that (ii) implies (i). Taking ε := 1
k , k ∈ N, let Ck ⊂ E be

the closed set given in (ii) and let

F :=
∞⋃

k=1

Ck.

Then F is a Borel set, with LN (E \ F ) = 0, and f : F × B → [−∞,∞] is a
Borel function. Setting

g (x, z) :=
{
f (x, z) if x ∈ F,
∞ if x /∈ F,

we have that g is a Borel function such that f (x, ·) = g (x, ·) for LN a.e.
x ∈ E. Hence f is a normal integrand.

Remark 6.29. (i) Theorem 6.28 still holds if the Lebesgue measure LN is re-
placed by a (positive) Radon measure on a measurable set E.

(ii) It follows from the previous theorem that if f is a normal integrand, then
for every ε > 0 and every compact set K ⊂ E there exists a compact
set Kε ⊂ K such that LN (K \Kε) ≤ ε for which the restriction of f to
Kε ×B is lower semicontinuous. To see this, it suffices to apply Theorem
6.28 to f restricted to K ×B.

In the special case that f is nonnegative we obtain a stronger result.

Corollary 6.30. Let E ⊂ R
N be a Lebesgue measurable set, let B ⊂ R

m be
a Borel set, and let f : E × B → [0,∞] be a normal integrand. Then there
exists a sequence {(En, ϕn)}, where En ⊂ E has finite Lebesgue measure and
ϕn ∈ Cc (Rm), such that

f (x, z) = sup
n
χEn

(x)ϕn (z)

for every (x, z) ∈ E ×B.

Proof. We proceed as in the previous theorem, with the exception that
[−∞,∞] need not be replaced by [0, 1] via an isomorphism because f is
bounded from below. Accordingly, the family F now is

F := {rχA : r ∈ Q∩ [0,∞) , A ∈ A} .

Then, as before, (6.23) holds, that is,

f (x, z) = sup
n
χGn

(x) rnχAn
(z) (6.24)
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for every (x, z) ∈ E ×B. Since An ⊂ R
m is open, for each k ∈ N the function

ψn,k (z) := inf {1, k dist (z,Rm \An)}

is continuous and
χAn

(z) = sup
k
ψn,k (z) .

Thus for every (x, z) ∈ E ×B,

f (x, z) = sup
n,k

χGn
(x) rnψn,k (z) .

Let {Fj} be an increasing sequence of Lebesgue sets with finite measure such
that ∞⋃

j=1

Fj = E,

and let {ψj} ⊂ Cc (Rm) be an increasing sequence of nonnegative functions
such that for every z ∈ R

m,

sup
j
ψj (z) = 1.

Then for every (x, z) ∈ E ×B,

f (x, z) = sup
n,k,j

χGn∩Fj
(x) rnψn,k (z)ψj (z) .

This completes the proof.

In the next result we present conditions that are equivalent to normality
and may be easier to verify in applications.

We will also give an alternative proof to Theorem 6.28. For simplicity we
consider only the case B := R

m.

Proposition 6.31. Let E ⊂ R
N be a Lebesgue measurable set and let f :

E × R
m → [−∞,∞] be such that for LN a.e. x ∈ E the function f (x, ·) is

lower semicontinuous. Then the following conditions are equivalent:

(i) f is a normal integrand;
(ii) f is LN × B measurable;
(iii) the set

E∞ := {x ∈ E : f (x, ·) is lower semicontinuous and �≡ ∞}

is Lebesgue measurable and the multifunction

Γ : E∞ →
{
C ⊂ R

m+1 : C nonempty, closed
}

defined as

Γ (x) := epi f (x, ·) = {(z, t) ∈ R
m × R : f (x, z) ≤ t} , x ∈ E∞,

is measurable.
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The proof is hinged on the following result, which is of interest in itself.

Lemma 6.32. Let G ⊂ R
N be a Borel set endowed with the σ-algebra of

Lebesgue measurable sets and let

Γ : G→ {C ⊂ R
m : C nonempty, closed}

be a multifunction. Then the following conditions are equivalent:

(i) Γ is measurable;
(ii) there exists a multifunction

Γ ′ : G→ {C ⊂ R
m : C nonempty, closed}

such that GrΓ ′ is a Borel set of G×R
m, and Γ (x) = Γ ′ (x) for LN a.e.

x ∈ G;
(iii) for every ε > 0 there exists a closed set Cε ⊂ G, with LN (G \ Cε) ≤ ε,

such that the graph of Γ restricted to Cε, that is,

{(x, z) ∈ Cε × R
m : z ∈ Γ (x)} ,

is closed.

Proof. Step 1: We first prove that (i) implies (iii) under the additional as-
sumption that LN (G) < ∞. Let {Cn} be the countable family of all closed
subsets of R

m that are complementary to open balls with center in Q
m and

positive rational radius. Write R
m \ Cn = Bm (zn, rn). We claim that for all

x ∈ G,
Γ (x) =

⋂
n: Cn⊃Γ (x)

Cn.

Indeed, if x ∈ G, then the set R
m \ Γ (x) is open, and so it can be written

as the union of all open balls with center in Q
m and positive rational radius

that are contained in it. De Morgan’s law now establishes the claim. Let
Gn := Γ− (Bm (zn, rn)) and set

Fn := G \Gn = {x ∈ G : Γ (x) ⊂ Cn} .

Then Gn and Fn are Lebesgue measurable by Proposition 6.3 and

GrΓ = {(x, z) ∈ G× R
m : z ∈ Γ (x)} (6.25)

=
∞⋂

n=1

[(Gn × R
m) ∪ (Fn × Cn)] .

To see the latter, fix (x, z) ∈ GrΓ and n ∈ N. If Γ (x) ⊂ Cn, then x ∈ Fn,
and so (x, z) ∈ Fn × Cn, while if Γ (x) is not contained in Cn, then x ∈ Gn,
and so
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GrΓ ⊂
∞⋂

n=1

[(Gn × R
m) ∪ (Fn × Cn)] .

Conversely, let (x, z) ∈
⋂∞

n=1 [(Gn × R
m) ∪ (Fn × Cn)] and assume by contra-

diction that z /∈ Γ (x). Since Γ (x) is closed we have that dist (z, Γ (x)) > 0,
and so by the density of the rationals in the reals we may find n ∈ N such
that z ∈ Bm (zn, rn) and Bm (zn, rn) ∩ Γ (x) = ∅. This last condition implies
that x /∈ Gn; therefore (x, z) ∈ (Fn × Cn), which is a contradiction since
z ∈ Bm (zn, rn). Thus (6.25) holds.

For every ε > 0 and n ∈ N we may find compact sets Kn ⊂ Gn and
K ′

n ⊂ Fn such that
LN (G \ (Kn ∪K ′

n)) ≤ ε

2n
.

Define

Kε :=
∞⋂

n=1

Kn ∪K ′
n.

Then Kε is compact,

LN (G \Kε) = LN

(
G \

( ∞⋂
n=1

Kn ∪K ′
n

))

= LN

( ∞⋃
n=1

(G \ (Kn ∪K ′
n))

)
≤ ε,

and, by (6.25),

{(x, z) ∈ Kε × R
m : z ∈ Γ (x)} =

∞⋂
n=1

[(Kn × R
m) ∪ (K ′

n × Cn)] ,

which is a closed set.

Step 2: To prove that (i) implies (iii) in the general case, we write

G =
∞⋃

k=1

G(k), G(k) := {x ∈ G : k − 1 ≤ |x| < k} ,

and apply the previous step to Γ restricted to each G(k) to find compact sets
K(k) ⊂ G(k), with

LN
(
G(k) \K(k)

)
≤ ε

2k
,

such that the set {
(x, z) ∈ K(k) × R

m : z ∈ Γ (x)
}

is closed. Let

Cε :=
∞⋃

k=1

K(k).
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Then only finitely many K(k) intersect any bounded region, and so Cε is
closed. We claim that the set

{(x, z) ∈ Cε × R
m : z ∈ Γ (x)}

is closed. Indeed, let {(xj , zj)} ⊂ Cε × R
m be such that zj ∈ Γ (xj) for all

j ∈ N and (xj , zj) → (x, z) as j → ∞, for some (x, z) ∈ Cε × R
m. Then the

sequence {xj} must be bounded by some positive integer �, and so

(xj , zj) ∈
�⋃

k=1

{
(x, z) ∈ K(k) × R

m : z ∈ Γ (x)
}

for all j ∈ N. Since it is a finite union of closed sets, this set is closed, and
thus it must contain (x, z), that is, z ∈ Γ (x). Thus the claim holds.

Step 3: Next we show that (iii) implies (ii). Taking ε := 1
k , k ∈ N, let Ck ⊂ G

be the closed set given in (iii) and let

F :=
∞⋃

k=1

Ck.

Then F is a Borel set and LN (G \ F ) = 0. Moreover, the set

{(x, z) ∈ F × R
m : z ∈ Γ (x)} =

∞⋃
k=1

{(x, z) ∈ Ck × R
m : z ∈ Γ (x)}

is a Borel set since it is the union of closed sets. Define

Γ ′ : G→ {C ⊂ R
m : C nonempty, closed}

as

Γ ′ (x) :=
{
Γ (x) if x ∈ F,
R

m if x ∈ G \ F.
Then Γ (x) = Γ ′ (x) for all x ∈ F and

GrΓ ′ = {(x, z) ∈ F × R
m : z ∈ Γ (x)} ∪ ((G \ F )× R

m) ,

which is a Borel set.

Step 4: Finally, we prove that (ii) implies (i). The equivalence of the fact that
GrΓ ′ is a Borel set with the weak measurability of the multifunction Γ ′ is a
consequence of Remark 6.11 together with the completeness of the Lebesgue
measure on the σ-algebra of Lebesgue measurable subsets. In turn, by Remark
6.4, Γ ′ is measurable. Let C ⊂ R

m be any closed set. Then (Γ ′)− (C) is
Lebesgue measurable. Since Γ (x) = Γ ′ (x) for LN a.e. x ∈ G, we deduce that
Γ− (C) differs from (Γ ′)− (C) by at most a set of Lebesgue measure zero,
and so, again by the completeness of the Lebesgue measure, it is Lebesgue
measurable.
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We now turn to the proof of Proposition 6.31

Proof (Proposition 6.31). Let E1 ⊂ E be the set of points x ∈ E such that
the function f (x, ·) is lower semicontinuous. By hypothesis LN (E \ E1) = 0.

Step 1: We prove that (ii) implies (iii). Since f is LN × B measurable, then
so is the function

h : E1 × R
m × R → [−∞,∞]

defined by
h (x, z, t) := f (x, z)− t.

In turn, the set

F := {(x, z, t) ∈ E1 × R
m × R : h (x, z, t) ≤ 0}

is LN ×B (Rm × R) measurable. By the projection theorem, the projection of
F onto R

N is Lebesgue measurable. Since πRN (F ) = E∞, we have proved that
the set E∞ is Lebesgue measurable. It remains to show that Γ is measurable.
Note that if x ∈ E∞, then the function f (x, ·) is lower semicontinuous, and
so the set epi f (x, ·) is closed in R

m × R by Proposition 3.4. Thus Γ is well-
defined. Moreover,

GrΓ = {(x, z, t) ∈ E∞ × R
m × R : (z, t) ∈ Γ (x)} = F ,

and so it is LN × B (Rm × R) measurable. Thus, by Remark 6.11 and the
completeness of the Lebesgue measure, Γ is weakly measurable, and actually
measurable by Remark 6.4. Thus (iii) holds.

Step 2: We show that (iii) implies (i). By Proposition 1.68 we may find a
Borel set G ⊂ E∞ such that LN (E∞ \G) = 0. Since the restriction of Γ to
G is still measurable, by Lemma 6.32, for every ε > 0 there exists a closed
set Cε ⊂ G, with LN (G \ Cε) ≤ ε, such that the graph of Γ restricted to Cε,
that is,

{(x, z, t) ∈ Cε × R
m × R : (z, t) ∈ Γ (x)}

= {(x, z, t) ∈ Cε × R
m × R : f (x, z) ≤ t} = epi f |Cε×Rm ,

is closed. It follows by Proposition 3.4 that the function

f : Cε × R
m → [−∞,∞]

is lower semicontinuous. On the other hand, if x ∈ E1 \E∞, then f (x, z) =∞
for all z ∈ R

m. By the inner regularity of the Lebesgue measure we may find
a closed set C ′

ε ⊂ E1 \ E∞ such that LN ((E1 \ E∞) \ C ′
ε) ≤ ε. Since C ′

ε is
closed, the function

f : (Cε ∪ C ′
ε)× R

m → [−∞,∞]
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is still lower semicontinuous and LN (E \ (Cε ∪ C ′
ε)) ≤ 2ε. It now follows from

Theorem 6.28 that f is a normal integrand.

Step 3: Finally, we prove that (i) implies (ii). Assume that f is a normal
integrand. Then there exist a measurable set E2 ⊂ E, with LN (E \ E2) = 0,
and a Borel function g : E × R

m → [−∞,∞] such that

f (x, ·) = g (x, ·)

for all x ∈ E2. This implies that f : E2×R
m → [−∞,∞] is LN×B measurable.

Since LN (E \ E2) = 0, by the completeness of the Lebesgue measure it follows
that f : E × R

m → [−∞,∞] is LN × B measurable.

Next we introduce the notion of Carathéodory function.

Definition 6.33. Let E ⊂ R
N be a Lebesgue measurable set and let B ⊂ R

m

be a Borel set. A function f : E×B → [−∞,∞] is said to be a Carathéodory
function if

(i) for LN a.e. x ∈ E the function f (x, ·) is continuous on B;
(ii) for all z ∈ B the function f (·, z) is measurable on E.

The relation between normal integrands and Carathéodory functions is the
subject of the next theorem.

Theorem 6.34. Let E ⊂ R
N be a Lebesgue measurable set, let B ⊂ R

m be a
Borel set, and let f : E ×B → [−∞,∞] be a Carathéodory function. Then f
is a normal integrand.

Proof. By eventually modifying f on a subset of E of Lebesgue measure zero,
we may assume that f (x, ·) is continuous on B for all x ∈ E and that for all
z ∈ B the function f (·, z) is measurable on E. Moreover, after composing f
with an isomorphism from [−∞,∞] to [0, 1], we may assume that f : E×B →
[0, 1]. Let A and F = {rnχAn

} be as in Theorem 6.28 and let {zk} be dense
in B. For each k, n ∈ N, define

Gk,n := {x ∈ E : f (x, zk) ≥ rnχAn
(zk)} .

Since f (·, zk) is measurable on E it follows that the set Gk,n is Lebesgue
measurable. In turn, the set

Gn :=
∞⋂

k=1

Gk,n = {x ∈ E : f (x, zk) ≥ rnχAn
(zk) for all k ∈ N}

is Lebesgue measurable. We claim that

Gn = {x ∈ E : f (x, z) ≥ rnχAn
(z) for all z ∈ B} .
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Indeed, if x ∈ Gn and z ∈ B, since {zk} is dense in B we may find a sub-
sequence

{
zkj

}
of {zk} that converges to z. Since f

(
x, zkj

)
≥ rnχAn

(
zkj

)
for all j ∈ N, using the continuity of f (x, ·) and the lower semicontinuity of
rnχAn

we conclude that f (x, z) ≥ rnχAn
(z), and so the claim holds.

Since f (x, ·) is continuous on B for every x ∈ E, in view of (6.22) we may
write

f (x, z) = sup
n
χGn

(x) rnχAn
(z)

for all (x, z) ∈ E × B. By Proposition 1.68, for all n ∈ N we may find Borel
sets Hn ⊂ Gn such that LN (Hn) = LN (Gn). Define the function

g (x, z) = sup
n
χHn

(x) rnχAn
(z)

x ∈ E, z ∈ B. The function g is a Borel function since it is the supremum of
Borel functions. Moreover,

f (x, ·) = g (x, ·)

for LN a.e. x ∈ E. Since f (x, ·) is continuous on B for every x ∈ E it follows
that f is a normal integrand.

The analogous statement of Theorem 6.28 for Carathéodory functions is
Scorza-Dragoni’s theorem below.

Theorem 6.35 (Scorza-Dragoni). Let E ⊂ R
N be a Lebesgue measurable

set, let B ⊂ R
m be a Borel set, and let f : E ×B → [−∞,∞] be a Carathéo-

dory function. Then for every ε > 0 there exists a closed set Cε ⊂ E, with
LN (E \ Cε) ≤ ε, such that the restriction of f to Cε ×B is continuous.

Proof. Since f and −f are normal integrands in view of the previous theorem,
the result follows by applying Theorem 6.28 to both f and −f .

6.2.3 Convex Integrands

In this subsection we extend the results of Section 4.7 to functions f that
depend also on x. We begin with the case that f is real-valued.

Theorem 6.36. Let E ⊂ R
N be a Lebesgue measurable set and let f : E ×

R
m → R be an LN ×B measurable function such that f (x, ·) is convex in R

m

for LN a.e. x ∈ E. Then there exist measurable functions ai : E → R and
bi : E → R

m such that

f (x, z) = sup
i∈N

{ai (x) + bi (x) · z}

for LN a.e. x ∈ E and for all z ∈ R
m.

Moreover, if f is nonnegative, then the functions ai and bi may be taken
to be bounded.
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Proof. By De Giorgi’s theorem, for LN a.e. x ∈ E and for all z ∈ R
m we may

write
f (x, z) = sup

i∈N

{ai (x) + bi (x) · z} ,

where

ai (x) :=
∫

Rm

f (x, z) ((m+ 1)ϕi (z) +∇ϕi (z) · z) dz, (6.26)

bi (x) := −
∫

Rm

f (x, z)∇ϕi (z) dz,

and the functions ϕi are of the form

ϕi (z) := km
i ϕ (ki (qi − z)) , z ∈ R

m,

for ki ∈ N, qi ∈ Q
m, and some ϕ ∈ C1

c (Rm) (see (4.43)).
The measurability of ai and bi follows from Exercise 6.38 below.
To prove the second part of the theorem, assume that f ≥ 0. By the first

part of the theorem, and since f is nonnegative, we may write

f (x, z) = sup
i∈N

{ai (x) + bi (x) · z}+

for LN a.e. x ∈ E and for all z ∈ R
m. For k ∈ N0 define σ0 :≡ 0 and

σk (s) :=

⎧⎨
⎩

1 s ≤ k − 1,
−s+ k k − 1 < s < k,
0 s > k,

and let
φi,k (x) := σk (|ai (x)|+ |bi (x)|) .

Since 0 ≤ φi,k ≤ 1, it follows that

(ai (x) + bi (x) · z)+ = sup
k∈N

{φi,k (x) ai (x) + φi,k (x) bi (x) · z} ,

for LN a.e. x ∈ E and for all z ∈ R
m. Note that φi,kai ∈ L∞ (E) and

φi,kbi ∈ L∞ (E; Rm).

Remark 6.37. Note that if f is continuous in the x variable, then it follows
from formulas (6.26) that the functions ai and bi are continuous, and, in turn,
so are the functions φi,k.

Exercise 6.38. Under the hypotheses of Theorem 6.36, prove that the func-
tions ai and bi defined in (6.26) are measurable.

Next we show that the statement of the previous theorem continues to
hold when f takes the value ∞, although there is no explicit representation
of the approximating functions.



6.2 Integrands 415

Theorem 6.39. Let E ⊂ R
N be a Lebesgue measurable set and let f : E ×

R
m → (−∞,∞] be a normal integrand such that f (x, ·) is convex in R

m

for LN a.e. x ∈ E. Then there exist measurable functions ai : E → R and
bi : E → R

m such that

f (x, z) = sup
i∈N

{ai (x) + bi (x) · z}

for LN a.e. x ∈ E and for all z ∈ R
m.

Moreover, if f is nonnegative, then the functions ai and bi may be taken
to be bounded.

Proof. Without loss of generality we may assume that f (x, ·) is convex and
lower semicontinuous in R

m for all x ∈ E.
Consider the multifunction

Γ : E → {C ⊂ R× R
m, C closed, nonempty}

defined by

Γ (x) := {(a, b) ∈ R× R
m : a+ b · z ≤ f (x, z) for all z ∈ R

m}

for x ∈ E. Note that Γ (x) �= ∅ for all for x ∈ E by Proposition 4.75, and next
we prove that the graph of Γ belongs to M (E) ⊗ B (R× R

m), where M (E)
is the σ-algebra of Lebesgue measurable subsets of E. Let A be the countable
family of all finite unions of open balls of R

m with rational radii centered at
z ∈ Q

m. For A ∈ A, x ∈ E, and (a, b) ∈ R× R
m set

fA (x) := inf
z∈A

f (x, z) , gA (a, b) := inf
z∈A

(a+ b · z) .

Then gA : R × R
m → R is upper semicontinuous and fA is measurable. To

check the latter statement we observe that the set

f−1
A ((−∞, t)) =

{
x ∈ E : inf

z∈A
f (x, z) < t

}

= {x ∈ E : f (x, z) < t for some z ∈ A}

is the projection onto E of the set

f−1 ((−∞, t)) ∩ (E ×A) = {(x, z) ∈ E ×A : f (x, z) < t} ,

so the measurability of the set f−1
A ((−∞, t)) follows from the projection the-

orem.
In particular, we have that the function

(x, a, b) ∈ E × R× R
m �→ fA (x)− gA (a, b) (6.27)

is M (E) ⊗ B (R× R
m) measurable. We claim that the graph of Γ coincides

with
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G :=
⋂

A∈A
{(x, a, b) ∈ E × R× R

m : fA (x) ≥ gA (a, b)} .

Indeed, if (a, b) ∈ Γ (x) and if A ∈ A, then for any w ∈ A,

inf
z∈A

(a+ b · z) ≤ a+ b · w ≤ f (x,w) .

Therefore, taking the infimum over all such w, we conclude that gA (a, b) ≤
fA (x). Conversely, if (x, a, b) ∈ G and if there exists z0 ∈ R

m such that

a+ b · z0 > f (x, z0) ,

then choose ε > 0 so small that

a+ b · z0 > f (x, z0) + ε.

Let A ∈ A be a neighborhood of z0 for which

inf
z∈A

(a+ b · z) ≥ a+ b · z0 − ε.

Then

gA (a, b) = inf
z∈A

(a+ b · z) > f (x, z0) ≥ inf
z∈A

f (x, z) = fA (x) ,

and this contradicts the fact that (x, a, b) ∈ G.
The claim together with (6.27) ensures that the graph of Γ belongs to

M (E)⊗ B (R× R
m).

By Aumann’s measurable selection theorem there exists a sequence of
measurable functions ai : E → R and bi : E → R

m such that

(ai (x) , bi (x)) ∈ Γ (x)

for every x ∈ E and {(ai (x) , bi (x))} is dense in Γ (x). We claim that for all
x ∈ E and z ∈ R

m,

f (x, z) = sup
i∈N

{ai (x) + bi (x) · z} . (6.28)

By the definition of Γ we have that

f (x, z) ≥ sup
i∈N

{ai (x) + bi (x) · z} .

To prove the reverse inequality, fix (x, z) ∈ E × R
m and let

f (x, z) > t.

By Proposition 4.75 (ii) we may find (a, b) ∈ Γ (x) such that

a+ b · z > t.



6.2 Integrands 417

Since {(ai (x) , bi (x))}i∈N
is dense in Γ (x), for every ε > 0 there exists i ∈ N

such that
|a− ai (x)|+ |b− bi (x)| ≤ ε

1 + |z| .

Hence we deduce that

sup
j∈N

{aj (x) + bj (x) · z} ≥ ai (x) + bi (x) · z > t− 2ε,

and by letting first ε→ 0+ and then t↗ f (x, z), we obtain (6.28).
This concludes the first part of the proof. The second part follows exactly

as in the previous theorem. We omit the details.

Next we consider the case in which the function f is lower semicontinuous
in x uniformly with respect to z.

Proposition 6.40. Let Ω ⊂ R
N be an open set and let f : Ω × R

m → [0,∞]
be such that f (x, ·) is convex and lower semicontinuous in R

m for all x ∈ E.
Assume that for every x0 ∈ Ω and ε > 0 there exists δ > 0 such that

f(x, z) ≥ (1− ε)f(x0, z) (6.29)

for all x ∈ Ω, with |x− x0| ≤ δ, and for all z ∈ R
m. Then

f(x, z) = sup
i∈N

{
ϕi(x) (ai + bi · z)+

}

for all (x, z) ∈ Ω × R
m, where ϕi ∈ C∞

c (Ω), ϕi ≥ 0, ai ∈ R, and bi ∈ R
m,

i ∈ N.

Proof. Let G be the class of all functions g : Ω × R
m → [0,∞) of the form

g(x, z) = ϕ(x) (a+ b · z)+ , (x, z) ∈ Ω × R
m,

where ϕ ∈ C∞
c (Ω), ϕ ≥ 0, a ∈ R, and b ∈ R

m, and such that g(x, z) ≤ f(x, z)
for all (x, z) ∈ Ω × R

m. Note that G �= ∅ because 0 ∈ G.
We claim that

f(x, z) = sup
g∈G

g(x, z) for all (x, z) ∈ Ω × R
m. (6.30)

By definition of G, it follows that

f ≥ sup
g∈G

g.

Conversely, fix x0 ∈ Ω, ε > 0, and let δ be such that (6.29) is satisfied.
Consider a cutoff function ϕ ∈ C∞

c (Ω), with 0 ≤ ϕ ≤ 1, ϕ ≡ 1 on B(x0, δ/2),
ϕ ≡ 0 outside B(x0, δ). Using Proposition 4.77 we can write
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f(x0, z) = sup
i∈N

(ai + bi · z)+ ,

for some ai ∈ R and bi ∈ R
m. Consider

fε
i (x, z) := (1− ε)ϕ(x) (ai + bi · z)+ .

By (6.29) it follows that fε
i ∈ G, and we get

(1− ε)f(x0, z) = sup
i∈N

fε
i (x0, z) ≤ sup

g∈G
g(x0, z);

hence the claim (6.30) follows by letting ε→ 0+.
By Proposition 4.78 and (6.30) there exists a sequence fi in G such that

f(x, z) = supi∈N fi(x, z) for all (x, z) in Ω × R
m.

Remark 6.41. (i) By further specializing the class G, we may also assume the
functions ϕj to have the form

ϕj(x) = ϕ1
j (x1)ϕ2

j (x2) . . . ϕN
j (xN ),

where ϕi
j ∈ C∞

c (Ω), ϕi
j ≥ 0, i = 1, . . . , N , j ∈ N.

(ii) In the case in which Ω is replaced by a measurable set E, the statement of
the proposition still holds, provided the functions ϕi are required only to
be continuous and bounded, and the proof is similar with obvious adap-
tations.

We are now ready to prove the general case.

Proposition 6.42. Let E ⊂ R
N be a Lebesgue measurable set and let f :

E × R
m → (−∞,∞] be a lower semicontinuous function such that f (x, ·) is

convex in R
m for all x ∈ E. Assume that one of the following two conditions

is satisfied:

(i) there exists a continuous function v0 : E → R
m with

(f(·, v0(·)))+ ∈ L∞(E); (6.31)

(ii) the set E is closed and there exists a function γ : [0,∞) → [0,∞), with

lim
s→∞

γ (s)
s

=∞

such that
f (x, z) ≥ γ (|z|)

for all x ∈ E and z ∈ R
m.
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Then there exist two sequences of continuous functions

ai : E → R, bi : E → R
m,

such that
f(x, z) = sup

i∈N

{ai(x) + bi(x) · z}

for all x ∈ E and z ∈ R
m.

Moreover, if f is nonnegative, then the functions ai and bi may be taken
to be bounded and condition (i) may be weakened to

(f(·, v0(·)))+ ∈ L∞
loc(E). (6.32)

Proof. Step 1: Assume first that condition (i) is satisfied and define

g(x, z) := f(x, z + v0(x))− C0,

where C0 :=
∥∥∥(f(·, v0(·)))+

∥∥∥
L∞(E;R)

. Then g satisfies the same hypotheses of

f and
−∞ < g(x, 0) = f(x, v0(x))− C0 ≤ 0. (6.33)

Consider the multifunction

Γ : E → {C ⊂ R× R
m : C �= ∅, convex, closed}

defined by

Γ (x) := {(a, b) ∈ R× R
m : g(x, z) ≥ a+ b · z for all z ∈ R

m} .

By Proposition 4.75 we have that Γ (x) is well-defined. We claim that Γ is
lower semicontinuous. Fix an open set A ⊂ R× R

m. We need to show that

Γ−(A) := {x ∈ E : Γ (x) ∩A �= ∅}

is relatively open in E. Assume that Γ−(A) �= ∅ and fix x0 ∈ Γ−(A), (a0, b0) ∈
A, and ε > 0 such that

g(x0, z) ≥ a0 + b0 · z for all z ∈ R
m, (6.34)

{(a, b) ∈ R× R
m : |a− a0|+ |b− b0| < 4ε} ⊂ A. (6.35)

We claim that there exists an open ball B in R
N containing x0 such that

g(x, z) ≥ a0 + b0 · z − ε(1 + |z|) for all x ∈ B ∩ E and z ∈ R
m. (6.36)

Assume that (6.36) is false. Then there exist a sequence {xn} ⊂ E converging
to x0 and a sequence {zn} ⊂ R

m such that

g(xn, zn) < a0 + b0 · zn − ε(1 + |zn|) for all n ∈ N. (6.37)
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If supn |zn| < ∞, then we can assume that zn converges to some z0 ∈ R
m,

and due to the lower semicontinuity of g, letting n→∞ in (6.37) we get

g(x0, z0) ≤ a0 + b0 · z0 − ε(1 + |z0|),

which contradicts (6.34). Therefore supn |zn| = ∞, and without loss of gener-
ality we can assume that |zn| → ∞, with

wn :=
zn

|zn|
→ w0

for some w0 ∈ R
m as n→∞. Fix γ > 0 and let n be so large that |zn|γ > 1.

By the convexity of g(x, ·) and (6.37),

g

(
xn,

wn

γ

)
− a0 − b0 ·

wn

γ

≤ 1
γ|zn|

[g(xn, zn)− a0 − b0 · zn] +
(

1− 1
γ|zn|

)
(g(xn, 0)− a0)

≤ −ε(1 + |zn|)
γ|zn|

− a0

(
1− 1

γ|zn|

)
,

where we have used the fact that g(xn, 0) ≤ 0 by (6.33). Letting n→∞ and
using the lower semicontinuity of g and (6.34) gives

0 ≤ g

(
x0,

w0

γ

)
− a0 − b0 ·

w0

γ
≤ − ε

γ
− a0 < 0,

provided γ is taken sufficiently small. We arrive at a contradiction, and this
proves (6.36).

Next we claim that B ∩ E ⊂ Γ−(A). Fix x ∈ B ∩ E and define

h (z) := g(x, z)− (a0 + b0 · z) , z ∈ R
m.

By (6.36) and Theorem 4.19 applied to the convex sets epih and

C := {(z, t) ∈ R
m × R : t+ 2ε+ ε|z| ≤ 0}

we may find (b′, α0) ∈ (Rm × R) \ {(0, 0)} and a number α ∈ R such that

b′ · z + α0t ≥ α for all (z, t) ∈ epih, (6.38)
b′ · z + α0t ≤ α for all (z, t) ∈ C.

Let z ∈ dome h. Then for any t ≥ h (z),

b′ · z + α0t ≥ α,

and so, letting t→∞ we obtain that α0 ≥ 0. If α0 = 0, then, since for every
s > 0 the point (sb′,−2ε− εs|b′|) is in C, we obtain
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s |b′|2 ≤ α

for all s > 0, which can hold only if b′ = 0. Since this would contradict the
fact that (b′, α0) �= (0, 0), we have that α0 > 0, and so from (6.38) we obtain

h (z) ≥ α

α0
− b′

α0
· z ≥ −2ε− ε|z| for all z ∈ R

m.

Setting a := α
α0

and b := − b′

α0
, we have proved that

g(x, z)− a0 − b0 · z ≥ a+ b · z ≥ −2ε− ε|z| for all z ∈ R
m.

Consequently, a ≥ −2ε and |b| ≤ ε. Let ω := inf{a, 2ε}. Then

g(x, z) ≥ a0 + ω + (b0 + b) · z for all z ∈ R
m,

and thus by (6.35) it follows that x ∈ Γ−(A), and the claim is proved.
Next we show that for every (x, z) ∈ E × R

m,

g(x, z) = sup {a(x) + b(x) · z : a ∈ C (E) , b ∈ C (E; Rm) , (6.39)
g (y, ξ) ≥ a(y) + b(y) · ξ for all y ∈ E and ξ ∈ R

m} .

One inequality is immediate. To prove the reverse inequality fix (x0, z0) ∈
E × R

m and let
g(x0, z0) > t.

Since
g(x0, z0) = sup {a+ b · z0 : (a, b) ∈ Γ (x0)} ,

there exists (a0, b0) ∈ Γ (x0) such that

a0 + b0 · z0 > t.

Since Γ is lower semicontinuous, by the Micheal continuous selection theorem
we may find a ∈ C (E), b ∈ C (E; Rm) such that (a (x) , b (x)) ∈ Γ (x) for
every x ∈ E and

(a (x0) , b (x0)) = (a0, b0) .

Therefore the supremum in the right-hand side of (6.39) at the point (x0, z0)
is bigger than t, and letting t↗ g(x0, z0) we conclude (6.39).

By Proposition 4.78 we get the desired result for the function g, say,

g(x, z) = sup
i∈N

{ãi(x) + bi(x) · z}

for all x ∈ E and z ∈ R
m, and some ãi ∈ C (E), bi ∈ C (E; Rm). We conclude

that
f (x, z) = sup

i∈N

{ai(x) + bi(x) · z}

for all x ∈ E and z ∈ R
m, where
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ai(x) := ãi(x)− bi(x) · v0(x) + C0.

We recall that v0 is a continuous function.
Finally, if f is nonnegative and (6.32) holds, for each n ∈ N let ψn ∈

C∞
c

(
R

N
)
, 0 ≤ ψn ≤ 1, be a cutoff function such that ψn (x) = 1 for |x| ≤ n

and ψn (x) = 0 for |x| ≥ n+ 1. Define

fn (x, z) := ψn (x) f (x, z) , (x, z) ∈ E × R
m.

Then f satisfies the same hypotheses of f and also (6.31). Thus, we can apply
the first part of the proof to fn to find two sequences of continuous functions

ai,n : E → R, bi,n : E → R
m,

such that
fn(x, z) = sup

i∈N

{ai,n(x) + bi,n(x) · z} (6.40)

for all x ∈ E, z ∈ R
m, and n ∈ N. Since f ≥ 0, we have that f = supn∈N fn,

and so by (6.40) we obtain

f(x, z) = sup
i,n∈N

{ai,n(x) + bi,n(x) · z}

for all x ∈ E, z ∈ R
m. As in the final part of the proof of Theorem 6.36 we

may take the functions ai,n and bi,n to be bounded. Note that the trunca-
tion function σk (s) is Lipschitz continuous. This completes the proof of the
proposition in the case that (i) holds.

Step 2: Next we assume that condition (ii) holds, and without loss of gener-
ality, we suppose that f ≥ 1 and γ ≥ 1 (if not, carry out the proof with f + 1
and γ + 1 in place of f and γ, respectively).

Define the Yosida transform

fn (x, z) := inf {f (y, z) + n |x− y| : y ∈ E} ,

x ∈ E, z ∈ R
m. For each n ∈ N,

f(x, z) ≥ fn+1 (x, z) ≥ fn (x, z) ≥ γ (|z|)

for all x ∈ E, z ∈ R
m. We claim that

f(x, z) = sup
n
fn (x, z) , (6.41)

x ∈ E, z ∈ R
m. This follows from the previous inequality if supn fn (x, z) =∞,

so fix (x, z) ∈ E × R
m such that supn fn (x, z) < ∞. By the definition of

fn (x, z) we may find a sequence {xn} ⊂ E such that for each n ∈ N,

fn (x, z) ≥ f (xn, z) + n |x− xn| −
1
2n

.
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Since supn fn (x, z) < ∞, it follows that xn → x, and thus, using the lower
semicontinuity of f , we obtain that

lim
n→∞

fn (x, z) ≥ lim inf
n→∞

(
f (xn, z) + n |x− xn| −

1
2n

)

≥ lim inf
n→∞

f (xn, z) ≥ f (x, z) ,

and the claim is proved.
Next we show that for each n ∈ N the function fn(x, ·) is lower semi-

continuous. Indeed, let zk → z. Without loss of generality we may assume
that

lim inf
k→∞

fn (x, zk) = lim
k→∞

fn (x, zk) <∞

(since otherwise there is nothing to prove), and so there exists a bounded
sequence {xk} ⊂ E such that

fn (x, zk) ≥ f (xk, zk) + n |x− xk| −
1
2k

.

By extracting a subsequence if necessary, and since E is closed, we may assume
that xk → x0 ∈ E. Letting k →∞ in the previous inequality, and using once
again the lower semicontinuity of f , we get

lim inf
k→∞

fn (x, zk) ≥ lim inf
k→∞

(
f (xk, zk) + n |x− xk| −

1
2k

)

≥ f (x0, z) + n |x− x0| ≥ fn (x, z) .

Thus we are in a position to apply Proposition 4.102, and in view of the
convexity of f(x, ·) we have

f(x, z) = sup
n
f∗∗

n (x, z). (6.42)

We claim that condition (6.29) is satisfied. Indeed, fix ε > 0 and let 0 < δ ≤
ε/n. If |x− x0| ≤ δ and x ∈ E, since f∗∗

n ≥ 1, then

εf∗∗
n (x0, z) ≥ n |x− x0| ,

and using the fact that

f∗∗
n (x, z) + n |x− x0| ≥ f∗∗

n (x0, z) (6.43)

for every x ∈ E and z ∈ R
m, we conclude that

f∗∗
n (x, z) ≥ f∗∗

n (x0, z)− n |x− x0| ≥ (1− ε) f∗∗
n (x0, z)

for all |x− x0| ≤ δ and z ∈ R
m.

We may now apply Remark 6.41(ii) to approximate each function f∗∗
n (x, z).

If f is nonnegative, then as in the final part of the proof of Theorem 6.36
we may take the functions ai and bi to be bounded. Note that the truncation
function σk (s) is Lipschitz continuous.
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The convex envelope of an LN × B measurable integrand is normal. This
property follows from the proposition below.

Proposition 6.43. Let E ⊂ R
N be a Lebesgue measurable set and let f :

E ×R
m → [−∞,∞] be LN ×B measurable. Then f∗, and therefore also f∗∗,

is a normal integrand.

Proof. Since f is LN × B measurable, then so is the function

h : E × R
m × R → [−∞,∞]

defined by
h (x, z, t) := f (x, z)− t.

In turn, the set

F := {(x, z, t) ∈ E × R
m × R : h (x, z, t) ≤ 0}

is LN ×B (Rm × R) measurable. By the projection theorem, the projection of
F onto R

N , denoted by E∞, is Lebesgue measurable.
Define the multifunction

Γ : E∞ → P
(
R

m+1
)
\ {∅}

as

Γ (x) := epi f (x, ·) = {(z, t) ∈ R
m × R : f (x, z) ≤ t} , x ∈ E∞.

Since

GrΓ = {(x, z, t) ∈ E∞ × R
m × R : (z, t) ∈ Γ (x)}

= {(x, z, t) ∈ E∞ × R
m × R : f (x, z) ≤ t} = F ,

it follows that GrΓ is LN × B (Rm × R) measurable, and so by Aumann’s
measurable selection theorem there exists a sequence of Lebesgue measurable
functions {(vn, ψn)}, vn : E∞ → R

m, ψn : E∞ → R, n ∈ N, such that for each
x ∈ E∞ the set {(vn (x) , ψn (x))}n∈N

is dense in epi f (x, ·).
We claim that for all (x,w) ∈ E∞ × R

m,

f∗ (x,w) = sup
(z,t)∈epi f(x,·)

{z · w − t} .

Indeed, if (x,w) ∈ E∞×R
m, then f (x, ·) �≡ ∞, and so epi f (x, ·) is nonempty.

Let (z′, t) ∈ epi f (x, ·). Then

f∗ (x,w) = sup
z∈Rm

{z · w − f (x, z)} ≥ z′ · w − f (x, z0) ≥ z′ · w − t

and so
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f∗ (x,w) ≥ sup
(z,t)∈epi f(x,·)

{z · w − t} .

The reverse inequality follows from the facts that

f∗ (x,w) = sup {z · w − f (x, z) : z ∈ dome f (x, ·)}

and that (z, f (x, z)) ∈ epi f (x, ·) for all z ∈ dome f (x, ·).
Thus the claim holds, and so, since for each x ∈ E∞, the set

{(vn (x) , ψn (x))}

is dense in epi f (x, ·), we have that for all (x,w) ∈ E∞ × R
m,

f∗ (x,w) = sup
n∈N

{vn (x) · w − ψn (x)} .

For each n ∈ N define the Carathéodory function

gn (x,w) := vn (x) · w − ψn (x) , (x,w) ∈ E∞ × R
m.

Then we have proved that for all (x,w) ∈ E∞ × R
m,

f∗ (x,w) = sup
n∈N

gn (x,w) .

Since Carathéodory functions are normal integrands, it follows that f∗ : E∞×
R

m → [−∞,∞] is a normal integrand. On the other hand, if x /∈ E∞, then
f (x, ·) ≡ ∞, and so

f∗ (x, ·) ≡ −∞.

Since the set E \ E∞ is measurable, it follows that f∗ : E × R
m → [−∞,∞]

is a normal integrand.

The next proposition will be used in the proof of Theorems 6.49 and 7.13.

Proposition 6.44. Let E ⊂ R
N be a Lebesgue measurable set with finite

measure and let s : E × R
m → [0,∞] be such that for LN a.e. x ∈ E the

function s (x, ·) is lower semicontinuous on R
m. Then there exists a normal

integrand g : E × R
m → [0,∞] such that

(i) s (x, z) ≤ g (x, z) for LN a.e. x ∈ E and for all z ∈ R
m;

(ii) if h : E × R
m → [0,∞] is LN × B measurable and s (x, z) ≤ h (x, z) for

LN a.e. x ∈ E and for all z ∈ R
m, then g (x, z) ≤ h (x, z) for LN a.e.

x ∈ E and for all z ∈ R
m;

(iii) for every v ∈ L1 (E; Rm) and for every Borel set G ⊂ E,
∫

G

g (x, v (x)) dx = inf
{∫

G

ψ (x) dx: ψ : G→ [0,∞] measurable,

ψ (x) ≥ s (x, v (x)) for LN a.e. x ∈ G
}
.
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Moreover, if m = d+ l with d, l ∈ N, and if for LN a.e. x ∈ E and for all
u ∈ R

d the function s (x, u, ·) is convex in R
l, then the same holds for g.

Proof. By Proposition 1.68 the set E is the union of a Borel set with a set of
Lebesgue measure zero. Therefore, without loss of generality we may assume
that E is a Borel set.

Using the same notation as in the proof of Corollary 6.30, by (6.24) we
can write

s (x, z) = sup
n
χGn

(x) rnχAn
(z)

for every (x, z) ∈ E × R
m, where

Gn := {x ∈ E : s (x, ·) ≥ rnχAn
(·)} .

Since the Lebesgue outer measure is a Radon outer measure, it follows by
Remark 1.51 that for every n ∈ N there exists a Borel set Bn ⊃ Gn such that

LN
o (Gn) = LN (Bn) . (6.44)

Note that since E is Borel and Gn ⊂ E, we can assume that Bn ⊂ E. Define

g (x, z) := sup
n
χBn

(x) rnχAn
(z) (6.45)

for every (x, z) ∈ E ×R
m. The function g is a Borel function with s ≤ g, and

this proves (i).
To verify (ii) let h : E × R

m → [0,∞] be an LN × B measurable function
such that s (x, z) ≤ h (x, z) for LN a.e. x ∈ E and for all z ∈ R

m, and let
v : E → R

m be a Lebesgue measurable function.
For n ∈ N set

Fn := {x ∈ E : h (x, v (x)) ≥ χBn
(x) rnχAn

(v (x))} .

The set Fn is Lebesgue measurable and

LN (Gn \ Fn) = 0. (6.46)

Indeed, let Eh be a Lebesgue measurable set in E, with LN (E \ Eh) = 0, and
such that s ≤ h in Eh × R

m. If x ∈ Gn ∩ Eh, then, since Bn ⊃ Gn,

h (x, v (x)) ≥ s (x, v (x)) ≥ rnχAn
(v (x)) = χBn

(x) rnχAn
(v (x)) ,

and thus x ∈ Fn. This proves (6.46). In particular, by (6.44),

LN (Bn \ Fn) = 0,

and so
h (x, v (x)) ≥ χBn

(x) rnχAn
(v (x))

for LN a.e. x ∈ E and for all n ∈ N. Consequently, by (6.45),
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h (x, v (x)) ≥ g (x, v (x))

for LN a.e. x ∈ E, and so
∫

G

h (x, v (x)) dx ≥
∫

G

g (x, v (x)) dx

for every Lebesgue measurable set G ⊂ E and for all Lebesgue measurable
functions v : E → R

m. By Proposition 6.24 we obtain (ii).
Now we prove (iii). Fix v ∈ L1 (E; Rm) and a Borel set G ⊂ E. Setting

ψ1 (x) := g (x, v (x)), it follows that
∫

G

g (x, v (x)) dx =
∫

G

ψ1 (x) dx

≥ inf
{∫

G

ψ (x) dx: ψ : G→ [0,∞] measurable,

ψ (x) ≥ s (x, v (x)) for LN a.e. x ∈ G
}

.

Conversely, if ψ is admissible for the right-hand side of the above inequal-
ity, then an argument similar to that used to establish (ii), where now ψ (x)
replaces h (x, v (x)), yields

ψ (x) ≥ g (x, v (x))

for LN a.e. x ∈ G.
Finally, assume that m = d+ l with d, l ∈ N, and that for LN a.e. x ∈ E,

and for all u ∈ R
d the function s (x, u, ·) is convex in R

l. For every Borel set
G ⊂ E and for every Lebesgue measurable function u : G → R

d, v : G → R
l

define
∫ ∗

G

s (x, u (x) , v (x)) dx := inf
{∫

G

ψ (x) dx: ψ : G→ [0,∞] measurable,

ψ (x) ≥ s (x, u (x) , v (x)) for LN a.e. x ∈ G
}
.

Note that the map

v �→
∫ ∗

G

s (x, u (x) , v (x)) dx

is convex, and by (iii) so is

v �→
∫

G

g (x, u (x) , v (x)) dx.

Hence for any fixed θ ∈ [0, 1] ∩Q and v, w ∈ L∞ (
E; Rl

)
we have
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∫
G

g (x, u (x) , (1− θ) v (x) + θw (x)) dx

≤ (1− θ)
∫

G

g (x, u (x) , v (x)) dx+ θ

∫
G

g (x, u (x) , w (x)) dx.

Since this is true for all G ∈ B (E), u ∈ L∞ (
E; Rd

)
, and v, w ∈ L∞ (

E; Rl
)
,

it follows from Proposition 6.24 that there exists a set Nθ ⊂ E, with |Nθ| = 0,
such that

g (x, u, (1− θ) ζ + θw) ≤ (1− θ) g (x, u, ζ) + θg (x, u,w) (6.47)

for all x ∈ E \Nθ, u ∈ R
d, and ζ, w ∈ R

l. Let

N0 :=
⋃

θ∈[0,1]∩Q

Nθ.

Then |N0| = 0 and (6.47) holds for all θ ∈ [0, 1] ∩Q, x ∈ E \N0, u ∈ R
d, and

all ζ, w ∈ R
l. Now fix θ ∈ [0, 1] and let θn ∈ [0, 1] ∩ Q be such that θn → θ.

By (6.47),

g (x, u, (1− θn) ζ + θnw) ≤ (1− θn) g (x, u, ζ) + θng (x, u,w)

for all n ∈ N, x ∈ E \N0, u ∈ R
d, and all ζ, w ∈ R

l. By letting n → ∞ and
using the fact that g (x, u, ·) is lower semicontinuous in R

l for LN a.e. x ∈ E,
we establish that for LN a.e. x ∈ E the function g (x, u, ·) is convex. This
concludes the proof.

6.3 Well-Posedness

Throughout this section we assume that the set E has finite measure. Let f :
E×R

m → [−∞,∞] be an LN ×B measurable function. For every measurable
function v : E → R

m consider the superposition operator

v �→ f (·, v (·)) .

In this section we study necessary and sufficient conditions for the super-
position operator to map Lp (E; Rm) into L1 (E). We begin with the case
1 ≤ p <∞.

6.3.1 Well-Posedness, 1 ≤ p < ∞

In this subsection we characterize the class of LN ×B measurable integrands
f for which ∫

E

(f (x, v (x)))− dx <∞



6.3 Well-Posedness 429

for every v ∈ Lp (E; Rm). The main result of this subsection is given by the
following theorem. Note that although its proof its somewhat involved, the
main novelty with respect to similar results available in the literature (see,
e.g., [Bu89], [Kr76]) is that no regularity assumptions (e.g., continuity or lower
semicontinuity) are made on f (x, ·).

Theorem 6.45. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, let 1 ≤ p < ∞, and let f : E × R
m → [−∞,∞] be LN × B measurable.

Then ∫
E

(f (x, v (x)))− dx <∞ (6.48)

for every v ∈ Lp (E; Rm) if and only if there exist a nonnegative function
γ ∈ L1 (E) and a constant C > 0 such that

f (x, z) ≥ −C |z|p − γ (x) for LN a.e. x ∈ E and for all z ∈ R
m. (6.49)

Proof. If (6.49) holds, then

(f (x, z))− ≤ C |z|p + γ (x)

for LN a.e. x ∈ E and for all z ∈ R
m, and therefore (6.48) is satisfied.

To prove the converse implication, we observe that replacing f by −f−,
we may assume without loss of generality that f ≤ 0.

Step 1: Fix a Borel function g : E → [1,∞] and for every v ∈ Lp (E; Rm)
define the function gv : E → [−∞, 0] as

gv (x) :=
{
f (x, v (x)) if |v (x)| ≤ g (x) ,
0 otherwise. (6.50)

Let J (g) : E → [−∞, 0] be the essential infimum of the family

{gv : v ∈ Lp (E; Rm)} .

By Remark 1.107(i) it follows that if g1, g2 : E → [1,∞] are two measurable
functions such that g1 = g2 LN a.e. in some Borel set B ∈ B (E), then

J (g1) = J (g2) LN a.e. in B. (6.51)

Step 2: For each x ∈ E and n ∈ N define

h (x, n) := J (n) (x) .

We claim that there exist a function γ ∈ L1 (E) and a constant C > 0 such
that

h (x, n) ≥ −Cnp − γ (x) for LN a.e. x ∈ E and for all n ∈ N. (6.52)
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Assuming that the claim holds, in the remainder of this step we prove that
(6.49) is satisfied. For any v ∈ Lp (E; Rm) construct a function g ∈ Lp (E; N)
such that

|v (x)| ≤ g (x) ≤ |v (x)|+ 1 (6.53)

for LN a.e. x ∈ E.
We show that

h (x, g (x)) = J (g) (x) (6.54)

for LN a.e. x ∈ E. Indeed, since g is integer-valued, for each n ∈ N let

En := {x ∈ E : g (x) = n} .

By the locality property (6.51), for all n ∈ N and for LN a.e. x ∈ En we have

h (x, g (x)) = h (x, n) = J (n) (x) = J (g) (x) ,

which proves (6.54).
In turn, also by (6.50), (6.53), and (6.54), for every Borel set B and for

LN a.e. x ∈ B we have

f (x, v (x)) = gv (x) ≥ J (g) (x) = h (x, g (x)) ,

and so by (6.52) and (6.53),
∫

B

f (x, v (x)) dx ≥
∫

B

h (x, g (x)) dx ≥ −
∫

B

(C (g (x))p + γ (x)) dx

≥ −
∫

B

(C (|v (x)|+ 1)p + γ (x)) dx

≥ −
∫

B

[
C
(
2p−1 |v (x)|p + 2p−1

)
+ γ (x)

]
dx.

Since this inequality holds for all v ∈ Lp (E; Rm) and for every Borel set
B, we may apply Proposition 6.24 to deduce

f (x, z) ≥ −C
(
2p−1 |z|p + 2p−1

)
− γ (x)

for LN a.e. x ∈ E and for all z ∈ R
m.

The remainder of the proof is devoted to proving claim (6.52).

Step 3: Let g ∈ Lp (E; [1,∞)) and let t ∈ R be any number such that
t >

∫
E
J (g) (x) dx. We claim that there exists v ∈ Lp (E; Rm) such that

∫
E

f (x, v (x)) dx ≤ t, ‖v‖Lp(E;Rm) ≤ 2 ‖g‖Lp(E) .

Since t >
∫

E
J (g) (x) dx, by Proposition 1.92 we may find a nonpositive

simple function w ∈ L1 (E) such that t >
∫

E
w (x) dx and w ≥ J (g) LN a.e.

in E with strict inequality whenever J (g) < 0.
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By Theorem 1.108 there exists a sequence {vn} ⊂ Lp (E; Rm) such that

J (g) (x) = inf
n∈N

gvn
(x) (6.55)

for LN a.e. in E. Let Ẽ be the set of points of density one of E at which
(6.55) holds. Let E0 be the set of all points x ∈ Ẽ such that w (x) < 0, x is
a Lebesgue point of w, a p-Lebesgue point for g and all vn, and a point of
approximate continuity for all gvn

, where all the functions in question have
been extended by zero outside E.

Let λ be the measure defined for B ∈ B (E) by

λ (B) :=
∫

B

w (x) dx. (6.56)

Then λ (E \ E0) = 0.
If x ∈ E0, then J (g) (x) ≤ w (x) < 0, and so J (g) (x) < w (x). In particu-

lar, there exists nx ∈ N such that

0 > w (x) ≥ gvnx
(x) , (6.57)

and since gvnx
(x) < 0, it follows from (6.50) that

gvnx
(x) = f (x, vnx

(x)) ,

and in turn, we deduce that

g (x) ≥ |vnx
(x)| . (6.58)

Fix ε > 0 so small that

(1− ε)λ (E) < t, (6.59)

and find rx > 0 such that for all 0 < r < rx we have

‖vnx
‖Lp(B(x,r)∩E;Rm) < 2 ‖g‖Lp(B(x,r)∩E) , (6.60)∣∣{y ∈ B (x, r) ∩E :

∣∣gvnx
(y)− gvnx

(x)
∣∣ ≥ ε

}∣∣
|B (x, r) ∩ E| ≤ ε, (6.61)

∫
B(x,r)∩E

w (y) dy ≥ |B (x, r) ∩ E| (w (x)− ε) .

(6.62)

Note that to obtain (6.60) we have used the fact that x is a p-Lebesgue point
for g and vnx

, (6.58), and the fact that g (x) ≥ 1 (this is the first and only
time that we use the fact that g is bounded away from zero).

We observe that for all 0 < r < rx,
∫

B(x,r)∩E

gvnx
(y) dy ≤ (1− ε) |B (x, r) ∩ E|

(
gvnx

(x) + ε
)
. (6.63)
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Indeed, since gvnx
≤ 0 if gvnx

(x)+ε ≥ 0 then the inequality holds. If gvnx
(x)+

ε < 0, then
∫

B(x,r)∩E

gvnx
(y) dy ≤

∫
B(x,r)∩E∩{|gvnx

(·)−gvnx
(x)|≤ε}

gvnx
(y) dy

≤
(
gvnx

(x) + ε
) ∣∣{y ∈ B (x, r) ∩ E :

∣∣gvnx
(y)− gvnx

(x)
∣∣ ≤ ε

}∣∣
≤
(
gvnx

(x) + ε
)
(1− ε) |B (x, r) ∩ E| ,

where we have used (6.61).
Set G := {B (x, r) : x ∈ E0, 0 < r < rx}. By the Vitali–Besicovitch cover-

ing theorem there exist disjoint balls B (x1, r1) , . . . , B (xk, rk) such that

λ

(
E0 \

k⋃
i=1

B (xi, ri)

)
≥ −ε. (6.64)

Define

v (x) :=
{
vnxi

(x) if x ∈ B (xi, ri) ∩ E, i = 1, . . . , k,
0 otherwise.

By (6.60) we have

‖v‖p
Lp(E;Rm) ≤

k∑
i=1

∥∥vnxi

∥∥p

Lp(B(xi,ri)∩E;Rm)
≤ 2p ‖g‖p

Lp(E) .

Moreover, by (6.50), (6.56), (6.57), (6.58), (6.62), (6.63), and (6.64), since
λ (E) = λ (E0) < t and f ≤ 0, we have

∫
E

f (x, v) dx ≤
k∑

i=1

∫
B(xi,ri)∩E

f
(
x, vnxi

(x)
)
dx

≤
k∑

i=1

∫
B(xi,ri)∩E

gvnxi
(y) dy

≤ (1− ε)
k∑

i=1

|B (xi, ri) ∩ E|
(
gvnxi

(xi) + ε
)

≤ (1− ε)
k∑

i=1

|B (xi, ri) ∩ E| (w (xi) + ε)

≤ (1− ε)
k∑

i=1

∫
B(xi,ri)∩E

(w (y) + 2ε) dy

≤ (1− ε)λ

(
k⋃

i=1

B (xi, ri) ∩ E
)

+ 2ε |E|

≤ (1− ε)λ (E) + ε+ 2ε |E| ≤ t,
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provided ε is sufficiently small and where we have used (6.59).

Step 4: Let g ∈ Lp (E; [1,∞)). We claim that
∫

E

J (g) (x) dx > −∞.

Indeed, assume by contradiction that
∫

E
J (g) (x) dx = −∞. By Corollary

1.90 we may find a sequence of disjoint sets En such that
∫

En

J (g) (x) dx = −∞.

Applying Step 3 to each En we may find functions vn ∈ Lp (En; Rm) such
that ∫

En

f (x, vn) dx ≤ −1, ‖vn‖Lp(En;Rm) ≤ 2C ‖g‖Lp(En) .

Defining

v :=
∞∑

n=1

vnχEn
,

then v ∈ Lp (E; Rm) and

−∞ <

∫
E

f (x, v) dx ≤
∞∑

n=1

∫
En

f (x, vn) dx ≤
∞∑

n=1

−1 = −∞,

which is a contradiction.

Step 5: We claim that there exists an integer k ∈ N such that the function
ψk : E → N∪{∞} defined by

ψk (x) := sup {n ∈ N : h (x, n) ≤ −knp} , x ∈ E, (6.65)

belongs to Lp (E). Indeed, assume by contradiction that
∫

E
(ψk)p

dx = ∞ for
all k ∈ N. By Corollary 1.90 there exist pairwise disjoint Borel sets Bk ∈ B (E)
such that ∫

Bk

(ψk)p
dx =∞ for all k ∈ N. (6.66)

By the definition of ψk we may find measurable functions wk : Bk → N such
that

h (x,wk (x)) ≤ −k (wk (x))p for all x ∈ Bk and
∫

Bk

(wk)p
dx ≥ 1

k2
. (6.67)

Indeed, set
Ck := {x ∈ Bk : ψk (x) =∞} . (6.68)

If |Ck| = 0, we can simply take wk := ψk, while if |Ck| > 0, then since (6.66)
continues to hold on Ck, without loss of generality we can replace Bk with
Ck. For each x ∈ Ck we define
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wk (x) := min

{
n ∈ N : h (x, n) ≤ −knp, n ≥ 1

k
2
p |Ck|

1
p

}
.

Note that in view of (6.65) and (6.68), wk is measurable and well-defined, and
that (6.67) holds.

Find Borel sets Ek ⊂ Bk such that∫
Ek

(wk)p
dx =

1
k2

and define

w (x) :=
{
wk (x) if x ∈ Ek, k ∈ N,
1 otherwise.

Then w ∈ Lp (E), since

∫
E

(w)p
dx =

∞∑
k=1

∫
Ek

(wk)p
dx+

∣∣∣∣∣E \
∞⋃

k=1

Ek

∣∣∣∣∣ ≤
∞∑

k=1

1
k2

+ |E| <∞,

while (6.67) and the fact that h ≤ 0 yields
∫

E

J (w) (x) dx =
∫

E

h (x,w (x)) dx ≤
∞∑

k=1

∫
Ek

h (x,wk (x))

≤ −
∞∑

k=1

∫
Ek

k (wk (x))p = −
∞∑

k=1

1
k

= −∞,

which contradicts Step 4. Note that we have used the fact that w (E) ⊂ N, so
that h (x,w (x)) := J (w) (x) for LN a.e. x ∈ E. Hence the claim holds and
there exists k ∈ N such that ψk ∈ Lp (E).

By the definition of ψk we have that

h (x, n) > −knp (6.69)

for all x ∈ E and all integers n > ψk (x). Since 1 ≤ ψk (x) < ∞ for LN a.e.
x ∈ E, we may find a measurable function ψ : E → N that is everywhere less
than or equal to ψk and such that

h (x, ψ (x)) = min {h (x, n) : n ≤ ψk (x)} for LN a.e. x ∈ E.

Set γ (x) := −h (x, ψ (x)). Since 0 ≤ ψ ≤ ψk ∈ Lp (E), by Step 4 we de-
duce that γ ∈ L1 (E) (where again we have used the fact that h (x, ψ (x)) =
J (ψ) (x)), which, together with (6.69), yields (6.52).

By applying the previous theorem to f and −f we obtain necessary
and sufficient conditions for a superposition operator v �→ f (·, v (·)) to map
Lp (E; Rm) into L1 (E). Note that, in contrast to classical results in the liter-
ature (see Lemma 17.6 in [Kr76]), no continuity assumptions are made on f
in the z variable.
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Corollary 6.46 (Integral operators). Let E ⊂ R
N be a Lebesgue measur-

able set with finite measure, let 1 ≤ p <∞, and let f : E×R
m → [−∞,∞] be

LN × B measurable. Then the superposition operator v �→ f (·, v (·)) maps
Lp (E; Rm) into L1 (E) if and only if there exist a nonnegative function
γ ∈ L1 (E) and a constant C > 0 such that

|f (x, z)| ≤ C |z|p + γ (x) for LN a.e. x ∈ E and for all z ∈ R
m.

6.3.2 Well-Posedness, p = ∞

The proof for the case p = ∞ follows from the results in the previous subsec-
tion.

Theorem 6.47. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, and let f : E × R
m → [−∞,∞] be LN × B measurable. Then∫

E

(f (x, v (x)))− dx <∞

for every v ∈ L∞ (E; Rm) if and only if for every M > 0 there exists a
nonnegative function γM ∈ L1 (E) such that

f (x, z) ≥ −γM (x) (6.70)

for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤M .

Proof. Fix M > 0 and define the functions

τM (z) :=

{
z if |z| ≤M ,
z

|z|M if |z| > M , (6.71)

and
fM (x, z) := f (x, τM (z)) . (6.72)

We claim that the functional

v ∈ L1 (E; Rm) �→
∫

E

fM (x, v (x)) dx (6.73)

is well-defined and does not take the value −∞. Indeed, this follows from the
fact that if v ∈ L1 (E; Rm), then τM ◦ v ∈ L∞ (E; Rm) and∫

E

fM (x, v (x)) dx =
∫

E

f (x, (τM ◦ v) (x)) dx.

By Theorem 6.45 there exist a function aM ∈ L1 (E) and a constant CM > 0
such that

fM (x, z) ≥ −CM |z| − aM (x) for LN a.e. x ∈ E and for all z ∈ R
m.

In particular,
f (x, z) ≥ −CMM − aM (x)

for LN a.e. x ∈ E and for all z ∈ R
m with |z| ≤M .
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As in the previous subsection, by applying the previous theorem to f
and −f we can characterize the class of operators v �→ f (·, v (·)) that map
L∞ (E; Rm) into L1 (E).

Corollary 6.48 (Integral operators). Let E ⊂ R
N be a Lebesgue mea-

surable set with finite measure, and let f : E × R
m → [−∞,∞] be LN × B

measurable. Then the superposition operator v �→ f (·, v (·)) maps L∞ (E; Rm)
into L1 (E) if and only if for every M > 0 there exists a nonnegative function
γM ∈ L1 (E) such that

|f (x, z)| ≤ γM (x)

for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤M .

6.4 Sequential Lower Semicontinuity

In this section we study necessary and sufficient conditions for the sequential
lower semicontinuity of functionals of the form

v ∈ Lp (E; Rm) �→
∫

E

f(x, v (x)) dx, (6.74)

where 1 ≤ p ≤ ∞ and
f : E × R

m → [−∞,∞]

is LN × B measurable.
We are interested in the following types of convergence:

• strong convergence in Lp (E; Rm) for 1 ≤ p ≤ ∞;
• weak convergence in Lp (E; Rm) for 1 ≤ p <∞;
• weak star convergence in L∞ (E; Rm);
• weak star convergence in the sense of measures in L1 (E; Rm).

From now on we will assume that the integrand f satisfies the appropriate
growth conditions from below that are necessary and sufficient to guarantee
that (f ◦ v)− ∈ L1 (E) for all v ∈ Lp (E; Rm), so that the functional

v ∈ Lp (E; Rm) �→
∫

E

f (x, v (x)) dx

is well-defined (see Theorems 6.45 and 6.47).

6.4.1 Strong Convergence in Lp, 1 ≤ p < ∞

In this subsection we study necessary and sufficient conditions for the se-
quential lower semicontinuity of the functional (6.74) with respect to strong
convergence in Lp.
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Theorem 6.49. Let E ⊂ R
N be a Lebesgue measurable set, let 1 ≤ p < ∞,

and let f : E × R
m → (−∞,∞] be LN × B measurable. Assume that there

exist a nonnegative function γ ∈ L1 (E) and a constant C > 0 such that

f (x, z) ≥ −C |z|p − γ (x) for LN a.e. x ∈ E and for all z ∈ R
m. (6.75)

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lp (E; Rm) if and only if (up to equivalent integrands) f (x, ·) is lower semi-
continuous in R

m for LN a.e. x ∈ E.

Proof. Without loss of generality we may assume that there exists v0 ∈
Lp (E; Rm) such that ∫

E

f (x, v0 (x)) dx <∞. (6.76)

The proof of the sufficiency part is very similar to that of Theorem 5.9, and
therefore we omit it.

We divide the proof of the necessity part into four steps.

Step 1: We claim that for every B ∈ B (E) the functional

v ∈ Lp (E; Rm) �→
∫

B

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lp (E; Rm). Indeed, let {vn} ⊂ Lp (E; Rm) be a sequence strongly converging
to some v ∈ Lp (E; Rm). Define

wn (x) :=
{
vn (x) if x ∈ B,
v0 (x) if x ∈ E \B, w (x) :=

{
v (x) if x ∈ B,
v0 (x) if x ∈ E \B.

Then wn → w in Lp (E; Rm) and thus
∫

B

f (x, v) dx+
∫

E\B

f (x, v0) dx =
∫

E

f (x,w) dx

≤ lim inf
n→∞

∫
E

f (x,wn) dx

= lim inf
n→∞

∫
B

f (x, vn) dx+
∫

E\B

f (x, v0) dx.

Hence ∫
B

f (x, v) dx ≤ lim inf
n→∞

∫
B

f (x, vn) dx,
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where we have used the fact that f (·, v0 (·)) ∈ L1 (E) by (6.75) and (6.76).

Step 2: Assume that E has finite measure and that f (x, z) ≥ 0 for LN

a.e. x ∈ E and all z ∈ R
m. Fix any countable set Y of Lp (E; Rm) and for

(x, z) ∈ E×R
m define

hY (x, z) :=
{
f (x,w (x)) if there is w ∈ Y such that w (x) = z,
∞ otherwise. (6.77)

By Exercise 6.50, hY is LN ×B measurable. Hence by Proposition 6.44(i) and
(ii), where the roles of the functions s and h there are played here by the
functions

sY (x, z) := lim inf
w→z

hY (x,w) , (x, z) ∈ E×R
m, (6.78)

and hY , respectively, there exists a normal integrand gY : E×R
m → [0,∞]

such that
sY (x, z) ≤ gY (x, z) ≤ hY (x, z) (6.79)

for LN a.e. x ∈ E and all z ∈ R
m. By (6.77), (6.78), and (6.79), we have that

f (x,w (x)) ≥ gY (x,w (x)) (6.80)

for LN a.e. x ∈ E and all w ∈ Y .

Step 3: For every v ∈ Lp (E; Rm) let B ⊂ E be any Borel set such that

B ⊂ {x ∈ E : gY (x, v (x)) ∈ R} .

We claim that for every ε > 0 there exists w ∈ Lp (E; Rm), with ‖w‖Lp(E;Rm) ≤
ε, and a Borel set B1 ⊂ E, with |B \B1| ≤ ε, such that

gY (x, v (x)) ≥ f (x, v (x) + w (x))− ε for LN a.e. x ∈ B1. (6.81)

Let B0 be the set of all points of B for which (6.79) holds for all z ∈ R
m

and that are points of density one for E, p-Lebesgue points for v and for
all functions w ∈ Y , and points of approximate continuity for gY (x,w (x))
and f (x,w (x)) for all w ∈ Y , where all the functions in question have been
extended by zero outside of E. Note that |B \B0| = 0.

Fix δ > 0. For every x ∈ B0 we have gY (x, v (x)) < ∞, and by (6.77),
(6.78), and (6.79), there exists vx ∈ Y such that

|v (x)− vx (x)| < δ, gY (x, v (x)) ≥ f (x, vx (x))− δ.

Since x ∈ B0, we may find rx > 0 such that for all 0 < r < rx we have

‖v − vx‖Lp(B(x,r)∩E;Rm) < 2δ |B (x, r) ∩ E|1/p , (6.82)

|B (x, r) ∩ {y ∈ E : gY (y, v (y)) ≥ f (y, vx (y))− 2δ}| (6.83)
≥ (1− δ) |B (x, r) ∩ E| .
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Set G := {B (x, r) : x ∈ B0, 0 < r < rx}. By the Vitali-Besicovitch covering
theorem there exist disjoint balls B (x1, r1) , . . . , B (xk, rk) such that

∣∣∣∣∣B0 \
k⋃

i=1

B (xi, ri)

∣∣∣∣∣ ≤ δ. (6.84)

Define

w (x) :=
{
vxi

(x)− v (x) if x ∈ B (xi, ri) ∩ E, i = 1, . . . , k,
0 otherwise.

By (6.82) we have

‖w‖p
Lp(E;Rm) ≤

k∑
i=1

‖vxi
− v‖p

Lp(B(xi,ri)∩E;Rm)

≤ 2pδp
k∑

i=1

|B (xi, ri) ∩ E| ≤ 2pδp |E| .

Let
B1 := {x ∈ E : gY (x, v (x)) ≥ f (x, v (x) + w (x))− 2δ} .

Since f (x, v (x) + w (x)) = f (x, vxi
(x)) for LN a.e. x ∈ B (xi, ri) ∩ E, by

(6.83) we have

|(B (xi, ri) ∩ E) \B1| ≤ δ |B (xi, ri) ∩ E|

and by (6.84),

|B \B1| = |B0 \B1| ≤
∣∣∣∣∣B0 \

k⋃
i=1

B (xi, ri)

∣∣∣∣∣+
k∑

i=1

|(B (xi, ri) ∩ E) \B1|

≤ δ +
k∑

i=1

|B (xi, ri) ∩ E| δ ≤ δ (1 + |E|) .

Hence (6.81) holds.

Step 4: We claim that
gY (x, z) ≥ f (x, z) (6.85)

for LN a.e. x ∈ E and all z ∈ R
m. In view of Proposition 6.24 it suffices to

show that ∫
B

gY (x, v) dx ≥
∫

B

f (x, v) dx (6.86)

for any fixed Borel set B ⊂ E and v ∈ Lp (E; Rm). If the left-hand side of
(6.86) is infinite there is nothing to prove. Thus, since gY ≥ 0, it suffices to
consider the case that gY (·, v (·)) ∈ L1 (B). Define
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T := {x ∈ B : gY (x, v (x)) ∈ R} .

Then |B \ T | = 0. By Step 3 (see (6.81)), for every n ∈ N there exists wn ∈
Lp (E; Rm), with ‖wn‖Lp(E;Rm) ≤ 1

2n , and a Borel setBn ⊂ E, with |T \Bn| ≤
1
2n , such that

gY (x, v (x)) ≥ f (x, v (x) + wn (x))− 1
2n

for LN a.e. x ∈ Bn.

For any fixed integer k ∈ N set

Ck :=
⋂
n>k

Bn.

Then v + wn converges to v in Lp (E; Rm) and

gY (x, v (x)) ≥ f (x, v (x) + wn (x))− 1
2k

for LN a.e. x ∈ Ck for all n > k. Hence by Step 1,
∫

B

gY (x, v) dx ≥
∫

Ck

gY (x, v) dx ≥ lim inf
n→∞

∫
Ck

[
f (x, v + wn)− 1

2k

]
dx

≥
∫

Ck

f (x, v) dx− 1
2k
|Ck| ≥

∫
Ck

f (x, v) dx− 1
2k
|E| ,

where we have used the fact that gY ≥ 0. Since |B \ T | = 0 we have

|B \ Ck| = |T \ Ck| ≤
∑
n>k

|T \Bn| ≤
∑
n>k

1
2n

=
1
2k
→ 0

as k →∞, and so letting k →∞ and using the Lebesgue dominated conver-
gence theorem we conclude (6.86).

Step 5: For each k ∈ N define the functional

v ∈ Lp (E; Rm) �→ Ik (v;E) :=
∫

E

fk (x, v (x)) dx,

where

fk (x, z) := Γk (f (x, z)) , Γk (s) :=
{
k if s > k,
s if 0 ≤ s ≤ k.

We claim that for every B ∈ B (E) the functional Ik (·;B) is sequentially lower
semicontinuous with respect to strong convergence in Lp (E; Rm) . Indeed, let
{vn} ⊂ Lp (E; Rm) be a sequence strongly converging to some v ∈ Lp (E; Rm)
and set

Y := {vn : n ∈ N} ∪ {v} .
By (6.80) and (6.85) we have that
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f (x, vn (x)) = gY (x, vn (x))

for LN a.e. x ∈ E and all n ∈ N, and hence

fk (x, vn (x)) = gY,k (x, vn (x))

for LN a.e. x ∈ E and all n ∈ N and where gY,k := Γk ◦ gY . Since the function
gY,k (x, ·) is lower semicontinuous, by Fatou’s lemma it follows that

lim inf
n→∞

∫
B

fk (x, vn (x)) dx = lim inf
n→∞

∫
B

gY,k (x, vn (x)) dx

≥
∫

B

gY,k (x, v (x)) dx =
∫

B

fk (x, v (x)) dx,

and the claim is proved.

Step 6: Consider B (E) as a subset of L1 (E) . Since L1 (E) is separable we
may find a countable set S (E) of B (E) that is dense in B (E) .

Since Ik (·;B) is sequentially lower semicontinuous with respect to strong
convergence in Lp (E; Rm) , by Proposition 3.7 we may find a countable set
Y0 of Lp (E; Rm) such that for every v ∈ Lp (E; Rm), B ∈ S (E) , and k ∈ N,

Ik (v;B) = lim inf
w∈Y0,w→v

Ik (w;B) . (6.87)

Hence for every v ∈ Lp (E; Rm), B ∈ S (E) , and k ∈ N, by (6.87), (6.80), and
(6.85), and again using Fatou’s lemma we have

∫
B

fk (x, v (x)) dx = lim inf
w∈Y0,w→v

∫
B

fk (x,w (x)) dx

= lim inf
w∈Y0,w→v

∫
B

gY0,k (x,w (x)) dx

≥
∫

B

gY0,k (x, v (x)) dx.

Since 0 ≤ fk, gY0,k ≤ k and S (E) is dense in B (E), the previous inequality
holds for every B ∈ B (E) and thus by Proposition 6.24 we have that

fk (x, z) ≥ gY0,k (x, z)

for LN a.e. x ∈ E and all z ∈ R
m and k ∈ N. By letting k →∞ we conclude

that
f (x, z) ≥ gY0 (x, z)

for LN a.e. x ∈ E and all z ∈ R
m, which, together with (6.85), establishes

the necessity part of the theorem in the case that E has finite measure and
f ≥ 0.

Step 7: In the case that E has finite measure but f can take negative values,
by (6.75) we have that the function
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g (x, z) := f (x, z) + C |z|p + γ (x)

is nonnegative, LN × B measurable, and the functional

H (v;B) :=
∫

B

f (x, v) + C |v|p + γ (x) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lp (E; Rm) . Hence, by Steps 1–6, f (x, ·) + C |·|p + γ (x) is lower semicontin-
uous, and in turn, f (x, ·) is lower semicontinuous.
Step 8: Finally, if E has infinite measure, then by Step 1 we can apply Steps
2–7 to the set E ∩ B (0, j) for each j ∈ N. This completes the proof of the
necessity part.

Exercise 6.50. Prove that the function hY defined in Step 2 of the previous
proof is LN × B measurable.

As in the previous subsection, by applying the previous theorem to f and
−f we can characterize the class of all continuous operators v �→ f (·, v (·))
that map L∞ (E; Rm) into L1 (E).

Corollary 6.51 (Continuity of integral operators). Let E ⊂ R
N be a

Lebesgue measurable set, let 1 ≤ p < ∞, and let f : E × R
m → [−∞,∞] be

LN×B measurable. Assume that there exist a nonnegative function γ ∈ L1 (E)
and a constant C > 0 such that

|f (x, z)| ≤ C |z|p + γ (x) for LN a.e. x ∈ E and for all z ∈ R
m.

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (x, v (x)) dx

is continuous with respect to strong convergence in Lp (E; Rm) if and only if
(up to equivalent integrands) f (x, ·) is continuous in R

m for LN a.e. x ∈ E.

6.4.2 Strong Convergence in L∞

When p = ∞ we have an analogous result.

Theorem 6.52. Let E ⊂ R
N be a Lebesgue measurable set, and let f : E ×

R
m → (−∞,∞] be LN × B measurable. Assume that for every M > 0 there

exists a nonnegative function γM ∈ L1 (E) such that

f (x, z) ≥ −γM (x) (6.88)

for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤M. Then the functional
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v ∈ L∞ (E; Rm) �→
∫

E

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
L∞ (E; Rm) if and only if (up to equivalent integrands) f (x, ·) is lower semi-
continuous in R

m for LN a.e. x ∈ E.

Proof. Without loss of generality we may assume that there exists v0 ∈
L∞ (E; Rm) such that

∫
E

f (x, v0 (x)) dx <∞.

The sufficiency part of the theorem follows from Fatou’s lemma. To prove
the necessity part, we start by observing that as in Step 1 of the proof of the
previous theorem, we may assume, without loss of generality, that for every
B ∈ B (E) the functional

v ∈ L∞ (E; Rm) �→
∫

B

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
L∞ (E; Rm) . Also, by Step 8 it is enough to consider the case that E has
finite measure.

Fix M > 0 and consider the function fM defined in (6.72) and the cor-
responding functional defined in (6.73). By (6.88) the function fM satisfies
(6.75) with p = 1. We claim that the functional

v ∈ L1 (E; Rm) �→
∫

E

fM (x, v (x)) dx (6.89)

is sequentially lower semicontinuous with respect to strong convergence in
L1 (E; Rm) . Indeed, let {vn} ⊂ L1 (E; Rm) be any a sequence converging
strongly in L1 (E; Rm) to some v ∈ L1 (E; Rm) . Without loss of generality we
may assume that

lim inf
n→∞

∫
E

fM (x, vn (x)) dx = lim
n→∞

∫
E

fM (x, vn (x)) dx

and then extract a subsequence (not relabeled) of {vn} that converges to v
pointwise LN a.e. in E.

Fix ε > 0. By Egoroff’s theorem there exists a set Bε ⊂ E such that
|Bε| < ε and vn converges uniformly to v in E \Bε. Define

wn :=
{
vn on E \Bε,
v on Bε.

Then the sequence {τM ◦ wn} converges in L∞ (E; Rm) to τM ◦ v, where τM
is the function defined as in (6.71). By hypothesis it follows that
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lim inf
n→∞

∫
E

[fM (x, vn) + γM ] dx ≥ lim inf
n→∞

∫
E\Bε

[fM (x, vn) + γM (x)] dx

= lim inf
n→∞

∫
E\Bε

[f (x, τM ◦ wn) + γM (x)] dx

≥
∫

E\Bε

[f (x, τM ◦ v) + γM (x)] dx

=
∫

E\Bε

[fM (x, v) + γM (x)] dx.

Letting ε→ 0+ we conclude that

lim inf
n→∞

∫
E

fM (x, vn) dx ≥
∫

E

fM (x, v) dx

and the claim is proved. Since the functional (6.89) satisfies all the hypotheses
of the previous theorem, we have that fM (x, ·) is lower semicontinuous in R

m

for LN a.e. x ∈ E.
Choose Mk := k and let Nk ⊂ E with |Nk| = 0 be such that fMk

(x, ·) is
lower semicontinuous in R

m for all x ∈ E \Nk. Define

N0 :=
∞⋃

k=1

Nk.

Then |N0| = 0. We claim that f (x, ·) is lower semicontinuous in R
m for all

x ∈ E \N0. Indeed, fix x ∈ E \ N0 and let {zn} ⊂ R
m be such that zn → z

and take Mk > |zn| for all n. Then

lim inf
n→∞

f (x, zn) = lim inf
n→∞

fMk
(x, zn) ≥ fMk

(x, z) = f (x, z) .

This completes the proof.

The analogue of Corollary 6.51 is the following result.

Corollary 6.53 (Continuity of integral operators). Let E ⊂ R
N be a

Lebesgue measurable set and let f : E×R
m → [−∞,∞] be LN×B measurable.

Assume that for every M > 0 there exists a nonnegative function γM ∈ L1 (E)
such that

|f (x, z)| ≤ γM (x)

for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤M. Then the functional

v ∈ L∞ (E; Rm) �→
∫

E

f (x, v (x)) dx

is continuous with respect to strong convergence in L∞ (E; Rm) if and only if
(up to equivalent integrands) f (x, ·) is continuous in R

m for LN a.e. x ∈ E.
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6.4.3 Weak Convergence in Lp, 1 ≤ p < ∞

We study necessary and sufficient conditions for sequential lower semicontinu-
ity with respect to weak convergence in Lp (E; Rm), 1 ≤ p <∞, and weak star
convergence in L∞ (E; Rm). Since functionals that are sequentially lower semi-
continuous with respect to weak convergence in Lp (E; Rm) (respectively weak
star when p = ∞) are also sequentially lower semicontinuous with respect to
strong convergence in Lp (E; Rm), without loss of generality, in what follows
we may assume that the integrand f satisfies all the necessary conditions for
strong convergence in Lp (E; Rm) obtained in the previous subsections.

Theorem 6.54. Let E ⊂ R
N be a Lebesgue measurable set, let 1 ≤ p < ∞,

and let f : E × R
m → (−∞,∞] be LN × B measurable. Assume that f (x, ·)

is lower semicontinuous in R
m for LN a.e. x ∈ E and that there exist a

nonnegative function γ ∈ L1 (E) and a constant C > 0 such that

f (x, z) ≥ −C |z|p − γ (x) for LN a.e. x ∈ E and for all z ∈ R
m.

Then the functional

v ∈ Lp (E; Rm) �→
∫

E

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to weak convergence in
Lp (E; Rm) if and only if

(i) f (x, ·) is convex in R
m for LN a.e. x ∈ E;

(ii) there exist two functions a ∈ L1 (E) and b ∈ Lp′
(E; Rm) such that

f (x, z) ≥ a (x) + b (x) · z

for LN a.e. x ∈ E and all z ∈ R
m.

Proof (Sufficiency). Without loss of generality we may assume that there
exists v0 ∈ Lp (E; Rm) such that

∫
E

f (x, v0 (x)) dx <∞.

The proof is very similar to the sufficiency proof of Theorem 5.14 and we
only indicate the main changes. As in Step 2 we can assume, without loss of
generality, that f (x, z) ≥ 0 for LN a.e. x ∈ E and all z ∈ R

m. Using the
blowup method as in Step 1 of the sufficiency proof of Theorem 5.14 we need
to show only that

dµ

dLN
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)
εN

≥ f(x0, v(x0)) for LN a.e. x0 ∈ E.

By Theorem 6.39 there exist two sequences of bounded measurable functions
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ai : E → R, bi : E → R
m,

such that
f(x, z) = sup

i∈N

{ai(x) + bi(x) · z}

for LN a.e. x ∈ E and all z ∈ R
m.

Fix a point x0 ∈ E of density one for E that satisfies (5.15) and is a
Lebesgue point of all the L1

loc functions ai (·)χE (·) and (bi(·) · v (·))χE (·) .
Then as in (5.18) we can conclude that

dµ

dLN
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
εN

k

= lim
k→∞

lim
n→∞

1
εN

k

∫
Q(x0,εk)∩E

f(x, vn (x)) dx

≥ lim inf
k→∞

lim inf
n→∞

1
εN

k

∫
Q(x0,εk)∩E

(ai (x) + bi (x) · vn (x)) dx

= lim inf
k→∞

1
εN

k

∫
Q(x0,εk)∩E

(ai (x) + bi (x) · v (x)) dx

= ai (x0) + bi (x0) · v (x0) ,

where we have used the fact that vn ⇀ v in Lp (E; Rm). By taking the supre-
mum over all i we conclude that

dµ

dLN
(x0) ≥ f(x0, v(x0))

as desired.

Proof (Necessity). Without loss of generality, we may assume that there exists
v0 ∈ Lp (E; Rm) such that

∫
E

f (x, v0 (x)) dx <∞, (6.90)

and, replacing f (x, z) with f (x, z − v0 (x)), that v0 = 0. As in the proof of
Step 1 of Theorem 6.49, we can show that for every B ∈ B (E) the functional

v ∈ Lp (E; Rm) �→
∫

B

f (x, v (x)) dx (6.91)

is sequentially lower semicontinuous with respect to weak convergence in
Lp (E; Rm).

Step 1: We claim that f (x, ·) is convex in R
m for LN a.e. x ∈ E. We consider

first the case that |E| < ∞. Fix θ ∈ [0, 1] ∩ Q and let v, w ∈ L∞ (E; Rm).
Let {hn} be a sequence of functions in L∞ (E; {0, 1}) such that (see Example
2.86)
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hn
∗
⇀ θ in L∞ (E) .

For x ∈ E define

un (x) := (1− hn (x)) v (x) + hn (x)w (x) .

Then un
∗
⇀ u in L∞ (E; Rm), where

u (x) := (1− θ) v (x) + θw (x) ,

and so by the sequential lower semicontinuity of the energy (6.91), for every
B ∈ B (E) we have

∫
B

f (x, (1− θ) v (x) + θw (x)) dx ≤ lim inf
n→∞

∫
B

f (x, un (x)) dx

= lim inf
n→∞

∫
B

(1− hn (x)) f (x, v (x)) + hn (x) f (x,w (x)) dx

= (1− θ)
∫

B

f (x, v (x)) dx+ θ

∫
B

f (x,w (x)) dx.

Since this is true for all B ∈ B (E) and v, w ∈ L∞ (E; Rm), it follows from
Proposition 6.24 that there exists a set Nθ ⊂ E, with |Nθ| = 0, such that

f (x, (1− θ) z + θw) ≤ (1− θ) f (x, z) + θf (x,w) (6.92)

for all x ∈ E \Nθ and all z, w ∈ R
m. Let

N0 :=
⋃

θ∈[0,1]∩Q

Nθ.

Then |N0| = 0 and (6.92) holds for all θ ∈ [0, 1] ∩ Q, x ∈ E \ N0, and all z,
w ∈ R

m. Now fix θ ∈ [0, 1] and let θn ∈ [0, 1] ∩ Q be such that θn → θ. By
(6.92),

f (x, (1− θn) z + θnw) ≤ (1− θn) f (x, z) + θnf (x,w)

for all n ∈ N, x ∈ E \N0, and all z, w ∈ R
m. By letting n→∞ and using the

fact that f (x, ·) is lower semicontinuous in R
m for LN a.e. x ∈ E we prove

the claim in the case |E| <∞. If |E| = ∞ and in view of the sequential lower
semicontinuity of the energy (6.91) it suffices to apply the first part of this
step to |E ∩B (0, j)| for each j ∈ N.

Step 2: Replacing f (x, z) with 1
pC (f (x, z)− γ (x)) , we may assume, without

loss of generality, that

f (x, z) ≥ −1
p
|z|p for LN a.e. x ∈ E and for all z ∈ R

m.

Thus for LN a.e. x ∈ E we may apply Proposition 5.16 to define two functions
a : E → [0,∞), b : E → R

m such that
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f (x, z) ≥ a (x)+b (x)·z ≥ −1
p
|z|p for LN a.e. x ∈ E and all z ∈ R

m. (6.93)

By Aumann’s selection theorem we may assume that a and b are measurable.
Moreover, if p = 1, then |b (x)| ≤ 1, while for p > 1,

|b (x)|p
′
≤ C (p) a (x) (6.94)

for some constant C (p) > 0. It remains to show that a ∈ L1 (E), which by
(6.94) will entail b ∈ Lp′

(E; Rm). Taking z = 0 in (6.93), it follows that

f (x, 0) ≥ a (x) ≥ 0,

which, by (6.90), implies that a ∈ L1 (E) .

Remark 6.55. Note that the proof of the sufficiency still holds under L∞ weak
star convergence for nonnegative LN×B measurable integrands f : E×R

m →
[0,∞] such that f (x, ·) is lower semicontinuous and convex in R

m for LN a.e.
x ∈ E.

6.4.4 Weak Star Convergence in L∞

The case p =∞ follows from the results in the previous subsections.

Theorem 6.56. Let E ⊂ R
N be a Lebesgue measurable set, and let f :

E × R
m → (−∞,∞] be LN × B measurable. Assume that f (x, ·) is lower

semicontinuous in R
m for LN a.e. x ∈ E and that for every M > 0 there

exists a nonnegative function aM ∈ L1 (E) such that

f (x, z) ≥ −aM (x)

for LN a.e. x ∈ E and all z ∈ R
m with |z| ≤M . Then the functional

v ∈ L∞ (E; Rm) �→
∫

E

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
L∞ (E; Rm) if and only if f (x, ·) is convex in R

m for LN a.e. x ∈ E.

Proof. To prove sufficiency, let vn
∗
⇀ v in L∞ (E; Rm). Then

sup
n
‖vn‖L∞(Ω;Rm) ≤M

for some M > 0, and so

f (x, vn (x)) ≥ −aM (x)

for LN a.e. x ∈ E and all n ∈ N. Define
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fM (x, z) := max {f (x, z) ,−aM (x)} .

Note that

f (x, vn (x)) = fM (x, vn (x)) and f (x, v (x)) = fM (x, v (x))

for LN a.e. x ∈ E, all n ∈ N, and

fM (x, z) + aM (x)

is a nonnegative LN×B measurable function, convex and lower semicontinuous
in the z variable. By Remark 6.55 we have

lim inf
n→∞

∫
E

f (x, vn) dx = lim inf
n→∞

∫
E

[fM (x, vn) + aM (x)] dx−
∫

E

aM (x) dx

≥
∫

E

[fM (x, v) + aM (x)] dx−
∫

E

aM (x) dx

=
∫

E

f (x, v) dx.

The proof of the necessity condition is entirely identical to that of Theorem
6.54.

6.4.5 Weak Star Convergence in the Sense of Measures

In this subsection we consider only the case in which the domain of integration
is an open subset Ω ⊂ R

N . As we remarked in Section 5.2.3, due to lack of
reflexivity of the space L1(Ω; Rm), if {vn} ⊂ L1(Ω; Rm) is such that

sup
n
‖vn‖L1 <∞,

then one can conclude only that {vn} admits a subsequence (not relabeled)
such that vnLN

⌊
Ω

∗
⇀ λ in M (Ω; Rm) , i.e., if for all u ∈ C0 (Ω),

∫
Ω

uvn dx→
∫

Ω

u dλ.

This subsection is devoted to the study of sequential lower semicontinuity un-
der this natural notion of convergence. In particular, we will address necessary
and sufficient conditions under which the lower semicontinuity property

lim inf
n→∞

∫
Ω

f (x, vn) dx ≥
∫

Ω

f

(
x,

dλ

dLN

)
dx

holds whenever vnLN
⌊
Ω

∗
⇀ λ in M (Ω; Rm) and λ admits the Radon–

Nikodym decomposition
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λ =
dλ

dLN
LN

⌊
Ω + λs,

with λs and LN mutually singular.
Since functionals that are sequentially lower semicontinuous with respect

to this type of convergence are also sequentially lower semicontinuous with
respect to weak convergence in L1 (Ω; Rm), without loss of generality we may
assume in what follows that the integrand f satisfies all the necessary condi-
tions for weak convergence in L1 (Ω; Rm) (see the previous subsection).

In what follows, to each function ψ : Ω → R
m we associate the multifunc-

tion Γψ : Ω → P (Rm) \ {∅} defined by

Γψ (x) := {ψ (x)} , x ∈ Ω.

Theorem 6.57. Let Ω ⊂ R
N be an open set and let f : Ω × R

m → [−∞,∞]
be Borel measurable. Assume that f (x, ·) is convex and lower semicontinuous
in R

m for LN a.e. x ∈ Ω and that there exist a function a ∈ L1 (Ω) and a
constant C > 0 such that

f (x, z) ≥ a (x) + C |z| (6.95)

for LN a.e. x ∈ Ω and all z ∈ R
m. Then the functional

v ∈ L1 (Ω; Rm) �→
∫

Ω

f (x, v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures if and only if

f (x, z) = f̃ (x, z) (6.96)

for LN a.e. x ∈ Ω and all z ∈ R
m, where

f̃ (x, z) := sup
ξ∈Γ (x)

[ξ · z − f∗ (x, ξ)] , (x, z) ∈ (Ω,Rm) , (6.97)

and Γ is the essential supremum of the family of multifunctions F :=
{Γψ : ψ ∈ X} (with respect to the Lebesgue measure), where

X :=
{
ψ ∈ C0 (Ω; Rm) : f∗ (·, ψ (·)) ∈ L1 (Ω)

}
,

and f∗ (x, ·) is the polar function of f (x, ·).
More generally, if (6.96) holds, then for any sequence {vn} ⊂ L1(Ω; Rm)

such that vnLN
⌊
Ω

∗
⇀ λ in M (Ω; Rm) we have

lim inf
n→∞

∫
Ω

f (x, vn) dx ≥
∫

Ω

f

(
x,

dλ

dLN

)
dx+

∫
Ω

fs

(
x,

dλ

d ‖λs‖

)
d ‖λs‖ ,

(6.98)
where

fs (x, z) := sup {ψ (x) · z : ψ ∈ X} (6.99)

for all x ∈ Ω and all z ∈ R
m.
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Remark 6.58. Often in the literature

lim inf
n→∞

∫
Ω

f (x, vn) dx ≥
∫

Ω

f

(
x,

dλ

dLN

)
dx+

∫
Ω

f∞
(
x,

dλ

d ‖λs‖

)
d ‖λs‖

is written in place of (6.98). A word of caution is needed here: although
∫

Ω

f (x, v (x)) dx =
∫

Ω

f̃ (x, v (x)) dx

for every v ∈ L1 (Ω; Rm), it may happen that

f∞ (x, ·) �= fs (x, ·) (6.100)

on a set of Lebesgue measure zero E for which ‖λs‖ (E) > 0 for some measure
λ.

See the next exercise.

Exercise 6.59. An example of (6.100) is given by

f (x, z) :=

{
|z| if |z|

√
|x| ≤ 1,

2 |z| − 1√
|x|

if |z|
√
|x| > 1,

for x ∈ (−1, 1) and z ∈ R. Prove that fs �= f∞.

To prove Theorem 6.57 we need some preliminary results.

Proposition 6.60. Let Ω ⊂ R
N be an open set, let g : Ω × R

m → (−∞,∞]
be Borel measurable, and let ν : M (Ω) → [0,∞) be a positive finite Radon
measure. Assume that there exist two functions a ∈ L1 (Ω, ν) and b ∈
L1 (Ω, ν; Rm) such that

g (x, z) ≥ a (x) + b (x) · z (6.101)

for ν a.e. x ∈ Ω and all z ∈ R
m. Suppose further that g (x, ·) is convex and

lower semicontinuous in R
m for ν a.e. x ∈ Ω, and let

Xg,ν :=
{
ψ ∈ C0 (Ω) : g (·, ψ (·)) ∈ L1 (Ω, ν)

}
. (6.102)

If Xg,ν �= ∅, then

inf
ψ∈Xg,ν

∫
Ω

g (x, ψ (x)) dν =
∫

Ω

ĝ (x) dν, (6.103)

where
ĝ (x) := inf

ξ∈Γν(x)
g (x, ξ)

and Γν is the essential supremum of the family of multifunctions F :=
{Γψ : ψ ∈ Xg,ν} with respect to ν. In addition,
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ĝ (x) = inf
n∈N

g (x, ψn (x)) (6.104)

for ν a.e. x ∈ Ω whenever

Γν (x) = {ψn (x)}

for ν a.e. x ∈ Ω.

Proof. Note that the convexity of g (x, ·) together with (6.101) implies that
the family Xg,ν is convex. Hence by Remark 6.14, Γν (x) is convex and there
exists a sequence {ψn} ⊂ Xg,ν such that

Γν (x) = {ψn (x)} (6.105)

for ν a.e. x ∈ Ω. Define

N0 := Ω \
∞⋃

n=1

{x ∈ Ω : g (x, ψn (x)) ∈ R} .

By (6.102) the set N0 has ν measure zero, and by Proposition 4.41 and (6.105),

ĝ (x) = inf
n∈N

g (x, ψn (x)) (6.106)

for LN a.e. x ∈ Ω. It follows that the function ĝ is measurable. Moreover, for
any ψ ∈ Xg,ν we have that ψ (x) ∈ Γν (x) for ν a.e. x ∈ Ω, and so

g (x, ψ (x)) ≥ ĝ (x)

for ν a.e. x ∈ Ω. By (6.102) it follows that (ĝ)+ ∈ L1 (Ω, ν); thus

inf
ψ∈Xg,ν

∫
Ω

g (x, ψ (x)) dν ≥
∫

Ω

ĝ (x) dν,

where the right-hand side is well-defined. To prove the reverse inequality let
t ∈ R be such that

t >

∫
Ω

ĝ (x) dν.

Then ∫
Ω

(ĝ)− (x) dν >
∫

Ω

(ĝ)+ (x) dν − t,

and so by applying Proposition 1.92 to the function (ĝ)− we may find a simple
function s ∈ L1 (Ω, ν) such that 0 ≤ s ≤ (ĝ)− in Ω with

∫
Ω

s (x) dν >
∫

Ω

(ĝ)+ (x) dν − t.

Then the function α := (ĝ)+ − s belongs to L1 (Ω, ν) , α (x) ≥ ĝ (x) for ν a.e.
x ∈ Ω, and
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t >

∫
Ω

α (x) dν. (6.107)

By the Vitali–Carathéodory theorem we may assume that α is lower semicon-
tinuous.

Fix w0 ∈ Xg,ν . By (6.102), for any fixed ε > 0 there exists a compact set
K ⊂ Ω \N0 such that

∫
Ω\K

|g (x,w0 (x))|+ |α (x)| dν < ε, (6.108)

and a number δ > 0 such that∫
E

|g (x,w0 (x))|+ |α (x)| dν < ε (6.109)

for all E ⊂ Ω with ν (E) < δ. By Lusin’s theorem for each n ∈ N there exists
a compact set K(n) ⊂ K with ν

(
K \K(n)

)
< δ

2n such that g (·, ψn (·)) is
continuous on K(n). Let

Kε :=
∞⋂

n=1

K(n).

Then ν (K \Kε) < δ and g (·, ψn (·)) is continuous on Kε for all n ∈ N. Let
η > 0 be small enough that ην (K) < ε, and for every n ∈ N set

En := {x ∈ Kε : g (x, ψn (x)) < α (x) + η} . (6.110)

Since each function g (·, ψn (·))− α (·) is upper semicontinuous in Kε, the set
En is relatively open in Kε, and by (6.106) and the fact that α ≥ ĝ, we have

Kε =
∞⋃

n=1

En.

By compactness there exists � ∈ N such that

Kε =
�⋃

n=1

En.

Let Aε ⊂⊂ Ω be an open set such that Aε ⊃ Kε and
∫

Aε\Kε

(g (x, ψn (x)))+ dν <
ε

�
(6.111)

for all n = 1, . . . , �. Since the sets En are relatively open in Kε we may find
open sets An ⊂ Aε such that An ∩Kε = En. Construct a partition of unity
ϕ0, . . . , ϕ� ∈ C

(
Ω
)

with
�∑

n=0

ϕn ≡ 1 on Aε
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such that suppϕn ⊂ An for all n = 1, . . . , �, and suppϕ0 ⊂ Ω \ Kε. Since
ϕ0 = 1 on ∂Aε we may define ϕ0 continuously to be identically equal to one
in Ω \Aε. Hence now

�∑
n=0

ϕn ≡ 1 in Ω

and

ψ := ϕ0w0 +
�∑

n=1

ϕnψn ∈ Xg,ν

by the convexity of g (x, ·), (6.101), and (6.102). Moreover, again by the con-
vexity of g (x, ·) we have

∫
Ω

g (x, ψ (x)) dν ≤
∫

Ω

ϕ0(x)g (x,w0(x)) dν +
�∑

n=1

∫
Ω

ϕn(x)g (x, ψn(x)) dν

≤
∫

Ω\Kε

|g (x,w0(x))| dν +
�∑

n=1

∫
Kε

ϕn(x)g (x, ψn(x)) dν

+
�∑

n=1

∫
Aε\Kε

(g (x, ψn(x)))+ dν

≤2ε+
∫

Kε

(α(x) + η) dν + ε ≤ t+ 6ε,

where we have used (6.107), (6.108), (6.109), (6.110), and (6.111). Hence

inf
w∈Xg,ν

∫
Ω

g (x,w (x)) dν ≤ t+ 6ε.

By letting first ε→ 0+ and then t↘
∫

Ω
ĝ (x) dν we conclude that

inf
ψ∈Xg,ν

∫
Ω

g (x, ψ (x)) dν ≤
∫

Ω

ĝ (x) dν.

This completes the proof.

Remark 6.61. The analogue of (6.103) holds for supremum in place of infimum
provided there exist two functions a ∈ L1 (Ω, ν) and b ∈ L1 (Ω, ν; Rm) such
that

g (x, z) ≤ a (x) + b (x) · z
for ν a.e. x ∈ Ω and all z ∈ R

m, and that g (x, ·) is concave and upper
semicontinuous in R

m for ν a.e. x ∈ Ω. In this case,

sup
ψ∈Xg,ν

∫
Ω

g (x, ψ (x)) dν =
∫

Ω

ǧ (x) dν,
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where
ǧ (x) := sup

ξ∈Γν(x)

g (x, ξ)

and Γν is still the essential supremum of the family of multifunctions F :=
{Γψ : ψ ∈ Xg,ν} with respect to ν. In addition,

ǧ (x) = sup
n∈N

g (x, ψn (x)) (6.112)

for ν a.e. x ∈ Ω whenever

Γν (x) = {ψn (x)}

for ν a.e. x ∈ Ω.

The next exercise illustrates the fact that in the previous theorem Xg,ν

cannot be taken to be the entire space C0 (Ω).

Exercise 6.62. Let Ω = R, m = 1.

(i) Construct a compact set K ⊂ R with empty interior and such that |K| >
0.

(ii) Define

g (x, z) :=
{
z if x ∈ K,
I{0} (z) otherwise,

where I{0} is the indicator function of {0}, namely

I{0} (z) =
{

0 if z = 0,
∞ otherwise.

Prove that
inf

ψ∈C0(R)

∫
Ω

g (x, ψ (x)) dν = 0.

(iii) Prove that the essential supremum of the family of multifunctions F :=
{Γψ : ψ ∈ C0 (R)} is the multifunction

Γν (x) ≡ R

for x ∈ R.
(iv) Prove that (6.103) fails.

Proof (Necessity of Theorem 6.57). Without loss of generality we may assume
that there exists v0 ∈ L1(Ω; Rm) such that

∫
Ω

f (x, v0 (x)) dx <∞. (6.113)
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Since L1(Ω; Rm) may be identified with a subspace of M (Ω; Rm) that is the
dual of the separable space C0 (Ω; Rm), by (6.95) we are in a position to apply
Proposition 3.16 to conclude that the functional

I (v) :=
∫

Ω

f (x, v) dx, v ∈ L1(Ω; Rm),

is lower semicontinuous with respect to weak star convergence.
Consider now the duality pair

(
L1 (Ω; Rm) , C0 (Ω; Rm)

)
under the duality

〈u, φ〉L1(Ω;Rm),C0(Ω;Rm) :=
∫

Ω

u · φdx

for u ∈ L1 (Ω; Rm) and C0 (Ω; Rm). Then the functional I is convex and
lower semicontinuous with respect to the topology σ

(
L1, C0

)
. It follows from

Proposition 4.92, taking as V the topological vector space
(
L1 (Ω; Rm) , σ

(
L1, C0

))
,

that I = I∗∗.
Since by Theorem A.72 the topological dual of

(
L1 (Ω; Rm) , σ

(
L1, C0

))
is

C0 (Ω; Rm), if v ∈ L1(Ω; Rm), then

I (v) = I∗∗ (v) = sup
ψ∈C0(Ω;Rm)

[∫
Ω

ψ · v dx− I∗ (ψ)
]

. (6.114)

Step 1: We claim that for ψ ∈ C0 (Ω; Rm),

I∗ (ψ) =
∫

Ω

f∗ (x, ψ (x)) dx. (6.115)

Note that by (6.95) and (6.113) the function

γ (x) := −f (x, v0 (x)) (6.116)

belongs to L1(Ω) and since

f∗ (x, ξ) ≥ ξ · v0 (x) + γ (x) (6.117)

for LN a.e. x ∈ Ω and all ξ ∈ R
m, by Proposition 6.43 the right-hand side of

(6.115) is well-defined.
By Definition 4.86 we have

I∗ (ψ) = sup
v∈L1(Ω;Rm)

∫
Ω

(ψ · v − f (x, v)) dx. (6.118)

Since
f∗ (x, ξ) = sup

w∈Rm

[ξ · w − f (x,w)] ,
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then
I∗ (ψ) ≤

∫
Ω

f∗ (x, ψ (x)) dx.

To prove the reverse inequality, let t ∈ R be such that
∫

Ω

f∗ (x, ψ (x)) dx > t

and fix ε > 0. Let

E∞ := {x ∈ Ω : f∗ (x, ψ (x)) = ∞}

and consider first the case |E∞| > 0. Let K ⊂ E∞ be any compact set with
positive measure, and using Aumann’s selection theorem and the definition of
f∗ select a measurable function w : K → R

m such that

ψ (x) · w (x)− f (x,w (x)) ≥ 2
|K|

(
t+

∫
Ω

|ψ · v0 + γ| dy
)

(6.119)

for LN a.e. x ∈ K. By Lusin’s theorem there exists a compact set Kε ⊂ K

with |K \Kε| < |K|
2 such that w is continuous on Kε. Define

vε (x) :=
{
w (x) if x ∈ Kε,
v0 (x) if x ∈ Ω \Kε.

(6.120)

Then vε ∈ L1(Ω; Rm), and by (6.116) and (6.119),
∫

Ω

(ψ · vε − f (x, vε)) dx ≥
2 |Kε|
|K|

(
t+

∫
Ω

|ψ · v0 + γ| dy
)

−
∫

Ω\Kε

|ψ · v0 + γ| dx ≥ t,

and so

I∗ (ψ) = sup
�∈L1(Ω;Rm)

[∫
Ω

ψ ·�dx−
∫

Ω

f (x,�) dx
]
≥ t.

Given the arbitrariness of t we conclude that

I∗ (ψ) ≥
∫

Ω

f∗ (x, ψ (x)) dx. (6.121)

If |E∞| = 0, then find a compact set K ⊂ Ω such that
∫

K

f∗ (x, ψ (x)) dx > t,

∫
Ω\K

|ψ · v0 + γ| dx < ε, (6.122)

and a number δ = δ (ε) > 0 such that
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∫
E

|ψ · v0 + γ| dx < ε (6.123)

for all E ⊂ Ω with |E| < δ. The function δ may be assumed to be increasing
with ε > 0.

As before, let w : K → R
m be a measurable function such that

f∗ (x, ψ (x)) ≤ ψ (x) · w (x)− f (x,w (x)) +
ε

|K| (6.124)

for LN a.e. x ∈ K, and by Lusin’s theorem find a compact set Kε ⊂ K with
|K \Kε| < δ such that w is continuous on Kε. Choose Kε in such a way that
if ε < ε′, then Kε ⊃ Kε′ . Define vε as in (6.120). Then vε ∈ L1(Ω; Rm), and
by (6.116) and (6.124),

∫
Ω

(ψ · vε − f (x, vε)) dx

≥
∫

Kε

f∗ (x, ψ) dx− ε−
∫

Ω\Kε

|ψ · v0 + γ| dx

=
∫

Kε

(f∗ (x, ψ))+ dx−
∫

Kε

(f∗ (x, ψ))− dx

− ε−
∫

Ω\Kε

|ψ · v0 + γ| dx

≥
∫

Kε

(f∗ (x, ψ))+ dx−
∫

K

(f∗ (x, ψ))− dx

− ε−
∫

Ω\K

|ψ · v0 + γ| dx

≥
∫

Kε

(f∗ (x, ψ))+ dx−
∫

K

(f∗ (x, ψ))− dx− 3ε,

where we have used (6.122) and (6.123).
By (6.118) we deduce that

I∗ (ψ) ≥
∫

Kε

(f∗ (x, ψ))+ dx−
∫

K

(f∗ (x, ψ))− dx− 3ε,

and so letting ε→ 0 and using the Lebesgue monotone convergence theorem
we obtain

I∗ (ψ) ≥
∫

K

f∗ (x, ψ) dx ≥ t

by (6.122), and thus (6.121) follows.

Step 2: By (6.114) and Step 1 we have that for every v ∈ L1(Ω; Rm),

I (v) = sup
ψ∈C0(Ω;Rm)

∫
Ω

ψ (x) · v (x)− f∗ (x, ψ (x)) dx.
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Fix v ∈ L1(Ω; Rm) and for x ∈ Ω and ξ ∈ R
m define

gv (x, ξ) := ξ · v (x)− f∗ (x, ξ) .

Note that for ψ ∈ C0 (Ω; Rm) we have that gv (·, ψ (·)) ∈ L1 (Ω) if and only if
ψ ∈ X . Hence we invoke Remark 6.61 to deduce that

I (v) = sup
ψ∈X

∫
Ω

gv (x, ψ (x)) dx =
∫

Ω

h̄v (x) dx,

where
h̄v (x) := sup

ξ∈Γ (x)

[ξ · v (x)− f∗ (x, ξ)] = f̃ (x, v (x)) .

Thus we have shown that∫
Ω

f (x, v (x)) dx =
∫

Ω

f̃ (x, v (x)) dx (6.125)

for all v ∈ L1(Ω; Rm). Since f ≥ f̃ this implies in particular that f (x, v (x)) =
f̃ (x, v (x)) for LN a.e. x ∈ Ω, whenever f (·, v (·)) ∈ L1 (Ω) .

Fix w ∈ L∞(Ω; Rm) and B ∈ B (Ω) bounded, and define

v (x) :=
{
w (x) if x ∈ B,
v0 (x) if x ∈ Ω \B.

By (6.125),
∫

B

f (x,w (x)) dx+
∫

Ω\B

f (x, v0 (x)) dx

=
∫

B

f̃ (x, v (x)) dx+
∫

Ω\B

f̃ (x, v0 (x)) dx.

Since f (·, v0 (·)) ∈ L1(Ω; Rm) it follows
∫

Ω\B

f (x, v0 (x)) dx =
∫

Ω\B

f̃ (x, v0 (x)) dx <∞,

and so ∫
B

f (x,w (x)) dx =
∫

B

f̃ (x, v (x)) dx

for all w ∈ L∞(Ω; Rm) and B ∈ B (Ω) bounded. We may now apply Theorem
6.24 to conclude that

f (x, z) = f̃ (x, z)

for LN a.e. x ∈ Ω and all z ∈ R
m.
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Proof (Sufficiency of Theorem 6.57). Let {vn} ⊂ L1(Ω; Rm) be such that
vnLN

⌊
Ω

∗
⇀ λ in M (Ω; Rm) and set ν := LN

⌊
Ω + |λs|. Let Γν be the

essential supremum of the family of multifunctions F := {Γψ : ψ ∈ X} with
respect to ν.

Step 1: We claim that

fs (x, z) = sup {ξ · z : ξ ∈ Γν (x)} (6.126)

for ν a.e. x ∈ Ω and all z ∈ R
m. By Remark 6.14(ii) there exists a sequence

{bi} ⊂ X such that
Γν (x) = {bi (x)} (6.127)

for ν a.e. x ∈ Ω. Let {ϕn} be a countable dense subset of X . Then

Γν (x) = {bi (x)} ∪ {ψn (x)}

for ν a.e. x ∈ Ω. Therefore, without loss of generality, in (6.127) we may
assume that sequence {bi} is dense in X , and thus for every x ∈ Ω and all
z ∈ R

m,
fs (x, z) = sup {ψ (x) · z : ψ ∈ X} = sup

i∈N

{bi (x) · z} ,

and the claim (6.126) follows from (6.127).

Step 2: We claim that

f (x, z) = sup
i∈N

{bi (x) · z − f∗ (x, bi (x))} (6.128)

for LN a.e. x ∈ Ω and all z ∈ R
m.

The equality (6.128) follows from (6.96), the fact that

Γν (x) = Γ (x)

for LN a.e. x ∈ Ω (see Remark 6.14(iii)), and (6.112).

Step 3: The remainder of the proof follows closely that of Theorem 5.19. We
indicate only the main changes. Define

ai (x) := −f∗ (x, bi (x)) .

By replacing f (x, z) with f (x, z)− a (x) we can assume, without loss of gen-
erality, that f ≥ 0.

We choose a point x0 ∈ Ω that satisfies (6.128), (5.27)–(5.28),

lim
ε→0+

‖λ‖ (Q(x0, ε))
εN

<∞, (6.129)

and is a Lebesgue point for all functions ai, i ∈ N. Choosing εk ↘ 0 such that
µ(∂Q(x0, εk)) = 0 and ‖λ‖ (∂Q(x0, εk)) = 0, in place of (5.31) we have
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dµ

dLN
(x0) = lim

k→∞
lim

n→∞

1
εN

k

∫
Q(x0,εk)

f(x, vn (x)) dx

≥ lim sup
k→∞

lim sup
n→∞

1
εN

k

∫
Q(x0,εk)

[ai (x) + bi (x) · vn (x)] dx

= ai (x0) + lim sup
k→∞

1
εN

k

∫
Q(x0,εk)

bi (x) · dλ (x) ,

where we have used Proposition 1.203(iii) and the fact that x0 is a Lebesgue
point for ai. Write

1
εN

k

∫
Q(x0,εk)

bi (x) · dλ (x) =
1
εN

k

∫
Q(x0,εk)

(bi (x)− bi (x0)) · dλ (x)

+ bi (x0) ·
λ (Q(x0, εk))

εN
k

and use the continuity of bi and (6.129) to conclude that

lim
k→∞

1
εN

k

∫
Q(x0,εk)

bi (x) · dλ (x) = bi (x0) · lim
k→∞

λ (Q(x0, εk))
εN

k

= bi (x0) ·
dλ

dLN
(x0)

by (5.28). Hence

dµ

dLN
(x0) ≥ ai (x0) + bi (x0) ·

dλ

dLN
(x0) ,

and taking the supremum over all i ∈ N, by (6.128) we get

dµ

dLN
(x0) ≥ f

(
x0,

dλ

dLN
(x0)

)
.

It remains to show that for ‖λs‖ a.e. x0 ∈ E,

dµ

d ‖λs‖
(x0) ≥ fs

(
x0,

dλ

d ‖λs‖
(x0)

)
.

Take x0 ∈ Ω that satisfies (6.126), (5.32)–(5.34), and

lim
ε→0+

1
‖λs‖ (Q(x0, ε))

∫
Q(x0,ε)

|ai| dx = 0, (6.130)

for all i ∈ N.
Choosing εk ↘ 0 such that µ(∂Q(x0, εk)) = 0 and ‖λ‖ (∂Q(x0, εk)) = 0,

then
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dµ

d ‖λs‖
(x0)

= lim
k→∞

µ(Q(x0, εk))
‖λs‖ (Q(x0, εk))

= lim
k→∞

lim
n→∞

1
‖λs‖ (Q(x0, εk))

∫
Q(x0,εk)

f(x, vn (x)) dx

≥ lim sup
k→∞

lim sup
n→∞

1
‖λs‖ (Q(x0, εk))

∫
Q(x0,εk)

[ai (x) + bi (x) · vn (x)] dx

(6.131)

= lim sup
k→∞

1
‖λs‖ (Q(x0, εk))

∫
Q(x0,εk)

bi (x) · dλ (x) ,

where in the last equality we have used (6.130). Write

1
‖λs‖ (Q(x0, εk))

∫
Q(x0,εk)

bi (x) · dλ (x)

=
1

‖λs‖ (Q(x0, εk))

∫
Q(x0,εk)

(bi (x)− bi (x0)) · dλ (x)

+ bi (x0) ·
λ (Q(x0, εk))
‖λs‖ (Q(x0, εk))

and use the continuity of bi and (5.33) to conclude that

lim
k→∞

1
‖λs‖ (Q(x0, εk))

∫
Q(x0,εk)

bi (x) · dλ (x)

= bi (x0) · lim
k→∞

λ (Q(x0, εk))
‖λs‖ (Q(x0, εk))

= bi (x0) ·
dλ

d ‖λs‖
(x0).

Hence by (6.131) we obtain

dµ

d ‖λs‖
(x0) ≥ bi (x0) ·

dλ

d ‖λs‖
(x0),

and taking the supremum over all i it follows by (6.126) that

dµ

d ‖λs‖
(x0) ≥ fs

(
x0,

dλ

d ‖λs‖
(x0)

)
.

This completes the proof.

Remark 6.63. Condition (6.95) has been used only in the necessity part of the
proof to conclude that the sequentially lower semicontinuous functional I is
actually lower semicontinuous with respect to weak star convergence. In the
sufficiency part of the proof we need only a much weaker condition, namely
that there exist functions a ∈ L1 (Ω) and b ∈ C0 (Ω; Rm) such that
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f (x, z) ≥ a (x) + b (x) · z

for LN a.e. x ∈ Ω and all z ∈ R
m. Indeed, since b ∈ C0 (Ω), it suffices to

replace f (x, z) with f (x, z) − (a (x) + b (x) · z) in Step 3 of the sufficiency
proof.

Note that under the hypotheses of Theorem 6.57, since f (x, ·) is convex
and lower semicontinuous in R

m for LN a.e. x ∈ Ω and (6.95) holds, by
Theorem 4.92(iii) we have that f (x, ·) = f∗∗ (x, ·) for LN a.e. x ∈ Ω . Hence
by (6.97) and the definition of f∗∗ (x, ·) the inequality

f (x, ·) = f∗∗ (x, ·) ≥ f̃ (x, ·)

is satisfied for LN a.e. x ∈ Ω. To our knowledge, it is still an open problem
to characterize the class of integrands f for which the opposite inequality
holds. By the sufficiency and the necessity parts and by (6.128), sequential
lower semicontinuity holds if and only if f can be written (up to equivalent
integrands) as

f (x, z) = sup
i∈N

{ai (x) + bi (x) · z} , (x, z) ∈ Ω × R
m, (6.132)

for some ai ∈ L1
loc (Ω) and bi ∈ C (Ω; Rm) (with at least one ai ∈ L1 (Ω) and

bi ∈ C0 (Ω; Rm)). In particular, if f ≥ 0, then we can set a1 :≡ 0 and b1 :≡ 0.
Note that by Proposition 4.77, if (6.132) holds, then

f∞(x, z) = sup
i∈N

{bi (x) · z} , (x, z) ∈ Ω × R
m,

and so the recession function f∞ must be lower semicontinuous in (x, z) (up to
equivalent integrands). Next we present two easily verifiable conditions under
which (6.132) holds.

Corollary 6.64. Let f : Ω × R
m → [0,∞] be Borel measurable. Assume that

f (x, ·) is convex and lower semicontinuous in R
m for LN a.e. x ∈ Ω. Then

(6.96) holds if either of the two following conditions is satisfied:

(i) f is lower semicontinuous in Ω ×R
m and there exists a continuous func-

tion v0 : Ω → R
m with f(·, v0(·)) ∈ L∞

loc(Ω; R);
(ii) f : Ω×R

m → [0,∞) is locally bounded, and ∇zf exists for all x ∈ Ω and
for Lm a.e. z ∈ R

m, with ∇zf (·, z) continuous.

Proof. By Proposition 6.42 it follows that condition (i) implies (6.132), while
if (ii) is satisfied, then by De Giorgi’s theorem 6.36, for LN a.e. x ∈ Ω and all
z ∈ R

m we may write

f(x, z) = sup
i∈N

{ai (x) + bi (x) · z} ,

where
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ai (x) :=
∫

Rm

f (x, z) ((m+ 1)ϕi (z) +∇ϕi (z) · z) dz,

bi (x) := −
∫

Rm

f (x, z)∇ϕi (z) dz,

and ϕi ∈ C1
c (Rm) are nonnegative and

∫
Rm ϕi (z) dz = 1. Since f is locally

bounded, ai ∈ L1
loc (Ω). Integrating by parts, we have that

bi (x) :=
∫

Rm

∇zf (x, z)ϕi (z) dz,

and so the continuity of bi follows by the Lebesgue dominated convergence
theorem using also Theorem 4.36.

6.5 Integral Representation in Lp

Throughout this section we assume that E ⊂ R
N is a Lebesgue measurable

set, and we find sufficient conditions for a functional

E : Lp(E; Rm) → (−∞,∞]

to have an integral representation of the type

E(v) =
∫

E

h (x, v (x)) dx

for all v ∈ Lp(E; Rm) and for some integrand h. We start with the case that
1 ≤ p <∞.

Theorem 6.65. Let E ⊂ R
N be a Lebesgue measurable set, let 1 ≤ p < ∞,

and let
I : Lp(E; Rm)× B(E) → (−∞,∞]

satisfy the following properties:

(I1) I(v; ·) is additive, that is,

I(v;B1 ∪B2) = I(v;B1) + I(v;B2)

for all v ∈ Lp(E; Rm) and all B1, B2 ∈ B(E) such that B1 ∩B2 = ∅;
(I2) I(·;B) is local, that is, for all B ∈ B(E),

I(v;B) = I(w;B)

for all v, w ∈ Lp(E; Rm) such that v = w LN a.e. on B ∈ B(E).

For every B ∈ B(E) let τ be either the weak or the strong topology in
Lp (B; Rm) and let Ep (·;B) be the greatest functional below I (·, B) that is
sequentially lower semicontinuous with respect to τ . Assume that
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(I3) Ep is proper, that is, Ep > −∞, and there exists v0 ∈ Lp(E; Rm) such
that

Ep(v0;B) ∈ R

for every B ∈ B(E).

Then there exists a normal integrand h : E×R
m → (−∞,∞] that satisfies

the condition
h (x, z) ≥ −C |z|p − a (x)

for LN a.e. x ∈ E and for all z ∈ R
m, for some nonnegative function a ∈

L1 (E) and some constant C > 0, and such that

Ep(v;B) = Ep(v0;B) +
∫

B

h (x, v (x)) dx

for all v ∈ Lp(E; Rm) and B ∈ B(E).

Proof. Step 1: As in Step 1 of the proof of Theorem 5.29 we can show that
Ep satisfies conditions (I1) and (I2). Note that here we use heavily the fact
that, by (I3), the functional Ep and, in view of (5.50), all the functionals
Hβ defined in Step 1 of Theorem 5.29 never take the value −∞, so that
Hβ(v;B1) +Hβ(v;B2) and Ep(v;B1) + Ep(v;B2) are always well-defined.

Step 2: By replacing the functional Ep (·;B) with Ep(· + v0;B) − Ep(v0;B),
where v0 is the function given in (I3), in the remainder of the proof we assume
that

Ep (0;B) = 0 for each B ∈ B (E) . (6.133)

We claim that for every fixed ε > 0 there exists δ = δ (ε) > 0 such that

Ep (v;B) +
ε

δ

∫
B

|v|p dx ≥ −ε (6.134)

for every v ∈ Lp(E; Rm) and B ∈ B(E). Since Ep (·;E) is sequentially lower
semicontinuous with respect to strong convergence in Lp (E; Rm), by (6.133)
this implies that for every fixed ε > 0 there exists δ = δ (ε) > 0 such that

Ep (v;E) > −ε for all v ∈ Lp (E; Rm) with
∫

E

|v|p dx ≤ δ. (6.135)

For B ∈ B (E) and v ∈ Lp (E; Rm) we may find k ∈ N and η ∈ [0, 1) such that
∫

B

|v|p dx = (k + η) δ (6.136)

and, by Propositions 1.89 and 1.20, k + 1 pairwise disjoint subsets of B such
that

B =
k+1⋃
i=i

Bi,
∫

Bi

|v|p dx ≤ δ for all i = 1, . . . ,k + 1.
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Indeed, let B1 ⊂ B, B1 ∈ B (E), be such that
∫

B1

|v|p dx =
k + η

k + 1
δ.

Recursively, having found disjoint Borel sets B1, . . . , Bi ⊂ B with i ≤ k and
∫

Bi

|v|p dx =
k + η

k + 1
δ,

and since∫
B\

i⋃
j=1

Bj

|v|p dx = (k + η) δ − k + η

k + 1
δi ≥ k + η

k + 1
δ (k + 1− i) ,

we may find Bi+1 ⊂ B \
⋃i

j=1Bj , Bi+1 ∈ B (E), such that

∫
Bi+1

|v|p dx =
k + η

k + 1
δ.

By Step 1, (6.133), and (6.135) we have

Ep (v;Bi) = Ep (vχBi
;E) > −ε for all i = 1, . . . ,k + 1,

which implies that, again by Step 1,

Ep (v;B) =
k+1∑
i=i

Ep (v;Bi) ≥ − (k + 1) ε.

In turn, by (6.136) this yields

Ep (v;B) +
ε

δ

∫
B

|v|p dx ≥ − (k + 1) ε+ (k + η) ε ≥ −ε

for all ε > 0, B ∈ B (E), and v ∈ Lp (E; Rm), and the claim is proved.
Next we show that Ep(v; ·) is a measure, absolutely continuous with respect

to the Lebesgue measure. By Proposition 1.168 and (I1), to prove that Ep(v; ·)
is a signed measure it is enough to verify that

Ep(v;Bn) → Ep(v;B) whenever Bn ↗ B, Bn, B ∈ B (E) .

By (I1), (I2), and (6.133),

Ep(v;B) = Ep(vχB ;E) ≤ lim inf
n→∞

Ep(vχBn
;E) = lim inf

n→∞
Ep(v;Bn).

To obtain the opposite inequality, by (6.134) for every ε > 0 we have that
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Ep(v;B) +
ε

δ

∫
B

|v|p dx =Ep(v;Bn) +
ε

δ

∫
Bn

|v|p dx

+ Ep(v;B \Bn) +
ε

δ

∫
B\Bn

|v|p dx

≥Ep(v;Bn) +
ε

δ

∫
Bn

|v|p dx− ε.

Hence

Ep(v;B) +
ε

δ

∫
B

|v|p dx ≥ lim sup
n→∞

E(v;Bn) +
ε

δ

∫
B

|v|p dx− ε,

or, equivalently,
Ep(v;B) ≥ lim sup

n→∞
Ep(v;Bn)− ε,

and we may now let ε→ 0+.
Thus Ep(v; ·) is a measure, and by (I2) and (6.133) it is absolutely contin-

uous with respect to the Lebesgue measure.

Step 3: For every ε > 0, B ∈ B (E), and v ∈ Lp (E; Rm) we define

Φε (v;B) := −Ep(v;B)− ε

δ

∫
B

|v|p dx,

where δ = δ (ε) > 0 is the constant given in the previous step. For every ε > 0
and B ∈ B (E) we also set

µε (B) := sup {Φε (v;B′) : B′ ∈ B (E) , B′ ⊂ B, v ∈ Lp (E; Rm)} .

We claim that µε is a (positive) Borel measure. Note that µε ≥ 0 by (6.133),
while µε ≤ ε by (6.134).

If B1, B2 ∈ B (E), with B1 ⊂ B2, then every Borel subset of B1 is a
Borel subset of B2, and so µε (B1) ≤ µε (B2), that is, µε is an increasing set
function.

If B1, B2 ∈ B (E), with B1 ∩ B2 = ∅, then for any B′ ∈ B (E), with
B′ ⊂ B1 ∪B2, and any v ∈ Lp (E; Rm) we have

Φε (v;B′) = Φε (v;B′ ∩B1) + Φε (v;B′ ∩B2)
≤ µε (B1) + µε (B2) ,

where we have used the fact that Φε (v; ·) is a signed measure. Taking the
supremum over all admissible B′ and v gives

µε (B1 ∪B2) ≤ µε (B1) + µε (B2) . (6.137)

To prove the reverse inequality fix real numbers ti < µε (Bi), i = 1, 2, and
find B′

i ∈ B (E), B′
i ⊂ Bi, and vi ∈ Lp (E; Rm) such that
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ti < Φε (vi;B′
i) ,

i = 1, 2. Define

v (x) :=
{
v1 (x) if x ∈ B1,
v2 (x) if x ∈ E \B2.

Then v ∈ Lp (E; Rm), and so

t1 + t2 < Φε (v1;B′
1) + Φε (v2;B′

2) = Φε (v;B′
1) + Φε (v;B′

2)
= Φε (v;B′

1 ∪B′
2) ≤ µε (B1 ∪B2) ,

where we have used the locality of Φε (·;B′
i), i = 1, 2, and again the fact that

Φε (v; ·) is a signed measure. Letting ti ↗ µε (Bi), i = 1, 2, gives, also by
(6.137),

µε (B1 ∪B2) = µε (B1) + µε (B2) .

Since µε (∅) = 0 it follows that µε is a finitely additive measure. Hence by
Proposition 1.9, to prove that µε is a measure it is enough to verify that

µε(Bn) → µε(B) whenever Bn ↗ B, Bn, B ∈ B (E) .

Using the fact that µε is an increasing set function, we have that

sup
n∈N

µε(Bn) ≤ µε(B).

To prove the reverse inequality fix a real number t < µε (B) and find B′ ∈
B (E), with B′ ⊂ Bi, and v ∈ Lp (E; Rm) such that

t < Φε (v;B′) .

Since Φε (v; ·) is a signed measure, we have that

t < Φε (v;B′) = lim
n→∞

Φε (v;B′ ∩Bn) ≤ sup
n∈N

µε(Bn),

and so letting t↗ µε (B) we obtain

µε (B) ≤ sup
n∈N

µε(Bn).

Hence µε is a (positive) finite Borel measure. Moreover, if B ∈ B (E) has
Lebesgue measure zero, then µε (B) = 0 by (6.133). Hence µε is absolutely
continuous with respect to the Lebesgue measure and thus by the Radon–
Nikodym theorem there exists a function aε ∈ L1(E) such that

µε (B) =
∫

B

aε (x) dx

for all B ∈ B (E). By the definition of µε and Φε (v;B) and by (6.134) we
obtain that
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Φε (v;B) = −Ep (v;B)− ε

δ

∫
B

|v|p dx ≤ µε (B) =
∫

B

aε (x) dx

for all B ∈ B (E) and v ∈ Lp (E; Rm), or equivalently,

Ep (v;B) ≥ −
∫

B

(
aε (x) +

ε

δ
|v|p

)
dx

for all B ∈ B (E) and v ∈ Lp (E; Rm). Take ε = 1 and let a := a1 and
C := 1

δ(1) . Then

Ep (v;B) ≥ −
∫

B

(a (x) + C |v|p) dx

for all B ∈ B (E) and v ∈ Lp (E; Rm).
As in the proof of Theorem 5.29, since Ep(v; ·) may not be a Radon mea-

sure, next we consider the Yosida transforms. In what follows we replace the
functional Ep (v;B) with

Ep (v;B) +
∫

B

(a (x) + C |v|p) dx

and thus the new functional, still denoted by Ep, is nonnegative and

Ep(0;B) =
∫

B

a (x) dx

for all B ∈ B(E).

Step 4: For every k ∈ N, B ∈ B(E), and v ∈ Lp(E; Rm) define

Yk(v;B) := inf
{
Ep(u;B) + k

∫
B

|w (x)− v (x)|p dx : w ∈ Lp(E; Rm)
}

.

Exactly as in Substep 3a of the proof of Theorem 5.29, for v ∈ Lp(E; Rm) we
have that Yk(v; ·) is a (positive) finite Radon measure absolutely continuous
with respect to the Lebesgue measure, that

Ep (v;B) = sup
k
Yk(v;B) (6.138)

for every B ∈ B(E), that

Yk(v;B) ≤ Ep (0;B) + k

∫
B

|v|p dx =
∫

B

(a+ k |v|p) dx (6.139)

for all k ∈ N, B ∈ B(E), and that

|Yk(v;B)− Yk(u;B)|

≤Ck
(∫

B

(a+ |u|p + |v|p) dx
)1/p′ (∫

B

|v − u|p dx
)1/p

(6.140)
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for all k ∈ N, B ∈ B(E), and u ∈ Lp(E; Rm).
Let

M := {B ∈ B(E) : |B| <∞} .

By (6.139), for every z ∈ R
m the set function

B ∈ M �→ Yk(z;B)

is nonnegative, countably additive, and bounded from above by a measure
that is finite on M and absolutely continuous with respect to the Lebesgue
measure. By Corollary 1.38 we may extend Yk(z; ·) to a measure µk,z defined
on B(E). Since µk,z (B) = Yk(z;B) for all B ∈ M, it follows that µk,z is still
absolutely continuous with respect to the Lebesgue measure and it is σ-finite.
Thus by the Radon–Nikodym theorem we may find a nonnegative measurable
function fk,z : E → [0,∞] such that

µk,z (B) =
∫

B

fk,z (x) dx

for all B ∈ B(E), and so

Yk(z;B) =
∫

B

fk,z (x) dx (6.141)

for all B ∈ M.
In particular, if j ∈ N and z, w ∈ Q

m are such that |z|, |w| ≤ j, then by
(6.140) and Young inequality,

|Yk(z;B)− Yk(w;B)| ≤ Ck

(∫
B

(a+ 2jp) dx
)1/p′

|B|1/p |z − w|

≤ Ck

[∫
B

(a+ 2jp) dx+ |B|
]
|z − w|

for all B ∈ M.
Thus, also by (6.139), (6.141), and Proposition 1.87 there exists a measur-

able set N1 ⊂ E, with |N1| = 0, such that

0 ≤ fk,z (x) ≤ a (x) + k |z|p (6.142)

for every x ∈ E \N1 and every z ∈ Q
m, and

|fk,z (x)− fk,w (x)| ≤ Ck (a (x) + 2jp + 1) |z − w| (6.143)

for every x ∈ E \N1, j ∈ N, and every z, w ∈ Q
m, with |z|, |w| ≤ j.

Fix x ∈ E \N1. Since the function z �→ fk,z (x) is locally Lipschitz contin-
uous on Q

m, using the density of Q
m we may uniquely extend it to a locally

Lipschitz continuous function on R
m that still satisfies (6.142) and (6.143).

For every x ∈ E and z ∈ R
m define
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fk (x, z) :=
{
fk,z (x) x ∈ E \N1,
0 x ∈ N1.

Then by (6.142) and (6.143) the function fk (x, z) is a Carathéodory function
and

0 ≤ fk (x, z) ≤ a (x) + k |z|p

for every x ∈ E and z ∈ R
m.

Since Yk(v; ·) is a measure, it follows from (6.141) that

Yk(s;B) =
∫

B

fk (x, s (x)) dx

for all B ∈ B(E) and for every simple function s that takes values on Q
m and

such that
|{x ∈ E : s (x) �= 0}| <∞.

Using the continuity with respect to strong convergence in Lp(E; Rm) of both
sides of the previous identity (see (6.140), (6.142), (6.143), and Corollary 6.51)
we conclude that for every v ∈ Lp(E; Rm),

Yk(v;B) =
∫

B

fk (x, v (x)) dx.

Since for k ≤ n we have Yk(v;B) ≤ Yn(v;B), we may find a set N2 with
|N2| = 0 such that

fk (x, z) ≤ fn (x, z)

for all x ∈ E \N2 and z ∈ R
m. Define

h (x, z) :=

{
sup
k∈N

fk (x, z) x ∈ E \N2,

0 x ∈ N2.

By Theorem 6.34, each fk is a normal integrand, and thus h, being the supre-
mum of an increasing sequence of normal integrands, is still normal. Hence
by (6.138) and the Lebesgue monotone convergence theorem we have

Ep(v;B) =
∫

B

h (x, v (x)) dx

for every v ∈ Lp(E; Rm) and B ∈ B(E).

Exercise 6.66. Let Ω = (0, 1), let m = 1, and for every v ∈ L1(Ω) and x ∈ Ω
let

T (v) (x) :=
{

1 if |{y ∈ Ω : v (y) = v (x)}| = 0,
0 otherwise.

For every v ∈ L1(Ω) and B ∈ B(Ω) define

I (v;B) :=
∫

B

T (v) (x) dx.
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(i) For every v ∈ L1(Ω) and B ∈ B(Ω) define

N (v;B) := {t ∈ R : |{y ∈ Ω : v (x) = t}| �= 0}

and prove that N (v;B) is at most countable and that if w ∈ Lp(Ω) is
such that v = w L1 a.e. on B, then N (v;B) = N (w;B).

(ii) For every v ∈ L1(Ω), B ∈ B(Ω), and x ∈ Ω let

TB (v) (x) :=
{

1 if v (x) /∈ N (v;B) ,
0 otherwise.

Prove that T (v) (x) = TB (v) (x) for L1 a.e. x ∈ B.
(iii) Prove that the functional I satisfies conditions (I1), (I2), and (I3).
(iv) Prove that for every B ∈ B(Ω) and c ∈ R,

I (vc;B) = |B| ,

where vc (x) := x+ c for x ∈ Ω.
(v) Prove that there is no integrand h : Ω × R → [0,∞] such that

I(v;B) =
∫

B

h (x, v (x)) dx

for every v ∈ L1(Ω) and B ∈ B(Ω).

Next we address the case that p =∞.

Theorem 6.67. Let E ⊂ R
N be a Lebesgue measurable set and let

I : L∞ (E; Rm)× B(E) → (−∞,∞]

satisfy properties (I1)–(I2) of the previous theorem. For every B ∈ B(E) let τ
be either the weak star or the Mackey topology in L∞ (B; Rm) and let E∞ (·;B)
be the greatest functional below I (·, B) that is sequentially lower semicontinu-
ous with respect to τ. Assume that E∞ satisfies assumption (I3) of the previous
theorem. Then there exists a normal integrand h : E × R

m → (−∞,∞] (de-
pending on τ) that satisfies condition (6.70) such that

E∞(v;B) = E∞(v0;B) +
∫

B

h (x, v (x)) dx

for all v ∈ L∞(E; Rm) and B ∈ B(E).
If, in addition, I satisfies the growth condition

(I5)
′ for every M > 0 there exists γM ∈ L1 (E) such that for all B ∈ B(E),

|I (v;B)| ≤
∫

B

γM (x) dx

for all v ∈ L∞(E; Rm) with |v (x)| ≤M for LN a.e. x ∈ B,
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then τ can also be taken as the strong topology in L∞(B; Rm).

Proof. The proof is almost identical to that of Theorem 5.31. The only slight
difference concerns the case in which τ is the strong topology. Note that in
this case, by (I5)

′ the functional

v ∈ L1 (E; Rm) �→ TM (v;B) +
∫

B

γM dx

is nonnegative, and so applying to this functional the reasoning in (5.66), once
again we deduce that TM is sequentially lower semicontinuous with respect to
strong convergence in L1.

6.6 Relaxation in Lp

In this section we treat relaxation properties of functionals of the form

v ∈ Lp (E; Rm) �→ I (v) :=
∫

E

f (x, v) dx,

where E is a Borel subset of R
N , 1 ≤ p ≤ ∞, and f : E × R

m → (−∞,∞] is
an LN × B measurable function.

As in Section 5.4 we consider the relaxed energy

E : Lp (E; Rm) → [−∞,∞]

of I, that is, the greatest functional E below I that is sequentially lower
semicontinuous with respect to the topology τ . We will address the following
types of convergence:

• weak convergence in Lp (E; Rm) for 1 ≤ p <∞;
• weak star convergence in L∞ (E; Rm);
• weak star convergence in the sense of measures L1 (E; Rm).

By Propositions 3.16 and 3.18, when I satisfies a suitable coercivity con-
dition we have that E (v) coincides with

I (v) := inf
{

lim inf
n→∞

I (vn;E) : {vn} ⊂ Lp (E; Rm) , vn
τ→ v

}

for all v ∈ Lp (E; Rm).

6.6.1 Weak Convergence and Weak Star Convergence in Lp,
1 ≤ p ≤ ∞

In this subsection we characterize the relaxed energy
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Ep : Lp (E; Rm) → [−∞,∞]

of I with respect to weak convergence in Lp, 1 ≤ p ≤ ∞, that is, the functional
Ep is the greatest functional below I that is sequentially lower semicontinu-
ous with respect to weak (respectively weak star if p = ∞) convergence in
Lp (E; Rm).

For every v ∈ Lp(E; Rm) define

Ip(v) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ Lp(E; Rm),

vn ⇀ v ( ∗
⇀ if p =∞) in Lp(E; Rm)

}
.

Since Ep ≤ I, for every v ∈ Lp(E; Rm) we have

Ep(v) ≤ Ip(v). (6.144)

Note that the functional Ip may fail to be sequentially lower semicontinuous,
and thus in general we may have strict inequality in (6.144). Indeed, we have
the following theorem.

Theorem 6.68. Let E be a Borel subset of R
N , let 1 ≤ p ≤ ∞, and let

f : E × R
m → (−∞,∞] be an LN × B measurable function satisfying

f (x, z) ≥ a (x) + b (x) · z (6.145)

for LN a.e. x ∈ E and for all z ∈ R
m, where a ∈ L1 (E), b ∈ Lp′

(E; Rm),
and C > 0. Then for every v ∈ Lp(E; Rm) we have

Ep(v) =
∫

E

f∗∗(x, v (x)) dx,

where for every fixed x ∈ E the function f∗∗(x, ·) is the bipolar of f(x, ·). In
addition, for every v ∈ Lp(E; Rm) for which Ip(v) <∞ we have

Ip(v) =
∫

E

C (lsc f) (x, v (x)) dx,

where for every fixed x ∈ E the function C (lsc f) (x, ·) is the convex envelope
of the lower semicontinuous envelope of f(x, ·).

Remark 6.69. (i) We recall that by Propositions 3.16, 3.18, we have

Ep(v) = Ip (v) =
∫

E

f∗∗(x, v) dx

for every v ∈ Lp(E; Rm) provided the function f in Theorem 6.68 satisfies
the additional coercivity condition

f (x, z) ≥ Cγ (|z|)− ψ (x)
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for LN a.e. x ∈ E and for all z ∈ R
m, where C > 0, ψ ∈ L1 (E), and

where for t ≥ 0,

γ (t) := tp if 1 < p <∞,

γ (t) :=
{

0 if 0 ≤ t < R,
∞ if t ≥ R, if p = ∞,

for some R > 0, and γ : [0,∞) → [0,∞] is an increasing function with

lim
t→∞

γ (t)
t

=∞

if p = 1.
(ii) In view of Remark 4.93, if the function f in Theorem 6.68 is real-valued,

that is, f : E × R
m → R, then for LN a.e. x ∈ E,

f∗∗ (x, ·) = lsc (Cf) (x, ·) = C (lsc f) (x, ·) = Cf (x, ·) ,

and so by the previous theorem, for every v ∈ Lp(E; Rm) for which Ip(v) <
∞ we have

Ep(v) = Ip (v) =
∫

E

f∗∗(x, v) dx.

Proof. Without loss of generality we may assume that there exists v0 ∈
Lp(E; Rm) such that ∫

E

f(x, v0 (x)) dx <∞. (6.146)

Since the functional

v ∈ Lp(E; Rm) �→
∫

E

(a (x) + b (x) · v (x)) dx

is continuous with respect to weak (respectively weak star if p = ∞) con-
vergence, replacing f (x, z) by f (x, z) − (a (x) + b (x) · z), we may assume
without loss of generality that f ≥ 0. For every Borel set B ∈ B(E) we define
the functional

v ∈ Lp (E; Rm) �→ I (v;B) :=
∫

B

f (x, v) dx.

Since I satisfies the hypotheses (I1)–(I2) in Theorems 6.65, 6.67 and Ep

satisfies hypothesis (I3), using these results we deduce the existence of a nor-
mal function h : E × R

m → [0,∞] such that

Ep(v;B) = Ep(v0;B) +
∫

B

h (x, v) dx (6.147)

for every B ∈ B(E) and v ∈ Lp(E; Rm).
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We claim that Ep(v0; ·) is a Radon measure. By Step 1 of Theorem 6.65
and by (6.146), Ep(v0; ·) is nonnegative, finite, and finitely additive, and so in
view of Propositions 1.60 and 1.9 it suffices to prove that

Ep

(
v0;

∞⋃
n=1

En

)
= lim

n→∞
Ep(v0;En)

for every increasing sequence {En} of Lebesgue measurable sets En ⊂ E.
Consider one such sequence {En}. Then

Ep

(
v0;

∞⋃
n=1

En

)
= Ep (v0;Ek) + Ep

(
v0;

( ∞⋃
n=1

En

)
\ Ek

)

≥ Ep (v0;Ek) .

Therefore

Ep

(
v0;

∞⋃
n=1

En

)
≥ lim sup

k→∞
Ep(v0;Ek).

Conversely,

Ep

(
v0;

∞⋃
n=1

En

)
= Ep (v0;Ek) + Ep

(
v0;

( ∞⋃
n=1

En

)
\ Ek

)

≤ Ep (v0;Ek) +
∫
( ∞⋃

n=1
En

)
\Ek

f (x, v0 (x)) dx.

By (6.146) we have

Ep

(
v0;

∞⋃
n=1

En

)
≤ lim inf

k→∞
Ep(v0;Ek).

Having concluded that Ep(v0; ·) is a Radon measure, we observe that since

Ep(v0;B) ≤
∫

B

f (x, v0 (x)) dx

for every Borel set B ⊂ E, by the Radon–Nikodym theorem there exists a
function ψ ∈ L1 (E) such that

Ep(v0;B) =
∫

B

ψ (x) dx

for every Borel set B ⊂ E.
Hence (6.147) reduces to

Ep(v;B) =
∫

B

(ψ (x) + h (x, v)) dx
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for every B ∈ B(E) and v ∈ Lp(E; Rm). Observe that the function h̃ : E ×
R

m → [0,∞] defined by

h̃ (x, z) := ψ (x) + h (x, z)

for x ∈ E and z ∈ R
m is a normal integrand, and that the functional

v ∈ Lp(E; Rm) �→
∫

E

h̃ (x, v) dx

satisfies the hypotheses of Theorem 6.54. Therefore h̃ (x, ·) is convex in R
m

for LN a.e. x ∈ E.
Moreover, in view of Proposition 6.43, f∗∗ is a nonnegative normal inte-

grand. By Theorems 6.54 and 6.56, for every B ∈ B(E) the functional

v ∈ Lp(E; Rm) �→
∫

B

f∗∗(x, v) dx

is sequentially weakly (respectively weakly star if p = ∞) lower semicontinu-
ous in Lp(E; Rm), and since f∗∗ ≤ f , we deduce that for every v ∈ Lp(E; Rm),

Ep(v,B) =
∫

B

h̃ (x, v) dx ≥
∫

B

f∗∗(x, v) dx.

Hence for every Borel subset B ⊂ E and for every v ∈ L∞(E; Rm),
∫

B

f∗∗(x, v) dx ≤
∫

B

h̃ (x, v) dx ≤
∫

B

f (x, v) dx,

and thus by Proposition 6.24,

f∗∗(x, z) ≤ h̃ (x, z) ≤ f (x, z)

for LN a.e. x ∈ E and for all z ∈ R
m. Since h̃ (x, ·) is convex in R

m for LN

a.e. x ∈ E, it follows that

f∗∗(x, z) = h̃ (x, z)

for LN a.e. x ∈ E and for all z ∈ R
m.

The last statement in the theorem can be proved following an argument
entirely identical to that used in the proof of Theorem 5.32 starting from
(5.72). We observe that C (lsc f) is a Borel function, since it can be written as

C (lsc f) (x, z) = inf
k∈N

(fk)∗∗ (x, z)

and the functions (fk)∗∗ are normal integrands by Proposition 6.43.
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6.6.2 Weak Star Convergence in the Sense of Measures in L1

In this subsection we consider only the case in which the domain of integration
is an open set Ω ⊂ R

N . We study the relaxation of functionals of the type

v ∈ L1 (Ω; Rm) �→ I (v) :=
∫

Ω

f (x, v (x)) dx, (6.148)

where
f : Ω × R

m → (−∞,∞] ,

with respect to weak star convergence in the sense of measures.
For any λ ∈M (Ω; Rm) we define the functional

H (λ) :=
{
I (v) if λ = v LN

⌊
Ω for some v ∈ L1 (Ω; Rm) ,

∞ otherwise,

and we characterize the relaxed energy

H : M (Ω; Rm) → [−∞,∞]

of H with respect to weak star convergence in M (Ω; Rm), that is, the func-
tional H is the greatest functional below H that is sequentially lower semi-
continuous with respect to weak star convergence in M (Ω; Rm) .

For every λ ∈M (Ω; Rm) define

I(λ) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ L1(Ω; Rm), (6.149)

vn LN
⌊
Ω

∗
⇀ λ in M (Ω; Rm)

}
.

Since H ≤ H, for every λ ∈M (Ω; Rm) we have

H(λ) ≤ I(λ).

Theorem 6.70. Let Ω ⊂ R
N be an open set and let f : Ω × R

m → (−∞,∞]
be Borel measurable. Assume that there exist a function a ∈ L1 (Ω) and a
constant C > 0 such that

f (x, z) ≥ a (x) + C |z| (6.150)

for LN a.e. x ∈ Ω and all z ∈ R
m. Then for every λ ∈M (Ω; Rm),

H (λ) = I(λ) =
∫

Ω

f̃

(
x,

dλ

dLN

)
dx+

∫
Ω

fs

(
x,

dλ

d ‖λs‖

)
d ‖λs‖ ,

where for x ∈ Ω and z ∈ R
m,

f̃ (x, z) := sup {ξ · z − f∗ (x, ξ) : ξ ∈ Γ (x)} , (6.151)
fs (x, z) := sup {ψ (x) · z : ψ ∈ X} ,
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Γ is the essential supremum of the family of multifunctions {Γψ : ψ ∈ X},
with

X :=
{
ψ ∈ C0 (Ω; Rm) : f∗ (·, ψ (·)) ∈ L1 (Ω)

}
,

and for every fixed x ∈ Ω the function f∗ (x, ·) is the polar function of f (x, ·).

Proof. Without loss of generality we may assume that there exists v0 ∈
L1(Ω; Rm) such that ∫

Ω

f (x, v0 (x)) dx <∞.

Step 1: We show that, without loss of generality, we may assume that

f (x, ·) = f∗∗ (x, ·), and hence in what follows f (x, ·) is convex and lower
semicontinuous. Applying Proposition 6.43 we deduce that f∗∗ is a normal
integrand.

For any λ ∈M (Ω; Rm) we define the functional

J (λ) :=
{∫

Ω
f∗∗ (x, v (x)) dx if λ = v LN

⌊
Ω for some v ∈ L1 (Ω; Rm) ,

∞ otherwise,

and let J be the greatest functional below J that is sequentially lower semi-
continuous with respect to weak star convergence in M (Ω; Rm).

Since J ≤ H, we have
J ≤ H.

Moreover, if E1 is the greatest functional below I that is sequentially lower
semicontinuous with respect to weak convergence in L1 (Ω; Rm), then by The-
orem 6.68,

H
(
v LN

⌊
Ω
)
≤ E1 (v) =

∫
Ω

f∗∗ (x, v (x)) dx

for every v ∈ L1 (Ω; Rm). Therefore

H (λ) ≤ J (λ)

for all λ ∈M (Ω; Rm), and by relaxing with respect to weak star convergence
in M (Ω; Rm), we conclude that

H (λ) ≤ J (λ) .

Thus we have proved that J = H. In turn, the integrand f may be replaced
by the normal integrand f∗∗, and with an abuse of notation, in the sequel we
write f in place of f∗∗. Therefore below, when we write f∗ this should be read
as f∗∗∗, but in view of Proposition 4.88, f∗ and f∗∗∗ coincide; hence there is
no ambiguity.

Step 2: We claim that the functional I defined in (6.149) is convex. Let
λ1, λ2 ∈ M (Ω; Rm) and let θ ∈ (0, 1). It suffices to consider the case in
which I (λ1) and I (λ2) are both finite. Hence for any fixed ε > 0 we may
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find {vn}, {wn} ⊂ L1 (Ω; Rm) such that vn LN
⌊
Ω

∗
⇀ λ1, wn LN

⌊
Ω

∗
⇀ λ2 in

M (Ω; Rm), and

lim
n→∞

∫
Ω

f (x, vn (x)) dx ≤ I (λ1) + ε,

lim
n→∞

∫
Ω

f (x,wn (x)) dx ≤ I (λ2) + ε.

Let {hk} be a sequence of functions in L∞ (Ω; {0, 1}) such that hk
∗
⇀ θ in

L∞ (Ω) (see Example 2.86). For x ∈ Ω define

un,k (x) := (1− hk (x)) vn (x) + hk (x)wn (x) .

Since

lim
n→∞

lim
k→∞

∫
Ω

f (x, un,k) dx

= lim
n→∞

lim
k→∞

∫
Ω

(1− hk) f (x, vn) + hkf (x,wn) dx

= (1− θ) lim
n→∞

∫
Ω

f (x, vn) dx+ θ lim
n→∞

∫
Ω

f (x,wn) dx

≤ (1− θ) I (λ1) + θI (λ2) + ε,

and since

lim
n→∞

lim
k→∞

∫
Ω

un,kψ dx = 〈(1− θ)λ1 + θλ2, ψ〉M,C0

for a countable dense family of functions ψ in C0 (Ω), using a diagonalization
argument we may find an increasing sequence {kn} of positive integers such
that

un,kn
LN

⌊
Ω

∗
⇀ (1− θ)λ1 + θλ2

and
lim

n→∞

∫
Ω

f (x, un,kn
) dx ≤ (1− θ) I (λ1) + θI (λ2) + ε.

We deduce that

I ((1− θ)λ1 + θλ2) ≤ (1− θ) I (λ1) + θI (λ2) + ε,

and the convexity of I follows by letting ε→ 0.

Step 3: In view of (6.150), for every λ ∈M (Ω; Rm),

H (λ) ≥
∫

Ω

a dx+ C ‖λ‖ ,

which shows that H is coercive. By Proposition 3.16 we conclude that H = I
and that H is lower semicontinuous with respect to weak star convergence in
M (Ω; Rm).
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Consider now the duality pair (M (Ω; Rm) , C0 (Ω; Rm)) under the duality

〈u, φ〉M(Ω;Rm),C0(Ω;Rm) :=
∫

Ω

φ · dλ

for λ ∈ M (Ω; Rm) and C0 (Ω; Rm). Then the functional H is convex and
lower semicontinuous with respect to the topology σ (M, C0). It follows from
Proposition 4.92, taking as V the topological vector space

(
M (Ω; Rm) , σ

(
L1, C0

))
,

that
H = H∗∗ ≤ H∗∗.

Conversely, by Theorem 4.92, H∗∗ is sequentially lower semicontinuous and
below H, and therefore H∗∗ ≥ H∗∗. Since by Theorem A.72 the topological
dual of

(
M (Ω; Rm) , σ

(
L1, C0

))
is C0 (Ω; Rm), for each λ ∈M (Ω; Rm),

H (λ) = H∗∗ (λ)

= sup
ψ∈C0(Ω;Rm)

[∫
Ω

ψ (x) · dλ (x)−H∗ (ψ)
]

(6.152)

= sup
ψ∈C0(Ω;Rm)

[∫
Ω

ψ (x) · dλ (x)−
∫

Ω

f∗ (x, ψ (x)) dx
]

,

where in the last identity we have used Step 1 of the necessity part of the
proof of Theorem 6.57.

Fix λ ∈M (Ω; Rm) and let E ⊂ Ω be a Borel set such that

LN (E) = 0 = ‖λs‖ (Ω \ E) . (6.153)

Set ν := LN
⌊
Ω + ‖λs‖. Then λ� ν and

dλ

dν
(x) =

⎧⎪⎨
⎪⎩

dλ

dLN
(x) if x ∈ Ω \ E,

dλ

d ‖λs‖
(x) if x ∈ E,

with dλ
dν ∈ L1 (Ω, ν). Define

h (x, z) :=
{
f∗ (x, z) if x ∈ Ω \ E,
0 if x ∈ E. (6.154)

Then for ψ ∈ C0 (Ω; Rm),
∫

Ω

ψ (x) ·dλ (x)−
∫

Ω

f∗ (x, ψ (x)) dx

=
∫

Ω

[
ψ (x) · dλ

dν
(x)− h (x, ψ (x))

]
dν.
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Hence by (6.152),

H (λ) = sup
ψ∈C0(Ω;Rm)

∫
Ω

[
ψ (x) · dλ

dν
(x)− h (x, ψ (x))

]
dν.

We show that

H (λ) = sup
ψ∈X

∫
Ω

[
ψ (x) · dλ

dν
(x)− h (x, ψ (x))

]
dν.

Indeed, if ψ /∈ X , then since by (6.117),
∫

Ω

f∗ (x, ψ (x)) dx > −∞,

we have ∫
Ω

h (x, ψ (x)) dν =
∫

Ω

f∗ (x, ψ (x)) dx =∞,

and thus ∫
Ω

[
ψ (x) · dλ

dν
(x)− h (x, ψ (x))

]
dν = −∞.

Define
g (x, ξ) := ξ · dλ

dν
(x)− h (x, ξ) ,

and note that by (6.153) and (6.154), if ψ ∈ C0 (Ω; Rm), then
∫

Ω

g (x, ψ (x)) dν = −
∫

Ω

f∗ (x, ψ (x)) dx+
∫

Ω

ψ (x) · dλ
dν

(x) dν,

and so g (·, ψ (·)) ∈ L1 (Ω, ν) if and only if ψ ∈ X . Hence we may apply
Remark 6.61 to deduce that

H (λ) =
∫

Ω

ǧ (x) dν,

where

ǧ (x) := sup
ξ∈Γν(x)

(
ξ · dλ

dν
(x)− h (x, ξ)

)
,

where Γν is the essential supremum of the family of multifunctions F :=
{Γψ : ψ ∈ X} with respect to ν.

Since LN
⌊
Ω � ν, by Remark 6.14(iii),

Γν (x) = Γ (x)

for LN a.e. x ∈ Ω, and so for LN a.e. x ∈ Ω \ E we have

ǧ (x) = sup
ξ∈Γ (x)

(
ξ · dλ

dLN
(x)− f∗ (x, ξ)

)
= f̃

(
x,

dλ

dLN
(x)

)
.
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On the other hand, by Step 1 of the sufficiency proof of Theorem 6.57, for
‖λs‖ a.e. x ∈ E,

ǧ (x) = sup
ξ∈Γν(x)

(
ξ · dλ

d ‖λs‖
(x)

)
= fs

(
x,

dλ

d ‖λs‖
(x)

)
.

This concludes the proof.

Remark 6.71. (i) Without the growth condition (6.150) for nonnegative inte-
grands f it is possible to prove that

H (λ) =
∫

Ω

h

(
x,

dλ

dLN

)
dx+

∫
Ω

h∞
(
x,

dλ

d ‖λs‖

)
d ‖λs‖

for each λ ∈M (Ω; Rm), where h : Ω×R
m → [0,∞] is a normal integrand,

with h(x, ·) convex and h∞ lower semicontinuous in Ω ×R
m. We refer to

[AmBu88] for the precise statement, which holds without any measura-
bility hypotheses on f (provided the integral in (6.148) is replaced by the
Lebesgue upper integral). However, in this case we are not aware of any
explicit formula relating h to f .

(ii) If in place of the growth condition (6.150) we assume that there exist
functions a ∈ L1 (Ω) and b ∈ C0 (Ω; Rm) such that

f (x, z) ≥ a (x) + b (x) · z

for LN a.e. x ∈ Ω and all z ∈ R
m, then the previous theorem can be

applied to show that for every λ ∈M (Ω; Rm),

E (λ) =
∫

Ω

f̃

(
x,

dλ

dLN

)
dx+

∫
Ω

fs

(
x,

dλ

d ‖λs‖

)
d ‖λs‖ ,

where E is the greatest functional below H that is lower semicontinu-
ous with respect to weak star convergence in M (Ω; Rm) (we refer to
[BouVa88] for more details). Note that in general we can conclude only
that E ≤ H.

Exercise 6.72. Let Ω ⊂ R
N be an open set, let a : Ω → [0,∞] be a locally

integrable function bounded away from zero, and let

f (x, z) := a (x) |z|

for x ∈ Ω and z ∈ R
m. Prove that for every λ ∈M (Ω; Rm),

H (λ) =
∫

Ω

â (x) d ‖λ‖ ,

where â is the lower semicontinuous envelope of the function

ā (x) := lim sup
ε→0+

1
εN

∫
Q(x,ε)

a(y) dy, x ∈ Ω.
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Exercise 6.73. Let Ω ⊂ R
N be an open set, let a : Ω → [0,∞] be a measur-

able function bounded away from zero, and let

f (x, z) :=
1
2
a (x) |z|2

for x ∈ Ω and z ∈ R
m. Let Ω′ be the largest open set on which 1

a is integrable.
Prove that for every λ ∈M (Ω; Rm),

H (λ) =
{

1
2

∫
Ω
a (x)

∣∣ dλ
dLN

∣∣2 dx if ‖λs‖ (Ω′) = 0,
∞ if ‖λs‖ (Ω′) > 0.
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Integrands f = f (x, u, z)

But just as much as it is easy to
find the differential of a given
quantity, so it is difficult to find
the integral of a given
differential. Moreover, sometimes
we cannot say with certainty
whether the integral of a given
quantity can be found or not.

Johann Bernoulli

In this chapter we consider functionals of the type

(u, v) ∈ Lq
(
E; Rd

)
×Lp (E; Rm) �→ I (u, v) :=

∫
E

f (x, u (x) , v (x)) dx, (7.1)

where 1 ≤ p, q ≤ ∞, E is a Lebesgue measurable subset of R
N , and f :

E×R
d×R

m → [−∞,∞] is an LN×B measurable function that is measurable
with respect to the σ-algebra generated by products of Lebesgue measurable
subsets of E and Borel subsets of R

d × R
m.

In what follows, normal and Carathéodory integrands should be under-
stood in the sense of Definitions 6.27, 6.33 with respect to the variables
(x, (u, z)).

7.1 Convex Integrands

In this section we prove approximation results for normal integrands under
some convexity assumptions. We begin with the case that f is real-valued.

Theorem 7.1. Let E be a Lebesgue measurable subset of R
N and let f : E ×

R
d×R

m → R be a Carathéodory function such that f (x, ·, ·) ∈ L∞
loc

(
R

d × R
m
)
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for LN a.e. x ∈ E and f (x, u, ·) is convex in R
m for LN a.e. x ∈ E and all

u ∈ R
d. Then there exist two sequences of Carathéodory functions

ai : E × R
d → R, bi : E × R

d → R
m,

such that
f(x, u, z) = sup

i∈N

{ai(x, u) + bi(x, u) · z}

for LN a.e. x ∈ E and all u ∈ R
d and z ∈ R

m.
Moreover, if f is nonnegative, then the functions ai and bi may be taken

to be bounded.

Proof. By De Giorgi’s theorem (Theorem 4.79) for LN a.e. x ∈ E and all
u ∈ R

d and z ∈ R
m we may write

f (x, u, z) = sup
i∈N

{ai (x, u) + bi (x, u) · z} ,

where

ai (x, u) :=
∫

Rm

f (x, u, z) ((m+ 1)ϕi (z) +∇ϕi (z) · z) dz,

bi (x, u) := −
∫

Rm

f (x, u, z)∇ϕi (z) dz,

and the functions ϕi are of the form

ϕi (z) := km
i ϕ (ki (qi − z)) , z ∈ R

m,

for ki ∈ N, qi ∈ Q
m, and some ϕ ∈ C1

c (Rm) (see (4.43)).
Since f (x, ·, ·) ∈ L∞

loc

(
R

d × R
m
)

for LN a.e. x ∈ E, it follows by the
Lebesgue dominated convergence theorem that the functions ai and bi are
Carathéodory.

If, in addition, f is nonnegative, then for k ∈ N0 define σ0 :≡ 0 and

σk (s) :=

⎧⎨
⎩

1 0 ≤ s ≤ k − 1,
−s+ k k − 1 < s < k,
0 s > k,

if k ≥ 1. We claim that

(ai (x, u) + bi (x, u) · z)+

= sup
k∈N0

σk (|ai (x, u)|+ |bi (x, u)|) (ai (x, u) + bi (x, u) · z)

for LN a.e. x ∈ E and all u ∈ R
d and z ∈ R

m. Indeed, if ai (x, u)+bi (x, u)·z ≤
0, then since σk ≥ 0, the supremum on the right-hand side is reached for k = 0.
If ai (x, u) + bi (x, u) · z > 0, then since 0 ≤ σk ≤ 1 for all k ≥ 0, it follows
that
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ai (x, u) + bi (x, u) · z
≥σk (|ai (x, u)|+ |bi (x, u)|) (ai (x, u) + bi (x, u) · z) .

It suffices to take k ∈ N so large that |ai (x, u)|+ |bi (x, u)| ≤ k − 1, so that

σk (|ai (x, u)|+ |bi (x, u)|) = 1.

Then the functions

ai,k (x, u) := σk (|ai (x, u)|+ |bi (x, u)|) ai (x, u) ,
bi,k (x, u) := σk (|ai (x, u)|+ |bi (x, u)|) bi (x, u) ,

where x ∈ E and u ∈ R
d, are bounded Carathéodory functions.

A similar result holds if f is allowed to take the value ∞, but in this case
there is no explicit formula for the functions ai and bi.

Theorem 7.2. Let E be a Lebesgue measurable subset of R
N and let f :

E×R
d×R

m → (−∞,∞] be a normal integrand such that f (x, u, ·) is convex
in R

m for LN a.e. x ∈ E and all u ∈ R
d. Assume also that f satisfies one of

the following two conditions:

(i) there exists a continuous function v0 : R
d → R

m such that

(f(x, ·, v0(·)))+ ∈ L∞(Rd)

for LN a.e. x ∈ E;
(ii) there exists a function γ : [0,∞) → [0,∞), with

lim
s→∞

γ (s)
s

= ∞,

such that
f (x, u, z) ≥ γ (|z|)

for LN a.e. x ∈ E and for all u ∈ R
d and z ∈ R

m.

Then there exist two sequences of Carathéodory functions

ai : E × R
d → R, bi : E × R

d → R
m,

such that
f(x, u, z) = sup

i∈N

{ai(x, u) + bi(x, u) · z} (7.2)

for LN a.e. x ∈ E and all u ∈ R
d and z ∈ R

m.
Moreover, if f is nonnegative, then the functions ai and bi may be taken

to be bounded.



488 7 Integrands f = f (x, u, z)

Proof. Assume first that (i) holds. Then for LN a.e. x ∈ E,

esssup (f(x, ·, v0(·)))+ <∞,

and due to the lower semicontinuity of the function

u ∈ R
d �→ (f(x, u, v0(u)))+ , (7.3)

we conclude that for LN a.e. x ∈ E,

sup
u∈Rd

(f(x, u, v0(u)))+ <∞. (7.4)

Define g : E → [0,∞] as

g (x) := sup
u∈Qd

(f(x, u, v0(u)))+ , x ∈ E.

Then g is measurable and by (7.4) real-valued for LN a.e. x ∈ E. By applying
Lusin’s theorem to g and Theorem 6.28 to the normal integrand f , we may
find a sequence of increasing compact sets {Kn} ⊂ E, with

∣∣∣∣∣E \
∞⋃

n=1

Kn

∣∣∣∣∣ = 0, (7.5)

such that g : Kn → [0,∞) is continuous and f : Kn×R
d×R

m → (−∞,∞] is
lower semicontinuous for each n ∈ N. Hence for each fixed n ∈ N the function
g is bounded on Kn by some constant Mn > 0. Using once again the lower
semicontinuity of the function (7.3) we obtain

0 ≤ (f(x, u, v0(u)))+ ≤Mn

for all (x, u) ∈ Kn ×R
d. Thus we may apply Theorem 6.42(i) (where the role

of x in that theorem is now played by the variables (x, u), and E there is
Kn × R

d here) to write

f(x, u, z) = sup
i∈N

{ai,n (x, u) + bi,n (x, u) · z} (7.6)

for all x ∈ Kn, u ∈ R
d, and z ∈ R

m, where ai ∈ C
(
Kn × R

d
)

and bi ∈
C
(
Kn × R

d; Rm
)
.

Moreover, since Kn ⊂ Kn+1, by replacing ai,n and bi,n with ai,n+1|Kn×Rd

and bi,n+1|Kn×Rd , respectively, we can assume that

ai,n (x, u) = ai,n+1 (x, u) , bi,n (x, u) = bi,n+1 (x, u)

for all x ∈ Kn and u ∈ R
d. Hence the functions

ai :
∞⋃

n=1

Kn → R, bi :
∞⋃

n=1

Kn → R
m
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defined by

ai (x, u) := ai,n (x, u) if x ∈ Kn and u ∈ R
d,

bi (x, u) := bi,n (x, u) if x ∈ Kn and u ∈ R
d,

are Carathéodory and, in view of (7.5), satisfy (7.2).
When condition (ii) is satisfied, then one can proceed as in the first part

of the theorem to find an increasing sequence of compact sets {Kn} ⊂ E such
that (7.5) holds and f : Kn × R

d × R
m → (−∞,∞] is lower semicontinuous

for each n ∈ N. Thus we may apply Theorem 6.42(ii) (where the role of x in
that theorem is now played by the variables (x, u), and the closed set E there
is Kn × R

d here) and then continue as in (7.6).
The second part of the proof follows as in the proof of the previous theorem.

We omit the details.

7.2 Well-Posedness

In this section we characterize the class of LN × B measurable integrands f
for which ∫

E

(f (x, u (x) , v (x)))− dx <∞

for every u ∈ Lq
(
E; Rd

)
and v ∈ Lp (E; Rm).

Theorem 7.3. Let E ⊂ R
N be a Lebesgue measurable set with finite measure,

1 ≤ p, q ≤ ∞, and let f : E × R
d × R

m → [−∞,∞] be LN × B measurable.
Then ∫

E

(f (x, u (x) , v (x)))− dx <∞ (7.7)

for every u ∈ Lq
(
E; Rd

)
and v ∈ Lp (E; Rm) if and only if

(i) when 1 ≤ p, q <∞, there exist a nonnegative function ω ∈ L1 (E) and a
constant C > 0 such that

f (x, u, z) ≥ −C (|u|q + |z|p)− ω (x)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m;
(ii) when p = q = ∞, for every M > 0 there exists a nonnegative function

ωM ∈ L1 (E) such that

f (x, u, z) ≥ −ωM (x)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m with |u|, |z| ≤M ;
(iii) when 1 ≤ p < ∞ and q = ∞, for every M > 0 there exist a nonnegative

function ωM ∈ L1 (E) and a constant CM > 0 such that

f (x, u, z) ≥ −CM |z|p − ωM (x)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m with |u| ≤M ;
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(iv) when p = ∞ and 1 ≤ q < ∞, for every M > 0 there exist a nonnegative
function ωM ∈ L1 (E) and a constant CM > 0 such that

f (x, u, z) ≥ −CM |u|q − ωM (x)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m with |z| ≤M .

Proof. Step 1: We prove (i). Without loss of generality, we may assume that
p ≥ q. Define the integrand

g (x,w, z) := f
(
x,w |w|

p
q −1

, z
)

.

Note that if w ∈ Lp
(
E; Rd

)
, then w |w|

p
q −1 ∈ Lq

(
E; Rd

)
, and hence by (7.7)

we have that ∫
E

(g (x,w (x) , v (x)))− dx <∞

for every (w, v) ∈ Lp
(
E; Rd+m

)
. By Theorem 6.45, this implies that there

exist a nonnegative function ω ∈ L1 (E) and a constant C > 0 such that

f
(
x,w |w|

p
q −1

, z
)
≥ −C (|w|p + |z|p)− ω (x)

for LN a.e. x ∈ E and for all (w, z) ∈ R
d × R

m, or, equivalently,

f (x, u, z) ≥ −C (|u|q + |z|p)− ω (x)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m.

Step 2: Case (ii) follows from Theorem 6.47, where the variable z there is
now replaced by the pair (u, z).

Step 3: We treat only the case (iii), since the case (iv) may be obtained from
(iii) by interchanging u and z.

As in the proof of Theorem 6.47, fix M > 0 and define the functions

τM (u) :=

{
u if |u| ≤M ,
u

|u|M if |u| > M ,

and
fM (x, u, z) := f (x, τM (u) , z) .

Note that if u ∈ Lp
(
E; Rd

)
, then τM (u) ∈ Lq

(
E; Rd

)
. Since the functional

(u, v) ∈ Lp
(
E; Rd+m

)
�→

∫
E

fM (x, u (x) , v (x)) dx

is well-defined and does not take the value −∞, by Theorem 6.45 there exist
a function aM ∈ L1 (E) and a constant CM > 0 such that if u ∈ R

d, |u| ≤M ,
then

f (x, u, z) = fM (x, u, z) ≥ −CM (|u|p + |z|p)− aM (x)
≥ −CM |z|p − (CMMp + aM (x))

for LN a.e. x ∈ E and for all z ∈ R
m.
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7.3 Sequential Lower Semicontinuity

In this section we study necessary and sufficient conditions for the sequential
lower semicontinuity of functionals of the form

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
E

f (x, u (x) , v (x)) dx,

where 1 ≤ p, q ≤ ∞ and

f : E × R
d × R

m → [−∞,∞]

is LN × B measurable.
We are interested in the following types of convergence:

• strong convergence in Lq
(
E; Rd

)
× Lp (E; Rm) for 1 ≤ p, q ≤ ∞;

• strong–weak convergence in Lq
(
E; Rd

)
× Lp (E; Rm) for 1 ≤ p, q <∞.

From now on we will assume that the integrand f satisfies the appropriate
growth conditions from below that are necessary and sufficient to guarantee
that (f ◦ (u, v))− ∈ L1 (E) for all (u, v) ∈ Lq

(
E; Rd

)
× Lp (E; Rm), so that

the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
E

f (x, u (x) , v (x)) dx

is well-defined (see Theorem 7.3).

7.3.1 Strong–Strong Convergence

In this subsection we study necessary and sufficient conditions for the se-
quential lower semicontinuity of the functional (6.74) with respect to strong
convergence Lq

(
E; Rd

)
× Lp (E; Rm) for 1 ≤ p, q ≤ ∞. The next theorem

follows from Theorem 7.4.

Theorem 7.4. Let E ⊂ R
N be a Lebesgue measurable set with finite measure,

1 ≤ p, q ≤ ∞, and let f : E×R
d×R

m → (−∞,∞] be an LN ×B measurable
function that satisfies conditions (i)–(iv) of Theorem 7.3. Then the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
E

f (x, u (x) , v (x)) dx (7.8)

is sequentially lower semicontinuous with respect to strong convergence in
Lq

(
E; Rd

)
× Lp (E; Rm) if and only if (up to equivalent integrands) f (x, ·, ·)

is lower semicontinuous in R
d × R

m for LN a.e. x ∈ E.
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Proof. Suppose first that the functional (7.8) is sequentially lower semicontin-
uous with respect to strong convergence in Lq

(
E; Rd

)
×Lp (E; Rm). Without

loss of generality we may assume that q ≥ p. Since E has finite measure,
we have that Lq

(
E; Rd

)
is continuously embedded in Lp

(
E; Rd

)
, and so by

hypothesis it follows that the functional

(u, v) ∈ Lq
(
E; Rd+m

)
�→

∫
E

f (x, u (x) , v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lq

(
E; Rd+m

)
. The result now follows from Theorems 6.49 and 6.52.

The converse follows by applying Fatou’s lemma to the modified integrand
obtained by adding to f the lower bound provided by (i)–(iv).

7.3.2 Strong–Weak Convergence 1 ≤ p, q < ∞

We study necessary and sufficient conditions for sequential lower semicontinu-
ity of the functional (7.8) with respect to strong convergence in Lq, 1 ≤ q <∞,
and weak convergence in Lp, 1 ≤ p < ∞. Since functionals that are sequen-
tially lower semicontinuous with respect to this kind of convergence are also
sequentially lower semicontinuous with respect to strong convergence, with-
out loss of generality, in what follows we may assume that the integrand f
satisfies all the necessary conditions for strong convergence obtained in the
previous subsections.

Theorem 7.5. Let E ⊂ R
N be a Lebesgue measurable set with finite measure,

1 ≤ p, q <∞, and let f : E×R
d×R

m → (−∞,∞] be an LN ×B measurable
function such that

f (x, u, z) ≥ −C (|u|q + |z|p)− ω (x) (7.9)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m, for some ω ∈ L1 (E) and
C > 0. Assume that f (x, ·, ·) is lower semicontinuous in R

d×R
m for LN a.e.

x ∈ E. Then the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
E

f (x, u (x) , v (x)) dx

is sequentially lower semicontinuous with respect to strong convergence in
Lq

(
E; Rd

)
and to weak convergence in Lp (E; Rm) if and only if (up to equiv-

alent integrands)

(i) f (x, u, ·) is convex in R
m for LN a.e. x ∈ E and for all u ∈ R

d;
(ii) for LN a.e. x ∈ E and all (u, z) ∈ R

d × R
m,

f (x, u, z) ≥ α (x) + β (x, u) · z − C |u|q ,

where α ∈ L1 (E), β : E × R
d → R

m is an LN × B measurable function,
and C > 0;
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(iii) if p = 1, then there exists a constant M > 0 such that

|β (x, u)| ≤M

for LN a.e. x ∈ E and all u ∈ R
d, while if p > 1, and if {un} ⊂

Lq
(
E; Rd

)
and {vn} ⊂ Lp (E; Rm) are any two sequences, with un

strongly convergent in Lq
(
E; Rd

)
, and vn weakly convergent in Lp (E; Rm),

and such that

sup
n

∫
E

f (x, un (x) , vn (x)) dx <∞,

then the sequence
{
|β (·, un (·))|p

′}
is equi-integrable.

Proof (Sufficiency). Let {un} ⊂ Lq
(
E; Rd

)
be a sequence converging strongly

to u ∈ Lq
(
E; Rd

)
and let {vn} ⊂ Lp (E; Rm) be a sequence weakly converging

to v ∈ Lp (E; Rm). We assume that

lim inf
n→∞

∫
E

f(x, un, vn) dx <∞

or else there is nothing to prove.

Step 1: Suppose that f is bounded from below by a constant that, without
loss of generality, we take to be zero. Let η > 0 and consider the perturbation
of f ,

fη (x, u, z) := f (x, u, z) + γη (|z|) ,

where for s ≥ 0,

γη (s) :=
{
ηsp if p > 1,
ηγ (s) if p = 1,

with γ : [0,∞) → [0,∞) an increasing continuous convex function provided by
Theorem 2.29 and Remark 4.99 for the L1 (E; Rm) weakly converging sequence
{vn}, satisfying

lim
s→∞

γ (s)
s

=∞ and sup
n

∫
E

γ (|vn|) dx <∞.

We use the blowup method. Extracting a subsequence if necessary, we may
assume that

lim inf
n→∞

∫
E

fη(x, un, vn) dx = lim
n→∞

∫
E

fη(x, un, vn) dx <∞,

that un (x) → u (x) for LN a.e. x ∈ E, and that there exists a (positive)
Radon measure µ such that

fη(x, un (x) , vn(x)) LN
⌊
E

∗
⇀ µ
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as n→∞, weakly star in the sense of measures. We claim that

lim
n→∞

∫
E

fη(x, un, vn) dx ≥
∫

E

fη(x, u, v) dx. (7.10)

As in the proof of Theorem 6.54, to prove (7.10) it is enough to establish that

dµ

dLN
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)
εN

≥ fη(x0, u(x0), v(x0))

for LN a.e. x0 ∈ E.
By Theorem 7.2 there exist two sequences of bounded Carathéodory func-

tions
ai : E × R

d → R, bi : E × R
d → R

m,

such that
fη(x, u, z) = sup

i∈N

{ai(x, u) + bi(x, u) · z}

for LN a.e. x ∈ E and all (u, z) ∈ R
d × R

m.
Take x0 ∈ E a point of density one of E such that

dµ

dLN
(x0) = lim

ε→0+

µ(Q(x0, ε) ∩ E)
εN

<∞

and such that x0 is a Lebesgue point of all the functions ai (·, u (·))χE (·) and
bi(·, u (·)) · v (·)χE (·). Choosing εk ↘ 0 such that µ(∂Q(x0, εk) ∩ E) = 0, for
any fixed i ∈ N we have

dµ

dLN
(x0) = lim

k→∞

µ(Q(x0, εk) ∩ E)
εN

k

= lim
k→∞

lim
n→∞

1
εN

k

∫
Q(x0,εk)∩E

fη (x, un, vn) dx

≥ lim sup
k→∞

lim sup
n→∞

1
εN

k

∫
Q(x0,εk)∩E

[ai (x, un) + bi (x, un) · vn] dx.

By Proposition 2.61 we have bi(x, un) · vn ⇀ bi(x, u) · v weakly in L1 (E) ,
while by the Lebesgue dominated convergence theorem,

lim
n→∞

∫
Q(x0,εk)∩E

ai (x, un) dx =
∫

Q(x0,εk)∩E

ai (x, u) dx.

Hence

dµ

dLN
(x0) ≥ lim sup

k→∞
lim sup

n→∞

1
εN

k

∫
Q(x0,εk)∩E

[ai (x, un) + bi (x, un) · vn] dx

= lim sup
k→∞

1
εN

k

∫
Q(x0,εk)∩E

[ai (x, u) + bi (x, u) · v] dx

= ai (x0, u (x0)) + bi (x0, u (x0)) · v (x0) ,
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where in the last equality we have used the fact that x0 is a Lebesgue point
of ai (·, u (·))χE (·) and bi(·, u (·)) · v (·)χE (·). Taking the supremum over all
i we have that

dµ

dLN
(x0) ≥ fη(x0, u(x0), v(x0)),

and so (7.10) holds. Since

sup
n

∫
E

γ (|vn|) dx =: M <∞,

from (7.10) we have that

lim inf
n→∞

∫
E

f(x, un, vn) dx+ ηM ≥ lim
n→∞

∫
E

fη(x, un, vn) dx

≥
∫

E

fη(x, u, v) dx ≥
∫

E

f(x, u, v) dx,

where we used the fact that fη ≥ f . It suffices now to let η → 0+.

Step 2: In the general case, without loss of generality we may assume that

sup
n

∫
E

f (x, un, vn) dx <∞.

We claim that {f− (x, un, vn)} is weakly compact in L1 (E). Indeed, bound-
edness of {f− (x, un, vn)} in L1 (E) follows from the fact that by (7.9),

0 ≤ f− (x, un, vn) ≤ C (|un|q + |vn|p) + ω (x)

for LN a.e. x ∈ E and for all n ∈ N. This inequality entails the equi-
integrability of {f− (x, un, vn)} when p = 1 (due to the strong convergence
of {un} in Lq and the equi-integrability of {vn}), and for p > 1 it suffices to
note that in view of (ii) and Hölder’s inequality,

∫
E

f− (x, un, vn) dx ≤
∫

E

[|α|+ C |un|q] dx

+
(∫

E

|β (x, un)|p
′
dx

)1/p′ (∫
E

|vn|p dx
)1/p

,

where the quantity of the right-hand side is uniformly small for small sets due
to the boundedness of {vn} in Lp, the strong convergence of {un} in Lq, and
the equi-integrability of

{
|β (·, un (·))|p

′}
.

Hence for any fixed ε > 0 there exists M > 0 such that
∫
{x∈E: f−(x,un,vn)≥M}

f− (x, un, vn) dx ≤ ε, (7.11)

and so, with
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fM (x, u, z) := max {f (x, u, z) ,−M} ,

we have∫
E

f (x, un, vn) dx+ ε

=
∫
{x∈E: f(x,un,vn)≥−M}

fM (x, un, vn) dx

−
∫
{x∈E: f(x,un,vn)<−M}

f− (x, un, vn) dx+ ε

≥
∫

E

fM (x, un, vn) dx+M |{x ∈ E : f (x, un, vn) < −M}|

−
∫
{x∈E: f(x,un,vn)<−M}

f− (x, un, vn) dx+ ε

≥
∫

E

fM (x, un, vn) dx−
∫
{x∈E: f−(x,un,vn)>M}

f− (x, un, vn) dx+ ε

≥
∫

E

fM (x, un, vn) dx,

where we used (7.11) in the last inequality. Since fM satisfies conditions (i)–
(iii) and is bounded from below, by Step 1 it follows that

lim inf
n→∞

∫
E

f (x, un, vn) dx+ ε ≥ lim inf
n→∞

∫
E

fM (x, un, vn) dx

≥
∫

E

fM (x, u, v) dx ≥
∫

E

f (x, u, v) dx,

and by letting ε→ 0+ we obtain the desired result.

Remark 7.6. From Step 1 in the previous proof it follows that if f is bounded
from below, then the sufficiency part of the previous theorem continues to
hold if we assume only that {un} is a sequence of measurable functions such
that un → u in measure to some measurable function u.

The necessity proof of Theorem 7.5 relies on the following auxiliary lemma.

Lemma 7.7. Let g : R
m → (−∞,∞] be a proper convex, lower semicontinu-

ous function such that

g (z) ≥ −1
p
|z|p for all z ∈ R

m and for some 1 < p <∞.

Let Dg be the set of vectors β ∈ R
m for which there exists α ≥ 0 such that

g (z) ≥ α+ β · z ≥ −1
p
|z|p for all z ∈ R

m. (7.12)
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Then Dg is nonempty, convex, and compact and there exists a unique β0 ∈ Dg

such that
|β0| = min {|β| : β ∈ Dg} .

Moreover, if β0 �= 0, then there exists z0 ∈ R
m \ {0} such that

g (z0) ≤ −
1
p
|z0| |β0| and |z0|p ≥ |β0|p

′
. (7.13)

Proof. Step 1: The fact that Dg is nonempty has been proved in Proposition
5.16. We recall that if (α, β) satisfies (7.12), then α ≥ 0 and

|β|p
′
≤ C (p)α. (7.14)

Then Dg is convex and closed. To prove compactness, fix w0 ∈ dome g. Then
by Young’s inequality (see Exercise 4.24),

0 ≤ α ≤ g (w0)− β · w0 ≤ g (w0) +
ε

p′
|β|p

′
+

1
εp−1p

|w0|p

≤ g (w0) +
ε

p′
C (p)α+

1
εp−1p

|w0|p .

Therefore, choosing ε = ε (p) > 0 so small that ε
p′C (p) < 1, it follows that

0 ≤ α ≤ C1 (p) (g (w0) + |w0|p) (7.15)

for some constant C1 (p). This, together with (7.14), implies that admissible
pairs (α, β) satisfying (7.12) remain on a bounded set of R × R

m, and the
closedness of Dg entails its compactness.

Since Dg is convex we deduce that there exists a unique β0 ∈ Dg such that

|β0| = min {|β| : β ∈ Dg} .

Step 2: We consider the case β0 �= 0. We claim that β ∈ Dg if and only if

ψ (β) :=
1
p′
|β|p

′
+ g∗ (β) ≤ 0, (7.16)

where g∗ is the conjugate (or polar) function of g. Indeed, if β ∈ Dg, then for
some α ≥ 0,

g (z) ≥ α+ β · z ≥ −1
p
|z|p for all z ∈ R

m.

Since
h (z) := α+ β · z +

1
p
|z|p ≥ 0 for all z ∈ R

m,

then necessarily
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h (zmin) = h
(
− |β|(2−p)/(p−1)

β
)

= α− 1
p′
|β|p

′
≥ 0,

and, in turn,

β · z − g (z) ≤ −α ≤ − 1
p′
|β|p

′
for all z ∈ R

m.

Hence
g∗ (β) := sup

z∈Rm

{β · z − g (z)} ≤ − 1
p′
|β|p

′
.

Conversely, if β satisfies (7.16), then

β · z − g (z) ≤ − 1
p′
|β|p

′
for all z ∈ R

m,

and so (7.12) holds with

α :=
1
p′
|β|p

′
.

Step 3: Let

C := {β ∈ R
m : ψ (β) ≤ 0} .

By the previous step we may write

|β0| = min {|β| : β ∈ C} . (7.17)

If β ∈ C, then by convexity,

ψ (β0 + t (β − β0)) ≤ 0

for all 0 < t ≤ 1, and thus β0 + t (β − β0) ∈ C for all 0 < t ≤ 1. Setting

ϕ (t) := |β0 + t (β − β0)|2 , t ∈ [0, 1] ,

and using the fact that ϕ has a minimum at t = 0, we have that ϕ′ (0) ≥ 0,
i.e.,

−β0 · (β0 − β) ≥ 0 (7.18)

for all β ∈ C.

Step 4: Consider the case that ψ is not subdifferentiable at β0 or ψ (β0) < 0.

Substep 4a: We claim that

−β0 · (β0 − β) ≥ 0 (7.19)

for all β ∈ dome g
∗.

Indeed, if ψ is not subdifferentiable at β0, then by Remark 4.54,

∂+ψ

∂ (β − β0)
(β0) = lim

t→0+

ψ (β0 + t (β − β0))− ψ (β0)
t

= −∞
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for all β ∈ riaff dome ψ. Hence if β ∈ riaff dome ψ, then ψ (β0 + t (β − β0)) ≤ 0
for all t > 0 sufficiently small, and so β0 + t (β − β0) ∈ C. By Step 3 we obtain

−β0 · (β0 − β) ≥ 0

for all β ∈ riaff dome ψ = riaff dome g
∗. In view of Proposition 4.7,

dome g∗ = riaff dome g∗,

and so (7.19) holds.
Next we consider the case

ψ (β0) < 0.

If there were β ∈ dom g∗ such that

|β| < |β0| ,

then for θ ∈ (0, 1) we would have |βθ| < |β0|, where

βθ := θβ + (1− θ)β0 ∈ dom g∗,

and by convexity,

1
p′
|βθ|p

′
+ g∗ (βθ)

≤θ
(

1
p′
|β|p

′
+ g∗ (β)

)
+ (1− θ)

(
1
p′
|β0|p

′
+ g∗ (β0)

)
< 0

for θ sufficiently close to 0. This contradicts (7.17), and so, reasoning as in
Step 3 but with dom g∗ in place of C, we conclude that (7.19) holds.

Substep 4b: We claim that

z0 := −tβ0 + w0

satisfies (7.13), where w0 ∈ dome g and t > 0 is sufficiently large. Indeed, by
Proposition 4.92,

g (z0) = g∗∗ (z0) = sup {z0 · β − g∗ (β) : β ∈ dom g∗}
= sup {w0 · β − g∗ (β)− tβ0 · β : β ∈ dom g∗}
≤ sup {w0 · β − g∗ (β) : β ∈ dom g∗} − t |β0|2

= g∗∗ (w0)− t |β0|2 = g (w0)− t |β0|2 ,

where we have used (7.19). Since p > 1 if t is large enough, then

g (w0)− t |β0|2 ≤ −
1
p
|−tβ0 + w0| |β0| = −1

p
|z0| |β0| ,
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and |z0|p ≥ |β0|p
′
.

Step 5: It remains to consider the case that

ψ (β0) = 0 and ∂ψ (β0) �= ∅. (7.20)

Substep 5a: We show that if ψ does not attain a minimum at β0, then

−β0 · z ≤ 0 for all z ∈ R
m satisfying z · ξ ≤ 0 for all ξ ∈ ∂ψ (β0) . (7.21)

Let

ϕ (z) :=
∂+ψ

∂z
(β0) , z ∈ R

m.

We begin by showing that

−β0 · z ≤ 0 for all z ∈ R
m such that ϕ (z) < 0. (7.22)

Indeed, if

0 > ϕ (z) =
∂+ψ

∂z
(β0) = lim

t→0+

ψ (β0 + tz)
t

,

then ψ (β0 + tz) < 0 for all t > 0 sufficiently small, and so β0 + tz ∈ C for
those values of t. It now follows from (7.18) that −β0 · tz ≤ 0, and so (7.22)
holds.

Next we prove that

D1 := {z ∈ Rm : ϕ (z) < 0} = {z ∈ R
m : lscϕ (z) ≤ 0} =: D2. (7.23)

Indeed, if z ∈ D1, then there exists a sequence {zn} converging to z and such
that ϕ (zn) < 0 for all n ∈ N, which implies that

lscϕ (z) ≤ lim inf
n→∞

lscϕ (zn) ≤ lim inf
n→∞

ϕ (zn) ≤ 0,

and thus z ∈ D2.
Conversely, let z ∈ D2. There are now two cases. If there exists zn → z

such that lscϕ (zn) < 0 for all n, then by a simple diagonalization argument
we get z ∈ D1. If not, then there exists r > 0 such that for all w ∈ B (z, r) we
have

lscϕ (w) ≥ 0.

Therefore z is a local minimum of the convex function lscϕ, and so it must
be its absolute minimum. We conclude that lscϕ ≥ 0 for all w ∈ R

m. On the
other hand, since by assumption ψ does not attain a minimum at β0, there
must exist β ∈ R

m such that ψ (β) < 0. Hence

lscϕ (β − β0) ≤
∂+ψ

∂ (β − β0)
(β0) ≤ ψ (β) < 0

by Proposition 4.34, which is a contradiction. This shows that D1 = D2.
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Next we claim that

ϕ∗ (ξ) = 0 if and only if ξ ∈ ∂ψ (β0) . (7.24)

Note that since ϕ is positively homogeneous and ϕ �≡ ∞, by Remark 4.90 ϕ∗

takes only the values 0 and ∞.
If ϕ∗ (ξ) = 0, then

ϕ (z) ≥ z · ξ (7.25)

for all z ∈ R
m, and by Proposition 4.34,

ψ (β0 + z)− ψ (β0) ≥ inf
t>0

ψ (β0 + tz)− ψ (β0)
t

=
∂+ψ

∂z
(β0) ≥ z · ξ

for all z ∈ R
m. But this implies that ξ ∈ ∂ψ (β0). Conversely, if ξ ∈ ∂ψ (β0),

then

ϕ (z) = inf
t>0

ψ (β0 + tz)− ψ (β0)
t

≥ z · ξ,

and so ϕ∗ (ξ) ≤ 0. This proves (7.24) (since ϕ∗ takes values only in {0,∞}).
Since ∂ψ (β0) �= ∅ this implies in particular that ϕ∗ (ξ) ≤ 0 for some

ξ ∈ R
n, and so by (7.25) we are in a position to apply Theorem 4.92 to

conclude that ϕ∗∗ = lscϕ. In turn, by (7.23) we have

{z ∈ Rm : ϕ (z) < 0} = {z ∈ R
m : ϕ∗∗ (z) ≤ 0} . (7.26)

Using once more the fact that ϕ∗ takes only the values 0 and ∞, for every
z ∈ R

m we have

ϕ∗∗ (z) = sup {z · ξ : ϕ∗ (ξ) = 0} = sup {z · ξ : ξ ∈ ∂ψ (β0)} , (7.27)

where we have used (7.24).
It now follows from (7.26) and (7.27) that

{z ∈ Rm : ϕ (z) < 0} = {z ∈ R
m : z · ξ ≤ 0 for all ξ ∈ ∂ψ (β0)} ,

and in turn, from (7.22) we obtain (7.21).

Substep 5b: We claim that either there exists t ≥ 0 such that

−tβ0 − β0 |β0|p
′−2 ∈ ∂g∗ (β0) (7.28)

or for every w ∈ ∂g∗ (β0) and for every t ≥ 0,

−tβ0 + w ∈ ∂g∗ (β0) . (7.29)

If ψ attains a minimum at β0, then by (4.22), 0 ∈ ∂ψ (β0), and so, since
β0 �= 0, by Proposition 4.59 we have that −β0 |β0|p

′−2 ∈ ∂g∗ (β0) and this
proves (7.28) with t = 0.



502 7 Integrands f = f (x, u, z)

Suppose now that ψ does not attain a minimum at β0. Then by (7.21),
−β0 ∈ (K∗)∗, where K is the convex cone generated by ∂ψ (β0) and K∗ is
the polar of K.

By Proposition 4.13 we have that (K∗)∗ = K, and so we are in a position
to apply Theorem 4.15 to conclude that −β0 belongs to the set

{tβ : t > 0, β ∈ ∂ψ (β0)} ∪ {β : tβ + ∂ψ (β0) ⊂ ∂ψ (β0) for all t ≥ 0} .

Therefore either there exists t > 0 such that

−tβ0 ∈ ∂ψ (β0) ,

and so, by Proposition 4.59, (7.28) holds, or for any w ∈ ∂ψ (β0) we have

−tβ0 + w ∈ ∂ψ (β0) for all t ≥ 0,

and so, again by Proposition 4.59, (7.29) is satisfied with w0 any arbitrary
element of ∂ψ (β0).

Substep 5c: Suppose first that (7.28) holds. We claim that

z0 := −tβ0 − β0 |β0|p
′−2

satisfies (7.13). Since

|z0| = |β0|
(
t+ |β0|p

′−2
)
≥ |β0|p

′−1 = |β0|
1

p−1

we have that |z0|p ≥ |β0|p
′
. Moreover,

z0 · β0 = − |z0| |β0| = −t |β0|2 − |β0|p
′
. (7.30)

Since z0 ∈ ∂g∗ (β0), by Theorem 4.91, (7.20), and (7.30), we have

g (z0) = z0 · β0 − g∗ (β0) = z0 · β0 +
1
p′
|β0|p

′

= − |z0| |β0|+
1
p′

(
|z0| |β0| − t |β0|2

)
≤ −p

′ − 1
p′

|z0| |β0| .

Next consider the case in which (7.29) is satisfied and let

z0 := −tβ0 − β0 |β0|p
′−2 + w0,

where t > 0 is to be chosen below. If t is large enough, then |z0|p ≥ |β0|p
′
.

Moreover, by (7.20) we get

g (z0) = z0 · β0 +
1
p′
|β0|p

′
= −t |β0|2 −

1
p
|β0|p

′
+ w0 · β0.

Since p > 1 and

−1
p
|z0| |β0| = −1

p
t |β0|2

(∣∣∣∣ β0

|β0|
+

1
t |β0|

(
β0 |β0|p

′−2 − w0

)∣∣∣∣
)

for t large enough, we have g (z0) ≤ − 1
p |z0| |β0|.
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Proof (Necessity of Theorem 7.5). Step 1: To prove (i) we adapt the argument
used in Theorem 6.54 to arrive at the inequality

∫
B

f (x, u (x) , (1− θ) v (x) + θw (x)) dx

≤ (1− θ)
∫

B

f (x, u (x) , v (x)) dx+ θ

∫
B

f (x, u (x) , w (x)) dx,

which holds for all B ∈ B (E) and (u, v, w) ∈ L∞ (
E; Rd+2m

)
. The rest of the

proof is now entirely similar.

Step 2: By Proposition 5.16 applied to

g (x, u, z) :=
1
pC

(f (x, u, z) + C |u|q + ω (x))

(note that the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
E

g (x, u (x) , v (x)) dx

is still sequentially lower semicontinuous with respect to strong convergence
in Lq

(
E; Rd

)
and to weak convergence in Lp (E; Rm)) we obtain

g (x, u, z) ≥ α (x, u) + β (x, u) · z ≥ −1
p
|z|p (7.31)

for LN a.e. x ∈ E and all (u, z) ∈ R
d ×R

m, where α (x, u) ≥ 0 and β (x, u) is
the unique vector in R

m that is a solution of (see (7.17))

|β (x, u)| = min
{
|w| : 1

p′
|w|p

′
+ g∗ (x, u,w) ≤ 0

}
.

Since g∗ is LN × B measurable by Proposition 6.43, it follows that β is still
LN × B measurable.

Hence
g (x, u, z) ≥ β (x, u) · z

for LN a.e. x ∈ E and all (u, z) ∈ R
d × R

m, and this yields (ii).

Step 3: If p = 1, then by Proposition 5.16, |β (x, u)| ≤ 1, and so there is
nothing to prove.

If p > 1, let {un} converge to u strongly in Lq
(
E; Rd

)
, vn ⇀ v weakly in

Lp (E; Rm), and assume that

sup
n

∫
E

g (x, un (x) , vn (x)) dx <∞.

In view of (7.31) we have
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sup
n

∫
E

|g (x, un (x) , vn (x))| dx ≤ L <∞ (7.32)

for some L > 0. By lower semicontinuity, (7.31), and by taking L larger if
necessary, we can assume, without loss of generality, that

∫
E

|g (x, u (x) , v (x))| dx ≤ L <∞. (7.33)

We claim that
{
|β (·, un (·))|p

′}
is equi-integrable.

We begin by showing that
{
|β (·, un (·))|p

′}
is bounded in L1 (E). By (7.14)

and (7.15) we have

|β (x, u)|p
′
≤ C (p)α (x, u) ≤ C (p)C1 (p) (g (x, u, z) + |z|p) (7.34)

for LN a.e. x ∈ E and all (u, z) ∈ R
d × R

m. Hence from (7.32) and the weak
convergence of {vn} in Lp it follows that

sup
n

∫
E

|β (x, un (x))|p
′
dx ≤ C (p)C1 (p)L+ sup

n

∫
E

|vn (x)|p dx <∞.

Assume by contradiction that
{
|β (·, un (·))|p

′}
is not equi-integrable. Then

we may find δ > 0 and measurable sets Bn ⊂ E, with |Bn| → 0, such that
∫

Bn

|β (x, un (x))|p
′
dx ≥ δ. (7.35)

Without loss of generality we may assume that β (x, un (x)) �= 0 on Bn. By
the previous lemma, for any n and any x ∈ Bn the set

Dn (x) :=
{
z ∈ R

m : g (x, un (x) , z) ≤ −1
p
|β (x, un (x))| |z| ,

|z|p ≥ |β (x, un (x))|p
′}

is nonempty and closed, and thus by Aumann’s selection theorem we may find
a measurable function ξn : E → R

m such that for LN a.e. x ∈ Bn,

g (x, un (x) , ξn (x)) ≤ −1
p
|β (x, un (x))| |ξn (x)| , (7.36)

|ξn (x)|p ≥ |β (x, un (x))|p
′
.

For k, n ∈ N define

B−
nk :=

{
x ∈ Bn : |ξn (x)|p ≤ k |β (x, un (x))|p

′}
, B+

nk := Bn \B−
nk. (7.37)

There are now three cases.
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Case 1: If

lim inf
k→∞

lim inf
n→∞

[∫
B−

nk

|ξn (x)|p dx+ k

∫
B+

nk

|β (x, un (x))|p
′
dx

]
<∞,

then without loss of generality, we may assume that∫
B−

nk

|ξn (x)|p dx+ k

∫
B+

nk

|β (x, un (x))|p
′
dx ≤M for all k, n ∈ N,

for some constant M > 0. Fix k ∈ N so that M/k < δ/2. Then by the previous
inequality and (7.35),
∫

B−
nk

|ξn (x)|p dx ≤M,

∫
B−

nk

|β (x, un (x))|p
′
dx ≥ δ

2
for all n ∈ N. (7.38)

For x ∈ E and n ∈ N define

Un (x) :=
(
1− χB−

nk
(x)

)
u (x) + χB−

nk
(x)un (x) ,

Vn (x) :=
(
1− χB−

nk
(x)

)
v (x) + χB−

nk
(x) ξn (x) .

Then Un → u in Lq
(
E; Rd

)
. By (7.38) and since

∣∣B−
nk

∣∣ → 0 as n → ∞ we
have that Vn ∈ Lp (E; Rm) and the Vn converge weakly to v in Lp (E; Rm).
Indeed, we have that

sup
n

∫
E

|Vn|p dx <∞,

and for every Borel set B ⊂ E,∫
B

|Vn − v| dx ≤
∫

B−
nk

(|ξn|+ |v|) dx

≤ C
∣∣B−

nk

∣∣ 1
p′
(
M

1
p + ‖v‖Lp

)
→ 0

as n→∞.
By the definition of Un, Vn, (7.36), and (7.38), we have
∫

E

g (x,Un (x) , Vn (x)) dx−
∫

E

g (x, u (x) , v (x)) dx

=
∫

B−
nk

[g (x, un (x) , ξn (x))− g (x, u (x) , v (x))] dx

≤ −1
p

∫
B−

nk

|β (x, un (x))| |ξn (x)| dx−
∫

B−
nk

g (x, u (x) , v (x)) dx

≤ −1
p

∫
B−

nk

|β (x, un (x))|p
′
dx−

∫
B−

nk

g (x, u (x) , v (x)) dx

≤ −1
p

δ

2
−
∫

B−
nk

g (x, u (x) , v (x)) dx→ −1
p

δ

2
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as n→∞, which contradicts the sequential lower semicontinuity of the func-
tional. Note that here we used the fact that in view of (7.33), g (·, u (·) , v (·)) ∈
L1 (E).

Case 2: If

lim inf
k→∞

lim inf
n→∞

[∫
B−

nk

|ξn (x)|p dx+ k

∫
B+

nk

|β (x, un (x))|p
′
dx

]
=∞

and
lim inf
k→∞

lim inf
n→∞

∫
B+

nk

|β (x, un (x))|p
′
dx = 0,

then
lim sup

k→∞
lim sup

n→∞

∫
B−

nk

|β (x, un (x))|p
′
dx ≥ δ,

and in turn,

lim sup
k→∞

lim sup
n→∞

k

∫
B−

nk

|β (x, un (x))|p
′
dx =∞.

Fix k ∈ N and a subsequence of {un} (not relabeled) so that

k

∫
B−

nk

|β (x, un (x))|p
′
dx ≥ 1 for all n ∈ N,

and by Proposition 1.20 find measurable sets Enk ⊂ B−
nk such that

k

∫
Enk

|β (x, un (x))|p
′
dx = 1 for all n ∈ N,

and so by (7.37),
∫

Enk

|ξn (x)|p dx ≤ 1 for all n ∈ N.

These last two relations are analogous to (7.38) and thus lead to a contradic-
tion as in Case 1.

Case 3: Finally, if

lim inf
k→∞

lim inf
n→∞

[∫
B−

nk

|ξn (x)|p dx+ k

∫
B+

nk

|β (x, un (x))|p
′
dx

]
= ∞,

lim inf
k→∞

lim inf
n→∞

∫
B+

nk

|β (x, un (x))|p
′
dx =: T ∈ (0,∞)

(note that the sequence
{
|β (·, un (·))|p

′}
is bounded in L1 (E)), then fix k ∈ N

so large that
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T

2
1
p
k1/p > 1 + 2L

and
lim inf
n→∞

∫
B+

nk

|β (x, un (x))|p
′
dx >

T

2
.

Select n0 = n0 (k) ∈ N so large that for all n ≥ n0,∫
B+

nk

|β (x, un (x))|p
′
dx >

T

2
,

and so
1
p
k1/p

∫
B+

nk

|β (x, un (x))|p
′
dx >

T

2
1
p
k1/p > 1 + 2L

for all n ≥ n0. By Proposition 1.20 we may find Enk ⊂ B+
nk measurable such

that

1
p
k1/p

∫
Enk

|β (x, un (x))|p
′
dx = 1 + 2L for all n ∈ N large. (7.39)

Without loss of generality we may assume that β (x, un) �= 0 on Enk. Con-
struct measurable functions αn : Enk → [0,∞) such that

|αn (x) ξn (x)|p = k |β (x, un (x))|p
′
. (7.40)

Note that in view of (7.37), 0 ≤ αn (x) ≤ 1 for LN a.e. x ∈ Enk and for all
n ∈ N large. For x ∈ E and for all n ∈ N large define

Un := (1− χEnk
)u+ χEnk

un,
Vn := (1− χEnk

) v + χEnk
(αnξn + (1− αn) vn) .

By (7.39) and (7.40),
∫

E

|Vn|p dx ≤ C

(∫
E

(|v|p + |vn|p) dx+
∫

Enk

|αn ξn|p dx
)

= C

(∫
E

(|v|p + |vn|p) dx+
∫

Enk

k |β (x, un (x))|p
′
dx

)

≤ C

(∫
E

(|v|p + |vn|p) dx+
1
p
k1−1/p

)
,

and this shows that the sequence {Vn} is bounded in Lp (E; Rm) (recall that
k has been fixed). On the other hand, by Hölder’s inequality,

∫
E

|Vn − v| dx ≤
∫

Enk

|v| dx+
∫

Enk

|αnξn + (1− αn) vn| dx

≤
∫

Enk

|v| dx+ C |Enk|1/p′
.
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Since |Enk| → 0 as n → ∞, it follows that {Vn} converges weakly to v in
Lp (E; Rm). Moreover, by the convexity of g (x, u, ·),

∫
E

g(x,Un, Vn) dx−
∫

E

g (x, u, v) dx

=
∫

Enk

g (x, un, αnξn + (1− αn) vn) dx−
∫

Enk

g (x, u, v) dx

≤
∫

Enk

αng (x, un, ξn) dx+
∫

Enk

(1− αn) g (x, un, vn) dx

−
∫

Enk

g (x, u, v) dx

≤− 1
p

∫
Enk

|β (x, un)| |αnξn| dx+ 2L

=− 1
p
k1/p

∫
Enk

|β (x, un)|p
′
dx+ 2L = −1,

where in the last inequality we used (7.36), (7.32), and (7.33), and the latter
two equalities used (7.40) and (7.39) in this order.

This contradicts the sequential lower semicontinuity of the functional.

The proof of part (iii) in the previous theorem can be significantly simpli-
fied under an additional, mildly restrictive assumption.

Corollary 7.8. Assume that in addition to the hypotheses of the previous
theorem ∫

E

f (x, u (x) , v0 (x)) dx <∞ (7.41)

for some v0 ∈ Lp (E; Rm) and all u ∈ Lq
(
E; Rd

)
. Then condition (iii) can be

replaced by the condition that

|β (x, u)|p
′
≤ C1 |u|q + b1 (x) (7.42)

for LN a.e. x ∈ E and all u ∈ R
d, for some constant C1 > 0, and some

function b1 ∈ L1 (E).

Proof. In the sufficiency part of the previous proof all that was required
from β was that

{
|β (·, un (·))|p

′}
be equi-integrable whenever {un} converges

strongly in Lq
(
E; Rd

)
, which here is satisfied in view of (7.42).

Conversely, in the necessity part of the proof, by (7.34) and (7.41),
∫

E

|β (x, u (x))|p
′
dx

≤ C (p)C1 (p)
∫

E

(g (x, u (x) , v0 (x)) + |v0 (x)|p) dx <∞

for all u ∈ Lq
(
E; Rd

)
. The conclusion now follows from Corollary 6.46.
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As corollaries of Theorem 7.5 we have the following:

Corollary 7.9. Let E ⊂ R
N be a Lebesgue measurable set with finite measure

and let f : E×R
d×R

m → [0,∞] be an LN ×B measurable function. Assume
that for LN a.e. x ∈ E the function f (x, ·, ·) is lower semicontinuous in
R

d × R
m and for LN a.e. x ∈ E and for all u ∈ R

d the function f (x, u, ·) is
convex. Then for any sequence {un} of measurable functions such that un → u
in measure for some function u, and for any sequence {vn} ⊂ L1 (E; Rm) such
that vn

b
⇀ v (in the biting sense) for some function v ∈ L1 (E; Rm) we have
∫

E

f (x, u (x) , v (x)) dx ≤ lim inf
n→∞

∫
E

f (x, un (x) , vn (x)) dx.

Proof. Since vn
b
⇀ v there exists a decreasing sequence {Ek} ⊂ E of measur-

able sets, with |Ek| → 0 as k →∞, such that

vn ⇀ v weakly in L1 (E \ Ek; Rm) for every k.

Applying Theorem 7.5 and Remark 7.6 to the function χE\Ek
(x) f (x, u, z)

we conclude that∫
E\Ek

f (x, u, v) dx ≤ lim inf
n→∞

∫
E\Ek

f (x, un, vn) dx

≤ lim inf
n→∞

∫
E

f (x, un, vn) dx.

The result now follows by Lebesgue’s monotone convergence theorem.

From the previous corollary we may obtain the following result.

Corollary 7.10. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, let {un} be a sequence of nonnegative, measurable functions such that
un → u in measure for some function u, and let {vn} ⊂ L1 (E; Rm) be a
sequence of nonnegative functions bounded in L1 (E; Rm) and such that

∫
F

v dx ≤ lim inf
n→∞

∫
F

vn dx

for every measurable set F ⊂ E and for some nonnegative function v ∈
L1 (E; Rm). Then ∫

E

uv dx ≤ lim inf
n→∞

∫
E

unvn dx. (7.43)

Proof. Without loss of generality we may assume that

lim inf
n→∞

∫
E

unvn dx = lim
n→∞

∫
E

unvn dx <∞
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and that vn
b
⇀ w for some function w ∈ L1 (E; Rm). Let {Ek} ⊂ E be a

decreasing sequence of measurable sets, with |Ek| → 0 as k →∞, such that

vn ⇀ w weakly in L1 (E \ Ek; Rm) for every k.

Then by hypothesis,∫
F\Ek

v dx ≤ lim inf
n→∞

∫
F\Ek

vn dx =
∫

F\Ek

w dx

for every measurable set F ⊂ E, and so letting k →∞ we deduce that∫
F

v dx ≤
∫

F

w dx.

By Proposition 1.87 we conclude that v (x) ≤ w (x) for LN a.e. x ∈ E. Setting
f (x, u, z) := (uz)+ by Corollary 7.9 we have∫

E

uv dx ≤
∫

E

uw dx ≤ lim inf
n→∞

∫
E

unvn dx.

This concludes the proof.

In the next two exercises we show that in general, we cannot weaken any
further the modes of convergence of {un} and {vn}.
Exercise 7.11. (i) For θ ∈ (0, 1) let χ be the characteristic function of the

interval (0, θ) extended periodically to R with period 1. Fix ν ∈ SN−1,
0 < a < b, and define

un (x) := χ (nν · x) , vn (x) := un (x) a+ (1− un (x)) b.

Prove that un
∗
⇀ θ, vn

∗
⇀ θa+ (1− θ) b in L∞ (E) but (7.43) fails.

(ii) Define

vn (x) :=
{
n if x ∈

[
0, 1

n2

]
∪
[

1
n ,

1
n + 1

n2

]
∪ . . . ∪

[
n−1

n , n−1
n + 1

n2

]
,

0 otherwise.

Prove that vn
∗
⇀ 1, that

un := χ(0,1)\(supp vn) → 1 strongly in L1 (0, 1) ,

and that (7.43) fails. Note that {vn} does not satisfy the hypotheses of
Corollary 7.10 if

B := (0, 1) \
∞⋃

i=0

(supp vi)

for some subsequence {vi} such that
∑

1
i = θ < 1, then L1 (B) = 1 −∑

1
i = 1− θ > 0, and so

L1 (B) =
∫

B

v dx > lim inf
n→∞

∫
B

vn dx = 0.
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Exercise 7.12. State and prove an analogue of Theorem 7.5 in the following
cases:

(i) p = q = ∞;
(ii) 1 ≤ p <∞ and q =∞;
(iii) 1 ≤ q <∞ and p =∞.

7.4 Relaxation

Consider the relaxed energy

Eq,p : Lq
(
E; Rd

)
× Lp (E; Rm) → [−∞,∞]

of the functional I defined in (7.1), that is, the functional Eq,p is the greatest
functional that is sequentially lower semicontinuous with respect to strong
convergence in Lq

(
E; Rd

)
and weak convergence in Lp (E; Rm) and less than

or equal to I.

Theorem 7.13. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, let 1 ≤ p, q < ∞, and let f : E × R
d × R

m → (−∞,∞] be an LN × B
measurable function such that

f (x, u, z) ≥ α (x, u) + β (x, u) · z

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m, where

α : E × R
d → R, β : E × R

d → R
m

are Carathéodory functions, with

|α (x, u)| ≤ a (x) + C |u|q , |β (x, u)| ≤ b (x) + C |u|
q
p′

for LN a.e. x ∈ E and for all u ∈ R
d, and for some a ∈ L1 (E), b ∈ Lp′

(E),
and C > 0. Then

Eq,p((u, v) ;B) =
∫

B

S f(x, u (x) , v (x)) dx,

where for every fixed x ∈ E

S f(x, u, z) := sup{g (u, z) : g (·, ·) ≤ f (x, ·, ·) ,
g is lower semicontinuous,

g (w, ·) is convex in R
m for all w ∈ R

d
}

for all (u, z) ∈ R
d × R

m.
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Proof. Without loss of generality we may assume that there exists (u0, v0) ∈
Lq(E; Rd)× Lp(E; Rm) such that

∫
B

f(x, u0 (x) , v0 (x)) dx <∞.

We claim that the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
E

(α (x, u) + β (x, u) · v) dx

is continuous with respect to strong convergence in Lq
(
E; Rd

)
and weak con-

vergence in Lp (E; Rm).
By Corollary 6.51 the functional

u ∈ Lq
(
E; Rd

)
�→

∫
E

α (x, u) dx

is continuous with respect to strong convergence in Lq
(
E; Rd

)
, and so, in view

of (2.47), it remains to establish the continuity of

u ∈ Lq
(
E; Rd

)
�→ β (x, u) ∈ Lp′

(E; Rm) . (7.44)

By Corollary 6.51 the functional

u ∈ Lq
(
E; Rd

)
�→

∫
E

|β (x, u)|p
′
dx

is continuous with respect to strong convergence in Lq
(
E; Rd

)
, and so the

continuity of (7.44) follows from the Vitali convergence theorem.
Since

S(f(x, u, z)− α (x, u)− β (x, u) · z)
= S (f(x, u, z))− α (x, u)− β (x, u) · z,

replacing f (x, u, z) by f (x, u, z) − (α (x, u) + β (x, u) · z), we may assume
without loss of generality that f ≥ 0.

Let Ω be an open subset of R
N with finite measure that contains E, and

for every Borel set B ∈ B(Ω) we define the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→ I (u, v;B) :=

∫
B

f (x, u, v) dx,

where we have extended f to (Ω \ E) × R
d × R

m and u0, v0 to (Ω \ E) by
zero.

As in the proof of Theorem 6.65, it can be shown that Eq,p satisfies (I1)–
(I3) (where here τ is the strong–weak topology in Lq

(
E; Rd

)
× Lp (E; Rm)).

Hence we deduce the existence of a normal function
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h : Ω × R
d × R

m → (−∞,∞]

such that
Eq,p(u, v;B) = Eq,p(u0, v0;B) +

∫
B

h (x, u, v) dx (7.45)

for every B ∈ B(Ω), u ∈ Lq
(
E; Rd

)
, and v ∈ Lp(Ω; Rm).

As in the proof of Theorem 6.68 we can show that Eq,p(u0, v0; ·) is a Radon
measure and that there exists a function ψ ∈ L1 (Ω) such that

Eq,p(u0, v0;B) =
∫

B

ψ (x) dx

for every Borel set B ⊂ Ω.
Hence (7.45) reduces to

Eq,p(u, v;B) =
∫

B

(ψ (x) + h (x, u, v)) dx

for every B ∈ B(Ω), u ∈ Lq
(
E; Rd

)
, and v ∈ Lp(Ω; Rm). Observe that the

function h̃ : Ω × R
d × R

m → [0,∞] defined by

h̃ (x, u, z) := ψ (x) + h (x, u, z)

for x ∈ Ω, u ∈ R
d, and z ∈ R

m is a normal integrand, and that the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
Ω

h̃ (x, u, v) dx

satisfies the hypotheses of Theorem 7.5. Therefore h̃ (x, u, ·) is convex in R
m

for LN a.e. x ∈ Ω and for all u ∈ R
d. Moreover, since

Eq,p(u, v;B) =
∫

B

h̃ (x, u, v) dx ≤
∫

B

f (x, u, v) dx

for every B ∈ B(Ω), u ∈ Lq
(
E; Rd

)
, and v ∈ Lp(Ω; Rm), by Proposition 6.24,

h̃ (x, u, z) ≤ f (x, u, z)

for LN a.e. x ∈ Ω and for all (u, z) ∈ R
d × R

m.
In particular, for LN a.e. x ∈ Ω the function h̃ (x, ·, ·) is admissible in the

definition of S f (x, ·, ·), and so

h̃ (x, u, z) ≤ S f (x, u, z) (7.46)

for LN a.e. x ∈ Ω and for all (u, z) ∈ R
d × R

m.
To prove the reverse inequality, we apply Proposition 6.44 with S f in

place of s to find a normal integrand g : Ω × R
d × R

m → [0,∞] satisfying
properties (i)–(iii) and such that for LN a.e. x ∈ Ω and for all u ∈ R

d, the
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function g (x, u, ·) is convex in R
m. Since S f ≤ f and f is LN ×B measurable,

by (ii) (with h := f) we deduce that g (x, u, z) ≤ f (x, u, z) for LN a.e. x ∈
E and for all (u, z) ∈ R

d × R
m. It follows from the definition of S f that

g (x, u, z) ≤ S f (x, u, z) for LN a.e. x ∈ E and for all (u, z) ∈ R
d×R

m, which
together with (i), yields g (x, u, z) = S f (x, u, z) for LN a.e. x ∈ E and for all
(u, z) ∈ R

d × R
m.

Thus S f satisfies all the hypotheses of Theorem 7.5, and so for every
B ∈ B(Ω) the functional

(u, v) ∈ Lq
(
E; Rd

)
× Lp (E; Rm) �→

∫
B

S f(x, u, v) dx

is sequentially weakly lower semicontinuous, and since S f ≤ f we deduce that
for every (u, v) ∈ Lq

(
E; Rd

)
× Lp (E; Rm),

Ep(u, v,B) =
∫

B

h̃ (x, u, v) dx ≥
∫

B

S f(x, u, v) dx.

Using once more Proposition 6.24, we conclude that

S f(x, u, v) ≤ h̃ (x, u, z)

for LN a.e. x ∈ Ω and for all (u, z) ∈ R
d × R

m. This, together with (7.46),
completes the proof.

We observe that by Theorem 4.92(iii),

S f(x, u, z) ≤ f∗∗(x, u, z), (7.47)

where f∗∗ (x, u, z) is the polar of f (x, u, ·) evaluated at z, and the strict in-
equality is possible.

Exercise 7.14. Let d = m = 1 and consider the function f : R×R → [0,∞)
defined by

f(u, z) := (|z|+ 1)|u|

for (u, z) ∈ R. Prove that for (u, z) ∈ R,

f∗∗(u, z) =
{

(|z|+ 1)|u| if |u| ≥ 1,
1 if |u| < 1,

while

S f(u, z) =
{

(|z|+ 1)|u| if |u| > 1,
1 if |u| ≤ 1.

Prove also that f∗∗and S f are not equivalent integrands.

However, under some relatively mild coercivity hypotheses on the inte-
grand f it can be shown that f∗∗ = S f .
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Proposition 7.15. Let E ⊂ R
N be a Lebesgue measurable set with finite

measure, and let f : E×R
d×R

m → [0,∞] be an LN ×B measurable function
such that

f (x, u, z) ≥ γ (|z|) (7.48)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m, where γ : [0,∞) → [0,∞)
satisfies

lim
s→∞

γ (s)
s

= ∞.

Assume that f (x, ·, ·) is lower semicontinuous in R
d×R

m for LN a.e. x ∈ E.
Then

f∗∗(x, u, z) = S f(x, u, z)

for LN a.e. x ∈ E and for all (u, z) ∈ R
d × R

m.

Proof. In view of (7.47) it remains to show that f∗∗ ≤ S f . By the definition
of S f this will be a consequence of the lower semicontinuity of f∗∗(x, ·, ·) for
LN a.e. x ∈ E, which will be established next. The proof follows closely that
of Proposition 6.42.

Fix x ∈ E for which (7.48) holds and f (x, ·, ·) is lower semicontinuous. We
define the Yosida transforms

fn (x, u, z) := inf
{
f (x, y, z) + n |u− y| : y ∈ R

d
}

u ∈ R
d, z ∈ R

m. As in (6.41), (6.42), and (6.43), we can show that for all u,
u0 ∈ R

d, z ∈ R
m,

f (x, u, z) = sup
n∈N

fn (x, u, z) , f∗∗(x, u, z) = sup
n
f∗∗

n (x, u, z),

and
f∗∗

n (x, u, z) + n |u− u0| ≥ f∗∗
n (x, u0, z). (7.49)

Therefore, to prove the lower semicontinuity of f∗∗(x, ·, ·) it suffices to prove
it for each f∗∗

n . Hence fix n ∈ N and let (uk, zk) → (u0, z0) as k → ∞. Using
the lower semicontinuity of f∗∗

n (x, u0, ·) together with (7.49), we have

f∗∗
n (x, u0, z0) ≤ lim inf

k→∞
f∗∗

n (x, u0, zk)

≤ lim inf
k→∞

(n |uk − u0|+ f∗∗
n (x, uk, zk))

= lim inf
k→∞

f∗∗
n (x, uk, zk),

and this concludes the proof.

Exercise 7.16. State and prove an analogue of Theorem 7.13 in the following
cases:

(i) p = q = ∞;
(ii) 1 ≤ p <∞ and q =∞;
(iii) 1 ≤ q <∞ and p =∞.
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Young Measures

Nature laughs at the difficulties
of integration.

Pierre-Simon de Laplace
(1749–1827)

Often in applications we deal with energies of the type

v �→
∫

E

f (x, v (x)) dx, (8.1)

where f (x, ·) is nonconvex. The study of equilibria leads to the search for
minimizers of the energy, possibly subject to constraints, and the nonconvexity
of the energy density may prevent the existence of solutions. One way to
“resolve” this issue is to relax the energy and, under appropriate hypotheses,
use the direct method to obtain a minimizer for

v �→
∫

E

f∗∗ (x, v (x)) dx.

A major setback in this approach has to do with the fact that the relaxed
energy density f∗∗ may be far below f , and in this way, qualitative properties
of the equilibrium energy may be lost.

A compromise between the nonexistence of the minimizers of the original
problem and working with the convexified energy can be reached using the
notion of Young measures. Here minimizers are obtained for an energy with
energy density the original f and where the class of admissible fields is en-
larged to include certain probability measures that are intrinsically related to
minimizing sequences for (8.1).
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8.1 The Fundamental Theorem for Young Measures

Let E ⊂ R
N be a Lebesgue measurable set with finite measure. By the Riesz

representation theorem in Lp and in C0 (see Theorems 2.112 and 1.200), the
dual of the space L1 (E;C0 (Rm)) is L∞

w (E;M (Rm; R)). We recall that a
function λ : E →M (Rm; R) belongs to L∞

w (E;M (Rm; R)) if and only if for
all ϕ ∈ C0 (Rm) the map

x ∈ E �→
∫

Rm

ϕ (v) dλx (v) is measurable

and
‖λ‖L∞

w (E;M(Rm;R)) := esssup
x∈E

‖λx‖ (Rm) <∞,

where for simplicity we write λx in place of λ (x) and ‖λx‖ (Rm) is the total
variation of the signed Radon measure λx.

In what follows, Pr (Rm) is the family of all (positive) Radon measures
that are also probability measures, that is, the family of all (positive) Radon
measures with measure one.

Definition 8.1. A Young measure ν : E →M (Rm; R) is an element of the
space L∞

w (E;M (Rm; R)) such that νx ∈ Pr (Rm) for LN a.e. x ∈ E.

Theorem 8.2. Let E ⊂ R
N be a Lebesgue measurable set with finite measure

and let {vn} be a sequence of measurable functions, with vn : E → R
m. Then

there exist a subsequence {vnk
} of {vn} and a map ν ∈ L∞

w (E;M (Rm; R))
such that

(i) νx ≥ 0, νx (Rm) ≤ 1 for LN a.e. x ∈ E;
(ii) ϕ (vnk

) ∗
⇀ 〈νx, ϕ〉M,C0 =

∫
Rm ϕ(z) dνx(z) in L∞ (E) for all ϕ ∈ C0 (Rm);

(iii) for any normal integrand f : E × R
m → (−∞,∞] bounded from below,

lim inf
k→∞

∫
E

f(x, vnk
(x)) dx ≥

∫
E

f(x) dx,

where for x ∈ E,

f(x) :=
∫

Rm

f(x, z) dνx(z).

Moreover, the map ν ∈ L∞
w (E;M (Rm; R)) is a Young measure if and only

if the subsequence {vnk
} satisfies

lim
t→∞

lim sup
k→∞

|{x ∈ E : |vnk
(x)| > t}| = 0. (8.2)

Proof. Define νn : E →M (Rm; R) as νn (x) := δvn(x) for x ∈ E. Then

‖νn (x)‖ (Rm) =
∫

Rm

dδvn(x) = 1,
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and for any ϕ ∈ C0 (Rm) the map

x ∈ E �→
∫

Rm

ϕ (z) dδvn(x) (z) = ϕ (vn (x))

is measurable. Thus νn ∈ L∞
w (E;M (Rm; R)) and

‖νn‖L∞
w (E;M(Rm;R)) = 1

for all n. Since L∞
w (E;M (Rm; R)) is the dual of L1 (E;C0 (Rm)), by Corollary

A.55 there exists a subsequence {vnk
} of {vn} and a map ν ∈L∞

w (E;M (Rm; R))
such that

νnk

∗
⇀ ν in L∞

w (E;M (Rm; R)) ,

i.e., for all ψ ∈ L1 (E;C0 (Rm)) we have
∫

E

ψ(x, vnk
(x)) dx =

∫
E

〈νnk
(x) , ψ(x, ·)〉M,C0 dx→

∫
E

〈νx, ψ(x, ·)〉M,C0 dx

(8.3)

=
∫

E

∫
Rm

ψ(x, z) dνx(z) dx.

In particular, if h ∈ L1 (E) and ϕ ∈ C0 (Rm), then the function

ψ(x, z) := h (x) ϕ (z) ,

where x ∈ E and z ∈ R
m, belongs to L1 (E;C0 (Rm)) by Theorem 2.108, since

the function |h (·)| ‖ϕ‖∞ is in L1 (E), and thus
∫

E

h (x)ϕ (vnk
(x)) dx→

∫
E

h (x)
∫

Rm

ϕ(z) dνx(z) dx. (8.4)

This proves (ii). Moreover, taking h, ϕ ≥ 0 we obtain that νx ≥ 0 for LN a.e.
x ∈ E, and the lower semicontinuity of the norm implies that

‖ν‖L∞
w (E;M(Rm;R)) ≤ 1,

so that (i) holds.
To prove (iii) note first that since |E| < ∞, without loss of generality we

may assume that f ≥ 0. We use Corollary 6.30 to find a sequence {(Ej , ϕj)},
where Ej ⊂ E has finite Lebesgue measure and ϕj ∈ Cc (Rm), such that

f (x, z) = sup
j
χEj

(x)ϕj (z)

for every (x, z) ∈ E × R
m. For each j ∈ N let

fj (x, z) = sup
i≤j

χEi
(x)ϕi (z)
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for every (x, z) ∈ E × R
m. We claim that fj ∈ L1 (E;C0 (Rm)). Indeed, this

follows from Theorem 2.108 and the facts that for fixed x ∈ E the function
fj (x, ·) is in Cc (Rm) and

|fj (x, z)| ≤ χFj
(x)max

i≤j
‖ϕi‖∞ ∈ L1 (E)

for every (x, z) ∈ E × R
m, where

Fj =
j⋃

i=1

Ei.

By (8.3) for each fixed j ∈ N we have

lim inf
k→∞

∫
E

f(x, vnk
(x)) dx ≥ lim

k→∞

∫
E

fj(x, vnk
(x)) dx

=
∫

E

∫
Rm

fj(x, z) dνx(z) dx.

By the Lebesgue monotone convergence theorem, and using the fact that
f ≥ 0, letting j →∞ in the previous inequality yields

lim inf
k→∞

∫
E

f(x, vnk
(x)) dx ≥

∫
E

∫
Rm

f(x, z) dνx(z) dx.

To prove the last part of the statement of the theorem, assume that (8.2)
holds. Then for any fixed ε > 0 there exists t > 0 such that

lim sup
k→∞

|{x ∈ E : |vnk
(x)| ≥ t}| < ε. (8.5)

Let ϕt : [0,∞) → [0, 1] be defined by

ϕt (s) :=

⎧⎨
⎩

1 if s ≤ t,
1− s+ t if t < s < t+ 1,
0 if s ≤ t+ 1.

Then the function

ψ(x, z) := χE (x)ϕt (|z|) , (x, z) ∈ E × R
m,

belongs to L1 (E;C0 (Rm)), and

|E| = |{x ∈ E : |vnk
(x)| ≤ t}|+ |{x ∈ E : |vnk

(x)| > t}|

≤
∫

E

ϕt (|vnk
(x)|) dx+ |{x ∈ E : |vnk

(x)| > t}| .

Taking the limit superior in the previous inequality and using (8.3) and (8.5)
we obtain
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|E| ≤
∫

E

∫
Rm

ϕt(|z|) dνx(z) dx+ ε ≤
∫

E

νx(Rm) dx+ ε ≤ |E|+ ε,

where we have used the facts that ϕt ≤ 1, νx ≥ 0, and νx (Rm) ≤ 1 for LN

a.e. x ∈ E. Letting ε→ 0+ we obtain that
∫

E

νx(Rm) dx = |E| ,

which, recalling again that νx (Rm) ≤ 1 for LN a.e. x ∈ E, implies that
νx (Rm) = 1 for LN a.e. x ∈ E, and we conclude that ν is a Young measure.

Conversely, assume that ν is a Young measure. Then

|E| − |{x ∈ E : |vnk
| > t+ 1}| = |{x ∈ E : |vnk

| ≤ t+ 1}|

≥
∫

E

ϕt (|vnk
(x)|) dx.

Taking the limit inferior in the previous inequality and using (8.3) we obtain

|E| − lim sup
k→∞

|{x ∈ E : |vnk
| > t+ 1}| ≥

∫
E

∫
Rm

ϕt(|z|) dνx(z) dx.

Since 0 ≤ ϕt ≤ 1 and ϕt ↗ 1, letting t → ∞ in the previous inequality and
using the Lebesgue monotone convergence theorem, we obtain

|E| − lim sup
t→∞

lim sup
k→∞

|{x ∈ E : |vnk
| > t+ 1}| ≥

∫
E

∫
Rm

dνx(z) dx = |E| ,

where we have used the fact that νx (Rm) = 1 for LN a.e. x ∈ E. Hence

lim
t→∞

lim sup
k→∞

|{x ∈ E : |vnk
| > t}| = 0.

This concludes the proof.

In view of (8.2) and (8.4) we now introduce the concept of Young measure
ν generated by a sequence {vn}.

Definition 8.3. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure. A sequence {vn} of measurable functions vn : E → R
m satisfying

lim
t→∞

lim sup
n→∞

|{x ∈ E : |vn| > t}| = 0 (8.6)

is said to generate a Young measure ν ∈ L∞
w (E;M (Rm; R)) if for every

h ∈ L1 (E) and ϕ ∈ C0 (Rm) we have

lim
n→∞

∫
E

h (x)ϕ (vn (x)) dx =
∫

E

h (x)
∫

Rm

ϕ(z) dνx(z) dx.
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The next proposition is similar to de la Vallée Poussin’s theorem.

Proposition 8.4. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure and let {vn} be a sequence of measurable functions vn : E → R
m. Then

condition (8.6) is satisfied if and only if there exists a continuous, nondecreas-
ing function g : [0,∞) → [0,∞] such that g (t) →∞ as t→∞ and

lim sup
n→∞

∫
E

g(|vn(x)|) dx <∞. (8.7)

Proof. Suppose that (8.7) holds. Since g is nondecreasing, for any t > 0 we
have

g (t) |{x ∈ E : |vn (x)| > t}| ≤
∫

E

g(|vn(x)|) dx,

and so

lim sup
n→∞

g (t) |{x ∈ E : |vn (x)| > t}| ≤ lim sup
n→∞

∫
E

g(|vn(x)|) dx <∞.

Since g (t) →∞ as t→∞ we obtain (8.6).
Conversely, assume that (8.6) holds. Then we may choose 0 < tj < tj+1,

j ∈ N, with tj →∞ as j →∞, such that

lim sup
n→∞

|{x ∈ E : |vn (x)| > tj}| ≤
1
j3

.

Define

h (t) :=
{

0 if t ∈ [0, t1) ,
j if t ∈ [tj , tj+1) , j ∈ N.

Then ∫
E

h(|vn(x)|) dx =
∞∑

j=1

j |{x ∈ E : tj ≤ |vn (x)| < tj+1}| ,

and so

lim sup
n→∞

∫
E

h(|vn(x)|) dx ≤
∞∑

j=1

j lim sup
k→∞

|{x ∈ E : tj ≤ |vn (x)| < tj+1}|

≤
∞∑

j=1

1
j2

<∞.

It now suffices to replace the function h with a continuous, nondecreasing
function, 0 ≤ g ≤ h, such that g (t) →∞ as t→∞.

Remark 8.5. In applications we will be particularly interested in the cases in
which g (t) := tp, 1 ≤ p <∞, and for p = ∞,
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g (t) :=

{ t

α− t
0 ≤ t < α,

∞ t ≥ α,

corresponding to Young measures generated by sequences bounded in
Lp (E; Rm), 1 ≤ p ≤ ∞, with

sup
n
‖vn‖L∞ < α

if p = ∞. Precisely, in view of Theorem 8.2 and Proposition 8.4, any bounded
sequence in Lp (E; Rm), 1 ≤ p ≤ ∞, admits a subsequence that generates a
Young measure ν ∈ L∞

w (E;M (Rm; R)) such that
∫

E

∫
Rm

g(|z|) dνx(z) dx <∞.

We are now ready to prove the first main result of this chapter.

Theorem 8.6 (Fundamental theorem for Young measures). Let E ⊂
R

N be a Lebesgue measurable set with finite measure and consider a sequence
{vn} of measurable functions vn : E → R

m that generates a Young measure
ν ∈ L∞

w (E;M (Rm; R)). Then

(i) for any normal integrand f : E ×R
m → [−∞,∞] such that {f−(·, vn(·))}

is equi-integrable,

lim inf
n→∞

∫
E

f(x, vn(x)) dx ≥
∫

E

f(x) dx;

(ii) for any Carathéodory function f : E × R
m → [−∞,∞] such that

{f(·, vn(·))} ⊂ L1 (E) one has

f(·, vn(·)) ⇀ f in L1 (E)

if and only if {f(·, vn(·))} is equi-integrable;
(iii) if K ⊂ R

m is a compact set, then

supp νx ⊂ K for LN a.e. x ∈ E

if and only if dist (vn,K) → 0 in measure.

Proof. (i) Since {f−(·, vn(·))} is equi-integrable, by Theorem 2.29, for any
fixed ε > 0 we may find a constant M > 0 such that

∫
{f−(x,vn)≥M}

f−(x, vn) dx ≤ ε

for all n ∈ N. Let fM := max {f,−M}, which is a normal integrand bounded
from below. By Theorem 8.2(iii),
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lim inf
n→∞

∫
E

f(x, vn) dx

= lim inf
n→∞

[∫
{f(x,vn)>−M}

fM (x, vn) dx−
∫
{f−(x,vn)≥M}

f−(x, vn) dx

]

≥ lim inf
n→∞

∫
E

fM (x, vn(x)) dx− ε

≥
∫

E

∫
Rm

fM (x, z) dνx(z) dx− ε

≥
∫

E

∫
Rm

f(x, z) dνx(z) dx− ε,

where in the last inequality we used the fact that fM ≥ f , and we may now
let ε→ 0+.

(ii) Assume that {f(·, vn(·))} is equi-integrable and fix h ∈ L∞ (E). Then
the function ±h (x) f(x, z) is a normal integrand, {±h (·) f(·, vn(·))} is equi-
integrable, and so by (i) we get

lim inf
n→∞

(
±
∫

E

h (x) f(x, vn(x)) dx
)
≥ ±

∫
E

h (x) f(x) dx,

that is,

lim
n→∞

∫
E

h (x) f(x, vn(x)) dx =
∫

E

h (x) f(x) dx.

Conversely, if f(·, vn(·)) ⇀ f in L1 (E), then {f(·, vn(·))} is equi-integrable
by the Dunford–Pettis theorem.

(iii) Assume that dist (vn,K) → 0 in measure and let ϕ ∈ C0 (Rm \K). Then
for every ε > 0 there exists a compact set K1 ⊂ R

m \K such that

|ϕ (z)| < ε for all z /∈ K1. (8.8)

Thus we may find a constant Cε > 0 such that

|ϕ (z)| ≤ ε+ Cε dist (z,K) for all z ∈ R
m \K.

Indeed, if not, there exists a sequence {zj} ⊂ R
m \K such that

|ϕ (zj)| ≥ ε+ j dist (zj ,K) . (8.9)

By (8.8) it follows that zj ∈ K1 and up to the extraction of a subsequence if
necessary, zj → z ∈ K1. In particular, dist (z,K) > 0, and so letting j → ∞
in (8.9) we reach a contradiction.

Hence (|ϕ (vn)| − ε)+ → 0 in measure, and since ϕ is bounded we apply
(ii) to conclude that

〈νx, (|ϕ (·)| − ε)+〉M,C0 = 0 for LN a.e. x ∈ E.
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Letting ε→ 0+ we have that

〈νx, ϕ〉M,C0 = 0 for all ϕ ∈ C0 (Rm \K) .

Hence supp νx ⊂ K for LN a.e. x ∈ E.
Conversely, assume that supp νx ⊂ K for LN a.e. x ∈ E. Let

f(x, z) := χE (x) min {dist (z,K) , 1} .

Then f is a bounded Carathéodory function and thus {f(·, vn(·))} is equi-
integrable. By part (ii) we obtain that

lim
n→∞

∫
E

min {dist (vn(x),K) , 1} dx

=
∫

E

∫
Rm

min {dist (z,K) , 1} dνx(z) dx = 0,

since supp νx ⊂ K for LN a.e. x ∈ E. By Vitali’s convergence theorem we
conclude that dist (vn,K) → 0 in measure.

We now present several important applications of the fundamental theorem
for Young measures.

Corollary 8.7. Let E ⊂ R
N be a Lebesgue measurable set with finite measure

and let {vn}, {wn} be two sequences of measurable functions, vn, wn : E →
R

m. If {vn} generates a Young measure ν and {wn} converges in measure to
a measurable function w : E → R

m, then {vn + wn} generates the translated
Young measure Γw (ν), where 〈Γaν, ϕ〉M,C0 := 〈ν, ϕ (·+ a)〉M,C0 for a ∈ R

m,
ϕ ∈ C0 (Rm). In particular, if wn → 0 in measure, then {vn + wn} generates
the Young measure ν.

Proof. In view of Definition 8.3, we first prove that {vn + wn} satisfies (8.6).
Fix ε > 0 and, in view of (8.6) for {vn}, choose t > 0 large enough such that

lim sup
n→∞

∣∣∣∣
{
x ∈ E : |vn (x)| > t

3

}∣∣∣∣ < ε

2
,

∣∣∣∣
{
x ∈ E : |w (x)| > t

3

}∣∣∣∣ < ε

2
,

where for the latter inequality we used the fact that

∞⋂
k=1

{x ∈ E : |w (x)| > k} = ∅. (8.10)

Since

lim
n→∞

∣∣∣∣
{
x ∈ E : |wn (x)− w (x)| > t

3

}∣∣∣∣ = 0,

we have
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lim sup
n→∞

|{x ∈ E : |vn (x) + wn (x)| > t}|

≤ lim sup
n→∞

∣∣∣∣
{
x ∈ E : |vn (x)| > t

3

}∣∣∣∣+
∣∣∣∣
{
x ∈ E : |w (x)| > t

3

}∣∣∣∣
+ lim

n→∞

∣∣∣∣
{
x ∈ E : |wn (x)− w (x)| > t

3

}∣∣∣∣
<ε.

Thus {vn + wn} satisfies (8.6).
Now let h ∈ L1 (E) and ϕ ∈ C0 (Rm). Fix ε > 0. Since ϕ is uniformly

continuous there exists δ > 0 such that

|ϕ (z)− ϕ (z′)| ≤ ε

for all z, z′ ∈ R
m with |z − z′| < δ. We have

∣∣∣∣
∫

E

h (x)ϕ (vn (x) + wn (x)) dx−
∫

E

h (x)ϕ (vn (x) + w (x)) dx
∣∣∣∣

≤ 2 ‖ϕ‖∞
∫

E∩{|wn−w|≥δ}
|h (x)| dx+ ε

∫
E∩{|wn−w|<δ}

|h (x)| dx,

and thus

lim sup
n→∞

∣∣∣∣
∫

E

h (x)ϕ (vn (x) + wn (x)) dx−
∫

E

h (x)ϕ (vn (x) + w (x)) dx
∣∣∣∣

≤ ε

∫
E

|h (x)| dx.

Given the arbitrariness of ε, we deduce that

lim
n→∞

∫
E

h (x)ϕ (vn (x) + wn (x)) dx = lim
n→∞

∫
E

h (x)ϕ (vn (x) + w (x)) dx

=
∫

E

h (x) 〈νx, ϕ (·+ w (x))〉 dx =
∫

E

h (x)
〈
Γw(x)νx, ϕ

〉
dx,

where we applied Theorem 8.6 to the Carathéodory function

(x, y) �→ h (x)ϕ (y + w (x)) .

This concludes the proof.

The next result shows that if a sequence {vn} generates a Young measure
ν, then there exists a sequence {wn} that still generates ν but has better
integrability properties.

Corollary 8.8. Let E ⊂ R
N be a Lebesgue measurable set with finite measure

and let {vn} be a sequence of measurable functions vn : E → R
m that generates

a Young measure ν and such that
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lim sup
n→∞

∫
E

g(|vn(x)|) dx <∞,

for some continuous nondecreasing function g : [0,∞) → [0,∞] with g (t) →
∞ as t→∞. Then there exists a sequence {wn} of measurable functions wn :
E → R

m that generates the same Young measure ν and such that {g(|wn(·)|)}
is equi-integrable. Moreover,

∫
E

∫
Rm

g(|z|) dνx(z) dx <∞.

Proof. By Theorem 8.6(i) we have
∫

E

∫
Rm

g(|z|) dνx(z) dx <∞.

By extracting a subsequence if necessary, we may assume that

lim sup
n→∞

∫
E

g(|vn(x)|) dx = lim
n→∞

∫
E

g(|vn(x)|) dx.

By the decomposition lemma there exists a subsequence of {vn} (not rela-
beled) and an increasing sequence of numbers rn → ∞ such that {τrn

◦ g
(|vn(·)|)} is equi-integrable and

|{x ∈ E : g(|vn(x)|) �= τrn
◦ g (|vn(x)|)}| → 0, (8.11)

where for r > 0 the truncation τr : R → R is defined by

τr(s) :=

{
s if |s| ≤ r,
s

|s|r if |s| > r.

Define

wn (x) :=
{
vn(x) if g (|vn(x)|) ≤ rn,
z0 if g (|vn(x)|) > rn,

where z0 ∈ R
m is such that g(|z0|) ∈ R. By (8.11),

|{x ∈ E : vn(x) �= wn(x)}| → 0,

and so by Corollary 8.7, {wn} generates the same Young measure ν. Observe
that

g (|wn(x)|) ≤ τrn
◦ g (|vn(x)|) + g(|z0|),

and equi-integrability follows.

The following corollary is particularly useful in applications (see, e.g.,
[FoTa89]).
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Corollary 8.9. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure and let {vn}, vn : E → R
m, be a sequence of measurable functions that

generates a Young measure ν. Then {vn} converges in measure to a function
v : E → R

m if and only if νx = δv(x) for LN a.e. x ∈ E.

Proof. Assume first that {vn} converges to v in measure. Let wn := v for all
n. Then by Corollary 8.7, {vn} and {wn} generate the same Young measure.
Since {wn} generates the Young measure δv, it follows that νx = δv(x) for LN

a.e. x ∈ E.
Conversely, assume that νx = δv(x) for LN a.e. x ∈ E. Since ν ∈

L∞
w (E;M (Rm)), the function v is measurable. Fix ε, η > 0. By Lusin’s

theorem choose K ⊂ E compact such that |E \K| ≤ η and v : K → R
m is

uniformly continuous. Find ρ > 0 such that

|v (x)− v (x′)| ≤ ε

2
(8.12)

for all x, x′ ∈ K, with |x− x′| ≤ ρ. Since K is compact there exist x1, . . . , x� ∈
K, � ∈ N, such that

K ⊂
�⋃

i=1

B (xi, ρ) .

Let Ei := B∗ (xi, ρ) ∩K, where

B∗ (xi, ρ) := B (xi, ρ) \
i−i⋃
j=1

B (xj , ρ) ,

and define

w (x) :=
�∑

i=1

v (xi)χEi
(x) .

Note that by (8.12),
∣∣∣
{
x ∈ E : |v (x)− w (x)| > ε

2

}∣∣∣ ≤ η. (8.13)

Let

f (x, z) :=
�∑

i=1

χEi
(x)ϕ (|z − v (xi)|) ,

where ϕ : [0,∞) → [0, 1] is a continuous function such that ϕ = 0 on
[
0, ε

2

]
and ϕ = 1 on [ε,∞). Then f is a bounded Carathéodory function, and thus
{f(·, vn(·))} is equi-integrable. Then
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|{x ∈ E : |vn − w| > ε}| ≤
�∑

i=1

|{x ∈ Ei : |vn − v (xi)| > ε}|+ η

≤
�∑

i=1

∫
Ei

ϕ (|vn(x)− v (xi)|) dx+ η

=
∫

E

f (x, vn(x)) dx+ η,

and so by Theorem 8.6(ii) we obtain that

lim sup
n→∞

|{x ∈ E : |vn − w| > ε}| ≤ lim
n→∞

∫
E

f (x, vn(x)) dx+ η

=
∫

E

∫
Rm

f (x, z) dδv(x)(z) dx+ η =
∫

E

f (x, v (x)) dx+ η

=
�∑

i=1

∫
Ei

ϕ (|v(x)− v (xi)|) dx+ η

≤
∣∣∣
{
x ∈ K : |v − w| > ε

2

}∣∣∣+ η ≤ 2η,

where we have used (8.13) and the fact that ϕ ≤ 1. Hence

lim sup
n→∞

|{x ∈ E : |vn − v| > 2ε}|

≤ lim sup
n→∞

|{x ∈ E : |vn − w| > ε}|+ |{x ∈ E : |v − w| > ε}|

≤ 2η.

It now suffices to let η → 0+.

The next result deals with pairs of sequences.

Corollary 8.10. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure and let {un}, {vn} be two sequences of measurable functions, with
un : E → R

d and vn : E → R
m. If {vn} generates the Young measure

ν ∈ L∞
w (E;M (Rm; R)) and un converges pointwise LN a.e. in E to a func-

tion u : E → R
d, then the sequence {(un, vn)} generates the Young measure

x �→ δu(x) ⊗ νx.

Proof. In view of Definition 8.3, we first prove that {(un, vn)} satisfies (8.6).
For t > 0,
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|{x ∈ E : |(un, vn) (x)| > t}|

≤
∣∣∣∣
{
x ∈ E : |un (x)| > t√

2

}∣∣∣∣+
∣∣∣∣
{
x ∈ E : |vn (x)| > t√

2

}∣∣∣∣
≤
∣∣∣∣
{
x ∈ E : |un (x)− u (x)| > t

2
√

2

}∣∣∣∣+
∣∣∣∣
{
x ∈ E : |u (x)| > t

2
√

2

}∣∣∣∣
+
∣∣∣∣
{
x ∈ E : |vn (x)| > t√

2

}∣∣∣∣ .
Due to property (8.6) for {vn}, using an argument analogous to that of

(8.10), and since un converges pointwise, and hence in measure, to u we deduce
that (8.6) is satisfied by {(un, vn)}.

Let h ∈ L1 (E), ψ ∈ C0

(
R

d
)
, and ϕ ∈ C0 (Rm). Then

|h (x)ψ (un)| ≤ ‖ψ‖∞ |h (x)| ,

and so by the Lebesgue dominated convergence theorem, hψ (un) → hψ (u)
strongly in L1 (E). Since {vn} generates the Young measure ν, we have that
ϕ (vn) ∗

⇀ ϕ in L∞ (E), and so

lim
n→∞

∫
E

h (x)ψ (un)ϕ (vn) dx =
∫

E

h (x)ψ(u)
(∫

Rm

ϕ(z) dνx(z)
)
dx,

that is,

(ψ ⊗ ϕ) (un, vn) ∗
⇀ 〈δu(·) ⊗ ν·, ψ ⊗ ϕ〉M,C0 in L∞ (E) .

Since tensors of the form ψ ⊗ ϕ are dense in C0

(
R

d × R
m
)
, the proof is

complete.

Next we study the relation between biting convergence and Young mea-
sures.

Theorem 8.11. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure and let {vn} be a sequence of measurable functions vn : E → R
m

that generates a Young measure ν. Then for any Carathéodory function
f : E × R

m → [−∞,∞] such that {f(·, vn(·))} is bounded in L1 (E), there
exists a subsequence {vnk

} of {vn} such that

f(·, vnk
(·)) b

⇀ f in L1 (E) .

Proof. By the biting lemma there exist a function g ∈ L1 (E), a subsequence
{vnk

} of {vn}, and a decreasing sequence of Lebesgue measurable sets {Ej} ⊂
E, with |Ej | → 0, such that

f(·, vnk
(·)) ⇀ g in L1 (E \ Ej) for every j ∈ N.

By Theorem 8.6(ii) we have that g = f for LN a.e. x ∈ E \ Ej for every j ∈ N.
Since |Ej | → 0 it follows that g = f for LN a.e. x ∈ E.
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Remark 8.12. As a consequence of the previous theorem, if {vn} is bounded in
L1 (E; Rm), then by taking as f a projection, that is, f (z) := zi, i = 1, . . . ,m,
where z = (z1, . . . , zm) ∈ R

m, we obtain that there exists a subsequence {vnk
}

of {vn} such that
vnk

(·)) b
⇀ v in L1 (E) ,

where for LN a.e. x ∈ E,

v (x) =
∫

Rm

z dνx(z).

Using the techniques developed in this chapter we next give a proof of the
decomposition lemma stated and proved in Chapter 2, where here the domain
of integration is a Lebesgue measurable set of R

N with finite measure.

Lemma 8.13 (Decomposition lemma, II). Let E ⊂ R
N be a Lebesgue

measurable set with finite measure and let {un} be a sequence of functions
uniformly bounded in Lp (E), 1 ≤ p < ∞. For r > 0 consider the truncation
τr : R → R defined by

τr(z) :=

{
z if |z| ≤ r,
z

|z|r if |z| > r.

Then there exists a subsequence of {un} (not relabeled) and an increasing
sequence of numbers rn → ∞ such that the truncated sequence {τrn

◦ un} is
p-equi-integrable, and

|{x ∈ E : un (x) �= (τrn
◦ un) (x)}| → 0. (8.14)

Proof. Without loss of generality, by Theorem 8.2 we may assume that the
sequence {un} generates a Young measure ν ∈ L∞

w (E;M (R; R)) and by The-
orem 8.6 (i), ∫

E

∫
R

|z|p dνx (z) dx <∞. (8.15)

Using Theorem 8.6(ii) we obtain

lim
r→∞

lim
n→∞

∫
E

|τr ◦ un|p dx = lim
r→∞

∫
E

∫
R

|τr (z)|p dνx (z) dx

=
∫

E

∫
R

|z|p dνx (z) dx,

where the last equality has been obtained via the Lebesgue monotone con-
vergence theorem. Therefore we may find an increasing sequence of numbers
rn →∞ such that

lim
n→∞

∫
E

|τrn
◦ un|p dx =

∫
E

∫
R

|z|p dνx (z) dx. (8.16)
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Property (8.14) follows directly from the boundedness of the sequence {un}
in Lp. By Corollary 8.7 the sequence {τrn

◦ un} generates the same Young
measure ν ∈ L∞

w (E;M (R; R)), and in view of (8.15), (8.16), and Theorem
8.6(ii) the sequence {τrn

◦ un} is p-equi-integrable.

8.2 Characterization of Young Measures

In this section we prove that every Young measure is generated by a sequence
of measurable functions.

Theorem 8.14. Let E ⊂ R
N be a Lebesgue measurable set with finite measure

and let ν ∈ L∞
w (E;M (Rm; R)) be a Young measure. Then there exists a

continuous, nondecreasing function g : [0,∞) → [0,∞] such that g (t) → ∞
as t→∞ and ∫

E

∫
Rm

g(|z|) dνx(z) dx <∞. (8.17)

Proof. We claim that

lim
t→∞

∫
E

∫
{z∈Rm: |z|>t}

dνx(z) dx = 0. (8.18)

Indeed, since νx ∈ Pr (Rm) for LN a.e. x ∈ E, by Proposition 1.7(ii) we have
that

lim
t→∞

∫
{z∈Rm: |z|>t}

dνx(z) = 0,

and since
0 ≤

∫
{z∈Rm: |z|>t}

dνx(z) dx ≤
∫

Rm

dνx(z) = 1,

(8.18) follows by the Lebesgue dominated convergence theorem. We can now
proceed as in the proof of Proposition 8.4 to show that (8.18) implies (8.17).
Precisely, choose 0 < tj < tj+1, j ∈ N, with tj →∞ as j →∞, such that

∫
E

∫
{z∈Rm: |z|>tj}

dνx(z) dx ≤ 1
j3

,

and define

h (t) :=
{

0 if t ∈ [0, t1) ,
j if t ∈ [tj , tj+1) , j ∈ N.

Then
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∫
E

∫
{z∈Rm: |z|≤tk}

h(|z|) dνx(z) dx

=
∫

E

k−1∑
j=1

∫
{z∈Rm: tj≤|z|<tj+1}

h(|z|) dνx(z) dx

=
k−1∑
j=1

j

∫
E

∫
{z∈Rm: tj≤|z|<tj+1}

dνx(z) dx

≤
k∑

j=1

1
j2
≤

∞∑
j=1

1
j2

<∞.

By the Lebesgue monotone convergence theorem, letting k →∞ we obtain

∫
E

∫
Rm

h(|z|) dνx(z) dx ≤
∞∑

j=1

1
j2

<∞.

It now suffices to replace the function h with a continuous, nondecreasing
function 0 ≤ g ≤ h.

Next we show that the condition (8.17) is equivalent to the existence of a
sequence {vn} of measurable functions vn : E → R

m that generates ν and such
that {g(|vn(·)|)} is equi-integrable. We begin with the case of a homogeneous
Young measure.

Definition 8.15. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure. A Young measure ν ∈ L∞
w (E;M (Rm; R)) is said to be homogeneous if

there exists a probability measure µ ∈ Pr (Rm) such that νx = µ for LN a.e.
x ∈ E.

Exercise 8.16. Let a, b ∈ R
m and θ ∈ (0, 1), and consider the function

v (x) :=
{
a if x ∈ (0, θ) ,
b if x ∈ (θ, 1) .

Extend v periodically to all of R with period 1 and let vn (x) := v (nx). Prove
that the sequence {vn} generates the homogeneous Young measure

νx = θδa + (1− θ) δb.

8.2.1 The Homogeneous Case

Theorem 8.17. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, let ν ∈ P (Rm), and let g : [0,∞) → [0,∞] be a continuous, nondecreas-
ing function such that g (t) →∞ as t→∞. Then the following two conditions
are equivalent:
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(i)
∫

Rm

g(|z|) dν(z) <∞;

(ii) there exists a sequence {vn} of measurable functions vn : E → R
m that

generates ν and such that {g(|vn(·)|)} is equi-integrable.

Proof. That (ii) implies (i) follows from Theorem 8.6(ii). In the remainder of
the proof we show that (i) implies (ii).

Step 1: Fix R > 0 and define DR := Bm (0, R) and

HR :=
{
µ ∈ Pr (Rm) : suppµ ⊂ DR, µ is generated by a sequence {vn}

with ‖vn‖L∞(E;Rm) ≤ R
}

.

We claim that HR is convex. Indeed, fix µ1, µ2 ∈ HR and θ ∈ (0, 1). Let
{vn}, {wn} be two sequences of measurable functions vn, wn : E → DR that
generate µ1 and µ2, respectively. By Proposition 2.87 there exists a sequence
{Ek} of Lebesgue measurable sets, with Ek ⊂ E, such that χEk

∗
⇀ θ in

L∞ (E). For n, k ∈ N define

wn,k(x) :=
{
vn(x) if x ∈ Ek,
wn(x) if x ∈ E \ Ek.

Let h ∈ L1 (E) and ϕ ∈ C0 (Rm). Then
∫

E

h (x) ϕ (wn,k (x)) dx

=
∫

E

χEk
(x)h (x) ϕ (vn (x)) dx+

∫
E

(1− χEk
(x))h (x) ϕ (wn (x)) dx

→ θ

∫
E

h (x) ϕ (vn (x)) dx+ (1− θ)
∫

E

h (x) ϕ (wn (x)) dx

as k →∞, and so

lim
n→∞

lim
k→∞

∫
E

h (x) ϕ (wn,k (x)) dx

=
∫

E

h (x) dx (θ〈µ1, ϕ〉M,C0 + (1− θ) 〈µ2, ϕ〉M,C0) ,

where we have used Theorem 8.6(ii). Since L1 (E) and C0 (Rm) are separable,
we may extract a diagonal sequence {wn,kn

} for which the previous limit exists
for each h and ϕ in a dense set of L1 (E) and C0 (Rm), respectively (and hence
by density for all h ∈ L1 (E) and ϕ ∈ C0 (Rm)). Since the sequence {wn,kn

}
generates the Young measure θµ1+(1− θ)µ2, we have that θµ1+(1− θ)µ2 ∈
HR and the claim is proved.

Step 2: We claim that HR is relatively closed in Pr (Rm) with respect to the
weak star topology σ (M (Rm; R) , C0 (Rm)) (σ (M, C0) for simplicity), i.e.,
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HR
σ(M,C0) ∩ Pr (Rm) = HR.

Indeed, let µ ∈ HR
σ(M,C0) ∩ Pr (Rm) and let {hj} and {ϕj} be dense in

L1 (E) and C0 (Rm), respectively. By the definition of weak star topology in
M (Rm; R), for every n ∈ N there exists µn ∈ HR such that

∣∣∣〈µ− µn, ϕj〉M,C0

∣∣∣ < 1

2n max
0≤i≤n

(
1 + ‖hi‖L1(E)

) , j = 1, . . . , n. (8.19)

By the definition of HR, the homogeneous Young measure µn is generated by
a sequence

{
v
(k)
n

}
k∈N

with

sup
k∈N

∥∥∥v(k)
n

∥∥∥
L∞(E;Rm)

≤ R. (8.20)

Choose k = k (n) ∈ N sufficiently large that with vn := v
(k(n))
n we have

∣∣∣∣〈µn, ϕj〉M,C0

∫
E

hi dx−
∫

E

hiϕj (vn) dx
∣∣∣∣ < 1

2n
, i, j = 1, . . . , n,

so that by (8.19),
∣∣∣∣〈µ, ϕj〉M,C0

∫
E

hi dx−
∫

E

hiϕj (vn) dx
∣∣∣∣ < 1

n
, i, j = 1, . . . , n. (8.21)

By (8.20), Proposition 8.4, and Theorem 8.6(iii), a subsequence {vnk
} of {vn}

generates a Young measure ν with suppµ ⊂ DR. From (8.21) and the density
properties of {hj} and {ϕj} it follows that µ = ν. Hence µ ∈ HR.

Step 3: Let
MR := {µ ∈ Pr (Rm) : suppµ ⊂ DR} .

Note that HR ⊂ MR. We claim that HR ⊃ MR. Assume by contradiction that
there exists µ ∈ MR such that µ /∈ HR. By Steps 1 and 2,

µ /∈ HR
σ(M,C0) = co HR

σ(M,C0),

and therefore by the Hahn–Banach theorem there exist a linear functional L :
M (Rm; R) → R, continuous with respect to the weak star topology σ (M, C0),
and α ∈ R such that

L (ν) ≥ α for all ν ∈ HR, α > L (µ) .

By Theorem A.72 there exists ϕ ∈ C0 (Rm) such that

L (ν) = 〈ν, ϕ〉M,C0 =
∫

Rm

ϕdν
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for all ν ∈M (Rm; R), and so

〈ν, ϕ〉M,C0 ≥ α for all ν ∈ HR, α > 〈µ, ϕ〉M,C0 . (8.22)

Define

ϕR (z) :=
{
ϕ (z) if |z| ≤ R,
∞ otherwise.

Since suppµ ⊂ DR we have that

α > 〈µ, ϕ〉M,C0 =
∫

Rm

ϕR(z) dµ(z) ≥
∫

Rm

ϕ∗∗
R (z) dµ(z) ≥ ϕ∗∗

R (a) , (8.23)

by Jensen’s inequality and where a :=
∫

Rm z dµ(z). Note that |a| ≤ R. Since
ϕR is lower semicontinuous, it follows by Theorem 4.98 that

ϕ∗∗
R (a) = inf

{
m+1∑
i=1

θiϕR (zi) :
m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = a, θi ≥ 0, zi ∈ R
m

}

= inf

{
m+1∑
i=1

θiϕ (zi) :
m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = a, θi ≥ 0, zi ∈ DR

}
.

Fix ε > 0 and write

ϕ∗∗
R (a) + ε ≥

m+1∑
i=1

θiϕ (zi) ,

where θi ≥ 0, zi ∈ DR, i = 1, . . . ,m+ 1,

m+1∑
i=1

θi = 1,
m+1∑
i=1

θizi = a.

Observe that since δzi
∈ HR for all i = 1, . . . ,m + 1, and HR is convex (see

Step 1), we have

ν :=
m+1∑
i=1

θiδzi
∈ HR.

Therefore by (8.22) and (8.23),

ϕ∗∗
R (a) + ε ≥

m+1∑
i=1

θiϕ (zi) = 〈ν, ϕ〉M,C0 ≥ α > ϕ∗∗
R (a) ,

and letting ε→ 0+ we obtain a contradiction.

Step 4: We are now ready to prove the general case. Since the set E has finite
measure, by rescaling, we may assume that |E| = 1. Let ν ∈ Pr (Rm) be such
that (i) holds. Since ν ∈ Pr (Rm), by Proposition 1.7(ii) we have that

lim
t→∞

ν ({z ∈ R
m : |z| > t}) = 0.
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Hence for all k ∈ N sufficiently large, say k ≥ k0, we have that

ν ({z ∈ R
m : |z| ≤ k}) > 0.

For k ≥ k0 consider the probability measure νk, defined by

νk (F ) := ckν (F ∩Dk) F ∈ B (Rm) ,

where
ck :=

1
ν (Dk)

, Dk := Bm (0, k).

Note that νk ∈ Mk, where

Mk := {µ ∈ Pr (Rm) : suppµ ⊂ Dk} .

By Step 3, for each fixed k ≥ k0 there exists a sequence {vn,k} of measurable
functions vn,k : E → Dk that generates νk. Let {hj} and {ϕj} be dense in
L1 (E) and C0 (Rm), respectively. Since {vn,k} generates νk and vn,k : E →
Dk, by Theorem 8.6(ii) for all i, j ∈ N, we have

lim
n→∞

∫
E

hi (x) ϕj (vn,k (x)) dx =
∫

E

hi (x) dx
∫

Rm

ϕj(z) dνk(z)

= ck

∫
E

hi (x) dx
∫

Dk

ϕj(z) dν (z) ,

and

lim
n→∞

∫
E

g (|vn,k (x)|) dx = |E|
∫

Rm

g(|z|) dνk(z)

= ck

∫
Dk

g(|z|) dν (z) ,

where we have used the facts that |E| = 1 and that for each fixed k ∈ N

the sequences {ϕj (vn,k (·))} and {g (|vn,k (·)|)} are equi-integrable, since
‖vn,k‖L∞(E;Rm) ≤ k. By virtue of the Lebesgue dominated convergence theo-
rem, we obtain that

lim
k→∞

lim
n→∞

∫
E

hi (x) ϕj (vn,k (x)) dx =
∫

E

hi (x) dx
∫

Rm

ϕj(z) dν(z)

and
lim

k→∞
lim

n→∞

∫
E

g (|vn,k (x)|) dx =
∫

Rm

g(|z|) dν(z).

Extract a diagonal sequence {v�} of {vn,k} such that

lim
�→∞

∫
E

hi (x) ϕj (v� (x)) dx =
∫

E

hi (x) dx
∫

Rm

ϕj(z) dν(z),

lim
�→∞

∫
E

g (|v� (x)|) dx =
∫

Rm

g(|z|) dν(z),



538 8 Young Measures

for all i, j ∈ N. By the density properties of {hj} and {ϕj} and Theorem
8.6(ii), it follows that {v�} generates ν and {g(|v�(·)|)} is equi-integrable in
L1 (E).

Exercise 8.18. Prove that if the measurable set E ⊂ R
N is bounded, then

in Step 1 it is possible to use the Riemann–Lebesgue lemma and thus avoid
Proposition 2.87.

8.2.2 The Inhomogeneous Case

We are now ready to consider the inhomogeneous case.

Theorem 8.19. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, let ν ∈ L∞
w (E;M (Rm; R)) be a Young measure, and let g : [0,∞) →

[0,∞] be a continuous, nondecreasing function such that g (t) →∞ as t→∞.
Then the following two conditions are equivalent:

(i)
∫

E

∫
Rm g(|z|) dνx(z) dx <∞;

(ii) there exists a sequence {vn} of measurable functions vn : E → R
m that

generates ν and such that {g(|vn(·)|)} is equi-integrable in L1 (E).

Proof. That (ii) implies (i) follows from Theorem 8.6(ii).

Step 1: To prove that (i) implies (ii) we first claim that, without loss of
generality, we may consider the case that the set E is an open set with finite
measure. Indeed, condition (i) implies that

∫
Rm

g(|z|) dνx(z) <∞

for LN a.e. x ∈ E. Select any x0 ∈ E for which the previous integral is finite
and νx0 ∈ Pr (Rm). Fix an open set Ω ⊂ R

N of finite measure that contains
E and define

µx :=
{
νx if x ∈ E,
νx0 if x ∈ Ω \ E.

Then µ ∈ L∞
w (Ω;M (Rm; R)) is a Young measure and (i) is satisfied. Thus

if we show that there exists a sequence {vn} of measurable functions vn :
Ω → R

m that generates µ and such that {g(|vn(·)|)} is equi-integrable in
L1 (Ω), then the sequence {vn} restricted to E generates ν. Also, without loss
of generality we may assume that

∫
Rm

g(|z|) dνx(z) <∞ (8.24)

for all x ∈ E.

Step 2: In view of the previous step we may assume that E is an open set
with finite measure. Let {hj}j∈N

⊂ Cc (E) and {ϕj}j∈N
be dense in L1 (E)
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and C0 (Rm), respectively. Set h0 = 1 and ϕ0 = g. For j ∈ N0 and x ∈ E
define

ψj (x) :=
∫

Rm

ϕj(z) dνx(z) (8.25)

and let
F :=

⋂
j∈N0

{x ∈ E : x Lebesgue point for ψj} ,

where we used the fact that in view of (8.24), ψj ∈ L1 (E) for all j ∈ N0.
Then |E \ F | = 0. For each k ∈ N set

Gk :=
{
Q (x, ε) ⊂ E : x ∈ F , 0 < ε ≤ 1

k
,

1
εN

∫
Q(x,ε)

|ψj (y)− ψj (x)| dy < 1
k

, j = 0, . . . , k
}

.

By Vitali’s covering theorem and Lebesgue’s differentiation theorem we may
write

E =
⋃
�

Q (xk�, εk�) ∪Nk, |Nk| = 0,

for some mutually disjoint cubes Q (xk�, εk�) ∈ Gk. For each i, j ∈ N0 let
k > j. Then

∣∣∣
∫

E

hi (x)ψj (x) dx−
∑

�

ψj (xk�)
∫

Q(xk�,εk�)

hi (x) dx
∣∣∣

≤
∑

�

∫
Q(xk�,εk�)

|hi (x) (ψj (x)− ψj (xk�))| dx

≤ ‖hi‖∞
∑

�

∫
Q(xk�,εk�)

|ψj (x)− ψj (xk�)| dx

≤ ‖hi‖∞
1
k

∑
�

|Q (xk�, εk�)| = ‖hi‖∞
1
k
|E| .

Hence ∫
E

hi (x) ψj (x) dx = lim
k→∞

∑
�

ψj (xk�)
∫

Q(xk�,εk�)

hi (x) dx (8.26)

for every i, j ∈ N0.
By the previous theorem and (8.24), for each fixed k,� ∈ N there exists

a sequence {vnk�} of measurable functions vnk� : Q (xk�, εk�) → R
m that

generates νxk�
and such that {g(|vnk�(·)|)} is equi-integrable in Q (xk�, εk�).

Fix k, � ∈ N. Since {vnk�}n generates νxk�
, we may choose nk� such that

∣∣∣∣∣
∫

Q(xk�,εk�)

hi (x) ϕj(vnk�k� (x)) dx− ψj (xk�)
∫

Q(xk�,εk�)

hi (x) dx

∣∣∣∣∣ ≤
1

2�k

(8.27)
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for all i, j = 0, . . . , k. Set

vk (x) :=
{
vnk�k� (x) if x ∈ Q (xk�, εk�) for some �,
0 if x ∈ Nk.

We claim that {vk} generates ν. Indeed, fix i, j ∈ N0 and let k > max {i, j}.
By (8.26), (8.27), and the fact that |Nk| = 0 we have

lim
k→∞

∫
E

hi (x)ϕj (vk (x)) dx = lim
k→∞

∑
�

∫
Q(xk�,εk�)

hi (x) ϕj(vnk�k� (x)) dx

= lim
k→∞

∑
�

ψj (xk�)
∫

Q(xk�,εk�)

hi (x) dx

=
∫

E

hi (x) ψj (x) dx

=
∫

E

hi (x)
∫

Rm

ϕj(z) dνx(z) dx,

where in the last identity we have used (8.25). In particular, taking i = j = 0,
we get

lim
k→∞

∫
E

g (vk) dx =
∫

E

∫
Rm

g(z) dνx(z) dx,

and so by Theorem 8.6(ii) we conclude that {g(|vk(·)|)} is equi-integrable.
This concludes the proof.

8.3 Relaxation

In this section we consider functionals of the form

v ∈ Lp (E; Rm) �→ I (v) :=
∫

E

f (x, v) dx,

where E ⊂ R
N is a Lebesgue measurable set with finite measure, 1 ≤ p ≤ ∞,

and f : E × R
m → (−∞,∞] is a normal integrand. We recall that Ep is

the greatest functional below I that is sequentially lower semicontinuous with
respect to weak (respectively weak star if p = ∞) convergence in Lp (E; Rm),
and it coincides with Ip, where

Ip(v) := inf
{

lim inf
n→∞

I (vn) : {vn} ⊂ Lp(E; Rm),

vn ⇀ v ( ∗
⇀ if p = ∞) in Lp(E; Rm)

}
,

provided f satisfies suitable coercivity conditions (see Remark 6.69(i)).
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Theorem 8.20. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, 1 < p < ∞, and let f : E × R
m → (−∞,∞] be a normal integrand

satisfying

f (x, z) ≥ 1
C
|z|p − C (8.28)

for LN a.e. x ∈ E and for all z ∈ R
m, and for some C > 0. Then for every

v ∈ Lp(E; Rm),

Ep(v) = Ip(v) =
∫

E

f∗∗(x, v (x)) dx (8.29)

= inf
ν∈Yv

∫
E

∫
Rm

f(x, z) dνx(z) dx,

where

Yv :=
{
ν ∈ L∞

w (E;M (Rm; R)) , ν is a Young measure,∫
E

∫
Rm

|z|p dνx(z) dx <∞,

v (x) =
∫

Rm

z dνx(z) for LN a.e. x ∈ E
}
.

Moreover, if ∫
E

f∗∗(x, v (x)) dx <∞ (8.30)

then the infimum is realized by some Young measure ν0 ∈ Yv such that

f∗∗(x, v (x)) =
∫

Rm

f(x, z) dν0
x(z)

for LN a.e. x ∈ E.

Proof. We observe that the first two equalities in (8.29) follow by Remark
6.69(i).

Let {vn} ⊂ Lp(E; Rm) be such that vn ⇀ v in Lp(E; Rm) and, without
loss of generality, and in view of Remark 8.5, assume that

lim inf
n→∞

I (vn) = lim
n→∞

I (vn)

and {vn} generates a Young measure ν. By Remarks 8.12 and 8.5 it follows
that ν ∈ Yv. By the fundamental theorem for Young measures (i) we have
that

lim inf
n→∞

∫
E

f(x, vn(x)) dx ≥
∫

E

∫
Rm

f(x, z) dνx(z) dx,

and given the arbitrariness of {vn} we deduce that

Ip(v) ≥ inf
ν∈Yv

∫
E

∫
Rm

f(x, z) dνx(z) dx.
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To prove the reverse inequality fix any ν ∈ Yv. By Jensen’s inequality,
∫

Rm

f(x, z) dνx(z) ≥
∫

Rm

f∗∗(x, z) dνx(z) ≥ f∗∗ (x, v (x)) (8.31)

for LN a.e. x ∈ E, where we have used the fact that v (x) =
∫

Rm z dνx(z)
for LN a.e. x ∈ E. Integrating over E and then taking the infimum over all
ν ∈ Yv, we conclude that

inf
ν∈Yv

∫
E

∫
Rm

f(x, z) dνx(z) dx ≥
∫

E

f∗∗(x, v (x)) dx. (8.32)

By Theorem 6.68, (8.29) follows.
To prove the second part of the theorem, in view of (8.28), by replacing f

with f +C we can assume, without loss of generality, that f ≥ 0. Due to the
coercivity condition (8.28) it is possible to find a sequence {vn} ⊂ Lp(E; Rm)
converging weakly to v in Lp(E; Rm) and such that

∫
E

f∗∗(x, v (x)) dx = Ip(v) = lim
n→∞

∫
E

f(x, vn(x)) dx <∞.

By Remark 8.12, up to a subsequence (not relabeled), {vn} generates a Young
measure ν0 and by the fundamental theorem for Young measures and the first
part of the theorem we have

inf
ν∈Yv

∫
E

∫
Rm

f(x, z) dνx(z) dx = Ip(v) = lim
n→∞

∫
E

f(x, vn(x)) dx

≥
∫

E

∫
Rm

f(x, z) dν0
x(z) dx,

which shows that the infimum is attained. Hence by (8.30) and (8.29),
∫

E

[∫
Rm

f(x, z) dν0
x(z)− f∗∗(x, v (x))

]
dx = 0.

Since by (8.31) the expression in square brackets is nonnegative, it follows
that ∫

Rm

f(x, z) dν0
x(z) = f∗∗(x, v (x))

for LN a.e. x ∈ E. This concludes the proof.

Exercise 8.21. Prove that the previous theorem continues to hold in the
cases p = 1 and p =∞ provided

(a) the coercivity condition (8.28) is replaced by

f (x, z) ≥ 1
C
g (|z|)− C
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for LN a.e. x ∈ E and for all z ∈ R
m, for some C > 0, and where

g : [0,∞) → [0,∞) is a continuous, nondecreasing function such that

lim
t→∞

g (t)
t

= ∞

for p = 1, and

g (t) :=

{ t

α− t
0 ≤ t < α,

∞ t ≥ α,

for some α > 0, for p =∞;
(b) Yv is given by

Yv :=
{
ν ∈ L∞

w (E;M (Rm; R)) , ν is a Young measure,∫
E

∫
Rm

g(|z|) dνx(z) dx <∞,

v (x) =
∫

Rm

z dνx(z) for LN a.e. x ∈ E
}

for p = 1, and

Yv :=
{
ν ∈ L∞

w (E;M (Rm; R)) , ν is a Young measure,

supp νx ⊂ K for LN a.e. x ∈ E and for some compact

set K ⊂ R
m, v (x) =

∫
Rm

z dνx(z) for LN a.e. x ∈ E
}

for p =∞.

Recalling the observation made at the beginning of this chapter, the next
result illustrates a situation in which the minimum of a certain constraint
energy functional does not exist as an Lp function but may be attained at a
“generalized” function, namely the Young measure generated by a minimizing
sequence.

Theorem 8.22. Let E ⊂ R
N be a Lebesgue measurable set with finite mea-

sure, let 1 ≤ p ≤ ∞, and let f : R
m → R be a continuous function bounded

from below by an affine function. If α ∈ R
m, then

inf
{∫

E

f(v (x)) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v (x) dx = α

}
(8.33)

= inf
{∫

E

∫
Rm

f(z) dνx(z) dx : ν ∈ Yα

}
= f∗∗ (α) |E| ,

where
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Yα :=
{
ν ∈ L∞

w (E;M (Rm; R)) , ν is a Young measure,∫
E

∫
Rm

|z|p dνx(z) dx <∞,
1
|E|

∫
E

∫
Rm

z dνx(z) dx = α
}
,

and the infimum is attained in any of the first two expressions if and only if
α ∈ coMα, where

Mα := {z ∈ R
m : f (z) = f∗∗ (α) + β · (z − α) for all β ∈ ∂f∗∗ (α)}.

Moreover, if f satisfies the growth condition

lim
|z|→∞

f (z)
|z| = ∞, (8.34)

then any minimizing sequence {vn} ⊂ Lp (E; Rm) admits a subsequence gen-
erating a Young measure ν ∈ Yα such that supp νx ⊂ Mα for LN a.e. x ∈ E
and

inf
{∫

E

f(v (x)) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v (x) dx = α

}

=
∫

E

∫
Rm

f (z) dνx(z) dx = f∗∗ (α) |E| .

Proof. In view of Theorem 5.38, to prove (8.33) it suffices to show that

inf
{∫

E

f(v (x)) dx : v ∈ Lp (E; Rm) ,
1
|E|

∫
E

v (x) dx = α

}

≥ inf
{∫

E

∫
Rm

f(z) dνx(z) dx : ν ∈ Yα

}
≥ f∗∗ (α) |E| .

The latter inequality follows from Jensen’s inequality as in (8.31) and (8.32),
while to prove the first it suffices to observe that to each function v ∈
Lp (E; Rm) we can associate the Young measure ν ∈ Yα defined by

νx := δv(x) for x ∈ E.

Then ∫
E

f(v (x)) dx =
∫

E

∫
Rm

f(z) dνx(z) dx

≥ inf
{∫

E

∫
Rm

f(z) dν̃x(z) dx : ν̃ ∈ Yα

}
.

Hence (8.33) holds.
Next we show that the infimum is attained in (8.33) if and only if α ∈

coMα. Again by Theorem 5.38 it suffices to show that the infimum



8.3 Relaxation 545

inf
{∫

E

∫
Rm

f(z) dνx(z) dx : ν ∈ Yα

}
= f∗∗ (α) |E| (8.35)

is attained if and only if α ∈ coMα. Suppose now that the infimum is attained
at some Young measure ν0 ∈ Yα. Given any β ∈ ∂f∗∗ (α) (recall Theorem
4.53) it follows that

f(z) ≥ f∗∗(z) ≥ f∗∗ (α) + β · (z − α) , (8.36)

for all z ∈ R
m, and so∫

E

∫
Rm

f(z) dν0
x(z) dx ≥

∫
E

∫
Rm

f∗∗(z) dν0
x(z) dx

≥
∫

E

∫
Rm

[f∗∗ (α) + β · (z − α)] dν0
x(z) dx

= f∗∗ (α) |E| ,

where in the last identity we have used the fact that

1
|E|

∫
E

∫
Rm

z dν0
x(z) dx = α. (8.37)

It now follows from (8.35) that all the inequalities must be identities. From
(8.36) we deduce that∫

Rm

f(z) dν0
x(z) =

∫
Rm

f∗∗(z) dν0
x(z) =

∫
Rm

[f∗∗ (α) + β · (z − α)] dν0
x(z)

for LN a.e. x ∈ E and, in turn,

supp ν0
x ⊂ {z ∈ R

m : f (z) = f∗∗ (z) = f∗∗ (α) + β · (z − α)} (8.38)

for LN a.e. x ∈ E. Define

v (x) :=
∫

Rm

z dν0
x(z), x ∈ E.

Since for LN a.e. x ∈ E the measure ν0
x is a probability measure, it follows

from Lemma 5.39 and (8.38) that

v (x) ∈ co {z ∈ R
m : f (z) = f∗∗ (z) = f∗∗ (α) + β · (z − α)}

for LN a.e. x ∈ E, which, together with (8.37), yields

α ∈ co {z ∈ R
m : f (z) = f∗∗ (z) = f∗∗ (α) + β · (z − α)}.

The final part of the theorem follows exactly as in the proof of the previous
theorem using Remark 8.21.

Remark 8.23. As a consequence of the previous theorem, it follows in partic-
ular that condition (8.34) implies α ∈ coMα. We are not aware of a direct
proof of this fact.
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A

Functional Analysis and Set Theory

One should always generalize.
(Man muss immer generalisieren)

Carl Jacobi

In order to keep this book as self-contained as possible, in this appendix we
collect without proofs several results from functional analysis that have been
used throughout the book. This part is intended mostly for graduate students.
Most proofs will be omitted. Basic references are [AliBo99], [Bre83], [DuSc88],
[Ru91], [Yo95]. The reader should be warned that in [DuSc88] and [Ru91] the
definitions of normal spaces and topological vector spaces are different from
the standard ones.

A.1 Some Results from Functional Analysis

A.1.1 Topological Spaces

Definition A.1. Let X be a nonempty set. A collection τ ⊆ P (X) is a topol-
ogy if

(i) ∅, X ∈ τ ;
(ii) if Ui ∈ τ for i = 1, . . . ,M , then U1 ∩ . . . ∩ UM ∈ τ ;
(iii) if {Uα}α∈I is an arbitrary collection of elements of τ then

⋃
α∈I Uα ∈ τ .

Example A.2. Given a nonempty set X, the smallest topology consists of
{∅,X}, while the largest topology contains all subsets as open sets, and is
called the discrete topology .

The pair (X, τ) is called topological space and the elements of τ open sets.
For simplicity, we often apply the term topological space only to X. A set
C ⊂ X is closed if its complement X \ C is open. The closure E of a set
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E ⊂ X is the smallest closed set that contains E. The interior
◦
E of a set

E ⊂ X is the union of all its open subsets.
A subset E of a topological space X is said to be dense if its closure is

the entire space, i.e., E = X. We say that a topological space is separable if
it contains a countable dense subset.

Given a point x ∈ X, a neighborhood1 of x is any open set U ∈ τ that
contains x. Given a set E ⊂ X, a neighborhood of E is any open set U ∈ τ
that contains E. A topological space is a Hausdorff space if for any x, y ∈ X
with x �= y we may find two disjoint neighborhoods of x and y.

Given a topological space X and a sequence {xn}, we say that {xn} con-
verges to a point x ∈ X if for every neighborhood U of x we have that xn ∈ U
for all n sufficiently large. Note that unless the space is Hausdorff, the limit
may not be unique.

A topological space is a normal space if for every pair of disjoint closed
sets C1, C2 ⊂ X we may find two disjoint neighborhoods of C1 and C2.

Definition A.3. Let X, Y be two topological spaces and let f : X → Y be a
function from X into Y. We say that f is continuous if f−1 (U) is open for
every open set U ⊂ Y .

The space of all continuous functions f : X → Y is denoted by C (X;Y ).
The next two theorems give important characterizations of normal spaces.

Theorem A.4 (Urysohn). A topological space X is normal if and only if
for any two disjoint closed sets C1, C2 ⊂ X there exists a continuous function
f : X → [0, 1] such that f ≡ 1 in C1 and f ≡ 0 in C2.

Theorem A.5 (Tietze extension). A topological space X is normal if and
only for any closed set C ⊂ X and any continuous function f : C → R there
exists a continuous function F : X → R such that F (x) = f (x) for all x ∈ C.
Moreover, if f (C) ⊂ [a, b] then F may be constructed so that

F (C) ⊂ [a, b] .

We now introduce the notion of a base for a topology. Let (X, τ) be a
topological space. A family β of open sets of X is a base for the topology τ
if every open set U ∈ τ may be written as union of elements of β. Given a
point x ∈ X, a family βx of neighborhoods of x is a local base at x if every
neighborhood of x contains an element of βx.

Proposition A.6. Let X be a nonempty set and let β ⊂ P (X) be a family
of sets such that

(i) for every x ∈ X there exists B ∈ β such that x ∈ B;

1 The reader should be warned that in some texts (e.g., [DuSc88] and [Ru91]) the
definition of neighborhood is different.
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(ii) for every B1, B2 ∈ β, with B1 ∩B2 �= ∅, and for every x ∈ B1 ∩B2 there
exists B3 ∈ β such that x ∈ B3 and B3 ⊂ B1 ∩B2.

Then the collection τ ⊂ P (X) of arbitrary unions of members of β is a
topology for which β is a base.

As we will see later on, the metrizability and the normability of a given
topology depend on the properties of a base (see Theorems A.17 and A.40
below).

Definition A.7. Let (X, τ) be a topological space.

(i) The space X satisfies the first axiom of countability if every x ∈ X admits
a countable base of open sets.

(ii) The space X satisfies the second axiom of countability if it has a countable
base.

The following result is used in Chapter 4.

Theorem A.8 (Lindelöf). Let (X, τ) be a topological space satisfying the
second axiom of countability. Then every family F ⊂ τ contains a countable
subfamily {Un} ⊂ F such that

⋃
U∈F

U =
⋃
n

Un.

In the text we use several notions of compactness.

Definition A.9. Let X be a topological space.

(i) A set K ⊂ X is compact if given any open cover of K, i.e., any collection
{Uα} of elements of τ such that

⋃
α Uα ⊃ K, then we may find a finite

subcover (i.e., a finite subcollection of {Uα} whose union still contains K);
(ii) a set E ⊂ X is relatively compact (or precompact) if its closure E is

compact;
(iii) a set E ⊂ X is σ-compact if it can be written as a countable union of

compact sets;
(iv) the topological space X is locally compact if every point x ∈ X has a

neighborhood whose closure is compact.

Remark A.10. A closed subset of a compact topological space is compact. On
the other hand, a compact set of a Hausdorff space is closed.

Note that if the topology is not Hausdorff then compact sets may not be
closed.

Example A.11. Given a nonempty set X endowed with the smallest topology,
any nonempty set strictly contained in X is compact but not closed.
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The next theorem is used to construct cutoff functions and partitions of
unity. These two notions will play a central role in [FoLe10].

Theorem A.12. If X is a locally compact Hausdorff space and K ⊂ U ⊂ X,
with K compact and U open, then there exists W open such that W is compact
and K ⊂W ⊂W ⊂ U .

Corollary A.13. If X is a locally compact Hausdorff space and K ⊂ U ⊂ X,
with K compact and U open, then there exists a function ϕ ∈ Cc (X) such
that 0 ≤ ϕ ≤ 1, ϕ ≡ 1 on K, and ϕ ≡ 0 on X \ U .

The function ϕ is usually referred to as a cutoff function. To introduce
partitions of unity we need the notion of a locally finite family.

Definition A.14. Let X be a topological space and let F be a collection of
subsets of X. Then

(i) F is locally finite if every x ∈ X has a neighborhood meeting only finitely
many U ∈ F .

(ii) F is σ-locally finite if

F =
∞⋃

n=1

Fn,

where each Fn is a locally finite collection in X.

We are now ready to introduce partitions of unity. Their existence is proved
in Theorems 2.77 and 6.18.

Definition A.15. If X is a topological space, a partition of unity on X is a
family {ϕα}α∈I of continuous functions ϕα : X → [0, 1] such that

∑
α∈I

ϕα (x) = 1

for all x ∈ X. A partition of unity is locally finite if for every x ∈ X there
exists a neighborhood U of x such that the set {α ∈ I : U ∩ suppϕα �= ∅} is
finite. If {Uα}α∈I is an open cover of X, a partition of unity subordinated to
the cover {Uα}α∈I is a partition of unity {ϕα}α∈I such that suppϕα ⊂ Uα

for each α ∈ I.

A.1.2 Metric Spaces

Definition A.16. A metric on a set X is a map d : X × X → [0,∞) such
that

(i) d (x, y) ≤ d (x, z) + d (z, y) for all x, y, z ∈ X;
(ii) d (x, y) = d (y, x) for all x, y ∈ X;
(iii) d (x, y) = 0 if and only if x = y.
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A metric space (X, d) is a set X endowed with a metric d. When there is
no possibility of confusion we abbreviate by saying that X is a metric space.
If r > 0, the (open) ball of center x0 ∈ X and radius r is the set

B (x0, r) := {x ∈ X : d (x0, x) < r} .

If x ∈ X and E ⊂ X, the distance of x from the set E is defined by

dist (x,E) := inf {d (x, y) : y ∈ E} ,

while the distance between two sets E1, E2 ⊂ X is defined by

dist (E1, E2) := inf {d (x, y) : x ∈ E1, y ∈ E2} .

A metric space (X, d) can always be rendered into a topological space
(X, τ) by taking as a base for the topology τ the family of all open balls. We
then say that τ is determined by d. Note that (X, τ) is a Hausdorff normal
space. Indeed, if x �= y then B

(
x, d(x,y)

2

)
and B

(
y, d(x,y)

2

)
are disjoint neigh-

borhoods of x and y, respectively, while if C1, C2 ⊂ X are disjoint and closed,
then the open sets

U1 := {x ∈ X : dist (x,C1) < dist (x,C2)} ,
U2 := {x ∈ X : dist (x,C1) > dist (x,C2)} ,

are two disjoint neighborhoods of C1 and C2, respectively.
A topological space X is metrizable if its topology can be determined by

a metric.

Theorem A.17. A topological space is metrizable if and only if

(i) singletons are closed;
(ii) for any closed set C ⊂ X and for any x /∈ C there exist disjoint open

neighborhoods of C and x;
(iii) it has a σ-locally finite base.

A sequence {xn} ⊂ X converges (strongly) to x ∈ X if

lim
n→∞

d (xn, x0) = 0.

A Cauchy sequence in a metric space is a sequence {xn} ⊂ X such that

lim
n, m→∞

d (xn, xm) = 0.

A metric space X is said to be complete if every Cauchy sequence is conver-
gent.

Theorem A.18 (Baire category theorem). Let (X, d) be a complete met-
ric space. Then the intersection of a countable family of open dense sets in X
is still dense in X.
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A.1.3 Topological Vector Spaces

Let X be a vector space over R and let E ⊂ X. The set E is said to be balanced
if tx ∈ E for all x ∈ E and t ∈ [−1, 1]. We say that E ⊂ X is absorbing if for
every x ∈ X there exists t > 0 such that sx ∈ E for all 0 ≤ s ≤ t.

Definition A.19. Given a vector space X over R endowed with a topology τ ,
the pair (X, τ) is called a topological vector space if the functions

X ×X → X,
(x, y) �→ x+ y, and

R×X → X,
(t, x) �→ tx,

are continuous with respect to τ .

Remark A.20. (i) In a topological vector space a set U is open if and only if
x + U is open for all x ∈ X. Hence to give a base it is enough to give a
local base at the origin.

(ii) Using the continuity of addition and scalar multiplication it is possible to
show that each neighborhood U of the origin is absorbing and it contains
a neighborhood of zero W such that W +W ⊂ U and W ⊂ U , as well as
a balanced neighborhood of zero.

As a corollary of Theorem A.17 we have the following:

Corollary A.21. A topological vector space is metrizable if and only if

(i) singletons are closed;
(ii) it has a countable base.

Definition A.22. Let X be a topological vector space. A set E ⊂ X is said
to be topologically bounded if for each neighborhood U of 0 there exists t > 0
such that E ⊂ tU .

Note that when the topology τ is generated by a metric d, sets bounded
in the topological sense and in the metric sense may be different. To see this,
it suffices to observe that the metric d1 := d

d+1 generates the same topology
as d, but since d1 ≤ 1, every set in X is bounded with respect to d1.

We now define Cauchy sequences in a topological vector space.

Definition A.23. Let X be a topological vector space. A sequence {xn} ⊂ X
is called a Cauchy sequence if for every neighborhood U of the origin there
exists an integer n ∈ N such that

xn − xk ∈ U

for all k, n ≥ n. The space X is complete if every Cauchy sequence is conver-
gent.

Note that Cauchy (and hence convergent) sequences are bounded in the
topological sense.
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Proposition A.24. Let X be a topological vector space and let {xn} ⊂ X be
a Cauchy sequence. Then the set {xn : n ∈ N} is topologically bounded.

Proof. Let U be a neighborhood of the origin. Using the continuity of addition,
construct a balanced neighborhood of the origin W such that W + W ⊂ U .
Since {xn} ⊂ X is a Cauchy sequence there exists n ∈ N such that xn−xk ∈W
for all k, n ≥ n. In particular, xn ∈ xn+W for all n ≥ n. Since W is absorbing
we may find t > 1 so large that xk ∈ tW ⊂ tU for all k = 1, . . . , n. Moreover,
for n ≥ n,

xn ∈ xn +W ⊂ tW +W ⊂ tW + tW ⊂ tU ,

which shows that xn ∈ tU for all n ∈ N.

Topologically bounded sets play an important role in the normability of
locally convex topological vector spaces (see Theorem A.40 below):

Definition A.25. A topological vector space X is locally convex if every point
x ∈ X has a neighborhood that is convex.

Proposition A.26. A locally convex topological vector space admits a local
base at the origin consisting of balanced convex neighborhoods of zero.

Let X be a vector space over R and let E ⊂ X. The function pE : X → R

defined by
pE (x) := inf {t > 0 : x ∈ tE} , x ∈ X,

is called the gauge or Minkowski functional of E.

Definition A.27. Let X be a vector space over R. A function p : X → R is
called a seminorm if

p (x+ y) ≤ p (x) + p (y)

for all x, y ∈ X and p (tx) = |t| p (x) for all x ∈ X and t ∈ R.

Remark A.28. Let X be a vector space over R and let E ⊂ X. The gauge pE

of set E is a seminorm if and only if E is balanced, absorbing, and convex.

Theorem A.29. If F is a balanced, convex local base of 0 for a locally convex
topological vector space X, then the family {pU : U ∈ F} is a family of con-
tinuous seminorms. Conversely, given a family P of seminorms on a vector
space X, the collection of all finite intersections of sets of the form

V (p, n) :=
{
x ∈ X : p (x) <

1
n

}
, p ∈ P, n ∈ N,

is a balanced, convex local base of 0 for a topology τ that turns X into a locally
convex topological vector space such that each p is continuous with respect to
τ .
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We now give some necessary and sufficient conditions for the topology τ
given in the previous theorem to be Hausdorff and for a set to be topologically
bounded.

Corollary A.30. Let P be a family of seminorms on a vector space X and
let τ be the locally convex topology generated by P. Then

(i) τ is Hausdorff if and only if p (x) = 0 for all p ∈ P implies that x = 0;
(ii) a set E ⊂ X is topologically bounded if and only if the set p (E) is bounded

in R for all p ∈ P.

We now introduce the notion of dual space.

Definition A.31. Let X and Y be two vector spaces. A map L : X → Y is
called a linear operator if

(i) L (x+ y) = L (x) + L (y) for all x, y ∈ X;
(ii) L (tx) = t L (x) for all x ∈ X and t ∈ R.

If X and Y are topological vector spaces, then the vector space of all
continuous linear operators from X to Y is denoted by L (X;Y ) . In the special
case Y = R, the space L (X; R) is called the dual space of X and it is denoted
by X ′. The elements of X ′ are also called continuous linear functionals.

The bilinear (i.e., linear in each variable) mapping

〈·, ·〉X′,X : X ′ ×X → R, (A.1)
(L, x) �→ L (x) ,

is called the duality pairing.
The dual space L (X ′; R) of X ′ is called bidual space of X and it is denoted

by X ′′.

Definition A.32. Let X, Y be topological vector spaces. An operator L : X →
Y is bounded if it sends bounded sets of X into bounded sets of Y .

Theorem A.33. Let X, Y be topological vector spaces and let L : X → Y be
linear and continuous. Then L is bounded.

Proof. Let E ⊂ X be a bounded set and let W ⊂ Y be a neighborhood of
zero. Since L is continuous and L (0) = 0, there exists a neighborhood U ⊂ X
of zero such that L (U) ⊂W . By the boundedness of E there exists t > 0 such
that E ⊂ tU . Hence

L (E) ⊂ L (tU) = tL (U) ⊂ tW .

This shows that L (E) is bounded in Y .
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Exercise A.34. On the vector space C ([0, 1]) consider two topologies, the
first, τ , given by the metric

d (f, g) =
∫ 1

0

|f (x)− g (x)|
1 + |f (x)− g (x)| dx, f , g ∈ C ([0, 1]) ,

and the second, τp, given by the family of seminorms {px}x∈[0,1], where

px (f) := |f (x)| , f ∈ C ([0, 1]) .

Prove that

1. the identity I : (C ([0, 1]) , τp) → (C [0, 1] , τ) maps bounded sets into
bounded sets;

2. the identity I : (C ([0, 1]) , τp) → (C [0, 1] , τ) is sequentially continuous
but not continuous.

3. Deduce that the topology τp is not compatible with any metric.

We now present several versions of the Hahn–Banach theorem. These are
heavily used in the second part of the text, starting from Chapter 4.

Theorem A.35 (Hahn–Banach, analytic form). Let X be a vector space,
let Y be a subspace of X, and let p : X → R be a convex function. Then for
any linear functional L : Y → R such that

L (x) ≤ p (x) for all x ∈ Y

there exists a linear functional L1 : X → R such that

L1 (x) = L (x) for all x ∈ Y

and
L (x) ≤ p (x) for all x ∈ X.

The finite-dimensional version of the next theorem may be found in Chap-
ter 4.

Theorem A.36 (Hahn–Banach, first geometric form). Let X be a topo-
logical vector space, and let E, F ⊂ X be nonempty disjoint convex sets.
Assume that E has an interior point. Then there exist a continuous linear
functional L : X → R, L �= 0, and a number α ∈ R such that

L (x) ≥ α for all x ∈ E and L (x) ≤ α for all x ∈ F .

As a corollary of Hahn–Banach theorem one can prove the following result
(see also Exercise 2.43).

Corollary A.37. Let X be a topological vector space. Then the dual X ′ of X
is not the null space if and only if X has a convex neighborhood of the origin
strictly contained in X.
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In view of the previous corollary it is natural to restrict attention to locally
convex topological vector spaces.

Theorem A.38 (Hahn–Banach, second geometric form). Let X be a
locally convex topological vector space, and let C, K ⊂ X be nonempty disjoint
convex sets, with C closed and K compact. Then there exist a continuous linear
functional L : X → R and two numbers α ∈ R and ε > 0 such that

L (x) ≤ α− ε for all x ∈ C and L (x) ≥ α+ ε for all x ∈ K.

A.1.4 Normed Spaces

Definition A.39. A norm on a vector space X is a map

‖·‖ : X → [0,∞)

such that

(i) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X;
(ii) ‖tx‖ = |t| ‖x‖ for all x ∈ X and t ∈ R;
(iii) ‖x‖ = 0 implies x = 0.

A normed space (X, ‖·‖) is a vector space X endowed with a norm ‖·‖.
For simplicity, we often say that X is a normed space.

If for every x, y ∈ X we define

d (x, y) := ‖x− y‖ ,

then (X, d) is a metric space. We say that a normed space X is a Banach
space if it is complete as a metric space.

A topological vector space is normable if its topology can be determined
by a norm.

Theorem A.40. A topological vector space X is normable if and only if it is
locally convex and it has a topologically bounded neighborhood of 0.

Two norms ‖·‖1 and ‖·‖2 are equivalent if there exists a positive constant
C > 0 such that

1
C
‖x‖1 ≤ ‖x‖2 ≤ C ‖x‖1 for all x ∈ X.

Equivalent norms induce the same topology on X.

Proposition A.41. Let X and Y be normed spaces with norms ‖·‖X and
‖·‖Y , respectively.

(i) A linear operator L : X → Y is continuous if and only if

‖L‖L(X;Y ) := sup
x∈X\{0}

‖L (x)‖Y

‖x‖X

<∞;
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(ii) the mapping L ∈ L (X;Y ) �→ ‖L‖L(X;Y ) is a norm;
(iii) if Y is a Banach space then so is L (X;Y ); conversely, if X �= {0} and

L (X;Y ) is a Banach space then so is Y .

As a corollary of the Hahn–Banach theorem one has the following result.

Corollary A.42. Let X be a normed space. Then for all x ∈ X,

‖x‖X = max
L∈X′, ‖L‖X′≤1

|L (x)|
‖x‖X

.

Remark A.43. This corollary is especially useful for Lp spaces.

Theorem A.44 (Banach–Steinhaus). Let X, Y be Banach spaces and let
{Lα}α∈I be a family of linear continuous operators Lα : X → Y such that

sup
α∈I

‖Lα (x)‖Y <∞

for every x ∈ X. Then
sup
α∈I

‖Lα‖L(X;Y ) <∞.

Definition A.45. Let X and Y be normed spaces with norms ‖·‖X and ‖·‖Y .
A continuous linear operator L ∈ L (X;Y ) is said to be compact if it maps
every bounded subset of X onto a relatively compact subset of Y .

In particular, if L is compact then from every bounded sequence {xn} ⊂ X
we may extract a subsequence {xnk

} such that {L (xnk
)} converges in Y .

Definition A.46. We say that the normed space X is embedded in the
normed space Y and we write

X ↪→ Y

if X is a vector subspace of Y and the immersion

i : X → Y ,
x �→ x,

is continuous.

Note that since the immersion is linear, in view of Proposition A.41 the
continuity of i is equivalent to requiring the existence of a constant M > 0
such that

‖x‖Y ≤M ‖x‖X for all x ∈ X.

We say that X is compactly embedded in Y if the immersion i is a compact
operator. Compact embeddings will play an important role in the study of
Sobolev spaces in [FoLe10].
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A.1.5 Weak Topologies

Given a locally convex topological vector space X, for each L ∈ X ′ the func-
tion pL : X → [0,∞) defined by

pL (x) := |L (x)| , x ∈ X, (A.2)

is a seminorm. In view of Theorem A.29, the family of seminorms {pL}L∈X′

generates a locally convex topology σ (X,X ′) on the space X, called the weak
topology , such that each pL is continuous with respect to σ (X,X ′). In turn,
this implies that every L ∈ X ′ is σ (X,X ′) continuous.

Theorem A.47. Let X be a locally convex topological vector space and let
E ⊂ X. Then

(i) E is bounded with respect to the (strong) topology if and only if it weakly
bounded;

(ii) if E is convex then E is closed if and only if it weakly closed.

Definition A.48. Given a locally convex topological vector space X, a se-
quence {xn} ⊂ X converges weakly to x ∈ X if it converges to x with respect
to the weak topology σ (X,X ′).

We write xn ⇀ x. In view of Theorem A.29 and (A.2), we have the fol-
lowing result.

Proposition A.49. Let X be a locally convex topological vector space. A se-
quence {xn} ⊂ X converges weakly to x ∈ X if and only if

lim
n→∞

L (xn) = L (x)

for every L ∈ X ′.

Similarly, given a locally convex topological vector space X, for each x ∈ X
the function px : X ′ → [0,∞) defined by

px (L) := |L (x)| , L ∈ X ′, (A.3)

is a seminorm. In view of Theorem A.29, the family of seminorms {px}x∈X

generates a locally convex topology σ (X ′,X) on the space X ′, called the weak
star topology , such that each px is continuous with respect to σ (X ′,X).

Definition A.50. Let X be a locally convex topological vector space. A se-
quence {Ln} ⊂ X ′ is weakly star convergent to L in X ′ if it converges to L
with respect to the weak star topology σ (X ′,X).

We write Ln
∗
⇀ L. In view of Theorem A.29 and (A.3), we have the

following result.
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Proposition A.51. Let X be a locally convex topological vector space. A se-
quence {Ln} ⊂ X ′ converges weakly star to L ∈ X ′ if and only if

lim
n→∞

Ln (x) = L (x)

for every x ∈ X.

Theorem A.52 (Banach–Alaoglu). If U is a neighborhood of 0 in a locally
convex topological vector space X, then

K := {L ∈ X ′ : |L (x)| ≤ 1 for every x ∈ U}

is weak star compact.

Corollary A.53. If X is a normed space then the closed unit ball of X ′,

{L ∈ X ′ : ‖L‖X′ ≤ 1} ,

is weak star compact.

If X is separable, it actually turns out that weak star compact sets are
metrizable, and thus one can work with the friendlier notion of sequential
compactness.

Theorem A.54. Let X be a separable, locally convex topological vector space
and let K ⊂ X ′ be weak star compact. Then (K,σ (X ′,X)) is metrizable.

Hence, also in view of the Banach–Alaoglu theorem, we have the following:

Corollary A.55. Let U be a neighborhood of 0 in a separable locally convex
topological vector space X and let {Ln} ⊂ X ′ be such that

|Ln (x)| ≤ 1 for every x ∈ U and for all n ∈ N.

Then there exists a subsequence {Lnk
} that is weakly star convergent. In par-

ticular, if X is a separable Banach space and {Ln} ⊂ X ′ is any bounded
sequence in X ′, then there exists a subsequence that is weakly star convergent.

For Banach spaces the converse of Theorem A.54 holds:

Theorem A.56. Let X be a Banach space. Then the unit ball B (0; 1) in X ′

endowed with the weak star topology is metrizable if and only if X is separable.

Proposition A.57. Let X be a Banach space. If a sequence {Ln} ⊂ X ′ con-
verges weakly star to L ∈ X ′, then it is bounded and

‖L‖X′ ≤ lim inf
n→∞

‖Ln‖X′ .

Proposition A.58. Let X be a Banach space. If X ′ is separable then so is
X.
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The converse is false in general (take, for example, the separable space
L1

(
R

N
)

and its dual L∞ (
R

N
)
).

We now study analogous results for the weak topology. An infinite-
dimensional Banach space when endowed with the weak topology is never
metrizable. However, we have the following:

Theorem A.59. Let X be a Banach space whose dual X ′ is separable. Then
the unit ball B (0; 1) endowed with the weak topology is metrizable.

Definition A.60. Let X be a locally convex topological vector space. A set
K ⊂ X is called sequentially weakly compact if every sequence {xn} ⊂ K has
a subsequence converging weakly to a point in K.

Theorem A.61. Let X be a Banach space. If K ⊂ X is weakly compact then
it is weakly sequentially compact.

Using Banach–Alaoglu’s theorem one can prove the following theorem:

Theorem A.62 (Eberlein–Šmulian). Let E be a subset of a Banach space
X. Then the weak closure of E is weakly compact if and only if for any se-
quence {xn} ⊂ E there exists a subsequence weakly convergent to some element
of X.

As an immediate application of the Hahn–Banach theorem we have the
following:

Proposition A.63. Let X be a normed space and consider the linear operator
mapping J : X → X ′′ defined by

J (x) (L) := L (x) , L ∈ X ′.

Then ‖J (x)‖X′′ = ‖x‖X for all x ∈ X. In particular, J is injective and
continuous.

Definition A.64. A normed space X is reflexive if J (X) = X ′′.

In this case it is possible to identify X with its bidual X ′′.

Theorem A.65 (Kakutani). A Banach space is reflexive if and only if the
closed unit ball {x ∈ X : ‖x‖ ≤ 1} is weakly compact.

In view of the previous theorem and the Eberlein–Šmulian theorem we
have the following corollary:

Corollary A.66. Let X be a reflexive Banach space and let {xn} ⊂ X be a
bounded sequence. Then there exists a subsequence that is weakly convergent.

Proposition A.67. A normed space X is reflexive if and only if X ′ is reflex-
ive.
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The following proposition is used throughout the text, sometimes without
mention.

Proposition A.68. Let X be a Banach space. If a sequence {xn} ⊂ X con-
verges weakly tox ∈ X, then it is bounded and

‖x‖ ≤ lim inf
n→∞

‖xn‖ .

An important family of reflexive Banach spaces that includes Lp
(
R

N
)
,

1 < p <∞, is given by uniformly convex Banach spaces.

Definition A.69. A normed space X is uniformly convex if for every ε > 0
there exists δ > 0 such that for every x, y ∈ X, with ‖x‖ ≤ 1, ‖y‖ ≤ 1, and
‖x− y‖ > ε, ∥∥∥∥x+ y

2

∥∥∥∥ < 1− δ.

Theorem A.70. Let X be a uniformly convex Banach space. Then

(i) (Milman) X is reflexive;
(ii) if {xn} ⊂ X converges weakly to x ∈ X and

lim sup
n→∞

‖xn‖ ≤ ‖x‖ ,

then {xn} converges strongly to x.

A.1.6 Dual Pairs

In Chapter 6 we will use the notion of dual pairs.

Definition A.71. Given two vector spaces X, Y , a duality pairing between
X and Y is a bilinear map

〈·, ·〉X,Y : X × Y → R

with the following properties:

(i) for all x ∈ X \ {0} there exists y ∈ Y \ {0} such that 〈x, y〉X,Y �= 0;
(ii) for all y ∈ Y \ {0} there exists x ∈ X \ {0} such that 〈x, y〉X,Y �= 0.

The triple
(
X,Y, 〈·, ·〉X,Y

)
is called a dual pair. For simplicity we will

refer to (X,Y ) as a dual pair.

Given a dual pair it is always possible to endow X and Y with locally
convex topologies as follows: for every y ∈ Y consider the seminorm

py (x) :=
∣∣∣〈x, y〉X,Y

∣∣∣ , x ∈ X.
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By Theorem A.29, the family of seminorms {py}y∈Y generates a locally con-
vex topology on X, denoted by σ (X,Y ). Note that a sequence {xn} ⊂ X
converges to some element x ∈ X with respect to the topology σ (X,Y ) if and
only if

lim
n→∞

〈xn, y〉X,Y = 〈x, y〉X,Y

for every y ∈ Y . Similarly, for every x ∈ X consider the seminorm

px (y) :=
∣∣∣〈x, y〉X,Y

∣∣∣ , y ∈ Y .

Then again by Theorem A.29 the family of seminorms {px}x∈X generates a
locally convex topology on Y , denoted by σ (Y,X), and a sequence {yn} ⊂ Y
converges to some element y ∈ Y with respect to the topology σ (Y,X) if and
only if

lim
n→∞

〈x, yn〉X,Y = 〈x, y〉X,Y

for all x ∈ X. The importance of duality pairs is given by the following
theorem.

Theorem A.72. Let
(
X,Y, 〈·, ·〉X,Y

)
be a dual pair. Then the topological dual

of (X,σ (X,Y )) is Y , that is, for every functional L : X → R linear and
continuous with respect to σ (X,Y ) there exists a unique y ∈ Y such that

L (x) = 〈x, y〉X,Y

for all x ∈ X. Similarly, the topological dual of (Y, σ (Y,X)) is X.

The proof of the previous theorem is hinged on the following auxiliary
result.

Lemma A.73. Let L,L1, . . . , Ln : X → R be linear functionals on a vector
space X. Then there exist scalars t1, . . . , tn ∈ R such that

L =
n∑

i=1

tiLi

if and only if
n⋂

i=1

kerLi ⊂ kerL.

Proof. If L =
∑n

i=1 tiLi for some t1, . . . , tn ∈ R and if x ∈
⋂n

i=1 kerLi, then

L (x) =
n∑

i=1

tiLi (x) = 0,

so that x ∈ kerL. Thus
⋂n

i=1 kerLi ⊂ kerL.
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Conversely, assume that
⋂n

i=1 kerLi ⊂ kerL and define the linear operator
T : X → R

n by

T (x) := (L1 (x) , . . . , Ln (x)) , x ∈ X.

On the range of T define the linear functional Φ : T (X) → R by

Φ (L1 (x) , . . . , Ln (x)) := L (x) .

Note that Φ is well-defined since
⋂n

i=1 kerLi ⊂ kerL. Extend Φ to all of R
n.

Then there exist scalars t1, . . . , tn ∈ R such that

Φ (y1, . . . , yn) = t1y1 + . . .+ tnyn

for all y ∈ R
n. In particular, if y ∈ T (X) then we may find x ∈ X such that

y = T (x), so that

L (x) = Φ (L1 (x) , . . . , Ln (x)) = t1L1 (x) + . . .+ tnLn (x) .

This shows that L =
n∑

i=1

tiLi.

We now turn to the proof of Theorem A.72.

Proof (Theorem A.72). Since L is continuous at zero, given ε = 1, by Theorem
A.29 there exist k ∈ N and y1, . . . , yn ∈ Y such that for all x ∈ X with
pyi

(x) :=
∣∣∣〈x, yi〉X,Y

∣∣∣ ≤ 1
k for all i = 1, . . ., n we have |L (x)| ≤ 1. Define the

linear functionals L1, . . . , Ln : X → R by

Li (x) := 〈x, yi〉X,Y , x ∈ X,

i = 1, . . . , n. If x ∈
⋂n

i=1 kerLi and t > 0, then pyi
(tx) = 0 ≤ 1

k for all
i = 1, . . . , n, and so

t |L (x)| ≤ 1

for all t > 0, which implies that L (x) = 0. Thus
⋂n

i=1 kerLi ⊂ kerL, and so by
the previous lemma there exist scalars t1, . . . , tn ∈ R such that L =

∑n
i=1 tiLi.

Define

y :=
n∑

i=1

tiyi.

Then

L (x) =
n∑

i=1

tiLi (y) =
n∑

i=1

ti 〈x, yi〉X,Y =

〈
x,

n∑
i=1

tiyi

〉

X,Y

= 〈x, y〉X,Y

for all x ∈ X.
To prove uniqueness assume that there exists y1 �= y such that

L (x) = 〈x, y1〉X,Y

for all x ∈ X. Then 〈x, y − y1〉X,Y = 0 for all x ∈ X, which contradicts the
definition of duality.
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The previous theorem helps to explain why the topologies σ (X,Y ) and
σ (Y,X) are still referred to as the weak and weak star topologies.

Example A.74. (i) The most important example of a dual pair is given of
course by taking a normed space X and by taking as Y its dual, with
(A.1) as duality pairing.

(ii) Given an open set Ω ⊂ R
N with the Lebesgue measure as underlying

measure, in Section 6.4.5 we will also use the duality pair(
L1 (Ω; Rm) , C0 (Ω; Rm)

)
under the duality

〈u, φ〉L1(Ω;Rm),C0(Ω;Rm) :=
∫

Ω

u · φdx

for u ∈ L1 (Ω; Rm) and C0 (Ω; Rm), as well as

(M (Ω; Rm) , C0 (Ω; Rm))

under the duality

〈λ, φ〉M(Ω;Rm),C0(Ω;Rm) :=
∫

Ω

φdλ

for λ ∈M (Ω; Rm) and C0 (Ω; Rm).

A.1.7 Hilbert Spaces

Definition A.75. An inner product on a vector space X is a map

(·, ·) : X ×X → R

such that

(i) (x, y) = (y, x) for all x, y ∈ X;
(ii) (sx+ ty, z) = s (x, z) + t (y, z) for all x, y, z ∈ X and s, t ∈ R;
(iii) (x, x) ≥ 0 for every x ∈ X, (x, x) = 0 if and only if x = 0.

If for every x ∈ X we define

‖x‖ :=
√

(x, x),

then X becomes a normed space. We say that a normed space X is a Hilbert
space if it is a Banach space.

Theorem A.76. Let (X, ‖·‖) be a normed space. Then there exists an inner
product (·, ·) : X ×X → R such that ‖x‖ =

√
(x, x) for all x ∈ X if and only

if ‖·‖ satisfies the parallelogram law

‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2

for all x, y ∈ X.
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Remark A.77. If ‖·‖ satisfies the parallelogram law, then the inner product in
the previous theorem is defined as

(x, y) :=
1
4

[
‖x+ y‖2 − ‖x− y‖2

]

for all x, y ∈ X.

A.2 Wellorderings, Ordinals, and Cardinals

(by Ernest Schimmerling)
We give an overview of some basic results from set theory and we state spe-

cific theorems that are used in the text, namely Propositions A.82 and A.84.
Consider an arbitrary set X and a binary relation ≺ on X. We call (X,≺)

a linear ordering if

(i) ≺ is transitive on X:

for all x, y, z ∈ X, if x ≺ y and y ≺ z then x ≺ z;

(ii) trichotomy holds:

for all x, y ∈ X we have that x ≺ y or y ≺ x or x = y;

(iii) ≺ is irreflexive:

for all x ∈ X the property x ≺ x does not hold.

Some authors call this a strict linear ordering to distinguish it from the
associated relation �, whereby

for all x, y ∈ X we have that x � y if and only if x ≺ y or x = y.

We say that (X,≺) is a wellordering if it is a linear ordering and ≺ is well-
founded on X:

for every E ⊂ X with E �= ∅ there exists x ∈ E
such that x � y for all y ∈ E.

The element x is called the ≺-least element of S. The property that there is
no infinite descending sequence

. . . ≺ xn ≺ . . . ≺ x1 ≺ x0

is equivalent to wellfoundedness. The usual proofs by induction and recursive
definitions may be extended to wellorderings in the following way.
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Proposition A.78 (Proofs by induction). Let (X,≺) be a wellordering.
Let P (x) be a statement about a variable x. Suppose that for all y ∈ X,

if P (x) holds for all x ≺ y then P (y) holds.

Then P (y) holds for all y ∈ X.

Proposition A.79 (Recursive definitions). Let (X,≺) be a wellordering.
Let F : X×G → Y be a function such that Y is a set and G is the family of all
partial functions from X to Y 2. Then there is a unique function G : X → Y
such that

G(y) = F (y, G	 {x ∈ X : x ≺ y}))
for all y ∈ X.

The function F : X × G → Y in Proposition A.79 tells us how to define
G(y) based only on the knowledge of y and of the function x �→ G(x) for
x ≺ y.

Define X to be a transitive set if every element of X is also a subset of X,
that is,

for all y ∈ X and for all x ∈ y we have x ∈ X.

We say that α is an ordinal if α is a transitive set and (α,∈) is a wellordering.
It is a fundamental assumption of mathematics that ∈ is wellfounded; this is
called the foundation axiom in set theory. Therefore, α is an ordinal if and
only if α is a transitive set and (α,∈) is a linear ordering. Starting from ∅,
we use the operation α+ 1 := α ∪ {α} at successor stages and take unions at
limit stages to generate all the ordinals beginning with the natural numbers
0 := ∅, 1 := {0}, 2 := {0, 1}, 3 := {0, 1, 2}, etc. The next ordinal after all the
natural numbers is the set of nonnegative natural numbers3,

ω := {0, 1, 2, . . . }.

After ω come

ω + 1 := {0, 1, 2, . . . , ω},
ω + 2 := {0, 1, 2, . . . , ω, ω + 1},
ω + 3 := {0, 1, 2, . . . , ω, ω + 1, ω + 2},

etc., followed by

ω + ω := {0, 1, 2, . . . , ω, ω + 1, ω + 2, . . . },
ω + ω + 1 := {0, 1, 2, . . . , ω, ω + 1, ω + 2, . . . , ω + ω},

2 We say that g is a partial function on X if g is a function with domain contained
in X.

3 In the text ω is denoted by N0.
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etc. Notice that ∈ coincides with the usual ordering < on the natural num-
bers. For this reason, when it comes to ordinals, we often write α < β instead
of α ∈ β. It is also worth mentioning that addition, multiplication, and ex-
ponentiation on ω lift to operations on the class of ordinals. We do not give
the details, but we remark that care is needed in ordinal arithmetic, since, for
example, 1 +ω = ω �= ω+ 1. The relationship between ordinals and arbitrary
wellorderings is summarized by the following result.

Proposition A.80. Let (X,≺) be a wellordering. Then there is a unique or-
dinal α and a unique order isomorphism (X,≺) ! (α,∈).

Another fundamental assumption of mathematics is that for every set X,
there exists a binary relation ≺ on X such that (X,≺) is a wellordering.
This is the axiom of choice (AC) in set theory. By Proposition A.80, AC is
equivalent to the statement that for every set X, there exists an ordinal α
and a bijection f : α → X. In plain language, this says that we can list the
elements of X as

f(0), f(1), . . . , f(ω), f(ω + 1), . . . ,

where α is the length of the list.
The power set of X, written P(X), is defined to be the set of all subsets

of X. In other words, P(X) := {Y : Y ⊂ X}.

Proposition A.81 (Cantor). For all X, there is no surjection from X to
P(X).

We call a set X countable if either X is finite or X is in one-to-one cor-
respondence with ω. It is a corollary to Proposition A.81 that P(ω) is un-
countable and that R is uncountable since R and P(ω) are in one-to-one
correspondence. From this and what we said about Proposition A.80 and AC,
it follows that there are uncountable ordinals, that is, infinite ordinals that
are not in one-to-one correspondence with ω. The least uncountable ordinal is
called ω1. Note that the ordinals ω+1, ω+ω, ω ·ω, ωω, etc., are all countable
and hence strictly less than ω1.

The following versions of Propositions A.78 and A.79 for ω1 are used in
the text. They are easy consequences of the general theory we have outlined.

Proposition A.82 (Proofs by induction). Let P (α) be a statement about
a variable α. Suppose that for all β < ω1,

if P (α) holds for all α < β then P (β) holds.

Then P (β) holds for all β < ω1.

Remark A.83. If α and β are ordinals and β = α + 1, then β is called a
successor ordinal. Nonzero ordinals that are not successor ordinals are called
limit ordinals. Often, in applications, the verification of the hypothesis of
Proposition A.82 is broken up into three cases: β = 0, β = α + 1, and β a
limit ordinal.
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Proposition A.84 (Recursive definitions). Let F : ω1 × G → Y be a
function, where Y is a set and G is the family of all partial functions from ω1

to Y . Then there is a unique function G : ω1 → Y such that

G(β) = F (β, G	β)

for all β < ω1.

Remark A.85. Often, in applications of Proposition A.84, the definition of
F (β, ·) is broken up into three cases: β = 0, β = α+ 1, and β a limit ordinal.

Given a set X, the least ordinal in one-to-one correspondence with X is
called the cardinality of X, which is written cardX. An ordinal α is a cardinal
if and only if cardα = α. Clearly, ω is a cardinal because it is the least infinite
ordinal. When we think of ω as a cardinal, we may call it ℵ0. It is also clear
that ω1 is a cardinal because it is the least uncountable ordinal. When we
think of ω1 as a cardinal, we may call it ℵ1. In general, if α is an ordinal,
then ℵα := ωα is the αth infinite cardinal. The distinction between ωα and
ℵα is nonmathematical (they are equal), but it is useful nonetheless because
cardinal arithmetic is different from ordinal arithmetic. A few examples suffice
to give the flavor of cardinal arithmetic, which does not play an explicit role
in the text:

ℵ0 = cardω = card (ω + 1) = card (ω + ω) = card (ω · ω) = cardωω

and
ℵ1 = cardω1 = card (ω1 + ω1) = card (ω1 · ω1) = cardωω1

1 .

In the examples above, we mean ordinal arithmetic inside card (·). Cardinal
exponentiation is defined so that

2card X = card{f : f : X → {0, 1}} = cardP(X).

To see that this makes sense consider the case in which X is a natural number:
there are 2n subsets of n = {0, . . . , n−1}. Cardinalities of sets that are familiar
to analysts include:

ℵ0 = card N = card Z = card Q,

2ℵ0 = card R

= card C

= card{B ⊂ R : B is a Borel set}
= card{f : f : N −→ R}
= card{f : R → R : f continuous},

and



A.2 Wellorderings, Ordinals, and Cardinals 571

22ℵ0 = cardP(R) = card{f : f : R → R}.
From Proposition A.81, we know that 2ℵ0 ≥ ℵ1. However, by deep results of
Kurt Gödel and Paul Cohen, the value of α such that 2ℵ0 = ℵα cannot be
determined from the underlying assumptions about mathematics used in this
textbook except in the unlikely event that these underlying assumptions are
inconsistent. Collectively, these underlying assumptions are called Zermelo–
Fraenkel set theory with the axiom of choice or ZFC. For more on this, see
[Ku83] or [DW87].



B

Notes and Open Problems

Unfortunately what is little
recognized is that the most
worthwhile scientific books are
those in which the author clearly
indicates what he does not know;
for an author most hurts his
readers by concealing difficulties.

Evariste Galois

Chapter 1

For more information on abstract measure theory and for the proofs omitted
in this chapter we refer to [AliBo99], [AmFuP00], [DB02], [DuSc88], [Ed95],
[EvGa92], [Fe69], [Fol99], [GiMoSo98], [Rao04] [Ru87]; [Z67]. The reader
should be warned that in several of these books (e.g., [DuSc88], [EvGa92],
[Fe69]) outer measures are called measures.

Section 1.1

Section 1.1.1: For more information on measures with the finite subset prop-
erty we refer to [Rao04] and [Z67]. Theorem 1.12 is due to Hewitt and Yoshida
[He-Yo52]. The present proof is due to Heider [Hei58]. Exercise 1.18 is taken
from [Fol99]. In the literature there are different definitions of atoms (see
Remark 1.19). The proof of Proposition 1.20 has been taken from a paper
of Farkas [Fa03]. Proposition 1.22 is due to Johnson [J70] (although with a
different definition of atoms).
Section 1.1.2: The standard proof of Proposition 1.52 is based on the Riesz
representation theorem in C0 (see [Fol99], [Ru87]). The approach followed here
is from [Coh93]. Exercises 1.58 and 1.61 are taken from [Fol99] and [AliBo99],
respectively. The De Giorgi–Letta theorem in this version may be found in
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[AmFuP00], [BrDF98], and [Bu89]. Theorem 1.64 is due to Fonseca and Malý
[FoMy97].
Section 1.1.3: The proof of Proposition 1.87 is adapted from a paper of
Buttazzo and Dal Maso [BuDM83]. Corollary 1.90 is due to Alberti [Al93],
while Proposition 1.91 is taken from a paper of Halmos [Hal48].
Section 1.1.4: The proof of Step 3 in the Radon–Nikodym theorem is taken
from [Rao04], to which we refer for further extensions. Lemmas 1.102, 1.103,
1.113 and Theorem 1.114 are due to De Giorgi (see [Mo96]). The proofs pre-
sented here have been obtained in collaboration with Massimiliano Morini.

Proposition 1.110 and Theorem 1.111 are taken from [Rao04], to which we
refer for more information on localizable measures. Theorem 1.118 is due to
Maynard [May79].
Section 1.1.5: Proposition 1.128 is due to Luther [Lu67], while Theorem
1.130 is due to Mukherjea [Muk73].

♠ Find necessary and sufficient conditions for the validity of Fubini’s and
Tonelli’s theorems. See [Muk72], [Muk73] for some partial results.

Section 1.1.6: Theorem 1.133 is taken from [Rog98], while the remaining
proofs are taken from a paper of Leese [Lee78].

Section 1.2

Section 1.2.1: The Morse covering theorem was originally proved by Morse in
[Mor47] (see also the Errata in the paper of Bledsoe and Morse [BleMor52]).
The current proof is a modified version of the one presented in a paper of
Bliedtner and Loeb [Bli-Lo92]; in particular, it avoids transfinite induction.
We thank Danut Arama for useful discussions on this part.
Section 1.2.2: The proof of the Besicovitch derivation theorem is an adap-
tation of the one due to Ambrosio and Dal Maso [AmDM92] (see also
[AmFuP00]).

Section 1.3

Sections 1.3.1–1.3.3: Some of the material in these sections is taken from
[AliBo99], [DB02], and [DuSc88].
Section 1.3.4: Some of the material in this section is taken from [AmFuP00]
and [Bi99]. We thank Gordan Zitkovic for useful conversations on this part
and for suggesting Exercise 1.211.

Chapter 2

For more information on Lp spaces and for the proofs omitted in this chapter
we refer to [AmFuP00], [Bar95], [DB02], [DuSc88], [Ed95], [EvGa92], [Fol99],
[Ru87], [Z67].

Section 2.1
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Section 2.1.1: Theorem 2.5 is due to Subramanian [S78] (see also the papers
of Romero [R83] and of Villani [Vi85]). We thank Peter Lumsdaine for a clean
proof of Step 3 of Theorem 2.16.
Section 2.1.2: The decomposition lemma was originally proved by Kadec’
and Pelčin’ski [KP65]. The present proof may be found in a paper of Delbaen
and Schachermayer [DS99] (see also the paper of Fonseca, Müller, and Pedre-
gal [FoMuPe98]). We thank Gordan Zitkovic for bringing the reference [DS99]
to our attention.
Section 2.1.3: The proof of Theorem 2.34 is due to W. Rudin (see [Le56]).
Theorem 2.35 is due to Leach [Le56]. The Riesz representation theorem in L1

is due to Schwartz [Sc51], while the proof of Corollary 2.41 may be found in
[Rao04] and [Z67]. Exercise 2.43 is taken from a paper of Farkas [Fa03]. The
Riesz representation theorem in L∞ is due to Hewitt and Yoshida [He-Yo52]
(see also [H94] and [Rao04]).
Section 2.1.4: The proof of the Dunford–Pettis theorem in this generality is
due to Ambrosio, Fusco, and Pallara [AmFuP00] except for Step 4.

Theorem 2.59 is due to Dal Maso (see [Am89]).
Section 2.1.5: For alternative proofs of the biting lemma and for historical
background we refer to [BaMu89], [GiMoSo98], [Pe97]. Exercises 2.64 and 2.69
are taken from a paper of Ball and Murat [BaMu89]. Proposition 2.71 may
be found in a paper of Müller [Mu90].

♠ Find an appropriate version of the biting lemma in the case in which the
measure µ is infinite.

Section 2.2

Section 2.2.2: The proof of Theorem 2.88 is taken from a paper of Serrin
[Ser62].
Section 2.2.3: The material in this subsection is taken from [Ste70], [Ste93].

Section 2.3

With the exception of the proof of the Riesz representation theorem, all the
material in this section is taken from [DuSc88], [DieU77], [Ed95], and [SY05].

Chapter 3

For more information on the material of this chapter we refer to [BrDF98],
[Br02], [Bu89], [CaDA02], [DM93], [GiMoSo98]. The reader should be warned
that we use here a different definition of coercivity.

Chapter 4

For more information on the material of this chapter we refer to [AliBo99],
[CaDA02], [CasVa77], [Clar90], [Dac89], [EkTe99], [Roc97], [RocWe98].

Section 4.1
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The proof of Proposition 4.7 is taken from [Bo].

Section 4.2

The proofs in this section are taken from [Bo].

Section 4.4

Remark 4.31 may be found in a paper of Artola and Tartar [ArtTa95]. Theo-
rem 4.32 in this generality is due to C. Pucci (see [DB02]); see also the papers
of McShane [Mc34] and Kirszbraum [Kir34] for the Lipschitz case.

Section 4.5

Theorem 4.36 is well known. The present proof, which provides an explicit con-
stant, may be found in a paper of Ball, Kirchheim, and Kristensen [BaKiKr00].
Theorem 4.56 is taken from a paper of Bauschke, Borwein, and Combettes
[BBC01]. Proposition 4.64 was first proved by Marcellini [Mar85].

Section 4.6

The material of this section is taken from [Roc97], [RocWe98].

Section 4.7

Theorem 4.79 is due to De Giorgi [DG68](see also the paper of Gori and
Marcellini [GorMar02]). We thank Virginia De Cicco for bringing the reference
[DG68] to our attention

♠ Theorem 4.79 provides an explicit formula for the affine functions approx-
imating a given convex function f . Does an analogous formula hold for
convex functions f : R

m → (−∞,∞]?

Section 4.8

Exercise 4.94, as well as Theorem 4.98 and Proposition 4.100 in Section 4.8, is
due to Carbone and De Arcangelis [CaDA99] (see also [CaDA02]). Proposition
4.102 is due to Ambrosio [Am87]. The proof of Theorem 4.103 presented here
is due to Kirchheim and Kristensen [KiKr01].

Section 4.9

Theorem 4.107 may be found in a paper of Toranzos [T67].

Chapter 5
Section 5.1

Theorems 5.1 and 5.6 have been adapted from a paper of Marcus and Mizel
[MarMi79]. We thank an anonymous referee for significant simplifications of
the original proof and for Lemma 5.2.



B Notes and Open Problems 577

Section 5.2

Section 5.2.2: The blowup method was introduced in a paper of Fonseca and
Müller [FoMu92] (see also the paper of Fonseca and Malý [FoMy97]). The first
part of the statement of Proposition 5.16 may be found in two papers due to
Ioffe [Io77], [Io77a], while inequality (5.20) is due to Giuseppe Savaré. The
necessity part of Theorem 5.17 seems to be new.
Section 5.2.3: Theorem 5.27 and the necessity part of Theorems 5.19, 5.25
seem to be new.

♠ Prove a suitable version of Theorem 5.27 when E is unbounded. Note that
in this case the dual of Cb

(
E; Rm

)
is the space of regular finitely additive

measures rba
(
E; Rm

)
, where it is known that Radon–Nikodym theorem

fails.

Section 5.3

The proof of Theorem 5.29 is taken from a paper of Buttazzo and Dal Maso
[BuDM83] (see also [Bu89]).

Section 5.4

Section 5.4.1: The proof of the second part of Theorem 5.32 has been
adapted from the work of Carbone and Dearcangelis [CaDA96], [CaDA99]
(see also [CaDA02]). Exercise 5.35 may be found in [CaDA96] and [CaDA02].
Section 5.4.2: The proof of Theorem 5.36 draws upon a paper of Goffman
and Serrin [GoSer64] (see also the paper of Serrin [Ser61]).

♠ Is the function h in Theorem 5.36 the recession function of the function
g?

Section 5.5

Theorem 5.38 is due to Friesecke [Fri94], while Theorem 5.40 seems to be new.

Chapter 6
Section 6.1

For more information on multifunctions we refer to [AliBo99], [CasVa77].
Section 6.1.1: The proof of Theorem 6.9 is taken from a paper of Leese
[Lee78], while Theorem 6.13 may be found in a paper of Valadier [Va71].
Section 6.1.2: The material of this subsection is due to Michael [Mi56],
except for Theorem 6.18, which is taken from a paper of Fathi [F97].

Section 6.2

For more information on integrands we refer to [Bu89], [EkTe99], and [Roc76].
Section 6.2.1: Proposition 6.24 is due to Buttazzo and Dal Maso [BuDM83].
Section 6.2.2: The material of this subsection is taken from [Bu89], [EkTe99],
and [Roc76].
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Section 6.2.3: Theorem 6.36 is due to De Giorgi (see [GorMar02]). Theorem
6.40 was proved in a paper of Dal Maso and Sbordone [DMSb95]. Proposition
6.42 is due to Ambrosio [Am87] (see also the paper of Fonseca and Leoni
[FoLe00]). Proposition 6.43 may be found in [Roc76].

♠ Under the hypotheses of Proposition 6.42 one can prove the existence of
two sequences of continuous functions

ai : E → R, bi : E → R
m,

such that
f(x, z) = sup

i∈N

{ai(x) + bi(x) · z}

for all x ∈ E and z ∈ R
m. On the other hand, if we assume that f is also

real-valued, then De Giorgi’s theorem allows one to give an alternative
approximation in which the functions ai and bi are now given by the
explicit formula (6.26). Under the hypotheses of Proposition 6.42 and when
f is real-valued, are the functions (6.26) continuous?

Section 6.3

Subsection 6.3.1: Theorem 6.45 is due to Alberti [Al93].

♠ Prove the analogue of Theorem 6.45 for sets E with infinite measure. What
happens if the Lebesgue measure is replaced by an arbitrary measure?

♠ Prove the analogue of Exercises 5.5 and 5.8 for integrands f = f (x, z).

Section 6.4

♠ Throughout this section the underlying measure is the Lebesgue measure.
Most of the proofs can be carried out for non atomic Radon measures. But
what happens when the underlying measure has atoms? See the papers of
Bouchitté and Buttazzo [BouBu90] and [BouBu92] for some results in this
direction.

Section 6.4.1: Theorem 6.49 is due to Alberti [Al93].
Section 6.4.3: Theorem 6.54 is due to Ioffe [Io77], [Io77a]. The sufficiency
part of the proof is adapted from a paper of Fonseca and Müller [FoMu92]
(see also the paper the paper of Fonseca and Malý [FoMy97]). Step 1 of the
necessity part of the proof is taken from [Bu89]. We thank Giuseppe Savaré
for simplifying the proof of Step 2.
Section 6.4.5: The material of this subsection is taken from a paper of Bou-
chitté and Valadier [BouVa88] (see also the paper of Ambrosio and Buttazzo
[AmBu88] and [Bu89]).

♠ Condition (6.95) in Theorem 6.57 is not necessary. Find a necessary and
sufficient growth condition from below. That is, find the analogue of the
growth conditions in Theorems 5.19 and 5.25 in Section 5.2.3.
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♠ Without the growth condition (6.95) is (6.96) still valid? If not, what is
the right formula?

♠ Characterize the class of integrands f for which condition (6.96) holds.
♠ Prove the analogue of Theorem 5.27 for integrands f = f (x, z).

Section 6.5

Theorem 6.65 and Exercise 6.66 are taken from a paper of Buttazzo and Dal
Maso [BuDM83].

Section 6.6

Section 6.6.1: The second part of Theorem 6.68 has been adapted from the
work of Carbone and Dearcangelis [CaDA96], [CaDA99] (see also [CaDA02]).

♠ What happens in Theorem 6.68 when the growth condition (6.145) is re-
placed by the growth condition (6.49)?

Section 6.6.2: Theorem 6.70 is due to Bouchitté and Valadier [BouVa88]
(see also the paper of Ambrosio and Buttazzo [AmBu88] and [Bu89]).

♠ If the coercivity condition (6.150) is replaced by the hypothesis that f ≥ 0
what is the relation between the integrands h and f in Remark 6.71(i)?
Does h still coincide with the function f̃ defined in (6.151)?

♠ More generally, what happens in Theorem 6.70 when the growth condition
(6.150) is replaced by the growth condition (6.49) for p = 1?

♠ What is the analogue of Theorem 5.38 for integrands f = f (x, z)?

Chapter 7
Section 7.3

Section 7.3.2: Theorem 7.5 and Lemma 7.7 (except for Step 4) are due to
Ioffe [Io77].

♠ Find a simpler proof of Lemma 7.7.
♠ What is the analogue of Theorem 6.57 for integrands f = f (x, u, z)?

Section 7.4

Proposition 6.44 is taken from [Bu89], while Exercise 7.14 is from a paper of
Marcellini and Sbordone [MarSb80].

♠ What is the analogue of Theorem 6.70 for integrands f = f (x, u, z)?
♠ What is the analogue of Theorem 5.38 for integrands f = f (x, u, z)?

Chapter 8

For more information on Young measures we refer to the monographs [Mu99],
[Pe97], [Ta79], [Y69], as well as to the papers of Ball [Ba89], Berliocchi and
Lasry [BerLa73], and Tartar [Ta95].
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Appendix

Basic references for the appendix are [AliBo99], [Bre83], [DuSc88], [Ru91],
[Yo95].
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• N = the set of positive integers, N0 = N ∪ {0}; R = real line; R :=
[−∞,∞] = the extended real line; if x ∈ R, then x+ := max {x, 0},
x− := max {−x, 0}, |x| := x+ + x−, �x� = the integer part of x.

• R
N = the N -dimensional Euclidean space, N ≥ 1; for x = (x1, . . . , xN ) ∈

R
N ,

|x| :=
√

(x1)
2 + . . .+ (xN )2;

Ω = open set of R
N (not necessarily bounded); BN (x, r) (or simply

B (x0, r) whenever the underlying space is clear) = open ball in R
N of

center x0 and radius r;

QN (x0, r) := x0 +
(
−r

2
,
r

2

)N

(or simply Q (x0, r) whenever the underlying space is clear); SN−1 = unit
sphere in R

N ; for a multi-index α = (α1, . . . , αN ) ∈ (N0)
N ,

∂α

∂xα
:=

∂|α|

∂xα1
1 . . . ∂xαN

N

, |α| := α1 + . . .+ αN ;

Cm (Ω) = the space of all functions that are continuous together with
their partial derivatives up to order m ∈ N0;

C∞ (Ω) :=
∞⋂

m=0
Cm (Ω) ;

Cm
c (Ω) and C∞

c (Ω) = the subspaces of Cm (Ω) and C∞ (Ω), respectively,
consisting of all functions with compact support.

• X, Y usually denote sets or spaces, cardX = the cardinality of a set X,
P (X) = the family of all subsets of a set X; F , G family of sets or of
functions;

• A, U usually denote open sets, K a compact set; B a Borel set, C a closed
or convex set or an arbitrary constant; τ = topology;
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• M, N = algebras or σ-algebras; M⊗N = product σ-algebra of M and N

(not to be confused with M×N); B (X) = Borel σ-algebra;
• µ, ν, υ = (positive) finitely additive measures or positive measures; ν ⊥ µ

means that µ, ν are mutually singular measures; ν � µ means that the
measure ν is absolutely continuous with respect to the measure µ; dν

dµ is
the Radon–Nikodym derivative of ν with respect to µ; suppµ support of
a Borel measure; µ∗ outer measure;

• 	 = restriction;
• dist = distance; diam = diameter;
• ‖·‖ norm or total variation; ‖·‖Lp norm in Lp spaces;
• E, F , G usually denote sets; ∂E = boundary of E; co (E) = convex hull of

E; aff (E) = affine hull of E; riaff (E) = relative interior of E with respect
to aff (E); rbaff (E) = the relative boundary of E with respect to aff (E),
E∞ = the recession cone of E, kerE = kernel of a set;

• χE = characteristic function of the set E; IE = indicator function of the
set E;

• u, v, and w usually denote functions or variables, z usually denotes an
element of R

m;
• f , g, ϕ, ψ, φ usually denote functions; supp f = support of the function f ;

dome f = effective domain of the function f ; Lip f = Lipschitz constant of
the function f ; ∂f (z) = subdifferential of f at z; osc (f ;E) = oscillation
of f on E; f∞ = the recession function of f ; C f = the convex envelope
of f ; f∗ = the polar or conjugate function of f ; f∗∗ = the bipolar or
biconjugate function of f1; f ∗ g = convolution of the functions f and g;

• LN
o = Lebesgue outer measure, LN = Lebesgue measure;

αN := LN (B (0, 1)) ;

|E| := LN (E) for E ⊂ R
N Lebesgue measurable;

• M (u), MR (u) denote various types of maximal functions,
• det = determinant of a matrix or a linear mapping;
• 〈·, ·〉X,Y = duality pairing;
• λ, ς usually denote signed measures or finitely additive signed measures;
• M (X; R) = space of all (signed) finite Radon measures;
• ba (X,M) = space of all bounded finitely additive signed measures;

rba (X,M) = space of all regular bounded finitely additive signed mea-
sures; ba (X,M, µ) = space of all bounded finitely additive signed measures
absolutely continuous with respect to µ;

• B (X,M) = space of all bounded measurable functions;
• C (X) = space of all continuous functions; Cb (X) = space of all continuous

bounded functions; C0 (X) = space of all continuous functions that vanish

1 Unless otherwise specified, Cf (x, ·), f∗ (x, ·), f∗∗ (x, ·), and lsc f (x, ·) stand for the
convex envelope, polar, bipolar, and lower semicontinuous envelope, respectively,
of f (x, ·).
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at infinity; Cc (X) = space of all continuous functions whose support is
compact;

• Lp (X,M, µ), Lp (X,µ), Lp (X) are various notations for Lp spaces; p′ =
Hölder conjugate exponent of p;

• spaces �p := Lp (N,P (N) , counting measure);
• Lp (X;Y ) = Lp space on Banach spaces; Lp

w (X;Y ′) = Lp space of weakly
star measurable functions;

• ⇀ denotes weak convergence; ∗
⇀ denotes weak star convergence; b

⇀ denotes
biting convergence;

• I usually denotes an interval, a function, or a functional, epi I = epigraph
of the function I; lsc I = lower semicontinuous envelope of the function I;
slsc I = sequentially lower semicontinuous envelope of the function I; E ,
Ep = types of relaxed energy of the function I;

• Γ = multifunction, GrΓ = graph of the multifunction.
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en calcul des variations. (French) Bull. Soc. Math. France 101, 129–184
(1973).

[Bi99] Billingsley, P.: Convergence of probability measures. Second edition. Wiley
Series in Probability and Statistics: Probability and Statistics. A Wiley-
Interscience Publication. John Wiley & Sons, Inc., New York (1999).

[BleMor52] Bledsoe, W.W., Morse, A.P.: Some aspects of covering theory. Proc.
Amer. Math. Soc. 3, 804–812 (1952).

[Bli-Lo92] Bliedtner, J., Loeb, P.: A reduction technique for limit theorems in analy-
sis and probability theory. Ark. Mat. 30, no. 1, 25–43 (1992).

[Bo] Border, K.C.: Convex Analysis and Economic Theory, Lecture Notes.
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[FoMy97] Fonseca, I., Malý, J.: Relaxation of multiple integrals below the growth
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[GiMoSo98] Giaquinta, M., Modica, G., Soǔcek, J.: Cartesian Currents in the Cal-
culus of Variations. I. Cartesian Currents. Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathe-
matics, 37. Springer-Verlag, Berlin (1998).

[GoSer64] Goffman, C., Serrin, J.: Sublinear functions of measures and variational
integrals. Duke Math. J. 31, 159–178 (1964).

[GorMar02] Gori, M., Marcellini, P.: An extension of the Serrin’s lower semicontinu-
ity theorem. Special issue on optimization (Montpellier, 2000). J. Convex
Anal. 9, no. 2, 475–502 (2002).

[Hal48] Halmos, P.R.: The range of a vector measure. Bull. Amer. Math. Soc. 54,
416–421 (1948).

[Ha16] Hardy, G. H.: Weierstrass’s non-differentiable function. Trans. Amer.
Math. Soc. 17, no. 3, 301–325 (1916).

[Hei58] Heider, L. J.: A representation theory for measures on Boolean algebras.
Michigan Math. J. 5, 213–221 (1958).

[H94] Hensgen, W.: An example concerning the Yosida-Hewitt decomposition
of finitely additive measures. Proc. Amer. Math. Soc. 121, no. 2, 641–642
(1994).

[He-Yo52] Yosida, K., Hewitt, E.: Finitely additive measures. Trans. Amer. Math.
Soc. 72, 46–66 (1952).

[Io77] Ioffe, A.D.: On lower semicontinuity of integral functionals. I. SIAM J.
Control Optimization 15, no. 4, 521–538 (1977).

[Io77a] Ioffe, A.D.: On lower semicontinuity of integral functionals. II. SIAM J.
Control Optimization 15, no. 6, 991–1000 (1977).



References 591

[J70] Johnson, R.: A. Atomic and nonatomic measures. Proc. Amer. Math. Soc.
25, 650–655 (1970).
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Lipschitz, 91
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locally integrable, 39
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polar, 301

proper, 258
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strictly convex, 258
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functional
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of a real function, 39, 40, 117
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integrand
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biting lemma, 184
decomposition lemma, 154
Fatou lemma, 42
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complete, 18
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lower variation, 116
mutually singular, 55, 117
nonatomic, 10
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signed, 113
support, 31
total variation, 116
upper variation, 116
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generated, 521
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metric, 552
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set
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convex, 247
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Borel, 4
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measurable, 4
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measure, 5
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complete, 553
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Banach, 558
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Vitali–Hahn–Saks, 173
Weierstrass, 236

topology, 549
base, 550
discrete, 549
weak, 560
weak star, 560

total variation norm, 120

weak-L1 inequality, 211

Yosida transform, 355, 358, 422
Young’s inequality, 260



Springer Monographs in Mathematics

This series publishes advanced monographs giving well-written presentations of the “state-of-the-art” in
fields of mathematical research that have acquired the maturity needed for such a treatment. They are suf-
ficiently self-contained to be accessible to more than just the intimate specialists of the subject, and suffi-
ciently comprehensive to remain valuable references for many years. Besides the current state of knowledge
in its field, an SMM volume should also describe its relevance to and interaction with neighbouring fields
of mathematics, and give pointers to future directions of research.

Abhyankar, S.S. Resolution of Singularities of Embedded Algebraic Surfaces 2nd enlarged ed. 1998
Alexandrov, A.D. Convex Polyhedra 2005
Andrievskii, V.V.; Blatt, H.-P. Discrepancy of Signed Measures and Polynomial Approximation 2002
Angell, T.S.; Kirsch, A. Optimization Methods in Electromagnetic Radiation 2004
Ara, P.; Mathieu, M. Local Multipliers of C∗-Algebras 2003
Armitage, D.H.; Gardiner, S.J. Classical Potential Theory 2001
Arnold, L. Random Dynamical Systems corr. 2nd printing 2003 (1st ed. 1998)
Arveson, W. Noncommutative Dynamics and E-Semigroups 2003
Aubin, T. Some Nonlinear Problems in Riemannian Geometry 1998
Auslender, A.; Teboulle, M. Asymptotic Cones and Functions in Optimization and Variational
Inequalities 2003
Banagl, M. Topological Invariants of Stratified Spaces 2006
Banasiak, J.; Arlotti, L. Perturbations of Positive Semigroups with Applications 2006
Bang-Jensen, J.; Gutin, G. Digraphs 2001
Baues, H.-J. Combinatorial Foundation of Homology and Homotopy 1999
Böttcher, A.; Silbermann, B. Analysis of Toeplitz Operators 2006
Brown, K.S. Buildings 3rd printing 2000 (1st ed. 1998)
Chang, K.-C. Methods in Nonlinear Analysis 2005
Cherry, W.; Ye, Z. Nevanlinna’s Theory of Value Distribution 2001
Ching, W.K. Iterative Methods for Queuing and Manufacturing Systems 2001
Chudinovich, I. Variational and Potential Methods for a Class of Linear Hyperbolic Evolutionary
Processes 2005
Coates, J.; Sujatha, R. Cyclotomic Fields and Zeta Values 2006
Crabb, M.C.; James, I.M. Fibrewise Homotopy Theory 1998
Dineen, S. Complex Analysis on Infinite Dimensional Spaces 1999
Dugundji, J.; Granas, A. Fixed Point Theory 2003
Ebbinghaus, H.-D.; Flum, J. Finite Model Theory 2006
Edmunds, D.E.; Evans, W.D. Hardy Operators, Function Spaces and Embeddings 2004
Elstrodt, J.; Grunewald, F.; Mennicke, J. Groups Acting on Hyperbolic Space 1998
Engler, A.J.; Prestel, A. Valued Fields 2005
Fadell, E.R.; Husseini, S.Y. Geometry and Topology of Configuration Spaces 2001
Fedorov, Yu. N.; Kozlov, V.V. A Memoir on Integrable Systems 2001
Flenner, H.; O’Carroll, L.; Vogel, W. Joins and Intersections 1999
Gelfand, S.I.; Manin, Y.I. Methods of Homological Algebra 2nd ed. 2003 (1st ed. 1996)
Griess, R.L. Jr. Twelve Sporadic Groups 1998
Gras, G. Class Field Theory corr. 2nd printing 2005

Hida, H. p-Adic Automorphic Forms on Shimura Varieties 2004
Ischebeck, E; Rao, R.A. Ideals and Reality 2005
Ivrii, V. Microlocal Analysis and Precise Spectral Asymptotics 1998
Jakimovski, A.; Sharma, A.; Szabados, J. Walsh Equiconvergence of Complex Interpolating
Polynomials 2006
Jech, T. Set Theory (3rd revised edition 2002)
Jorgenson, J.; Lang, S. Spherical Inversion on SLn (R) 2001
Kanamori, A. The Higher Infinite corr. 2nd printing 2005 (2nd ed. 2003)

Greuel, G.-M.; Lossen, C.; Shustin, E. Introduction to Singularities and Deformations 2007
Groah, J; Smoller, J; Temple B. Shock Wave Interactions in General Relativity 2007



Khoshnevisan, D. Multiparameter Processes 2002
Koch, H. Galois Theory of p-Extensions 2002
Komornik, V. Fourier Series in Control Theory 2005
Kozlov, V.; Maz’ya, V. Differential Equations with Operator Coefficients 1999
Lam, T.Y. Serre’s Problem on Projective Modules 2006
Landsman, N.P. Mathematical Topics between Classical & Quantum Mechanics 1998
Leach, J.A.; Needham, D.J. Matched Asymptotic Expansions in Reaction-Diffusion Theory 2004
Lebedev, L.P.; Vorovich, I.I. Functional Analysis in Mechanics 2002
Lemmermeyer, F. Reciprocity Laws: From Euler to Eisenstein 2000
Malle, G.; Matzat, B.H. Inverse Galois Theory 1999
Mardesic, S. Strong Shape and Homology 2000
Margulis, G.A. On Some Aspects of the Theory of Anosov Systems 2004
Miyake, T. Modular Forms 2006
Murdock, J. Normal Forms and Unfoldings for Local Dynamical Systems 2002
Narkiewicz, W. Elementary and Analytic Theory of Algebraic Numbers 3rd ed. 2004
Narkiewicz, W. The Development of Prime Number Theory 2000
Neittaanmaki, P.; Sprekels, J.; Tiba, D. Optimization of Elliptic Systems. Theory and Applications 2006
Onishchik, A.L. Projective and Cayley–Klein Geometries 2006
Parker, C.; Rowley, P. Symplectic Amalgams 2002
Peller, V. (Ed.) Hankel Operators and Their Applications 2003
Prestel, A.; Delzell, C.N. Positive Polynomials 2001
Puig, L. Blocks of Finite Groups 2002
Ranicki, A. High-dimensional Knot Theory 1998
Ribenboim, P. The Theory of Classical Valuations 1999
Rowe, E.G.P. Geometrical Physics in Minkowski Spacetime 2001
Rudyak, Y.B. On Thorn Spectra, Orientability and Cobordism 1998
Ryan, R.A. Introduction to Tensor Products of Banach Spaces 2002
Saranen, J.; Vainikko, G. Periodic Integral and Pseudodifferential Equations with Numerical
Approximation 2002
Schneider, P. Nonarchimedean Functional Analysis 2002
Serre, J-P. Complex Semisimple Lie Algebras 2001 (reprint of first ed. 1987)
Serre, J-P. Galois Cohomology corr. 2nd printing 2002 (1st ed. 1997)
Serre, J-P. Local Algebra 2000
Serre, J-P. Trees corr. 2nd printing 2003 (1st ed. 1980)
Smirnov, E. Hausdorff Spectra in Functional Analysis 2002
Springer, T.A.; Veldkamp, F.D. Octonions, Jordan Algebras, and Exceptional Groups 2000
Székelyhidi, L. Discrete Spectral Synthesis and Its Applications 2006
Sznitman, A.-S. Brownian Motion, Obstacles and Random Media 1998
Taira, K. Semigroups, Boundary Value Problems and Markov Processes 2003
Talagrand, M. The Generic Chaining 2005
Tauvel, P.; Yu, R.W.T. Lie Algebras and Algebraic Groups 2005
Tits, J.; Weiss, R.M. Moufang Polygons 2002
Uchiyama, A. Hardy Spaces on the Euclidean Space 2001
Üstünel, A.-S.; Zakai, M. Transformation of Measure on Wiener Space 2000
Vasconcelos, W. Integral Closure. Rees Algebras, Multiplicities, Algorithms 2005
Yang, Y. Solitons in Field Theory and Nonlinear Analysis 2001
Zieschang, P.-H. Theory of Association Schemes 2005

Kanovei, V. Nonstandard Analysis, Axiomatically 2005




