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Preface

In recent years there has been renewed interest in the calculus of variations,
motivated in part by ongoing research in materials science and other disci-
plines. Often, the study of certain material instabilities such as phase transi-
tions, formation of defects, the onset of microstructures in ordered materials,
fracture and damage, leads to the search for equilibria through a minimization
problem of the type

min {7 (v) : v € V},

where the class V of admissible functions v is a subset of some Banach space V.

This is the essence of the calculus of variations: the identification of neces-
sary and sufficient conditions on the functional I that guarantee the existence
of minimizers. These rest on certain growth, coercivity, and convexity condi-
tions, which often fail to be satisfied in the context of interesting applications,
thus requiring the relaxation of the energy. New ideas were needed, and the in-
troduction of innovative techniques has resulted in remarkable developments
in the subject over the past twenty years, somewhat scattered in articles,
preprints, books, or available only through oral communication, thus making
it difficult to educate young researchers in this area.

This is the first of two books in the calculus of variations and measure
theory in which many results, some now classical and others at the forefront
of research in the subject, are gathered in a unified, consistent way. A main
concern has been to use contemporary arguments throughout the text to re-
visit and streamline well-known aspects of the theory, while providing novel
contributions.

The core of this book is the analysis of necessary and sufficient conditions
for sequential lower semicontinuity of functionals on LP spaces, followed by
relaxation techniques. What sets this book apart from existing introductory
texts in the calculus of variations is twofold: Instead of laying down the theory
in the one-dimensional setting for integrands f = f(z,u,u’), we work in N
dimensions and no derivatives are present. In addition, it is self-contained in
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the sense that, with the exception of fundamentally basic results in measure
theory that may be found in any textbook on the subject (e.g., Lebesgue
dominated convergence theorem), all the statements are fully justified and
proved. This renders it accessible to beginning graduate students with basic
knowledge of measure theory and functional analysis. Moreover, we believe
that this text is unique as a reference book for researchers, since it treats both
necessary and sufficient conditions for well-posedness and lower semicontinuity
of functionals, while usually only sufficient conditions are addressed.

The central part of this book is Part III, although Parts I and II contain
original contributions. Part I covers background material on measure theory,
integration, and LP spaces, and it combines basic results with new approaches
to the subject. In particular, in contrast to most texts in the subject, we do
not restrict the context to o-finite measures, therefore laying the basis for
the treatment of Hausdorff measures, which will be ubiquitous in the setting
of the second volume, in which gradients will be present. Moreover, we call
attention to Section 1.1.4, on “comparison between measures”, which is com-
pletely novel: The Radon-Nikodym theorem and the Lebesgue decomposition
theorem are proved for positive measures without our having first to introduce
signed measures, as is usual in the literature. The new arguments are based on
an unpublished theorem due to De Giorgi treating the case in which the two
measures in play are not o-finite. Here, as De Giorgi’s theorem states, a diffuse
measure must be added to the absolutely continuous and singular parts of the
decomposition. Also, we give a detailed proof of the Morse covering theorem,
which does not seem to be available in other books on the subject, and we
derive as a corollary the Besicovitch covering theorem instead of proving it
directly.

Part II streamlines the study of convex functions, and the treatment of the
direct method of the calculus of variations introduces the reader to the close
connection between sequential lower semicontinuity properties and existence
of minimizers. Again here we present an unpublished theorem of De Giorgi,
the approximation theorem for real-valued convex functions, which provides
an explicit formula for the affine functions approximating a given convex func-
tion f. A major advantage of this characterization is that additional regularity
hypotheses on f are reflected immediately on the approximating affine func-
tions.

In Part III we treat sequential lower semicontinuity of functionals defined
on LP, and we separate the cases of inhomogeneous and homogeneous func-
tionals. The latter are studied in Chapter 5, where

I(u) ::/Ef(v(:n))dac

with F a Lebesgue measurable subset of the Euclidean space RY, f : R™ —
(—o00,00] and v € LP(E;R™) for 1 < p < oo. This material is intended for
an introductory graduate course in the calculus of variations, since it requires
only basic knowledge of measure theory and functional analysis. We treat both
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bounded and unbounded domains F, and we address most types of strong and
weak convergence. In particular, the setting in which the underlying conver-
gence is that of (Cy (E))" is new.

Chapter 6 and Chapter 7 are devoted to integrands f = f (z,v) and f =
f (x,u,v), respectively, and are significantly more advanced, since the proofs
of the necessity parts are heavily hinged on the concept of multifunctions. An
important tool here is selection criteria, and the reader will benefit from a
comprehensive and detailed study of this subject.

Finally, Chapter 8 describes basic properties of Young measures and how
they may be used in relaxation theory.

The bibliography aims at giving the main references relevant to the con-
tents of the book. It is by no means exhaustive, and many important contri-
butions to the subject may have failed to be listed here.

To conclude, this text is intended as a graduate textbook as well as a ref-
erence for more-experienced researchers working in the calculus of variations,
and is written with the intention that readers with varied backgrounds may
access different parts of the text.

This book prepares the ground for a second volume, since it introduces
and develops the basic tools in the calculus of variations and in measure the-
ory needed to address fundamental questions in the treatment of functionals
involving derivatives.

Finally, in a book of this length, typos and errors are almost inevitable.
The authors will be very grateful to those readers who will write to either
fonseca@andrew.cmu.edu or giovanni@andrew.cmu.edu indicating those that
they have found. A list of errors and misprints will be maintained and updated
at the web page http://www.math.cmu.edu/ leoni/bookl.

Pittsburgh, Irene Fonseca
month 2007 Giovanni Leoni
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Part 1

Measure Theory and LP Spaces



1

Measures

Measure what is measurable, and
make measurable what is not so.
(Misura cio che & misurabile, e

rendi misurabile cio che non lo &)

Galileo Galilei (1564-1642)

1.1 Measures and Integration

This chapter covers a wide range of properties of measures. Those that we con-
sider basic and well known (for example the Lebesgue dominated convergence
theorem) will only be stated, and the reader is referred to classical textbooks
such as [DB02], [EvGa92], [Fol99], [Rao04], [Ru87], [Z67]. The reader should
be warned that in some of these books outer measures are called measures.
Results that are difficult to find in the literature, that are new, or that
may be presented in a more contemporary way will be proved in this text.

1.1.1 Measures and Outer Measures

Definition 1.1. Let X be a nonempty set. A collection M C P (X) is an
algebra if

(i) 0 e Mm;
(ii) if E € M then X \ E € M;
(m) ifEl, FEs € 9N then E1 U Ey € M.

M is said to be a o-algebra if it satisfies (i)-(ii) and
(iii)' if {En} C M then | J,—, E, € M.
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To highlight the dependence of the o-algebra 9t on X we will sometimes
use the notation 9 (X). If M is a o-algebra then the pair (X,9M) is called
a measurable space. For simplicity we will often apply the term measurable
space only to X.

Using De Morgan’s laws and (ii) and (iii)’, it follows that a o-algebra is
closed under countable intersection. In particular, if £, F' € 91 then ENF €
M, and this leads to the notion of restriction of M to a set E C X (not
necessarily measurable), i.e., the induced o-algebra

M E:={ENF:FecMm}.

Ezample 1.2. (i) In view of (i) and (ii), every algebra contains X. Hence the
smallest algebra (respectively o-algebra) is {f), X} and the largest is the
collection P (X) of all subsets of X.

(ii) If X = [0,1), the family 9 of all finite unions of intervals of the type
[a,b) C [0,1) is an algebra but not a o-algebra. Indeed,

oo

E=() [O,D_{O}gzsn.

n=1

Let X be a nonempty set. Given any subset F C P (X) the smallest (in
the sense of inclusion) o-algebra that contains F is given by the intersection
of all g-algebras on X that contain F.

If X is a topological space, then the Borel o-algebra B (X) is the smallest
o-algebra containing all open subsets of X. The elements of B (X) are called
Borel sets. Unless indicated otherwise, in the sequel it is understood that the
Euclidean space RV, N > 1, and the extended real line R := [~00, 00| are en-
dowed with the Borel o-algebras associated to the respective usual topologies:
In RV we consider the Euclidean norm

ol =/ (@0)? + ..+ (an)?

with = (z1,...,2y), and we take as basis of open sets in R the collection
of all intervals of the form (a,b), (a, 0], [-00,b) with a, b € R.

Remark 1.3. If X is a topological space and Y C X then
B(Y)=B(X)|Y. (1.1)
Indeed, B(X) |Y is a o-algebra in Y that contains
{ANY : Aisopenin X} ={A’: A’ isopen in Y}.
By definition of B (Y) we deduce that B(Y) C B(X) |Y. Conversely, let
MN={FCX: FNYeB(Y)}.

Then N is a o-algebra in X that contains all open sets in X . Hence B (X) C 91
and so B(Y) D B(X)|Y.
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Definition 1.4. Let X be a nonempty set, let M C P (X) be an algebra, and
let p: 9 — [0, 00].

(i) 1 is a (positive) finitely additive measure if
p@)=0, p(E1UEy)=pu(E)+ p(Es)

for all E1, E5 € MM with E; N Ey = (.
(#) w is a (positive) countably additive measure if

() =0, ﬂ(U En> => p(En)

for every countable collection {E,} C M of pairwise disjoint sets such
that U, En € M.

Definition 1.5. Let X be a nonempty set, let M C P (X) be a o-algebra.

(i) A map p: M — [0, 00] is called a (positive) measure if

p(0) =0, u (U En> =3 n(En)
n=1 n=1

for every countable collection {E,} C M of pairwise disjoint sets. The
triple (X, 9, 1) is said to be a measure space.

(ii) Given a measure pi : M — [0,00], a set E € M has o-finite p measure if it
can be written as a countable union of measurable sets of finite measure;
1 is said to be o-finite if X has o-finite p measure; p is said to be finite
if p(X) < oo. Analogous definitions can be given for finitely additive
measures.

(iii) A measure p is said to be a probability measure if p (X) = 1.

Exercise 1.6. (i) Let X be a nonempty set. Show that the function u :
P (X) — [0, 00] defined by

(E) = card E if I is finite,

H Tl oo otherwise,
is a measure. Here card is the cardinality. The measure pu is called the
counting measure. Prove that p is finite (respectively o-finite) if and only
if X is finite (respectively denumerable).

(ii) Given a sequence {x, } of nonnegative numbers we introduce p : P (N) —
[0, ] as

p(E):=> =z, ECN.

nek

Prove that u is a o-finite measure.
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If (X, 90, i) is a measure space then the restriction of p to a subset E € 9
is the measure p| E : 9 — [0, 0o] defined by

(ulE)(F):=p(FNE), FeM

Often, when there is no possibility of confusion, we use the same notation p| E
to denote the restriction of the measure u to the o-algebra 9| E.

Among properties of measures we single out the following monotone con-
vergence results.

Proposition 1.7. Let (X, 9, 1) be a measure space.

(i) If {E,,} is an increasing sequence of subsets of M then

H (U En) = nli_{{.lou (En) -

n=1

(i) If {E,} is a decreasing sequence of subsets of M and p(Ey) < oo then

n=1
Proof. (i) If u(E,) = oo for some n € N then both sides in (i) are co and
there is nothing to prove. Thus assume that p(F,) < oo for all n € N and
define

F,:=E, \ En_q,

where Fy := ). Since {E,} is an increasing sequence, it follows that the sets
F,, are pairwise disjoint with UZOZI E, = UZO:1 F,,, and so by the properties
of measures we have

00 ) ) l
#(U En> =u< Fn> =Y n(Fa) = lim > p(Fy)

n=

= lim > (u(Bn) — p(Ena)) = Jim g (Ey) -

l—o00
n=1

(ii) Apply part (i) to the increasing sequence {E; \ Ey,}.

Ezample 1.8. Without the hypothesis u (F1) < oo, property (ii) may be false.
Indeed, consider the counting measure defined in Exercise 1.6 with X := N and
define E,, := {n,n+1,...,}. Then {E,} is a decreasing sequence, u (E,) = 00
for all n € N, but

u(ﬂ En) =p(0) =07 lim p(Ey,) = oo,
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It turns out that for a finitely additive measure, property (i) is equivalent
to countable additivity. Indeed, we have the following proposition.

Proposition 1.9. Let X be a nonempty set, let M C P (X) be an algebra,
and let p : M — [0,00] be a finitely additive measure. Then p is countably
additive if and only if

17 (U En> = lim () (1.2)

for every increasing sequence {E,} C M such that | J,—, E, € M.
In addition, if p is finite then u is countably additive if and only if

lim u(FE,) =0 (1.3)

n—oo
for every decreasing sequence {E,} C M such that (7, E, = 0.

Proof. If u is countably additive, then (1.2) and (1.3) follow as in the proof of
Proposition 1.7. Suppose now that (1.2) holds. Let {F,,} C 90 be a sequence
of mutually disjoint sets such that |J, F,, € M, and define

n

E, = U F.

k=1

Then by (1.2) we have

(07)

and with this we have shown that p is countably additive.
Finally, assume that p is finite and that (1.3) holds. We claim that (1.2) is
satisfied. Let {E,,} C 9 be an increasing sequence such that |J;—, E, € M.

Then the sequence
oo
F, = <U Ek> \ B,

k=1

I
=
PR

(@
&
N——
|

T =
JE
-~
&

n=1
= lim Y u(F) =D u(Fi),
k=1 k=1

is decreasing and () ~_; F,, = 0. Hence from (1.3),

n—o0 n—00

0= lim p(F,)=p (U Ek> — lim u(E,),
k=1

and this proves (1.2).



8 1 Measures

Exercise 1.10. Let X := N and let 21 be the algebra consisting of all finite
subsets of N and their complements. Show that the set function p : 9 —
{0,000} given by

0 if F is finite,

oo otherwise,

p(E) =={

is a finitely additive measure satisfying property (ii) of Proposition 1.7 but it
is not countably additive.

Using the previous proposition one may characterize finitely additive mea-
sures that are not countably additive. This brings us to the following defini-
tion.

Definition 1.11. Let X be a nonempty set and let M C P (X) be an algebra.
A finitely additive measure p : 9 — [0, 00] is said to be purely finitely additive
if there exists no nontrivial countably additive measure v : 9 — [0, co] with
0<v <.

Theorem 1.12 (Hewitt—Yosida). Let X be a nonempty set, let M C P (X)
be an algebra and let p : M — [0,00) be a finitely additive measure. Then u
can be uniquely written as a sum of a countably additive measure and a purely
finitely additive measure.

Proof. For E € M define

tp (E) := sup { ,}EEOM(E”) A{E} M, Epq C E, for all n,

E,, C E for all n, ﬁ E, 2@},

n=1

e (E) = u(E) — iy (E).

One can verify that p, and . are finitely additive measures. We now show
that p. is countably additive. Let {E,} C 9 be a decreasing sequence with
N2, E, = 0. Then from the definition of y, for each | € N we have

00 > (Ey) > up (Br) > lim pu(E,),

n—oo

and so, letting [ — oo, we obtain

lim p, (E,) = lim u(E,) < oo,
n—oo n—oo
which implies that lim,, o e (Ey) = 0. The claim now follows from Propo-
sition 1.9.
Next we show that p, is a purely finitely additive measure. Let v : 91 —
[0,00] be a countably additive measure with 0 < v < p,. For any £ € M
set r := tv (E). Then p, (E) > 3r, and so if r > 0 there exists a decreasing

sequence {E,} C 9 of subsets of E, with (2, E,, = 0, such that
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lim p(E,) > 2r.

Then p, (E,,) > 2r for every n € N (since the sequence {Ej},—, is admissible
in the definition of u, (E,)), while lim,,_,o, v (E,) = 0. Hence

lim v(E\ E,) = 3r,

n—oo

and so for all n sufficiently large,
tp (E) = pip (En) + pp (E\ Ey) >2r+v(E\ E,) > 4r.

Inductively we would obtain u, (E) > Ir for every [ € N, and this would
contradict the fact that p, is finite. Hence v = 0 and p,, is a purely finitely
additive measure.

Exercise 1.13. Prove that p, and p. are finitely additive measures and that
the decomposition p = i, + pic in the previous theorem is unique.

Ezample 1.14. The finitely additive measure u defined in Exercise 1.10 is
purely finitely additive. Indeed, if v : 9 — [0,00] is a countably additive
measure with 0 < v < p, then since p ({1,...,n}) = 0 for every n € N, we
have that v ({1,...,n}) = 0 and so from Proposition 1.7(i) it follows that

v (N) :nllrrgou({l,...,n}) =0.

Hence v = 0 and p is purely finitely additive.

The next proposition will be particularly useful for the analysis of deriva-
tives of measures and in the application of the blowup method (see Theorem
5.14).

Proposition 1.15. Let (X, 9, 1) be a measure space with u finite and let
{Ej}jeJ C M be an arbitrary family of pairwise disjoint subsets of X. Then
w(E;) =0 for all but at most countably many j € J.

Proof. Fix k € N and let
. 1
Ji = {jEJ: ,u(Ej)>k}.
We claim that the set Jj is finite. Indeed, if I is any finite subset of Ji, then
o> pu(X)>p UE :ZM(E-)>521:1cardI
= \ J / 1) = k . k ’
Jjel jeI jeI

which implies that J; cannot have more than [ku (X)] elements, where
[kp (X)] is the integer part of ku (X). Thus

{ed: uE)>0r=J %
k=1

is at most countable.
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The definition below introduces very important properties of measures
that may be perceived as some sort of Darboux continuity.

Definition 1.16. Let (X, 9, 1) be a measure space.

(i) The measure p : M — [0, 00] is said to have the finite subset property or
to be semifinite if for every E € MM, with pu(E) > 0, there exists F' € M,
with F C E, such that 0 < p (F) < oo.

(ii)) A set E € 9M of positive measure is said to be an atom if for every
F e M, with F C E, either n(F) =0 or u(F) = u(F). The measure
W 1s said to be nonatomic if there are no atoms, that is, if for every set
E € O of positive measure there exists F € MM, with F C E, such that
O0<u(F)<up(E).

Ezample 1.17. (i) We will show in Remark 1.161 that the Lebesgue measure
is nonatomic. An important class of non-o-finite nonatomic measures is
given by the Hausdorff measures H*®, s > 0 (see [FoLel0]).

(ii) To construct an example of a measure with the finite subset property that
is not o-finite, let X be an uncountable set, and to every finite set assign
a measure equal to its cardinality; to all other sets assign measure oo.

Exercise 1.18. Let X be a nonempty set and let f : X — [0,00] be any
function. The set function p : P (X) — [0, 0o] defined by

w(E) ::sup{Zf(m): FCE,Fﬁnite}7 EcCX,
zEF

is a measure. Show that

(i) p has the finite subset property if and only if f (z) < oo for all z € X;

(ii) p is o-finite if and only if f(z) < oo for all z € X and the set
{z € X : f(z) >0} is countable. In the special case f = 1 we obtain
the counting measure, while if

_Jlifz ==z,
f ()= {O otherwise,

for some fixed zy € X, then for every £ C X,

lifzg € FE,
0 otherwise.

M(E)Z{

Then p is called Dirac delta measure with mass concentrated at the point
xo and is denoted by d,,. Prove that the set {xo} is an atom.

Remark 1.19. (i) Tt follows from the definition that a nonatomic measure has
the finite subset property. Another important class of measures with the
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finite subset property is given by o-finite measures. Indeed, if p is a o-finite
measure, then

(@

X = Xn

n=1

with X,, € M and u(X,) < oco. Hence if F € M and u(FE) > 0, then
there exists n such that 0 < p(ENX,) < u(X,) < oo.

(ii) The reader should be warned that in the literature there are at least two,
more restrictive, definitions of atoms. In some papers atoms are defined
as above, but they are required to have finite measure, while in others a
set B € 9 of positive measure is said to be an atom if for every F € I,
with F' C E, either u(F) =0 or 4 (E\ F) = 0. The main difference con-
sists in the fact that with these two definitions there could be nonatomic
measures of the form p : 9 — {0, 00}, while with the definition that we
have adopted, any set E € 9t such that u: 9| E — {0, 00} is considered
an atom. Note that for measures with the finite subset property (and in
particular for finite or o-finite measures) all these definitions are equiv-
alent, since sets E € 9 such that p : M| E — {0,00} are automatically
excluded. The main advantage with our approach is that nonatomic nonfi-
nite measures preserve many of the important features of nonatomic finite
measures such as the Darboux property given in the following theorem.
Readers more familiar with the other definitions of atoms should simply
assume in all the theorems on nonatomic measures that the finite subset
property holds.

The next two results play an important role in the study of the well-
posedness of energy functionals as illustrated in Theorem 5.1.

Proposition 1.20. Let (X, 9, 1) be a measure space with u nonatomic. Then
the range of p is the closed interval [0, u (X)].

Proof. Fix 0 <t < pu(X) and let
C={EeM: 0< u(FE)<t}.

We claim that C is nonempty. Indeed, since p is nonatomic, there exists X; €
M with 0 < p(X;) < p(X). Using again the fact that p is nonatomic, it is
possible to partition

X1 =FUF,

where F; € 9 and 0 < p(F;) < p(Xy), i = 1, 2. Therefore one of the two
sets F7; and F5 has measure equal to at most %u (X1), and we call that set
F4. By induction, assuming that E1,..., E, have been selected with

0< p(B) < pon(X), (1.4)



12 1 Measures

as before we find E,41 C E, such that E,y; € 9 and 0 < p(Eny1)
111 (E,). We have constructed a sequence {E, } C 9 satisfying (1.4), and
for n large enough, E, € C.

Next we claim that there exists a measurable set with measure t. The
proof is again by induction. Set Fy := (), and suppose that F}, has been given.
Define

<
S0

t, i =sup{u(F): EDF,, E€M, pn(E) <t}
and let Fj, 11 € M be such that F,,,1 D F), and

1
tn — E S H(Fn+1) S tn. (15)
Note that 0 < t,,4+1 <t, <t, and so there exists
lim ¢, =s <t (1.6)
n—oo
Set
Fy = UFn (1.7)

By Proposition 1.7(ii) and (1.5),

p(Fo) = lim p(F,)=s.

n—oo

It remains to show that s =¢. If s <t then
X\ Foo) = p(X) = p(Foo) >t —5>0,

and so reasoning as in the first part of the proof with X'\ F, in place of X and
t — s in place of ¢ there would exist a set E € 91 such that £ C X \ Fy and

O<u(E)<t-s.
Thus
s=p(Fe) < u(FUFy) <t,

and so by (1.6) it would follow that ¢, < u(F U Fy) for all n sufficiently
large. Since F,, C EU F, by (1.7), this would contradict the definition of ¢,
for all n sufficiently large.

A consequence of the previous theorem is the following result, which will
be repeatedly used in the second part of the book (see, e.g., the proof of
Theorem 5.1).

Corollary 1.21. Let (X,9, 1) be a measure space with p nonatomic. Let
{rn} be a sequence of positive numbers such that

Zrngu(X).

Then there exists a sequence of mutually disjoint measurable sets {E,} such
that w(Ey) = ry, for alln € N.
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Proof. By Proposition 1.20 there exists a measurable set F; such that
w(E1) = r1. Since p (X \ E1) > 7o, again invoking the previous proposition
we may find a measurable set Es C X \ E; such that u(Es) = ra. A simple
induction argument yields a family of measurable sets F,, with

n—1

E,C X\ UE 1 (En) = .

i=1
This concludes the proof.

If a measure p has atoms, then it is possible to decompose it into the sum
of a nonatomic measure and a purely atomic measure, that is, a measure such
that every set of positive measure contains an atom. Precisely, we have the
following result.

Proposition 1.22. Let (X, 9, 1) be a measure space. Then there exist mea-
sures f11, fa 2 M — [0, 00] such that py is purely atomic, uy is nonatomic, and

= p1 + po.
We begin with a preliminary result that is of interest in itself.

Lemma 1.23. Let (X, 9, 1) be a measure space and let M C M be a family
closed under finite unions and such that § € N. Then the set functions u1,

o M — [0, 00] defined by
1 (E) :=sup{u(ENF): FeN}, EecM, (1.8)
wo (B) = sup (s (ENF): F M, (F) =0}, Eem,  (19)
are measures, i = p1 + p2, and p1 (E) = p (E) for all E € M. Moreover, for

each E € 9M the suprema in the definition of p1 and po are actually attained
by measurable sets.

Proof. Step 1: We begin by showing that p; and po are measures. Observe
that if £ € N, then the right-hand side of (1.8) coincides with u (E), and
so p1 (E) = p(E). In particular, since ) € 91 we have that p; () = 0. Let
{E,} C 9 be any sequence of pairwise disjoint sets. Then for every F' € N,

u((U E) mF) =S w(BNF) <Y (B,
n=1 n=1

n=1
and taking the supremum over all F' € 91, we obtain that
" (U E) <> (5.
n=1 n=1

To prove the reverse inequality it suffices to assume that puy (U, E,) < oo.
Since w1 is monotone with respect to inclusion, it follows that uy (E,) < oo



14 1 Measures

for all n € N, and so for very fixed € > 0 and for each n € N we may find

F, € 9 such that
€

p (Ep) < p(En NEF,) + on

Hence for every [ € N,

l l l
S (B) <3 (0B F) + 57 ) w(U <Ean>> te

n=1 n=1 n=1

(T () e ()

n=1 k=1 n=1

where we have used the fact that Uﬁf:l F}, belongs to N. By letting first I — oo
and then € — 0 we conclude that p is a measure.

Moreover, since I is closed under finite unions, for every E € 91 we may
find an increasing sequence of sets {F;,} C 91 such that

w1 (E)=p(EFNFy), where F = U F,. (1.10)
n=1

This shows that the supremum in the definition of u is attained.

Since pq is a measure, the family 9y := {F € M : g (F) = 0} is closed
under finite unions and contains @), and so, applying what we just proved with
w1 and O replaced by ps and 9y, respectively, we obtain that also us is a
measure and that the supremum in the definition of ps is attained.

Step 2: It remains to show that y = py + pg. Fix E € 9. Since uy (E),
po (E) < p(E), then if py (E) = oo or ps (E) = oo, there is nothing to prove.
Thus assume that pq (E), po (E) < 0o and let F, be defined as in (1.10). We
claim that 1 (E \ Fao) = 0. Indeed, if 1 (E \ Fs) > 0 then we would be able
to find F' € 91 such that

UI(E\FOO)ZM((E\FOO)QF)>O'
But then
l
ul(E):u(EmFoo)<u(Eﬂ(FmUF)):lhj&u(Eﬂ <U FnUF>>

and since Ui;l F, UF € M, if [ is sufficiently large we would contradict
the definition of p; (F). Hence u; (E'\ Fs) = 0, and so by (1.9) we have
i3 (B) > 1 (B \ Fug). Thus

1 (B) +p2 (B) 2 p(EN Fo) + p(E\ Foo) = p(E) .

To prove the reverse inequality find an increasing sequence of measurable
sets {G}, with u1 (Gy) = 0, such that
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o (E) =pu(ENGy), where G := U Gk
k=1

Note that
1 (Goo) = 0. (1.11)

We claim that
w(ENFyueNGs) =0.

Indeed, if not, then for all [ sufficiently large,

" (Eﬂ (}ilen) OGOO> >0,

I
wiEn = (0 (Un)ne) o

n=1

and so

which contradicts (1.11). Hence the claim holds, and in turn,
1 (B) + p2 (B) = p(ENFoo) + p(ENGoo) = n(EN (Foo UGx)) < i (E).
This concludes the proof.

We are now ready to prove Proposition 1.22.

Proof (Proposition 1.22). Define pq and ps as in (1.8) and (1.9), where N is
the family of all countable unions of atoms together with the empty set. By
the previous lemma we have that p; and po are measures, that p = gy + po,
and p1 (E) = p (F) for all E € 91. We show that p; is purely atomic. Suppose
that £ € M and pq (E) > 0. By (1.8) we may find a countable family {F),}

of p-atoms such that
m (Eﬂ UF) > 0.

Then pu (E N F,) > 0 for some p-atom F,,. We claim that ENF,, is a uq-atom.
To see this, assume by contradiction that there exists G € 9 such that

O<m(ENE,NG)<m(ENE,).
Then
O0<uw (ENE,NG) < (ENE,) <u(ENF,) <u(F,),
and by (1.8) applied to E N F, N G there exists F' € M such that

O<pu(ENF,NGNF)<m (ENF,NG) < p(F,),
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which contradicts the fact that F;, is a p-atom. This shows that £ N F), is a
pi-atom and that py is purely atomic.

Next we prove that po is nonatomic. Suppose that £ € 9t and po (E) > 0.
By (1.9) there is F' € 9, with uy (F) = 0, such that

2 (E) > p (ENF) > 0. (1.12)

Then ENF is not a p-atom, since otherwise, uy (E N F) > 0. Since u (EN F) >
0 and ENF is not a p-atom, we may find G C ENF, with G € 9, such that

0<p(G)<p(ENF).

Since p1 (F) =0 and G C EN F, we have that u; (G) = 0, and so us (G) =
i (G). Hence also by (1.12),

0<p2(G) <p(ENF) < p2(E),
which proves that ps is nonatomic.

Remark 1.24. In particular, if p is purely atomic, then po = 0 and so p = .
By (1.8), for any E € 9 with p (E) > 0 we may find a countable family {F,}

of p-atoms such that
w(E)=p (EmUFn> .

Letting
n—1
E,:=En <Fn\ U Fz>
=1

and disregarding those E,,’s, if any, having measure zero, we have that

p(E)=p (U&) ,
where {E,,} is a countable collection of pairwise disjoint of atoms.

We call attention to the fact that while the finite subset property may not
prevent atoms from occurring, it eliminates very degenerate measures of the
form p: 9 — {0, 00}. Indeed, the following proposition confirms this.

Proposition 1.25. Let (X, 9, 1) be a measure space. Then p satisfies the
finite subset property if and only if for all E € MM with u(F) > 0,

w(E)=sup{p(F): FEM, FCE,0< pu(F)<oc}. (1.13)
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Proof. If (1.13) holds, then the finite subset property follows by the definition
of supremum. Conversely, let E € 9 with p (E) > 0 and set

S:=sup{u(F): FEM FCE,0<p(F)<oo}.

If 4 (F) < oo, then p(E) = S. If 4 (F) = oo, then we may find a sequence of
increasing sets F,, C E, F,, € M, with u (F),) < oo, and such that

lim p(F,)=S.

Define o
F:= | F,.
n=1

Then

w(F)= lim p(F,)=S.
We claim that S = co. If not, then p (E\ F') = oo, and so by the finite subset
property we can find F' C E\ F, F’ € 9, such that 0 < p (F’) < co. Hence

FUF' C E with
S=p(F)<p(F)+p(F) < oo,

and this contradicts the definition of S.
If a measure pu does not satisfy the finite subset property, then it is possible

to construct another measure that satisfies it and that coincides with u on
sets of finite measure. Indeed, we have the following proposition.

Proposition 1.26. Let (X, 9, 1) be a measure space. Then there exist mea-
sures i1 : M — [0, 00] and pg : M — {0, 00} such that py has the finite subset
property and p = py + po. In particular, pi (E) = p(E) for all E € M such
that u (E) < co.

Proof. Define py and pg as in (1.8) and (1.9), where
N:={FeM: u(F)<}.

Since N is closed under finite unions and contains (), by Lemma 1.23 we have
that p; and po are measures, that p = p1 + po, and pp (E) = p(E) for all
E € M. In particular, if E, F € 9t and p (F) < oo, then p (E N F) < 0o, and
sou(ENF)=p (ENF). Hence

i (E)=sup{pu(ENF): FeM, u(F) < oo}
=sup{p (ENF): FeM, u (F) < oo},

and so pp has the finite subset property in view of Proposition 1.25.
It remains to show that pg : I — {0, 00}. If by contradiction

0<p2(E) <oo
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for some E € M, then by (1.9) we would find F € 9 such that pqy (F) =0
and
O0<pu(ENF) < oo;

but then p(ENF) = p (ENF), which would contradict the fact that
p1 (F7) = 0.

In applications, the ability to exclude sets of measure zero and to ensure
that subsets of sets of measure zero are still measurable is often of the utmost
importance. In what follows, if y is a measure we write that a property holds
1 a.e. on a measurable set E if there exists a measurable set F' C E such that
w (F') = 0 and the property holds everywhere on the set F \ F.

Definition 1.27. Given a measure space (X, 9, ), the measure p is said to
be complete if for every E € M with u(E) = 0 it follows that every F C E
belongs to 9M.

The next proposition shows that it always possible to render a measure
complete.

Proposition 1.28. Given a measure space (X, M, ) let M’ be the family of
all subsets E C X for which there exist F', G € M such that u(G\ F) =0
and F C E C G. Define i/ (E) := u(G). Then 9 is a o-algebra that contains
M and ' - M — [0,00] is a complete measure.

FEzample 1.29. Possibly the most important example of completion of a mea-
sure is the Lebesgue measure defined on the Borel o-algebra, as will be detailed
at the end of the next subsection.

We now introduce the notion of outer measure.
Definition 1.30. Let X be a nonempty set.

(i) A map p* : P (X) — [0,00] is an outer measure if
a) p* () =0;
b) w* (E) < p*(F) foral ECF C X;
o) (Usey En) < 307w (Ey) for every countable collection {E,} C
P (X);

(i) given an outer measure p* : P (X) — [0,00], a set E C X has o-finite p*
outer measure if it can be written as a countable union of sets of finite
outer measure; p* is said to be o-finite if X has o-finite u* outer measure;
w* is said to be finite if u* (X) < oc.

Remark 1.31. The reader should be warned that in several of books (e.g.,
[DuSc88], [EvGa92], [Fe69]) outer measures are called measures.
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Just as in the case of measures, if p* : P (X) — [0, 00] is an outer measure
and if F C X, then the restriction of pu* to E is the outer measure pu*|E :
P (X) — [0, 00] defined by

(W' |B) (F) = p* (F N E)

for all sets F' C X.

Often, when there is no possibility of confusion, we use the same notation
w*| E to denote the restriction of the outer measure pu* to P (E).

Clearly, a measure p on a measurable space (X,9) is an outer measure
if M = P (X). Note, however, that when I & P (X) it is always possible to
extend p to P (X) as an outer measure. Indeed, more generally we have the
following proposition.

Proposition 1.32. Let X be a nonempty set and let G C P (X) be such that
0 € G and there exists {E,} C G with X = J;—, E,. Let p : G — [0,00] be
such that p (0) = 0. Then the map p* : P (X) — [0, 00] defined by

w (E) ::inf{ip(En): {E,}C G, EC GE"}’ EcX, (1.14)

n=1
s an outer measure.

Proof. Since ) € G we have that p* (§) = 0. If E C F C X then any sequence
{E,} C G admissible for F in (1.14) is also admissible for E, and so p* (E) <
w* (F). Finally, let {F},} C P (X). If p* (F}) = oo for some k € N, then

e (Un) < 3w w0 ==
k=1

k=1

Thus assume that p* (F)) < oo for all k € N and for a fixed ¢ > 0 and for
each k find a sequence {E,(Lk)} C G admissible for Fy in (1.14) and such that

;p (EP) < w* (B + 57

Since the sequence {Efzk)} is admissible for (J;- , F, we have that (see
k,neN
Example 1.82 below)

p (G Fk) < i p(Eﬁf“)) = iip(Eé’“)) < iu* (Fy) +e.
k=1 k

k,n=1 k=1n=1 =1

By letting € — 0T we conclude the proof.



20 1 Measures

Remark 1.33. Note that if E € G, then taking E; := E, E, := () for all
n > 2, it follows from the definition of p* that u* (E) < p (FE), with the strict
inequality possible. However, if p is countably subadditive, that is, if

p(E) <> p(En)

forall EC U, E, with E € G, {E,} CG, then u* =pon g.

The construction of the measure p* in the previous proposition is com-
monly used to build an outer measure from a family G of elementary sets (e.g.,
cubes in RY) for which a basic notion of measure p is known.

Exercise 1.34. Let f : R — R be increasing. Let G be the family of all
intervals (a,b] C R, and define

p((a,b]) := f (b) — f(a).

The outer measure p* given by Proposition 1.32 is called the Lebesgue—Stieltjes
outer measure generated by f. Show that

e ((a,b]) = f(b) = lim_f(a) < f(b) = f(a) = p((a,b]),

t—at

and therefore strict inequality occurs at points where f is not continuous from
the right.

Definition 1.35. Let X be a nonempty set and let u* : P (X) — [0, 00] be an
outer measure. A set E C X is said to be p*-measurable if

u* (F) = u* (FOE) + 1* (F\ E)
for all sets FF C X.

Remark 1.36. Note that if p* (E) = 0, then by the monotonicity of the outer
measure, p* (FNE) = 0 for all sets FF C X. Hence E is p*-measurable.
Moreover, if F is an arbitrary subset of X and if ' C X is a p*-measurable
set, then F'N E is p*| E-measurable.

Theorem 1.37 (Carathéodory). Let X be a nonempty set and let pu* :
P (X) — [0,00] be an outer measure. Then

Mm*:={E C X: FE is u*-measurable} (1.15)
is a o-algebra and p* : M* — [0, 00| is a complete measure.

From Proposition 1.32 and Remark 1.33 we have the following.
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Corollary 1.38. Let X be a nonempty set, let 9 C P (X) be an algebra, and
let p: M — [0, 00] be a finitely additive measure. Let u* be the outer measure
defined in (1.14) (with G := MM and p := p). Then every element of M is
w*-measurable. Moreover, if u is countably additive, then p* = pu on 9.

Proof. To show that every element of 9 is p*-measurable fix £ € 9t and
let F' be any subset of X. By (1.14), for any fixed € > 0 find a sequence
{E,} C M such that F C ;2 , E,, and

S w(E) < (F) +e.

Since M is an algebra we have that {E, N E}, {E, \ E} C 9 are admissible
sequences in (1.14) for the sets FN E and F'\ E, and so

W(FNE)+p" (F\E)<S  (u(ENE)+ (B, \ E))

*(F) +e.

o0
;
Given the arbitrariness of € > 0, it follows that

pt (FNE)+p" (F\E) <p* (F).

Since by Carathéodory’s theorem p* is an outer measure, the opposite in-
equality is immediate. Thus E is p*-measurable.
The last part of the statement is a consequence of Remark 1.33.

Remark 1.39. Note that the previous result implies that every countably ad-
ditive measure p : 9 — [0, 00] defined on an algebra 9t may be extended as
a measure to a o-algebra that contains 91. It actually turns out that when p
is finite, this extension is unique. Indeed, let v : 9* — [0, o] be any measure
such that v = u on 9, where 9* is the o-algebra of all u*-measurable sets.
Note that v and p* are finite, since

v(X) = " (X) = p(X) < 0.

Let E € 9M* and consider any sequence {E,} C 9 such that £ C
U.~, E,. Then

SA(VENE SEARS it

Taking the infimum over all such covers and using (1.14) yields

v(E) < " (E)
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for all £ € 9t*. Since p* and v are additive on 9" and coincide with p on
M, for any £ € MM*, we have

W (B) + ' (X\E) = p* (X) = u(X) = v (X) = v (E) + v (X \ E),

which in view of the previous inequality (for E and X \ E) and the fact that
v and p* are finite implies that p* (E) = v (E).

When X is a metric space then the class of metric outer measures on X
is of special interest:

Definition 1.40. Let X be a metric space and let p* : P (X) — [0,00] be an
outer measure. Then p* is said to be a metric outer measure if

W (EUF) = i (B) + " (F)
for all sets E, F C X, with
dist (B, F) :=inf{d(z,y): x € E, y € F} > 0.
Proposition 1.41. Let X be a metric space and let p* : P (X) — [0,00] be a

metric outer measure. Then every Borel set is p*-measurable.

1.1.2 Radon and Borel Measures and Outer Measures

In this subsection we study regularity properties of measures and outer mea-
sures. These will play an important role in the characterization of some dual
spaces.

Definition 1.42. An outer measure p* : P (X) — [0, 00] is said to be regular
if for every set E C X there exists a p*-measurable set ' C X such that
ECF and p* (E) = p* (F).

An important property of regular outer measures is the fact that Propo-
sition 1.7(i) continues to hold.

Proposition 1.43. Let pu* : P(X) — [0,00] be a regular outer measure. If
{E,} is an increasing sequence of subsets of X then

(U)o
n=1

Proof. Since p* is regular there exist p*-measurable sets F,, D E, such that
w* (BEpn) = u* (Fy). The sets

Gn = Fz

s

=n
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are p*-measurable, with £, C G,, C F,, and
W (En) <p* (Gn) < p* (Fn) = p* (En) .

Since G,, C Gp41, we may apply Proposition 1.7 to p* : 9* — [0, 0o], where
M* is defined in (1.15), to obtain that

() (0) - s

n=1 n=1
= lim p*(E,) < u* (U En) )
n—oo n=1
from which the result follows.

Ezample 1.44. The previous proposition fails if u* is not regular. Indeed, let
X := N and for each £ C N define

0if £ =0,
w* (E):= ¢ 1if E is finite,
2 if F is infinite.

Then p* is an outer measure, and taking F,, := {1,...,n} we see that

et () # =1
n=1

The next proposition shows that any measure may be extended to a regular
outer measure.

Proposition 1.45. Let (X, 9, 1) be a measure space. Let p* be the outer
measure defined in (1.14) (with G := M and p := p). Then p* is a regular
outer measure, and for every E C X,

p(E)y=inf{p(F): FeM, FDE}. (1.16)
Moreover, every element of MM is p*-measurable and p* = p on M.

Proof. In view of Corollary 1.38 we have only to show that (1.16) holds and
that the outer measure p* is regular. For any fixed £ C X and for any F' € 9,
with F' D F, we have

and so
pw (E)<inf{u(F): FeM, F D E}.

To prove the opposite inequality consider any sequence {E,} C 9t such that
Ec U, E,. Since | J.2 | E,, € M we have
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iu(En) 2u<6 En> >inf{u(F): FeM, FDE}.
n=1 n=1

Taking the infimum over all such sequences {E,, } C 9 yields
w (E)>inf{u(F): FeM, F>DE},

and so (1.16) holds.
To prove regularity note that if u* (E) = oo then X € 9, X D F and

p(X) = p* (X) > p* (E) = occ.

If p* (E) < oo, then by (1.16), for each n € N we may find measurable sets
F, D F such that

Ww(Fn) < 1 (B) + ~.

n
Then the measurable set -
F:=()F,
n=1
contains F, and
* * 1 *
pE) < p(F) < p(Fo) S p™ (B) + — — p* (E)

as n — oo. Hence p* (E) = p(F).

Remark 1.46. In view of the previous proposition and Proposition 1.28, given
a measure space (X, 9, 1), the two measures p* : MM* — [0, 00] and p' : m —
[0, 00] are complete and extend p. We claim that 9% C 91* and that p/ = p*
on M . Indeed, if E € M then there exist F, G € M, with p(G\ F) = 0
and F C E C G, such that p/ (E) := u(G). Write E = F U (E\ F). Since
E\F C G\ F, by the monotonicity of the outer measure p* : P (X) — [0, 00]
we have that
W (E\F) < " (G\ F) = u(G\ F) =0,

and thus, since p* : 9M* — [0, o] is complete, it follows that E\ F' € 9" and
in turn
E=FU(E\F)em,

where we have used the fact that F' € 91. In particular
pr(E) = p" (F)+p" (E\F)=p(F)+0=np(G) = (E).

Hence M C 9MM* and p/ = p* on M.
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Exercise 1.47. Given an outer measure p* : P (X) — [0, 00] it is possible to
construct a regular outer measure by defining for every E C X,

v (E):=inf{u* (F): ECF, F p*-measurable} .

Prove that if E is p*-measurable, then E is v*-measurable and p* (E) =
v* (E). Conversely, show that if E is v*-measurable and v* (F) < oo, then F
is p*-measurable.

Definition 1.48. Let X be a topological space and let p* : P (X) — [0, 00] be
an outer measure.

(i) A set E C X is said to be inner regular if
p (E)=sup{p* (K): K C E, K compact},
and it is outer regular if
p (E)=inf{u*(A): ADE, A open}.
(i) A set E C X is said to be regular if it is both inner and outer regular.

The previous definition introduces concepts of regularity for subsets of X,
and next we address regularity properties of outer measures.

Definition 1.49. Let X be a topological space and let p* : P (X) — [0, 00] be
an outer measure.

(i) u* is said to be a Borel outer measure if every Borel set is p*-measurable;

(ii) u* is said to be a Borel regular outer measure if u* is a Borel outer
measure and for every set E C X there exists a Borel set ' C X such
that E C F and p* (E) = p* (F).

There is a class of Borel outer measures that plays a pivotal role in the
calculus of variations. These are the Radon outer measures, as introduced
next.

Definition 1.50. Let X be a topological space, and let p* : P (X) — [0, 0]
be an outer measure. Then p* is said to be a Radon outer measure if

(i) u* is a Borel outer measure;

(i1) p* (K) < oo for every compact set K C X ;
(iii) every open set A C X is inner regular;
(iv) every set E C X is outer regular.

We investigate the relation between Radon outer measures and Borel reg-
ular measures.
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Remark 1.51. Note that a Radon outer measure is always Borel regular. In-
deed, let £ C X. If u*(E) = oo then note that X is open, X D E, and
pw (X)) = p*(E) = oo. If p*(E) < oo, then by outer regularity, for each
n € N we may find open sets A,, D F such that

p (A) < 7 (B) 4

Then the Borel set -
B := ﬂ A,
n=1

contains F, and

i () < (B) < 1° (An) < 4i* (B) + - — pi* (B)

as n — oQ.

The converse of the previous remark is false in general (see Exercise 1.59
below), but there are some partial results in that direction.

Proposition 1.52. Let X be a locally compact Hausdorff space such that
every open set A C X is o-compact. Let p* : P(X) — [0,00] be a Borel
outer measure such that p* (K) < oo for every compact set K C X. Then
every Borel set is inner reqular and outer reqular.

If, in addition, p* is a Borel regular outer measure, then it is a Radon
outer measure.

Proof. Since X is o-compact we may write

where {K,} is an increasing sequence of compact sets. By Theorem A.12 we
may find open sets U,, such that K, C U, C X and U, is compact. Without
loss of generality we may assume that the sequence {U,} is increasing.

Step 1: Fix n € N and let u} denote the restriction of p* to P (U,). We
claim that every Borel subset of U, is inner and outer regular with respect
to the outer measure p. Note that since U, is compact, u is a finite outer
measure. Let

M, :={E CU,: Eis pu inner and outer regular}.

If A C U, is open, then it is outer regular. Since A is o-compact, there exists
an increasing sequence {C;} of compact subsets of A such that

A= G a;,
j=1
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and so by Carathéodory’s theorem and Proposition 1.7,

lim py, (C5) = py, (A) .

J—0

This shows that 901, contains all open subsets of U,,, and therefore the claim
is proved provided we prove that 9,, is a o-algebra.

The sets U,, and @) belong to 9M,,, and IM,, is closed with respect to count-
able unions. To prove the latter, let {E;} C 9, and let € > 0. For every i € N
there exist

C;CcE,CcA;,cCcU,

such that C; is compact, A; is open, and

. 5
pn (Ai\ Ci) < 5

where we have used the fact that ) restricted to the Borel sets of U, is a
finite measure by Carathéodory’s theorem. Also, by Proposition 1.7,
oo

l e’} e’}
Jm g J AN (U6 | | =m | Uan UG
i j=1 i=1 j=1

=1
oo . c
=1

and therefore we may find [ large enough that

oo

00 l l
mlUBN US| | <mUaN UG | <e
i=1 j=1 =1

i=1
Hence (J;2, E; is inner regular, and outer regularity follows from

o0

ol UANUE | | sm [UaN UG ] <e
i=1 i=1 j=1

j=1

It remains to show that if E € 9, then U, \ E € 9M,,. Again for a fixed £ > 0
there exist
CcEcCACU,

such that C' is compact, A is open, and
oy (AN C) <e. (1.17)
Then U, \ C is open, U, \ E C U, \ C, and

fin, (Un \ C) = pi, (Un) = i, (C) < iy (Un) — i, (A) + €
= pip, (Un\ A) +e < iy, (Un \ E) +,



28 1 Measures

and this proves the outer regularity of U, \ E. On the other hand, since U, is
o-compact, it is possible to find a compact set K C U, such that

tr (Un) < iy, (K) + e
Then K \ A is compact, K \ A C U, \ E, and by (1.17),
tn, (Un \ E) < piy, (Un \ A) € < i, (K\ A) + 22,
thus showing that U,, \ E is inner regular.
Step 2: Let B C X be any Borel subset and fix ¢ > 0. By Step 1 there exists
an open set A; C Uy such that BNU; C Ay and

1>
po(A) < pt (BN + 5.

Inductively, assume that for k = 1,...,n there exist open sets Ay C Uy such
that BN U, C Ag,
A1 CAyC...CA,,

and .
* * g
p(Ag) < (BﬁUk)—i—;?.

To construct A, 1, by Step 1 find an open set Aj,,; C Uy, 41 such that
(B \ Un) N Un+1 - A;m+1

and
€

1 (A1) < 0" ((B\Un) N Upia) + il
Setting A, 1 := A, U A1, it follows that BN U, 41 C Apq1 and

i (Auir) <7 (An) + 0 (4,41) < " (BN U)

. " e £
+p ((B\Un)mUn+1)+Z§+W
i=1

n+1 c
=" (BN Upy1) + ; 5

We observe that B C |J;—, A,, and by Carathéodory’s theorem and Propo-
sition 1.7,

n—oo

o
w* (U An> = lim p*(4,) < nli_)rr;Qu* (BNU,)+e=p"(B)+e.
n=1

We conclude that B is outer regular.
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To prove inner regularity fix ¢ < p* (B) and choose n large enough that
p (BNU,) >t

By Step 1 find a compact set C C B N U, such that p* (C) > t. This shows
that p* (B) can be approximated by the outer measures of compact subsets
of B.

Step 3: If u* is a Borel regular outer measure, then for every set £ C X there
exists a Borel set F' C X such that E C F and p* (E) = p* (F'). Applying the
first part of the proof to I, for every € > 0 we may find an open set

A>DFDOFE
such that
pr(E)=p" (F) <p"(A) +e

Hence every set E is outer regular, and so pu* is a Radon outer measure.

Remark 1.53. It follows from the previous proposition that if X satisfies the
properties thus stated and if p* : P (X) — [0, oo] is a Borel regular outer mea-
sure, then for any p*-measurable set £ C X with p* (E) < oo the restriction
w*|E of u* to E is a Radon outer measure.

Given an arbitrary Radon outer measure, in general we cannot conclude
that every set is inner regular (see Example 1.58). However, the following
result holds.

Proposition 1.54. Let X be a topological space and let u* : P (X) — [0, 0]
be a Radon outer measure. Then every o-finite u*-measurable set is inner
reqular.

Proof. Let E C X be a o-finite p*-measurable set.

Step 1: Assume first that p* (E) < co. By outer regularity of E, for every
€ > 0 there exists an open set A O F such that

po(A) < p” (E) +e,

while by inner regularity of open sets there exists a compact set K C A such
that
i (A) < i (K) + 2.

Since E is p*-measurable, we have that
p(E)+p" (A\E) = p* (A) <p* (E) +e,

and so
p (A\E) <e.
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Hence by outer regularity we may choose an open set U D A\ F such that
w* (U) < e. The compact set C := K \ U is contained in F, and using the fact
that U is p*-measurable, we get
P (C) = p* (K\U) = p* (K) = p" (KNU)
>pt(A)—e—p" (U) > p* (E) - 3e.

Hence F is inner regular.

Step 2: If p* (E) = oo, then since F has o-finite p* outer measure, we may
find a sequence of sets E,, C E such that

E=||E,

1C3

and p* (E,) < co. By Remark 1.51 there exist Borel sets F), such that E,, C F,
and p* (E,) = p* (F,). Then F,, N E is p*-measurable,

W (BN E) < (F) = p* (B,) < o,

and
E=|]J(F.nE).
n=1

We can now modify {F, N E} to make it increasing. In particular, it follows
that
oco=u"(E) = nlllr;ou* (F,NE).
Let M > 0 and let n be so large that u* (F, N E) > M. By applying Step 1
to F,, N E we may find a compact set K C F,, N E such that u* (K) > M.
Hence
w* (E) =sup{p" (K): K C E, K compact} = oo,

and the proof is complete.
We now introduce analogous regularity properties for measures.

Definition 1.55. Let (X, 0, 1) be a measure space. If X is a topological
space, then

(i) 1 is a Borel measure if every Borel set is in 9;
(ii) p is a Borel regular measure if u is a Borel measure and if for every set
E € 9 there exists a Borel set F' such that E C F and p (E) = p (F);
(iit) a Borel measure p : M — [0, 00] is a Radon measure if
a) p(K) < oo for every compact set K C X;
b) every open set A C X is inner regular;
c) every set E € M is outer reqular.
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Hausdorff measures H?®, s > 0 (see [FoLel0]), represent an important class
of regular Borel measures that are not Radon measures.
For a Borel measure it is possible to define the notion of support.

Definition 1.56. Let X be a topological space and let p : 9 — [0,00] be a
Borel measure. The support of u is the set

suppp:={r € X : pu(U) > 0 for all (open) neighborhoods U of z} .

Exercise 1.57. Let X be a topological space and let p : 9 — [0,00] be a
Borel measure. Prove that the support of p is closed. Show also that if E € 9,
with E C X \ supp u, then u (E) = 0. Is the converse true?

Proposition 1.54, which continues to hold for Radon measures, asserts that
any measurable set with o-finite measure is inner regular. The next example
shows that there exist Radon measures for which non o-finite sets may fail to
be inner regular.

Exercise 1.58. Consider X = R? endowed with the following topology: A set
A C X is open if and only if for every y € R the set

Ay ={zeR: (z,y) € A}

is open in R with respect to the Euclidean topology. Show that X is a locally
compact Hausdorff space. For every Borel set B C X define

00 if B, # 0 for uncountably many y € R,

B):=
n(B) > L' (B,) otherwise,
yeR

where £! is the Lebesgue measure on R (see the end of the subsection for
its definition). Prove that u is a Radon measure but the set {0} x R is not
inner regular, since u ({0} x R) = oo, while p(K) = 0 for any compact set
K c {0} xR.

We have proved in Remark 1.51 that Radon measures are Borel regular.
The converse is not true in general, as the next example shows.

FEzample 1.59. Let X be an uncountable set with the discrete topology. For
every FF C X define

0 if F is countable,
oo otherwise.

u(E)={

Then p : P(X) — {0,00} is a measure (and also an outer measure). Since
every subset of X is open, p is a Borel regular measure and every set is outer
regular. Since compact sets are necessarily finite, for every compact set K C X
we have p (K) = 0, and so uncountable sets cannot be inner regular. Hence p
is not a Radon measure.
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However, the following holds.

Proposition 1.60. Let X be a locally compact Hausdorff space such that
every open set A C X is o-compact. Let p : B(X) — [0,00] be a (Borel)
measure.

(i) If 1 is finite on compact sets, then u is a Radon measure and every Borel
set F is inner reqular.
(i) If B € B(X) and pu(B) < oo, then B is inner regular.

Proof. The proof of (i) follows closely that of Proposition 1.52, where now
I, is defined as

M, :={FE € B(U,): E is u, inner and outer regular}

and where p,, denotes the restriction of p to B (U,). We omit the details.
(ii) is a consequence of (i) applied to the finite measure p : B(B) — [0, 00).

Exercise 1.61. Without the assumption that open sets are o-compact the
previous proposition fails. Indeed, let Y be the set of countable ordinals, let
wy be the first uncountable ordinal, and define X := Y U{w;}. In X consider
the smallest topology that contains all sets of the form {a € X : a < §} and
{a e X:a>p} for B € X. Prove that X is a compact Hausdorff space,
and that Y is an open set that is not o-compact. Check that for every Borel
set B C X either BU {w;1} or (X \ B) U {w1} (but not both) contains an
uncountable closed set. Define

(B) = 1if BU{w;} contains an uncountable closed set,
H# T 1 0if (X \ B)U{wi} contains an uncountable closed set.

Show that p is a measure, but {w;} is not outer regular since p ({w1}) =0
but p(A) = 1 for every open set A containing w;. We refer to [AliBo99] for
more details.

We study next the relation between regularity properties for outer mea-
sures and regularity properties of measures. If u* is a Borel regular (respec-
tively Radon) outer measure, then its restriction u to the o-algebra of all p*-
measurable sets is a Borel regular (respectively Radon) measure. Conversely,
given a Borel regular (respectively Radon) measure pu, it is always possible
to extend it to a Borel regular (respectively Radon) outer measure. This is a
consequence of the following result.

Theorem 1.62 (De Giorgi—Letta). Let (X, 7) be a topological space. As-
sume that p : 7 — [0,00] is an increasing set function such that

(i) p(0) = 0;
(i) (subadditivity) p (A1 U As) < p (A1) + p(Az) for all Ay, Ay € T;
(#i3) (inner regularity) p (A) = sup{p (A1) : A1 CC A} for every A € 7.
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Then the extension of p to every set E C X defined by
p (E):=inf{p(A): Aer, EC A} (1.18)

is an outer measure and every set is outer reqular.
Moreover, if X is a metric space and p satisfies the additional hypothesis

(iv) (superadditivity) p (A1 U Ag) > p(A1) + p(Aa) for all Ay, Ay € T, with
Al N A2 = @,’

then pu* is a Borel outer measure and every set is outer regular.

Proof. Step 1: We prove that under hypotheses (i)—(iii) the set function p*
is an outer measure. Note that, in view of the definition (1.18), u* = p on 7.
Hence by (i) we have that p* () = 0. If E C F C X, then any open set that
contains F' also contains F, and so p* (E) < p* (F).

It remains to prove countable subadditivity for p*. We prove it first for p.
Let {A,} be a sequence of open sets and consider any open set A’ compactly
contained in | J;-_; A,. Since the family {A,,} is an open cover for the compact

set A7, there exists | € N such that the finite family {4, }!,_, is still an open
cover for A’, and so, by the fact that p is increasing and nonnegative and by
(ii),

l

l 0o
p(A") Sp( An> <D p(An) <D p(An).

Taking the supremum over all open sets A’ compactly contained in |, 4,
and using (iii), we obtain

p( An) <> p(An).

n=

Hence p is countably subadditive, and we now prove that the same holds for
w*. Let {E,} C P(X). For all n € N and for a fixed € > 0 find A,, open, with
E, C A,, such that

% €

Then ;- B, C U,—; An, and so

n=1
u*(UEn><p< An><ZP(An)<Zu*(En)+€~
n=1 n=1 n=1 n=1

By letting € — 07 we conclude that p* is an outer measure. Since u* = p on
7 it follows from (1.18) that every set is outer regular by construction.

Step 2: We now assume that X is a metric space and (i)—(iv) hold. In view
of Proposition 1.41 it suffices to prove that
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w (BUF) = i* (B) + u* (F) (1.19)

for all sets E, F C X, with dist (F, F') > 0. Fix € > 0 and find an open set A,
with EU F C A, such that

p(A) <p*(EUF)+e.

Since d := dist (E,F) > 0 we may construct open sets A; and As, with

EC A CAand F C Ay C A, and such that A; N Ay = (e.g., take A; to be
the union of all balls B (z,r) C A, where x € E and 0 < r < %, and take Ag

to be the union of all balls B (z,7) C A, where 2 € F and 0 < r < £). Hence
by (1.18), (iv), and the fact that p is increasing,

p(E) +p (F) < p(A1) + p(A2) = p (A1 U Az) < p(A) S p" (EUF) +e.

Letting ¢ — 07, and using also the fact that p* is an outer measure, we
conclude that (1.19) holds, and this concludes the proof.

The De Giorgi-Letta theorem will often be used in [FoLelO] to study
relaxation problems in Sobolev spaces, where the integral functionals under
consideration are naturally defined on open sets.

As a corollary we have the following;:

Proposition 1.63. Let (X, 1) be a locally compact Hausdor(f space and let
M — [0,00] be a Radon measure. For every set E C X define

w (E)=inf{u(A): Aer, EC A}.
Then p* is a Radon outer measure, the o-algebra IMN* of u*-measurable sets
contains M, and p* coincides with p on M.

Proof. Since X is alocally compact Hausdorff space, using the inner regularity
of open sets for any open set A we have

p(A) =sup{p(K): K C A, K compact}
=sup{p (A1) : Ay CC A, Ay open}.

Hence we may apply the De Giorgi-Letta theorem with p := u to obtain that
©* is an outer measure. Using the outer regularity of p, it follows that pu* = p
on M.

It remains to show that every set ' € 91 is p*-measurable. Let F' be any
set. Given an open set A D F we have

1(A) = p(ANE) + u(A\ E) = u* (ANE) + " (A\ E)
> i (FNE)+u* (F\E).

Taking the infimum over all open sets containing F', we obtain
pt(F) 2 p* (FOE)+p* (F\E),

and this implies that F is p*-measurable.
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Contemporary methods in relaxation theory exploit the structure of Radon
measures, together with Radon-Nikodym-type theorems, to obtain character-
izations of effective or relaxed energy densities. Therefore it is of the utmost
interest to be able to determine whether a set function is (the restriction of) a
Radon measure by means of a criterion easier to manipulate than Definition
1.55.

Theorem 1.64. Let (X, 7) be a locally compact Hausdorff space. Assume that
T — [0,00) is a set function and that v is a finite Radon measure such
that

(i) p(A) < p (A\C) + p(B) for all A, B, C € 7 with C C B C A;
(ii) for every e > 0 and for every A € 7 there exists C € T such that C CC A
and (A\é) <eg;
(i) v (X) < 1 (X);
(iv) v (A) = p(A) for every A € 7.

Then u(A) = v (A) for every A € 7.

Proof. Fix A € 7. We first prove that y(A) < v (A). Let ¢ > 0 and choose
C € 7 as in (ii). Let B € 7 be such that C € B C B C A. By (i), (ii), and
(iv) we have

p(A) <p(A\NC)+pu(B)<e+v(B)<e+v(A),

and it suffices to let ¢ — 0.
To prove the reverse inequality, using the inner regularity of the measure
v, for every € > 0 we may find a compact set K C A such that

v(A)<e+v(K).

In turn, by Theorem A.12 there exists C' € 7, with C' compact, such that
K c CcC c A. Since B
v(A)<e+v(0),

by (iii), the first part of this proof, and (i), in this order, we have
v(A)<e+v(X)—v(X\C)<e+p(X)—p(X\C) <e+pu(A),
and the conclusion follows by letting ¢ — 0.

We end this subsection by introducing in RY the Lebesgue measure and the
o-algebra of Lebesgue-measurable sets. In the Euclidean space RY consider
the family of elementary sets

G:={Q(z,r): 2RV, 0<r<oo}U{B}

and define p (Q (z,7)) := " and p(0) := 0, where
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N
Qe (50)
For each set E C RY define
LN () = inf {Z )V {Q wnir)} € G, EC | @ (xn,m} .
n=1 n=1

By Proposition 1.32, £) is an outer measure, called the N-dimensional
Lebesgue outer measure. Using Remark 1.33 it can be shown that

L3 (Q(x,r) = p(Q (x,7)) =r" (1.20)

and that £ is translation-invariant, i.e., LY (z + E) = LY (E) for all z € RY
and all E C RV.

The class of all £)-measurable subsets of RY is called the o-algebra of
Lebesgue measurable sets, and by Carathéodory’s theorem, LY restricted to
this o-algebra is a complete measure, called the N—dimensional Lebesgue mea-
sure and denoted by £V. Given a Lebesgue measurable set £ C RY, we will
write indifferently

LN (E) or |E|

for the Lebesgue measure of E.

Proposition 1.65. The Lebesque measure LN has the following properties:

(i) LN ([a1,b1] X ... x [an,bn]) = (b1 —a1) ... (by — an);
(i) LN is translation-invariant, i.e., LN (x + E) = LN (E) for every Lebesgue
measurable set E C RN and x € RY;
(iii) for every linear operator L : RN — RN and every Lebesque measurable
set ECRY, LN (L(E)) = |det L| LN (E).

Using Proposition 1.41 we have the following proposition:

Proposition 1.66. The outer measure LY is a metric outer measure, so that
every Borel subset of RN is Lebesque measurable.

Moreover, if ju is any positive translation-invariant Borel measure on RY
finite on compact sets, then u(B) = cLN (B) for some ¢ > 0 and for every
Borel subset B of RV

Remark 1.67. Using the axiom of choice it is possible to construct sets that
are not Lebesgue measurable. It may also be proved that there are Lebesgue
measurable sets that are not Borel sets. Hence LV : B (RN ) — [0, 00] is not a
complete measure.

We observe that the Lebesgue outer measure is a Radon outer measure.
Indeed, outer regularity of arbitrary sets follows from (1.20) and the definition
of LY, while inner regularity of open sets is an immediate consequence of the
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fact that each open set can be written as a countable union of closed cubes
with pairwise disjoint interiors.

In view of Proposition 1.54 it turns out that every Lebesgue measurable
set is the union of a Borel set with a set of Lebesgue measure zero. Hence the
o-algebra of Lebesgue measurable sets is the completion of the Borel o-algebra
for the Lebesgue measure.

Proposition 1.68. LY is a Radon outer measure. Moreover, every Lebesgue
measurable set E is the union of a Borel set and a set of Lebesgue measure
zero.

1.1.3 Measurable Functions and Lebesgue Integration

In this subsection we introduce the notions of measurable and integrable func-
tions.

Definition 1.69. Let X and Y be nonempty sets, and let M and N be algebras
on X and Y, respectively. A function u : X — Y is said to be measurable if
u™t (E) € M for every set E € N.

Remark 1.70. If 9 is a o-algebra on a set X and I is the smallest o-algebra
that contains a given family G of subsets of a set Y, then u : X — Y is
measurable if and only if u=! (E) € 9M for every set E € G. Indeed, the family
of sets

{EeNn:u ' (E)em}

is a o-algebra that contains G, and so it must coincide with 9. Thus, in
particular, if Y is a topological space and 9t = B (Y'), then it suffices to verify
that u=1 (A) € 90 for every open set A C Y.

If X and Y are topological spaces, M := B(X) and 91 := B(Y), then a
measurable function u : X — Y will be called a Borel function.

If w: X — Y is measurable and if £ € 9, then the restriction
u: X\ E — Y is a measurable function between the measurable spaces
(X\E,M(X\E)) and (Y,9). Conversely, if X is a measure space with
measure u, and the function u is defined only on X \ E with p (E) = 0, then
in general, measurability of v on X \ E does not entail the measurability of
an arbitrary extension of v to X unless u is complete.

Proposition 1.71. Let (X, ) and (Y,0N) be two measurable spaces, and let
u: X — Y be a measurable function. Let p : 9 — [0,00] be a complete
measure. If v: X =Y is a function such that u(x) = v (z) for p a.e. v € X,
then v is measurable.

Going back to the setting in which v : X \ E — Y with u(E) = 0, since
Lebesgue integration does not take into account sets of measure zero, we will
see that integration of u depends mostly on its measurability on X \ E. For
this reason, we extend Definition 1.69 to read as follows.
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Definition 1.72. Let (X, M) and (Y,MN) be two measurable spaces, and let
o M — [0,00] be a measure. Given a function v : X \ E — Y where
p(E) =0, u is said to be measurable over X if u=t (F) € 9 for every set
Fen

We are now in a position to introduce the notion of integral.

Definition 1.73. Let X be a nonempty set, and let M be an algebra on X.
A simple function is a measurable function s : X — R whose range consists
of finitely many points.

If ¢q,...,cp are the distinct values of s, then we write
¢
S= Y CtnXE,,
n=1

where x g, is the characteristic function of the set E,, := {zx € X : s(x) = ¢, },
i.e.,

) lifx € E,,
Xp, (@) = {0 otherwise.

If v is a finitely additive (positive) measure on X and s > 0, then for every
measurable set E € 91 we define the Lebesgue integral of s over E as

¢
/ sdy = z enp (EnNE), (1.21)
E n=1

where if ¢, =0 and p (E, N E) = oo, then we use the convention
enph (En, NE):=0.

Theorem 1.74. Let X be a nonempty set, let M be an algebra on X, and let
u: X — [0,00] be a measurable function. Then there exists a sequence {s,}
of simple functions such that

0<s1(x)<s9(x) <...<8p(x) = u(x)

for every x € X. The convergence is uniform on any set on which u is bounded
from abowve.

Proof. For n € Ny and 0 < k < 22" — 1 define

k k+1 n
Emk::{xeX: 2n§u(a:)<2n+1}, E,={reX:u(z)>2"},

and let
22n_1

k
Sn = Z QTXEn,k +2"XE, -
k=0
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If u(z) =0then z € E,, 9, and so s, (r) =0foralln e N.If 0 < u(z) < o0
then 2 € Ey, rany(y)) for all n € N sufficiently large, where [-] is the integer
part. Hence

"y (2 ntly (p
0< (@)= 22N BN _ L)~ i)

as n — oo. If u(x) = oo then z € E,, for all n, and so s, (x) =2" / co.
Note that by the definition of the sets E,,  we have that 0 <u—s, < 2—171
on the set where u < 2". Hence we have uniform convergence on each set on

which u is bounded from above.

In the remainder of this subsection, 9 is a o-algebra and p a (countably
additive) measure. In view of the previous theorem, if v : X — [0,00] is a
measurable function, then we define its (Lebesque) integral over a measurable

set F as
/ udp :zsup{/ sdu : ssimplc,OSsSu}.
E E

In order to extend the notion of integral to functions of arbitrary sign, consider
u: X — [—00,00] and set

u = max{u,0}, wu” :=max{—u,0}.

Note that u = u™ —u~, |u| = «* +u~, and u is measurable if and only if u™
and u~ are measurable. Also, if u is bounded, then so are v and u~, and
in view of Theorem 1.74, w is then the uniform limit of a sequence of simple
functions.

Definition 1.75. Let (X, 9, 1) be a measure space, and let v : X — [—00, 0]
be a measurable function. Given a measurable set E € I, if at least one of the
two integrals [ u™ dp and [, u™ dp is finite, then we define the (Lebesgue)
integral of u over the measurable set E by

/udu::/qudu—/u*du.
E E E

If both [udp and [,u™ du are finite, then u is said to be (Lebesgue)
integrable over the measurable set E.

In the special case that p is the Lebesgue measure, we denote |, EudﬁN

simply by
udx.
/.

If (X,9M, 1) is a measure space, with X a topological space, and if 9
contains B (X), then u : X — [—o00,00] is said to be locally integrable if it is
Lebesgue integrable over every compact set.
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A measurable function u : X — [—00, 0] is Lebesgue integrable over the
measurable set E if and only if

/ lu| dp < .
E

Finally, if ' € 9 is such that p(F) = 0 and u : X \ F — [—00,00] is
a measurable function in the sense of Definition 1.72, then we define the
(Lebesgue) integral of u over the measurable set E as the Lebesgue integral

of the function (@) \
u(z)ifxe X\ F,
v(@) = {0 otherwise,

provided || g vdp is well-defined. Note that in this case

/vdu:/fzd,u,
E E

Ju(x) ifxe X\ F,
(@) := {w (z) otherwise,

where
0]
and w is an arbitrary measurable function defined on F'.

Remark 1.76. If M is an algebra on X and p : MM — [0, o0] is a finitely additive
measure on X, we can still define a notion of integral as follows: we say that a
measurable function v : X — [—o00, 00| is integrable if there exists a sequence
{sn} of measurable simple functions, each of them bounded and vanishing
outside a set of finite measure (depending on n), such that

nlirrgou({x €EX:|u(z)—s,(x)]>e})=0

for each ¢ > 0, and

lim / |sn — 1] du = 0.
n,l—oo [x

It may be shown that for every E € 9t the limit lim,, . fE Sp, dp exists in R
and does not depend on the particular sequence {s,}. The integral of u over
the measurable set E is defined by

/udu = lim Sp dpt.
E E

n—oo
The following result follows from Theorem 1.74.

Corollary 1.77. Let (X, 9, ) be a measure space, and let u : X — [—00, 0]
be a measurable function. If the set {x € X : |u(x)| > 0} has o-finite measure
and u is finite p a.e., then there exists a sequence {sn} of simple functions,
each of them bounded and vanishing outside a set of finite measure (depending
on n), such that s, (x) — u(x) asn — oo for p a.e. x € X and

|sn (2)] < u ()]

for pae. e X andn € N.
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Proof. Step 1: Assume first that v > 0. Since {z € X : u(z) > 0} has o-
finite measure we can find an increasing sequence {X,,} of measurable sets of
finite measure such that

{reX: u(x)>0}:UXn.

For n € Ny and 0 < k < 22" — 1 define

k k+1
En’k::{xEXn: 2n§U($><2n+1},

and let
22n 1

Sp = Z QIjLXEnk
k=0

Then as in the proof of Theorem 1.74, it is possible to show that at each point
x where v is finite, s, (z) — u (x) as n — 0.

Step 2: In the general case it suffices to apply Step 1 to u™ and u™.

Remark 1.78. Note that if u is Lebesgue integrable, then the hypotheses of
the previous corollary hold, since

{reX: |u( |>O:©{meX ()|>1}

n

%ﬂ ({xGX: |u(x)|>:l}> g/X|u| dp < o0.

Similarly, u ({z € X : |u(z)| = c0}) = 0.

and

The next two results are pivotal in the theory of integration of nonnegative
functions.

Theorem 1.79 (Lebesgue monotone convergence theorem). Let
(X, 9, 1) be a measure space, and let u, : X — [0,00] be a sequence of
measurable functions such that

0<ui(z)<ug(z) <...<u,(z) > ulx)

for every x € X. Then u is measurable and

lim und,u:/ wd.
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Example 1.80. The Lebesgue monotone convergence theorem does not hold in
general for decreasing sequences. Indeed, consider X = R and let u be the
Lebesgue measure £!. Define

1
Up = EX[n,oo)

Then wu, > up41 and

lim undx:oo7é0:/ lim w, dz.

— —

Corollary 1.81. Let (X, 9, 1) be a measure space, and let u, : X — [0, 00]
be a sequence of measurable functions. Then

o0 oo

Z/ undu:/ Zund,u.

n=1 X Xn:l
Proof. Apply the Lebesgue monotone convergence theorem to the increasing
sequence of partial sums and use linearity of the integral.
Ezample 1.82. Given a doubly indexed sequence {ant}, with a,; > 0 for all

n, k € N, we have
(oo} oo (oo} [oe]
DD k=) am.

n=1k=1 k=1n=1

To see this, it suffices to consider X = N with counting measure and to define
n: N — [0,00] by uy (k) := ank. Then

/ Un, d,u/ Z Ank,

and the result now follows from the previous corollary.
Lemma 1.83 (Fatou lemma). Let (X, 0, 1) be a measure space.
(i) If up, : X — [0,00] is a sequence of measurable functions, then

w = lim inf u,,

n—oo

is a measurable function and

/ wdp < lim inf/ Uy, dpt;
X n—oo X

(ii) if up : X — [—00,00] is a sequence of measurable functions such that

Up <V
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for some measurable function v : X — [0, 00] with [y vdp < oo, then

u := limsup u,
n—oo

s a measurable function and

/uduzlimsup/ Uy, dit.
X n—oo Jx

Ezample 1.84. Fatou’s lemma (i) fails for real-valued functions. Indeed, con-
sider X = R and let u be the Lebesgue measure £'. Define
1
Up = ——X[0,n]-
n

Then
liminf | u,dx=-1<0= / lim w, dz.
R R

n— oo n—0o0
For functions of arbitrary sign we have the following convergence result.
Theorem 1.85 (Lebesgue dominated convergence theorem). Let

(X, 9, 1) be a measure space, and let u, : X — [—00,00] be a sequence
of measurable functions such that

lim u, (z) = u(x)

n—oo

for u a.e. x € X. If there exists a Lebesgue integrable function v such that
|un ()] < v (2)

for p a.e. x € X and alln € N, then u is Lebesgue integrable and

n—oo

lim |un, — ul dp = 0.
X

In particular,
lim Up dit :/ wdp.

FEzample 1.86. If v is not integrable then the theorem fails in general. Indeed,
consider X = [0, 1] and let x be the Lebesgue measure £'. Define

Uy ‘= ’nX[O,%].

Then 1

1
lim undle#O:/ lim w, dz.

The results below provide applications of the finite value property and
nonatomic measures (see Proposition 1.20) in the case that the measure is
given by an integral. They will be used to study well-posedness of functionals
of the form [, f (z,v (x)) dz in Chapter 6.
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Proposition 1.87. Let (X, M, 1) be a measure space, let u satisfy the finite
value property, and let u, v: X — [0,00] be measurable functions such that

/ud,ug/vdu
E E

for all E € M with pn(E) < co. Then u(z) <v(x) for p a.e. v € X.

Proof. For k € N define uy, := inf {u, k}, vy := inf {v, k}. It is enough to show
that
ug () <wg (x) for pae zeX.

For n € N define
1
E, = {meX: uk(x)>vk(x)+n}.

We claim that p (E, ) = 0 for all k, n € N. Indeed, assume by contradiction
that p (Ey,x) > 0 for some k, n € N. By the finite value property there exists
a measurable set F' C E, j such that 0 < p (F) < co. By definition of E,, j,

1
k> uy (x) >Uk(l‘)—|—ﬁ
for all z € F, and so, since k > vy, (¢) = inf {v (z), k}, we have that
1 1
v(x)—i—gzvk(m)—i—ﬁ <u (z) <wul(x),

and upon integration over F,

1
/vdu+*u(F)S/udu§/vdu,
F n F F

where in the last inequality we have used the hypothesis. Since u (F) < oo
and v < k on F, it follows that the right-hand side of the previous inequality
is finite, and thus p (F) = 0, which is a contradiction.

Remark 1.88. If u is integrable, then we can dispense with the hypothesis that
1 has the finite value property. Indeed, the sets £, j, constructed in the proof
are contained in the set {x € X : u(x) > 0}, which has o-finite measure in
view of Remark 1.78.

Proposition 1.89. Let (X, 9, 1) be a measure space, let p be nonatomic,
and let u : X — [0,00] be a measurable function. Then the measure

v(E):= /Eudu, Eem, (1.22)

is monatomic if and only if

p{reX:u(z)=o00})=0.
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Proof. Assume that v is nonatomic. If
p{zeX:u(zr)=oc}) >0,

then any subset of this set has either zero or infinite v measure, and this
violates the hypothesis.
Conversely, suppose that p({x € X : u(z) = 00}) =0. Let

Ey={zeX:0<u(x)<oo}.

If u(Ep) = 0, then v = 0 and there is nothing to prove. Thus assume that
i (Eo) > 0. Since v (X \ Ey) = 0, to prove that v is nonatomic it suffices to
show that this holds for v : M| Ey — [0,00]. Let E € 9 be a subset of Ey
with v (E) > 0. Since

By = Ex,
k

where

Ek:—{xGX: ]1<u(x)<k},

there exists ko such that u(E N Eg,) > 0. Since y is nonatomic there exists
FedMm FCENEy,, such that

O<u(F)<u(ENE).

If v(F)=0thenu=0pae onF,and if v ((ENEy,) \ F) =0 then u =0
woa.e. on (ENEy,)\ F. By the definition of Ej, these would imply that
p(F)=0or u((FNEg)\ F)=0,both contradicting the choice of F'. Hence

v(F),v((ENEk)\F)>O0.
Since u < kg on F and u (F) < oo, we obtain co > v (F) > 0. It follows that
O<v(F)<v(F)+v((ENEk) \F)<v(E).
Hence v is nonatomic.

Corollary 1.90. Let (X, 9, 1) be a measure space with p nonatomic.

(i) Let u : X — [0,00] be a measurable function such that

/ udp = oo.
X

Then there exists a denumerable partition of X into disjoint sets X,, € M

such that
/ udp = 00.
X’Il
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(ii) Let {u,} be a sequence of measurable functions u, : X — [0, 00] such that

/undu:oo
X

for every n. Then there exists a partition of X into disjoint sets X,, € M

such that
/ Uy, dpt = 0.
Xn

Proof. Step 1: Let u : X — [0, 00] be a measurable function such that

/ udp = oo.
X

We prove that there exists a partition of X into two disjoint sets F; € 99T such

that
/ucl,u:oo7 1=1, 2.
E;

Xoo i ={z€X:u(z)=o00}.

If 4 (Xo) > 0, then since g is nonatomic we may find F' € 9t such that
Fc X, and

Let

0<p(F)<p(Xx).

It suffices to define Fy := F and Ep := X \ F D X \ F.

If 4 (Xs) = 0, then by Proposition 1.89 the measure v defined in (1.22)
is nonatomic. Therefore by Proposition 1.20 there exists F} € 9 such that
fF1 udp = 1. Since fX\Fl udp = oo, the same argument yields Fr € M,
F, C X \ Fy, such that |, P udp = 1. Inductively, we construct a sequence of
mutually disjoint sets F,, € 9 such that [ F, udp = 1. It suffices to set

By =] Fan, E2:=X\E > ] Fon1.

n=1 n=1
By induction the statement in (i) now follows.
Step 2: To prove (ii) for every n € N and k € ZU {oo}, define

Do {reX: 5 <un(x) < F}ifk<oo,
kT {z e Xy, (2) = oo} if k = oo.

For fixed n € N construct a sequence {Cn,k}kezu{oo} such that Cy, r, C Dy i

and
1

H (Cn,k) = 2771/}4 (Dn,k) . (1.23)

This is undertaken by induction on n. Indeed, assume that {Cy 1}, o5, (o0} D138
been obtained for all | < n. For each [ < n set
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Fi={Cp: keZU{oo}}ULX\ |J Cu

keZU{oo}

Then F; is a countable partition of X, because the sets {Cj : k € ZU {o0}}
are pairwise disjoint. Hence also

n—1
gn ;:{mEi: EiEFi forallizl,...,n—l}

i=1

is a countable partition of X. Write G, = {G,} and for k € ZU{oc} apply
Proposition 1.20 to each G; N Dy, j, to find a subset H; ., C Gj N Dy g such
that

1
w(Hjnk) = 27M(Gj N Dyk) -

Set
Cn,k = U Hj,mk;
J

and observe that C,, ;, C D, and for every E € Gy,
1
1(Cng N E) = 5op (Do N E). (1.24)

In particular, (1.23) follows, and this completes the construction of the

sequence {C"’k}keZU{oo}'
Note also that if [ € N then each F € F,,, n=1,...,l—1, may be written
as the disjoint union

E = U U EiN..NEy 1NENEp1N...NE_;.
i€{l,..,l—-1}\{n} E:€F;

Hence for all integers | > n and all h € ZU {oo}, condition (1.24) (with C),
replaced by C ) implies

1
p(CrpNCpi) = SiH (Di,n N Ci) - (1.25)

Next we claim that for every n € N and k € ZU {c0},

oo

1
| Cng N U U Cin S?H(On,k)- (1.26)

l=n+1 heZU{oco}

By (1.25) and since the collection {D;;, : h € ZU{o0}} is a partition of X,
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plCun| U U Cul]) <D D w(CurnCi)
l=n+1 heZU{cc} l=n+1 heZU{cc}
=1
< Z o0 Z 1 (Crk N Dy p)
l=n+1 heZu{oo}
o0
1 1
= Z ?U (ka) = 27# (Cn,k)v
l=n+1

and so C,, i, satisfies (1.26).
Step 3: For every n € N and k € ZU {oo} set

Bk =Cpni \ U U Cin

l=n+1 heN

Fix n € N. Since By, C C), 1 for all k € ZU {cc}, it follows that the sets B, 1,
for k € ZU {00}, are pairwise disjoint. If p (B, 00) > 0, then by the definition

of Dy, oo,
/ Uy, dpt = 0.
Bn, oo

If i (Bn,oo) = 0, then (1.23) and (1.26) yield

1 1
1% (Bn,k) > (1 - 2n> H (Cn,k) > W,Uf (Dn,k)v (127)

and by the definition of D, j, for all n € N, we have

o0 o0 1
>/ Cmdnz Y pn(Bu)

k=—o0 k=—o0
[eS)

1

1
> g7t D et (Dn)
k=1

1 1
Zﬁi Xund,u:oo,

where we have used the fact that p(Bp o) = 0 and (1.27) imply that

i (Dn o) = 0.
Hence we may take

X, = U By k.
kezZU{oo}

This completes the proof.

The next proposition will be used in Chapter 2 to extend the Riemann-—
Lebesgue lemma to finite nonatomic measures.
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Proposition 1.91. Let (X, 0, 1) be a measure space with p finite and non-
atomic. Then there exists a measurable function v : X — [0,1) such that for
any Borel set B C [0,1],

p(ut(B) =L (B)p(X). (1.28)
Proof. Step 1: We claim that there exists a sequence {FE,} C 9 such that
for every k € N and any k distinct positive integers nq, ..., ng,
1

1(En N...0E,,) (X). (1.29)

The proof is by induction on n. By Proposition 1.20 we may find F; € 91 such
that u (E1) = $u (X). Suppose that measurable subsets Ey, ..., E, € 9 have
been chosen so that (1.29) holds for any & distinct positive integers ny, .. ., ng,
with 1 <n; <n,i=1,...,k. For every set F' define

FO.=fF, FO .= Xx\F.
For any £ = 1,...,n, consider the 2¢ sets
E(jh--

— () (Je)
o =E . nESY,

where j; =0, 1 for all i =1,...,¢. We claim that

1
1 (B o) = 5 (X) - (1.30)

The claim will be established provided we show that for every p = 0,...,n,
and for every ¢ > p, equality (1.30) holds for every ¢-tuple (j1,...,j¢) such

that
14
Z Ji=p
i=1
The proof is by induction on p. If p = 0 then

1
1 (EGogo) = m(BL 0.0 Ey) = 0 (X)

by the induction hypothesis on n. Thus assume that (1.30) holds for p and
consider E;, . ;) such that

‘
Y di=p+1.
i=1

By relabeling the sets if necessary, we may assume that j; = 1 for all ¢ =
1,....,p+1,and j; =0foralli=p+2,...,£. Then
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(B, o) = (X \E1)N...N(X\ Epy1) N Eppa N ... N Ey)
=u(X\E)N...0(X\E)NEpssn...NEy)
—u(X\ENN...n(X\E,)NEy1n...NEy)

() S (X) = (),

where we have used the induction hypothesis on p. Hence (1.30) holds.
By Proposition 1.89, for each set F(; . ;) we may find a measurable
subset F;, . .y such that

1
1 (Fign) = oH (EG.dn)) - (1.31)

Let E, 1 be the union of all such sets F(;, . ; ). Note that the sets F;, ;
are disjoint because {E(j17~-7jn)} is a family of pairwise disjoint sets.

Fix 1 < k < n+1 distinct positive integers ny,...,ng, with 1 <n; <n+1,
i =1,...,k. We claim that (1.29) holds. It suffices to consider the case in
which one of the indices n; is n 4+ 1, say ny = n + 1. We first show that

.n -n 1
m (Efﬂl Jnn E,(Lif;l) N En+1> = orh (X)), (1.32)

where j,, =0, 1, for all = 1,...,k — 1. This is equivalent to proving that
(1.32) holds for every p =0,...,n, and for every (k — 1)-tuple

<E,(L{”'l), . E,(iiﬁ*)) (1.33)

with k :=n — p+ 1. The proof is by induction on p. If p = 0 then k =n + 1,
and so, by relabeling the sets if necessary,
M (E,(l];"l) n...Nn E,Si”f;l) N En+1) =pu <E§j1) N...NEY) N En+1>
= u (E(jlr-wjn) m En+1) = u (F(j17~">jn))

1 1
= 51 (BG1,in) = gt (X))

where we have used the definition of F,,41, (1.31), and (1.30), in this order.
Thus assume that (1.32) holds for p and consider a (k — 1)-tuple as in (1.33)
with k := n—p. Let n; € {1,...,n} be any integer distinct from nq, ..., ng_1.

Since X = B2 U B, we may decompose Eﬁi”l) N...N E,(Liikl‘l) N E,i1 as

B9 aEi) g, = (ES“) ... EO N Enﬂ)

"n,l Ing_
U (E,(f1 )m...mE,(lkf1 1) nEY mEn+1>7
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and so
m <E7(LJ11) n...N E,(f,::’“fl) N Enk> =u (Ey(ﬂ"l) n...nN E,(fk,’f“‘;l) NEY N En+1)
+u (ET(fll) n...nN E&i’“{l) NnEY N EnH)

1 1 1
:2k+1:u‘(X)+ 2k+1u(X) = ﬁM(X)7

where we have used the induction hypothesis and the fact that
(E,(j“l),...,E,(Li”ﬁ1>,E5§Q> and <E7(L§1>E£i"k)E5,1k>

are ((k+1) — 1)-tuples with k+1=n—p+ 1.
Hence (1.32) holds, and this completes the induction argument on n.

Step 2: We claim that there exists a measurable function v : X — [0, 1) such
that
p{reX:u(x)<6})=0u(X) (1.34)

for all 0 < 0 < 1. Let {E,} be the sequence of measurable sets constructed in
the previous step and define

E, = U ﬂ E,.
k=1n=~k
We claim that the function

0 ifz € E,,

= ad 1
u(w): ZQ—ann (z) otherwise,
n=1

has the desired property. To see this, for any dyadic rational 8 = %, with
leNgand k=1,...,2' it is easy to verify that

1
{reX:u(x)<0}=E,U {xEX: ZQLYLXE (z) < 0}. (1.35)

n=1

Indeed, one inclusion is immediate, and to verify the other inclusion consider
x € X \ E, such that

Writing
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for some nonnegative integer ¢, it follows that ¢ < k — 1. Moreover, since
x € X \ E, we have that

o0

> g @< 3 g

n=Il+1 n=Il+1

and so -
1 12 1
u($)2227XEn () < g tu=t

n=1
and thus u (z) < 6. Hence (1.35) holds.
We claim that {x €X: Eln:1 XE, (T) < 9} is the union of k pairwise
disjoint sets of the form 4 '
EV .. .nEY,

where j; = 0, 1, for all i« = 1,...,l. Note that if this is true, then by (1.35)
and since p (E*) = 0, it follows that

p(X)
2[

pH{reX:ulz)<b})=k =0u(X).

The extension of the previous formula to values of # that are not dyadic
rational follows from the countable additivity of . Indeed, given any 6 € (0, 1]
it suffices to construct a sequence of dyadic rational numbers 6,, / 6. Then
by Proposition 1.7,

u{reX: u(x)<9}):u<U{x€X: u(x)<9n}>

n=1

= lim p{z e X :u(x) <6,})

n—oo

= lim O,u(X)=0u(X).

l

To prove the claim for £k =1,...,2", set
. . . 1 k
Iy =< (J1y--y01) 1 Gn=0,1,foralln=1,...,1, Z 27<?
nE{l,eil}: jn=0
and write
L1 k
. _ _ (91) (41)
{xEX'ZQnXEn(z)<921} | U EXVn...nE"".
n=1 (J15--71) €Ik

Since every ¢ € Ny, with £ < k, may be written in a unique way as

Z 21771

ne{l,...,l}: j,=0
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for some (j1,...,41) € I, it follows that
card I, ; = k.

Step 3: It remains to show that (1.28) holds. Indeed, if [a,b) C [0,1] then
from (1.34)
p{zeX:a<u(x)<b})
=p{zreX:ul@) <bPh\p({re X : u(x)<a})
—(b—a)yu(X).

In particular, if b = a then p (v ({a})) = 0, and so since any open set
A C [0,1] is the disjoint union of open intervals, it follows that

i (u (A) = £ (4) p(X)

for any open set A C [0,1]. Since the sets of Borel sets B C [0, 1] for which
(1.28) holds is a o-algebra and it contains all open sets, it follows that (1.28)
holds for every Borel set B C [0, 1].

The next proposition will be used to study well-posedness of functionals
of the form [, f (x,v(z)) dz in Chapter 6.

Proposition 1.92. Let (X, 0, 1) be a measure with p satisfying the finite
subset property. If u: X — [0,00] is a measurable function and if

/ud,u>a
X

for some a > 0, then there exists a nonnegative integrable simple function s
such that 0 < s <w in X, with s <u on {x € X : u(x) > 0}, and

/ sdyp > a.
X

Proof. By Theorem 1.74 and the Lebesgue monotone convergence theorem we
can find a nonnegative simple function § such that 0 < s < wu in X and

/ sdp > a.
X
Write ,
S = Z CnXE,>
n=1
where ¢, > 0 for n = 1,...,f. Without loss of generality, we may assume

that § is integrable. Indeed, if this were not the case then there would exist
n € {1,...,¢} such that u (F,) = co. By Proposition 1.25 we may find a set
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F C Eyp, F''€ M, such that > < p(F) < oo, and it suffices to observe that
the integrable simple function ¢, xr is below v and

/ CnXF dp > .
X

Suppose now that s is integrable. Define
s:=(1-9)35,

where 0 < § < 1 is so small that
(1—5)/ 5dp > o.
X

The function s has the desired properties.

Remark 1.93. In view of Remark 1.19, the previous proposition holds for o-
finite measures.

We conclude this subsection with regularity properties for measurable
functions when the underlying measure is Radon.

Theorem 1.94 (Lusin). Let X be a locally compact Hausdorff space, and let
w* P (X) — [0,00] be a Radon outer measure. Let u : X — R be a measurable
function and let E C X be a p*-measurable set such that pu* (E) < co. Then
for every € > 0 there exists a compact set K C X such that

w(E\K) <e
and u : K — R is continuous.

Remark 1.95. If X is a metric space, then Lusin’s theorem continues to hold
if p* is a Borel regular outer measure, although the set K may be only closed
and not necessarily compact.

Corollary 1.96. Let X be a locally compact Hausdorff space, and let p* :
P(X) — [0,00] be a o-finite Radon outer measure. Let u : X — R be a
measurable function. Then there exists a Borel function v : X — R such that
u=uv for p* a.e. x € X.

Next we present a regularity result for functions integrable with respect
to a Radon measure.

Theorem 1.97 (Vitali-Carathéodory). Let X be a locally compact Haus-
dorff space, and let i : B(X) — [0,00] be a Radon measure. If u: X — R is
an integrable function and € > 0, then there exist v, w: X — R such that

v(z) <u(z) <w(z)

for p a.e. x € X, v is upper semicontinuous and bounded above, w is lower
semicontinuous and bounded below, and

/X(w—v)d,uge.
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1.1.4 Comparison Between Measures

Given a measure space (X,9, ) and a measurable function u : X — [0, 00},
we define

v(E):= /Eudu, Een. (1.36)

Then v is a measure and v (E) = 0 whenever p (E) = 0. The measure v is
said to be absolutely continuous with respect to p. More generally, we have
the following definition.

Definition 1.98. Let (X, M) be a measurable space and let p, v : M — [0, o0
be two measures.

(i) u, v are said to be mutually singular, and we write v L p, if there exist
two disjoint sets X, X, € M such that X = X, U X, and for every
E € M we have

p(E)=p(ENX,), vE)=v(EnX,).

(ii) v is said to be absolutely continuous with respect to p, and we write
v K, if for every E € M with p (E) = 0 we have v (E) = 0.

(#ii) v is said to be diffuse with respect to p if for every set E € 9 with
u(E) < oo we have v (E) = 0.

The term absolute continuity comes from the fact that if v is finite then
v < p if and only if

lim v(E)=0.
n(E)—0

More precisely, we have the following result.

Proposition 1.99. Let (X,9M) be a measurable space and let p, v : M —
[0,00] be two measures with v finite. Then v is absolutely continuous with
respect to p if and only if for every € > 0 there exists d > 0 such that

v(E)<e (1.37)
for every measurable set E C X with pu(E) < 6.

Proof. If (1.37) holds and if E € 9 is such that p (E) = 0, then necessarily
v(E) < e for all € > 0, so that v (E) = 0. Thus v < p.

Conversely, assume by contradiction that ¥ < p and that (1.37) fails.
Then we can find € > 0 and a sequence {E,,} C 9 such that u (E,) < 5 and

< o
v(E,) > €. Define
Fpi=J En, F:=[)F
n=~k k=1

Then
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(oo}

1 1
p(F) Sp(F) <) on =503 = 0
n==k

as k — 0o. On the other hand, since v is finite, by Proposition 1.7(ii),

v(F)= lim v (Fy) >,

k—oo

which contradicts the fact v < p.

Ezxample 1.100. If v is not finite then condition (1.37) still implies that v < p,
but the converse does not hold in general. To see this, let X = (0,1), M
= B((0,1)), take u to be the Lebesgue measure, and

v(E) ::/ldx, Een.
EX

Then v < u but (1.37) fails.

It turns out that (1.36) gives a complete characterization of all measures
v absolutely continuous with respect to p if p is o-finite (see the Radon—
Nikodym theorem below).

Theorem 1.101 (Radon—Nikodym, I). Let (X,9) be a measurable space
and let p, v : M — [0, 00] be two measures, with y o-finite and v absolutely
continuous with respect to p. Then there exists a measurable function u : X —

[0, 00] such that
v(E) :/ wdp
E

for every E € 9. The function u is unique up to a set of u measure zero.

The function u is called the Radon—Nikodym derivative of v with respect
to u, and we write u = g—”.

The proof of this theorem is hinged on the following two lemmas.

Lemma 1.102. Let (X, M) be a measurable space and let p, v : MM — [0, 00]
be two measures. For every E € M define

Vae (E) := sup {/Eudu s u: X — [0,00] measurable, (1.38)
/ udpy <v(E'") foradl E' CE,E € ,‘JJT} )

Then vqe is a measure, with v, < u, and for each E € MM the supremum in
the definition of Ve is actually attained by a function u admissible for vy, (E).
Moreover, if v, is o-finite, then u may be chosen independently of the set E.
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Proof. Step 1: We prove that v, is a measure, with v,. < pu. It follows from
(1.38) that v, () = 0. Let {E,} C 9 be a countable collection of pairwise
disjoint sets and let £ := |J;—, E,. Let u : X — [0,00] be a measurable
function such that fE, udp < v (E') for all E' C E, E' € 9. Then for every
n €N,

[ <ot

for all B/ C E,,, E' € M, and so

/ udp = i/ udp < iyac(En).
E n=1 En n=1

Hence taking the supremum over all such u, we obtain

Vac (B) > Vae (En) . (1.39)

Conversely, for each ¢ > 0 and n € N let u,, : X — [0,00] be a measurable
function such that fE, Updp < v (E') for all E' C E,, E' € M, and

Vae (En) S / Un d/l, + 27
E

n

Define u:= Y " | X, un. Then for all E/ C E, with E' € M, we have

/udu—Z/EﬁE undu<z (E'NE,) =v(E),

and so for every [ € N,

l l
E:%JEJSE:(/ mﬂu+5)fi/u@+fsVM@»+a
n=1 n=1 En 2n E

Letting | — oo first and then e — 07, and using (1.39), we conclude that v,
is a measure.

From the definition of v, it follows that if £ € 9t and p (E) = 0, then
Vae (E) = 0, which shows that v4. < .

Step 2: We claim that for each E € 9t the supremum in the definition of v,
is actually reached by a measurable function u. Indeed, note first that if u,
v: X — [0, 00] are measurable functions such that

[wdnsv®). [ odn<ve)

for all ' C E, E' € 9M, then max {u,v} satisfies the same property, since



58 1 Measures

max {u,v} du = / wdp + / vdp (1.40)
E'n{u>v} E'n{u<v}

<v(EN{u>v})+v(E N{u<ov})
=v(E").

E’

Hence we can find an increasing sequence of measurable functions u, : X —
[0, 00] such that

lim Up dpt = Vge (E)

n—oo E

and [, undp < v (E') for all E' C E, E' € M. Define u := lim;, o tp. By
the Lebesgue monotone convergence theorem we have

/Euduz Vac (E) .

Step 3: Suppose first that v, is finite, and let u be a function obtained in
Step 2 for the set X. We claim that

Vae (E):/Eud,u (1.41)

for any set F € 9. Since u is admissible for X, we have that fE, udp <v(E')
for all £/ € 9. Hence

Vae (E)Z/ud,u.
E

If this inequality were strict for some E € 9, then we could find a function v
admissible for v, (E) such that

/vdu>/ud,u. (1.42)
E E

_ v Jv(z) forzx e ENn{v>u},
u(w) = { u(x) e(fsewhere.

Define

Then @ is admissible for v,. (X), and so

VaC(X)Z/ﬂdu:/ udu—i—/ (v—u) d,u>/ud,u7
X X En{v>u} X

where we have used (1.42) and the fact that [ udu < oo, since v is finite.
We have reached a contradiction.
If v, is o-finite then we may decompose X as

X:DXn,

n=1
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where v, (X,,) and the sets X, are disjoint. For each n € N choose a function

Uy, admissible for v,. (X;,) for which (1.41) holds with wu,, in place of u and
for every measurable subset of X,,. The function

)
wi= Y XX, Un
n=1

has the desired property.

Lemma 1.103. Let (X,9M) be a measurable space and let u, v : M — [0, 00)
be two finite measures. For every E € I define

(v—pw)" (E):=sup{v(E)—pu(E"): E'C E,E' eM}. (1.43)
Then (v — M)Jr is a measure, and for every E € MM we have
(v—p)t (E) =sup {y (EY—u(E'): EECE,E' e, (u—v)" (E') = 0} .
Proof. Step 1: We begin by showing that (v — y)* is a measure. Since

(=) (@) =v(®)—pu®) =0

we have (v —p)* (E) > 0 for all E € M. Let {E,} C 9M be a countable
collection of pairwise disjoint sets and let E := |J,_ | E,. Fix ¢ > 0 and let
E!, C E, E], € M, be such that

v(E) = p(B) = (v =) (Ba) — o

Then by (1.43),

Letting ¢ — 0T we conclude that
=" (B)=> (v—w" (En).
n=1
Conversely, for any E' C E, E' € M, let E/, := E' N E,,. Then

v(E) = u(E) =) W(E) - pEI <Y (v=—p)" (B,

n=1 n=1
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and taking the supremum over all such E’ we obtain
oo
= E) <> (- (B,
n=1

and this establishes that (v — p)" is a measure.

Step 2: To verify the second part of the statement it suffices to show that
for B’ € M with (u —v)* (E') > 0 there exists E” ¢ E', E” € 9, such that
(n—v)T (E") =0 and

v(E") = p(E") Zv(E") = n(E').

We proceed by induction. By (1.43) and the fact that (u — v)" (E’) > 0 there
exists EY C E', E{ € 9, such that

p(BY) v (BY) 20, p(BY)—v(B)>(u—v)" (E) -1 (1.44)
Setting E] := E’\ EY, by (1.44); we obtain
v(EY) — (B = v(E) — p(E") + p(EY) —v (BY) 2 v(E) — n(E"),
and since by Step 1 (1 — 1) is a measure, by definition of (1 — )" we have
(w=v)" (BY) = (u—v)" (E') = (n—v)" (EY)
< (n—v)"(E) = (u(EY) — v (BEY)) <1,

where in the last inequality we have used (1.44)s. Recursively, suppose now
that E/_, C E' has been selected such that E/,_; € 9, and

1
n—1"

v (E;kl) — K (Eilfl) >v(E) —p(E), (u-— V)+ (E;LA) <

If (n—v)" (E/_,) =0, then we may take E” := E/,_. If (u— v)* (E_y) >

0, then by (1.43) there exists E} C E/,_,, E!! € 9, such that

n—1»
n () v (B) 20, (B v () > (= 0)* (Bp) — -

Setting E!, := E!,_, \ E/! one can show exactly as before that

v(Ey) = p(E) 2 v(E) = p(E), (p-v)"(B,)<

s |-

Define E” := (2, EJ,. Since p, v, and (u—v)" are finite measures, by
Proposition 1.7(ii) we may let n — oo in the previous inequalities to obtain

v(E") = p(B") 2v(E) —p(E), (n—v)"(E")=0.

This concludes the proof.
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We are now ready to prove the Radon-Nikodym theorem.

Proof (Radon—Nikodym theorem I). The proof is divided into several steps.

Step 1: Assume that g and v are finite measures. In view of Lemma 1.102,
let w be a measurable function that realizes v, (X), that is,

vac(X)=/Xudu-

Since v is finite again by Lemma 1.102, we have that

Vac (E) = /Eudu

for all £ € M.
By the definition of v,. (X) for all E € 9t we obtain that
V' (E):=v(F) - / wdp > 0. (1.45)
E

Then ¢/ is a measure and v’ < p. We claim that v/ = 0. Indeed, if this is not
the case, then there exists Fy € 91 such that

V' (Ey) = v (Ep) —/ wdp > 0.

Ey

Since v/ < p it follows that p (Ep) > 0, and so we can find € > 0 such that
V' (Eo) > ep(Eo). Hence (v —ep)t (Ey) > 0, and by Lemma 1.103 there
exists B}, C Ey, Ej € M, such that

vV (Ey) > en(Ey) . (en—v')" (Bp) =0.
Using again the fact that v’ < u, we have that u (E() > 0. Since
(en — )" (EBp) =0,

it follows that for any E” C E{, with E” € 91, we have that

u(E) </ (B = v (E") - [ udp,
ie.,
/ (u+exm) du<v(E"). (1.46)
Therefore, by (1.45) and (1.46), for any E € 91,

/ (u+exe,) d,u:/ ud/Hr/ (u+exg,) du
E E\E} ENE

<v(E\E)+v(ENE,) =v(E).
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This implies that u + exg; is an admissible function for v, (X), and thus

Vac(X)Z/)((U+EXE6) du=/Xudu+€M(E6)
= Vac (X) +ep (Ep) .-

Since vg. (X) < oo and p (E)) > 0, we have reached a contradiction, and the
claim that v’ = 0 is proved.
To prove uniqueness, assume that there exists another measurable function

v: X — [0, 00] such that
V(E):/ vdp
E

for every E € 9. Note that both u and v have finite integrals since v is finite.
As in (1.40), one can show that

v(E)= /Emax {u,v} dp

for every E € 91, and so

/X e {u, v} — u] dyi = /X fmax {u, v} — o] dpt = 0,

which implies that max {u, v} (z) = u(z) = v (z) for p a.e. z € X.

Step 2: Assume next that p is finite and v o-finite. Consider a sequence of
disjoint measurable sets X,, such that

and v (X,,) < co. Applying Step 1 to the measures u|X,, and v|X,,, we can
find a unique sequence of measurable functions u,, : X — [0, co] such that for
all £ € 9,

V(EﬁXn):/ Up, Ao
ENX,

Let
oo
U= Z XX, Un-
n=1

Then for all £ € 9,

n=1 n=1 n n=1 n

The uniqueness of u follows from the uniqueness of wu,,.
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Step 3: Assume that p is finite and v arbitrary. Without loss of generality
we may assume that v (X) = co. Let

T:=sup{u(E): E€M, v(E) < occ}.

Note that T' < oo since pu (X) < co. Find a sequence of increasing sets E,,
E, € M, with v (E,) < oo, such that

lim p(E,)="T.

n—oo

Define -
E, = U E,.
n=1

Then
M(EU) = lim M(En) =T.
n—oo

Note that v : M| E, — [0,00] is o-finite by construction, and so by the
previous step there exists a unique measurable function u, : E, — [0, ]
such that

V(E):/Eugdu (1.47)

for every E € M| E,. We claim that v : M| X \ E, — [0, o0] takes values only
in {0,00} (hence it does not have the finite subset property). Indeed, if there
exists F' C X \ E,, F € M, such that

0<v(F) < oo,
then p (F) > 0 (since v < p) and so
T=p(Ey) <p(Es)+pu(F)=pn(E;UF), (1.48)

and since E, U F' is admissible in the definition of T' we arrive at a contra-
diction. Note also that if u(F) > 0 for some F C X \ E,, F € 9, then
v (F) = oo. Indeed, if v (F) < oo, then again E, U F' is admissible in the
definition of T, and the same argument as in (1.48) leads to a contradiction.

Define
(@) = ug (x) if x € By,
A ifxe X\ E,.

We claim that the function u has the desired properties. Let E € 9. If
w(EN(X\ E,)) >0, then, as we just showed, v (E N (X \ Ey)) = oo, and so
since u =00 on EN (X \ E,), we get

oo:V(E):/Igudu.

If u(EN(X\E,)) =0, then FE is contained in E, up to a set of u measure
zero (and hence of v measure zero, since v < ), and so the claim follows
from (1.47).
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Finally, to prove uniqueness let v : X — [0,00] be another measurable

function such that
v(E) = / vdp
E

for every E € 9. By uniqueness in the set E, (see Step 2) we have v (x) =
Uy (z) for p a.e. © € E,. Thus it suffices to show that v (z) = oo for u a.e.
xe X\ E;.

Assume that there exists a set F C X \ E,, F' € M, such that u (F) >0
and v < co on F. Then, as shown before, v (F') = co. Let

F,={xeF:v(z)<n}.
Since F,, C F,,41 and F =J,2_, F,,, we must have

lim p(F,) = p(F) >0,

n—oo

and so p (F,) > 0 for all n sufficiently large, say n > ng. But then v (F,,) = oo,
which is a contradiction since

o0 =v(Fy,) = / vdpu < nop (Fny) < 00.
Fug
This completes the proof of this step.

Step 4: In the general case in which p is o-finite and v arbitrary, consider a
sequence of disjoint measurable sets X,, such that

o0
X = L_Jl X,

and p (X,,) < 0o. We now proceed exactly as in Step 2, with the only difference
that we apply Step 3 in place of Step 1.

Remark 1.104. Under the hypotheses of the Radon—Nikodym theorem, it can
be shown that v = v,.. Indeed, we know that

v(E) :/Eudu

for every E € 9 and for some measurable function v : X — [0, 00], and so u
is admissible for v,. (E). Hence

V(E) > vee (E) Z/Eud,u:V(E),

where the first inequality always holds in view of the definition of 4.

Exercise 1.105. Note that the Radon—Nikodym theorem fails in general
without some hypotheses on . This is illustrated in the next two exercises.
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(i) Let X be an uncountable set and let 9t be the family of all sets £ C X
such that either F or its complement is countable. For every E € 991 define

card F if F is finite,
o0 otherwise,

u(E)={

and

0 if F is countable,
v(E) = { 0o otherwise.

Show that v < p but the Radon—Nikodym theorem fails.

(i) Let X =[0,1], let 9t := B ([0, 1]), and let p, v be respectively the counting
measure and the Lebesgue measure £!. Prove that v is finite, v < p, but
the Radon—Nikodym theorem fails.

To extend the Radon-Nikodym theorem to non-o-finite measures we in-
troduce the concept of supremum of a family of measurable functions:

Definition 1.106. Let (X, 0, 11) be a measure space and let F = {uq},c; be
a family of measurable functions u, : X — [—00,00]. A measurable function
ug : X — [—00,00] is called the essential supremum function of the family F

if

(i) up (x) > uq (x) for every a € J and for p a.e. x € X;
(i) if u: X — [—00,00] is a measurable function such that u (x) > uq () for
every o € J and for p a.e. x € X, then u(x) > ug (z) for p a.e. x € X.

In an analogous way we can define the essential infimum function of the
family F.

Remark 1.107. (i) Condition (ii) in Definition 1.106 is actually local in the
sense that if u : X — [—00, 00] is a measurable function such that

u(x) > ug (x)

for every a € J and for p a.e. x in a measurable subset E C X, then for
uae x ek
u(x) > ug (x).

To see this, it suffices to apply property (ii) in Definition 1.106 to the
function
v (@) = u(z) fxekE,
T \ug(z)ifxe X\ E.

(ii) In the special case in which the family F consists of characteristic func-
tions, that is,
‘7: = {XEa}aeja EOt E m?

then ug : X — {0,1}, i.e., ug = xg,, where
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Ey:={zx e X: u(x)=1}.

Indeed, by property (i) in Definition 1.106 we have that ug () > 0 for u
a.e. x € X. Now let

Uy = XEq-
Then 1y < up, and for fixed o let X, be such that p (X \ X,) = 0 and
for every x € X,
up (z) = u

Ua ().
Let z € X4 If ug (x) = 1, then ug () > 1 = 7o (x), and if u, (x) = 0,
then obviously Ty () > uq (z). Hence g (z) > u, (2) for all z € X,,, and
so by property (ii) in Definition 1.106 we deduce that @ (z) > ug (z) for
w a.e. x € X. This shows that

(z

uo () = X8, (2)

for p ae. x € X.

The set Ejy is called the essential union of the family of sets {Eq} ¢ ;-

Next we prove the existence of the essential supremum function of a family
F of measurable functions for o-finite measures.

Theorem 1.108. Let (X, M, 1) be a measure space, with p a o-finite mea-
sure, and consider a family F = {ua},c; of measurable functions uy : X —
[—00,00]. Then there exists a countable set Iy C J such that the measurable
function ug : X — [—o00,00] defined by

ug (x) := sup uq (z), z€X, (1.49)
acly

is the essential supremum of F.

Proof. If the set of indices J is countable, then it suffices to take Iy := J. The
function wug is measurable and satisfies properties (i) and (ii) of Definition
1.106.

If J is uncountable, then assume, without loss of generality, that p is finite.

Extend arctan to [—oo, co] by setting arctan (—oc) := —F and arctanoco := §
and set
t :=sup {/ arctan (Sup ua> dp:ICJ, I countable} . (1.50)
X ael

Note that ¢t < T (X). For every n € N we may find a countable set I,, C J
such that

1
t < / arctan (sup ua> dp+ —. (1.51)
D' n

acl,
Set
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Io:= U I,
n=1

and define ug as in (1.49). Property (ii) of Definition 1.106 is satisfied. To
prove (i) of Definition 1.106 note that by (1.50) and (1.51), for each n € N,

1
t——< arctan | sup u, | du < arctan (ug) dp < t,
n X acl, X

and therefore

/ arctan (ug) du = t.
X

On the other hand, for every § € J,

t:/ arctan (ug) dp S/ arctan (max {ug, ug}) dp
b's X

g/ arctan sup  uq | dp <t,
D'e aclyU{B}

where we have used again (1.50). Since all inequalities are identities, this
implies that for p a.e. z € X,

uo () = ug (x) .
This concludes the proof.

Definition 1.109. Let (X, 9, u) be a measure space. The measure p is said
to be localizable if any family of measurable sets admits an essential union.

Next we show that if a measure is localizable, then the existence of the
essential supremum holds not only for families of characteristic functions,
but for any family of measurable functions. Note that since by the previous
theorem a o-finite measure is localizable, the proposition below generalizes
Theorem 1.108.

Proposition 1.110. Let (X, 9, u) be a measure space with u localizable.
Then any family F = {ua},e; of measurable functions uq @ X — [—00,00]
admits an essential supremum.

Proof. Define E,, = {z € X : uy () >r} with r € Q, and let E, be the

essential union of the family {F, .}, ;. Set

uo (z) := sup {w, () : r € Q},
where

_Jr ifrz e, B,
wr () = { —00 otherwise.
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We claim that ug is the essential supremum of F. Indeed, for every r € Q and
a € J there exists Ny, € 9 such that g (Nu,r) =0 and E, D Eyp \ Najpr.
Set
N, = U Ny .
reQ

Then N, has measure zero, and we show that ug () > uq (z) if © ¢ N,. If
Uq () = —o00, then there is nothing to prove. Otherwise, let 7 € Q be such
that uq (x) > r. Then « € Ey 4 \ Ny for some ¢ > r, t € Q, and so = € E.
Hence wug () > w, () = r. Given the arbitrariness of r we conclude that
uo () > uq ().

Next let u : X — [—00, 00] be a measurable function such that

u (x) > Ug (37)

for every a € J and for all ¢ M, for some set of measure zero M,. We
claim that u (z) > ug (x) for p. a.e. z € X.
For r € QQ define
F..={zeX:u(x)>r}.

Since F,. D E, , \ My, by definition of essential union there is a set of measure
zero P, such that F,. D E,. \ P,.
Let
P:={JP.
reQ

In order to show that

u(x) > ug () = sup{w, (z): r € Q}

for z ¢ P, note that if ug () = —o0, then there is nothing to prove. Otherwise,
let 7 € Q be such that w, () = r. Then x € E; \ P; for some t > r, and
therefore x € F}, and so

u(r) >t>w, (x).

Hence u (z) > ug (z).
We are now ready to prove an extension of the Radon-Nikodym theorem

that will play a fundamental role in the characterization of the dual of L' (X)
in the next chapter.

Theorem 1.111 (Radon-Nikodym, II). Let (X,9) be a measurable space
and let p, v : M — [0, 00] be two measures, with p localizable and v absolutely
continuous with respect to u and such that

v(E)=sup{v(ENF): FeM u(F)< oo} (1.52)

for all E € M. Then there exists a measurable function u : X — [0,00] such
that
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v(E) :/Eud,u

for every E € 9M. Moreover, if u has the finite subset property, then u is
unique up to a set of u measure zero.

Proof. Let
M :={EeM: pu(E)<oo}.

For every set £ € 9’ we apply the Radon—Nikodym theorem I to obtain a
unique function ug : E — [0, 0o] such that

V(F):/FuEdu

for every F € 9, F C E. Extend ug by zero on X \ E.

Note that by uniqueness, if Ey, Fs € O, then ug, (x) = ug, (z) for u a.e.
x € E1 N Ey, while if By, Ey € M with Ey C Es then ug, (x) =0 for p a.e.
x € Ey\ By, and so ug, (z) <ug, (z) for p ae. z € X.

Let u be the essential supremum of the family {ug : E € 9V} (the function
u exists in view of the previous proposition). We claim that

/udu: sup /uEd,u (1.53)
F Eem' JF

for every F' € 9. Fix F' € 9. By definition of essential supremum we have

/uduz sup /uEd,u.
F Eem' JF

To prove the reverse inequality it suffices to consider the case in which

o := sup /uEdu<oo.
Eem' JF

Consider a sequence {E,} C 9’ such that

a= lim | ug, dyu < oco. (1.54)
n—oo F
Since
ug, <up, for pae reX,
where F, := JI", E; € 9, without loss of generality we may assume that

ug, < ug,,, for pae x € X and for every n € N. Then by the Lebesgue
monotone convergence theorem,

a:/uoodu,
F

where Uoo 1= lim,, o ug, . We show that for all £ € 0,
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Uoo () > up (z) for pae. x €F. (1.55)

By Remark 1.107 (i) this will imply that ue () > u(x) for p a.e. ¢ € F and,

in turn,
a:/uwduz/udu.
F F

It remains to prove (1.55). If (1.55) fails, then there exists F' € 9 | F' C F,
with p (F') > 0 and such that ue < ug in F’ for some E € M. Let

5::/ uEdu—/ Uoo dpt > 0.

By (1.54) we may choose n so large that

e
aS/UEndM-F*-
r 2

Then, since ug, < Uoo,

ag/uEnd,u+E§/ uEnd,qu/ uood,quE
F 2 F\FI F/ 2

</ UEnd,UJF/ up dy
F\F/ !’
= / up,uE dp < a,

F

and we have reached a contradiction.
Thus (1.55), and in turn (1.53), holds, and so for every F € 9,

/udu: sup /uEdu: sup/ up di
F Bem' JF Eem' JFNE

= sup V(FNE)=v(F)
Eenv

by (1.52).

Finally, to prove uniqueness assume that p has the finite subset property
and let v : X — [0, 00] be another measurable function such that

V(E):/Evd,u

for every E € M. By uniqueness in the case that p is finite (see the Radon—
Nikodym theorem I), for every E € I’ we have that v (z) = u (z) for p a.e.
x € E,and sov (z) > ug (z) for pa.e. v € X (since up = 0 on X \ E). By the
properties of the essential supremum it follows that v (x) > u (z) for p a.e.
x € X. Assume that there exists a set F C X, F € 9, such that u (F) > 0
and v > u on F. Let
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F,={ze€F:u(z)<n}.
Since u < oo on F' we have that F = Uf;l F,,, and since F,, C F, 11, then

lim p(F,) = p(F) > 0.

Therefore p (F,,) > 0 for all n sufficiently large, say n > ng. Since p has the
finite subset property there exists F' C F,,,, F’' € 9, such that 0 < p (F') <
oo. But then F’ € 9V, and so we have a contradiction since on sets of 9t
there is uniqueness.

Remark 1.112. Note that if p is finite or o-finite, then in view of Proposition
1.110, u is localizable, it has the finite subset property, and condition (1.52)
holds. Thus the previous theorem is a genuine extension of Theorem 1.101.

The Radon—Nikodym theorem allows us to express v in terms of u when
v < p. In the general case, when v and p are not related a priori, De Giorgi’s
theorem (see below) allows us to write v as the sum of three mutually singular
measures
V = Vg + Vs + Vd,

where v, is introduced in Lemma 1.102, and v, and vy are defined in the
next lemma.

Lemma 1.113. Let (X,9M) be a measurable space and let i, v : M — [0, o0
be two measures. For every E € M define

vs (E) :=sup{v(E'): E' CE,E' e M, pn(E") =0}, (1.56)
vy (E) := sup {V(E') : B C E,E" € M such that (1.57)
for all B" C E', with E" € M and v (E") > 0, u(E") = oo}.

Then vs and vq are measures, vq is diffuse with respect to p, and for each
E € M the suprema in the definition of vs and vq are actually attained by
measurable sets.

Moreover, if vs is o-finite then there exists a set Xy € M such that

w(Xs)=0=v4(Xs) and vs(E)=v(ENXy)
for all E € M. In particular, vs L p and vy L vy.

Proof. To see that v is a measure and that the supremum in the definition
of v, is attained, it suffices to observe that for every E € 90,

vs (E) =sup{v(ENF): FeN},

where M := {F € M : p(F) = 0}. Since N is closed under finite unions and
contains (), we are in a position to apply Lemma 1.23 (with v, in place of uq).
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The same reasoning applies to vy, since for every E € 90,
vg(E)=sup{v(ENF): FeMNy},
where now
N:={FeM: forall G C Fwith GeMand v (G) >0, 4 (G) =},

which is closed under finite unions and contains (.

It follows from (1.57) that v, is diffuse with respect to p.

To address the singularity of v; with respect to v4 and p, we assume first
that vy is finite. Choose X, € 991 such that

ve (X) = v (Xs) (1.58)

and p(Xs) = 0. Given a set E € M, let E;, € M, E;, C E, be such that
vs (E) = v(Es) and p(Es) = 0. We observe that v (Es\ X5) = 0, or else,
since Es U X is admissible for v, (X) and v is finite, we would have

vs (X) > v(EsUX) =v(Xs) +v(Es \ Xs) > v (Xs),

and this contradicts (1.58). Therefore using (1.56) and the fact that p (X,)=0,
we have

vs (B)=v(EsNXs) <v(ENX;) <vs (FNX;) <vs(E).

The fact that v4 (X) = 0 follows from the fact that u (Xs) = 0.
The case that v is o-finite is straightforward.

Theorem 1.114 (De Giorgi). Let (X, M) be a measurable space and let p,
v:9M — [0,00] be two measures. Then vs, vy, Vq are measures and

V="Vs+ Vge + Vg

with Ve < p and vy diffuse with respect to p. Moreover, if v is o-finite, then
these three measures are mutually singular and vs 1 p.

A particular setting of De Giorgi’s theorem addresses the case in which p
is o-finite, and thus v4 = 0.

Theorem 1.115 (Lebesgue decomposition theorem). Let (X,9M) be a
measurable space and let p, v : M — [0, 00] be two measures, with p o-finite.
Then

V=V + Vs (1.59)

with Vee < . Moreover, if v is o-finite, then vs L p and the decomposition
(1.59) is unique, that is, if
V="Vg + Vs,

for some measures Uy, Vg, with Uge < p and s L pu, then

Vge = Uge and Vs = Vs,
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When it is important to highlight the underlying measure p, we write
(1.59) as
V= Vgep + Vs (1.60)

Proof. In view of Lemmas 1.102 and 1.113, v,. and v, are measures.

Step 1: We claim that v = v, +v,. Fix E € M and let B, € M, E; C E, be
such that p (E,) = 0 and vs (E) = v (Es) (see Lemma 1.113). If v (E;) = o0
then (1.59) is satisfied when evaluated at E.

Suppose now that v (Es) < oco. We claim that v| E \ E, is absolutely
continuous with respect to u| E\ Es. Indeed, let F' € 9t be such that
w(FN(E\Es)) =0. By replacing F with FN(E \ Es), without loss of gener-
ality, we may assume that F C E\ E;. If v (F) > 0, then E; U F is admissible
in the definition of v, (E), and so

oo>vs (E)=v(Es) >v(EsUF) =v(Es)+v(F) >v(Es),

and we have reached a contradiction. Therefore v (F') = 0, and the claim is
proved.

Hence the finite measure v|(E \ Fs) is absolutely continuous with respect
to u| (E '\ Es), and thus by Remark 1.104 we have that

V(E\Es) = (vV[(E\ E)) (E\ Es) = (v[(E\ Ey)), (E'\ Es)
= Vac (E \ Es) = Vac (E)a

where in the last equality we have used the fact that u (Ey) = 0 and v, < p.
Hence
Vv(E)=v(E\ Es)+v(Es) =va (E)+vs (E).

Step 2: Suppose that v is o-finite. Then by Lemma 1.113 we have vy L pu.
To prove uniqueness of the decomposition, assume that
V= Vae+ Vs =TVqe + Vs, (1.61)
with 7o, < p and 7 L p. Let X3, € 9 be such that
w(Xz,)=0 and 7, (E)=7s(FNXz,) (1.62)

for every E € 9. Then by (1.61), v| X \ X5, = Tge| X \ Xv., which is
absolutely continuous with respect to p, and so by Remark 1.104 and (1.62)1,
for every E € 91 we have

Vae (B) = Ve (E \ Xp,) = (Vac| X \ Xz.) (E) = (’/L(X \ XFS)) (E)
= W(E\ X7,))4. (BE) = vac (B \ X3,) = Vac (E).

Hence T4e = Ve, and so in the case that v is finite, it follows from (1.61) that
vs = Ug. If v is o-finite, then by restricting v to X,,, where
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o0
X = U X,, v(X,) <o,
n=1

we conclude that vs| X, = 75| X, for every n, which implies that vy = 7.
Finally, we consider the case that u is not necessarily o-finite.
Proof (De Giorgi’s Theorem). Fix E € 9. We claim that
V(E) = Ve (BE)+vs (E) + vy (E).

It suffices to prove this equality in the case that the right-hand side is finite.
We are then in a setting in which v,. and v, are finite measures, and so we
may apply Lemmas 1.102 and 1.113 to ensure the existence of a measurable
function v : E — [0,00] and Es; C E, with E, € 9 and p (E;) = 0, such that

Vae (E) = /, udu, vs(E")=v(E' NE;)), (1.63)

for every E/ C E, E' € M. Since p(Fs) = 0 it follows from (1.57) that
vq (Es) = 0. Define

> 1
E,. = E,, E,:= E\E;: > —p.
nL:JI {x € E\ u (z) n}

Since E,. C E '\ Es, by (1.63)2 we have that v (E,.) = 0. By the definition
of E, and (1.63); it follows that
1
EM(EH) < / wdp = vge (Fp) < Vae (F) < 00,
E’Vl

and thus vy (E..) = 0 by (1.57). Moreover, by the Lebesgue decomposition
theorem we have that

v (Eac) = Vae (Eac)a
and in turn, v (Fae) = Vae (E). To conclude, we write
v(E) =v(Eu) +v(Es) + v (E\ (B U Ey))
=Vae (B)+vs (E)+v(E\ (Eac UEy)),

and it suffices to prove that
V(E\ (Eue UES)) =14 (E).

We have
Vi (E) =vq(E\ (Epe UE)) <v(E\ (EacUEy)).

If the inequality were strict, then in view of the definition of v4 there would
exist ' C B\ (Eqc UEs), F € M, with v(F) > 0 and g (F) < co. Invoking
once again the Lebesgue decomposition theorem, this would imply that

V(F) = Vae (F)+vs (F) =0,

and we have reached a contradiction.
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Corollary 1.116. Let (X,9) be a measurable space and let p, v, v : M —
[0, 00] be o-finite measures, with p L v. Then

V = Vacyu + Vac,w + Vs, utvs
where we are using the notation introduced in (1.60).
Proof. By the Lebesgue decomposition theorem write
V = Vac,putv + Vs, ptus (1.64)

and find X, € 9 such that for all £ € M,

(n+0)(E) = (p+0) (ENXyto), (1.65)
Vs pto (B) = Vs pto (BN (X \ Xpto)) - (1.66)

Note that by (1.64) and (1.65),
VI_(X \ X;H-U) = Vs,u+v |_(X \ Xu-‘rv) : (167)

Let X,, € 9t be such that for all £ € 90,
p(E)=pENX,), v(E)=v(EN(X\X,). (1.68)

Since by (1.65), p| (X \ Xutv) = v[(X \ Xy40) = 0, we deduce that, also
from (1.68),

p(B)=p(ENX,NXyp), v(E)=0v(EN X\ X)) (1.69)
for all E € M. We have
v(E)=v(ENX,NX,t0) +V(EN (X0 \ Xp)) +V(EN (X \ Xpto)) -
If p(E) = 0 for some E € M with £ C X, N X4, then by (1.68()1"7\7(\7)6)3
have (1 + v) (E) = 0; hence vq¢ it (E) = 0. On the other hand, by (1.66),

Vs utv (E) = 0, and due to (1.64) we conclude that v (F) = 0. With this we
have shown that v[(X, N X,4,) < i, and so for all £ € M,

v(ENX,NXp40) =Vaeu (ENX,NX 4. (1.71)
In turn, by (1.69); we get that for all E € I,
Vacu (BN Xy N Xyto) = Vacu (E)
and hence by (1.71), for all E € 91,
V(ENX,NXut0) = Vacyu (E). (1.72)

Similarly, using (1.69); and (1.66), we have that v[ (X4, \ X,) < v, yielding
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v(EN (Xu+v \Xu)) = Vacw (E) (1.73)

for all E € M, where we have used (1.69)2. We conclude by observing that by
(1.70), (1.72), (1.73), (1.66), and (1.67),

V(E)=v(ENXuNXpwo) + v (EN (KXo \ Xp)) + Vs o (B Xpgo)
= Vac,u (E) + Vacw (E) + Vs, pto (E)

for all £ € 9, which is the desired result.

We conclude this subsection by discussing the Radon—Nikodym theorem
for finitely additive measures. The next example shows that the Radon—
Nikodym theorem does not hold in general for finitely additive measures.

Ezample 1.117. Let X = [0, 1], let 9 be the o-algebra of all Lebesgue measur-
able sets of [0,1], and let v be a nontrivial purely finitely additive measure v
(for the existence of v we refer to Example 2.45) with v absolutely continuous
with respect to the Lebesgue measure £'. Then £! < (£ + v), and so if the
Radon—-Nikodym theorem were to hold, we could find a measurable function
u : [0,1] — [0, o0] such that

Ll(E):/Eud(ﬁl—I—u):/Eudﬁl—&—/Eudu (1.74)

for all E € 9. Note that 0 < u(x) <1 for £ a.e. € [0,1] and, in turn, for
vae. z € [0,1]. Hence

v (E) ::/EudV§ v(E)

for all £ € 9, and since v is purely finitely additive, then so must be wv.
From (1.74) and the uniqueness of the decomposition in the Hewitt—Yosida
theorem, it follows that v = 0. Again by (1.74) this implies that u (z) = 1 for
L' a.e. x € [0,1] and, in turn, for v a.e. z € [0, 1]. Therefore v = v = 0, which
is a contradiction.

The next result gives necessary and sufficient conditions for the validity of
the Radon—Nikodym theorem for finitely additive measures. Since this result
will not be used in the remainder of the book we omit its proof, which may
be found in [May79].

Theorem 1.118. Let X be a nonempty set, let M C P (X) be an algebra,
and let p, v : M — [0,00) be two finite finitely additive measures. Then there
exists an integrable function u : X — [0, 00] such that

v(E) :/ udu
E
for all E € M if and only if
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(i) for every e > 0 there exists 6 > 0 such that v (E) < ¢ for all E € 9 with
n(E) <6;
(i) for all € > 0 there exists E. € MM, with (X \ E¢) < €, such that

V(El) / / /
sup cECELE eMu(E) >0 < oo,
i #E)

and for all m > 0 there is § > 0 such that for oll E C E., E € 9, there
exists F C E, F € M, such that u(F) > éu (E) and

V(E/) / / / }
sup cECF,E eMu(E)>0;<n.
{M(E') u(f) !

1.1.5 Product Spaces

Given two measurable spaces (X,9) and (Y,91) we denote by 9t @ M C
P (X xY) the smallest o-algebra that contains all sets of the form F x F,
where E € 9, F' € N. The o-algebra 9 @ N is called the product o-algebra
of M and .

Exercise 1.119. Let X and Y be topological spaces and let B (X) and B (Y)
be their respective Borel o-algebras. Prove that

B(X)eB(Y)CB(XxY).

Show also that if X and Y are separable metric spaces, then
B(X)@B(Y)=B(XxY),

so that in particular, B (RY) = B(R) ® ... ® B (R).

Let (X,9, 1) and (Y, 91, v) be two measure spaces. For every F € X x Y
define

(uxv)* (E) :=inf {Z w(Fo)v(Gy): {F,} CcMm, {G,} M, (1.75)
n=1

E C [j(anGn)}7

n=1

where we define p(F,)v(G,,) := 0 whenever u(F,) =0 or v(G,) = 0.

By Proposition 1.32, (u x v)* : P (X) — [0, 0] is an outer measure, and it
is called the product outer measure of 1 and v. By Carathéodory’s theorem, the
restriction of (1 X v)" to the o-algebra 9 x N of (u x v)"-measurable sets is a
complete measure, denoted by u X v and called the product measure of u and v.

Note that 9t x O is, in general, larger than the product o-algebra 99T ® 1.

Theorem 1.120. Let (X, M, u) and (Y,N,v) be two measure spaces.
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(i) If F € MM and G € N, then F x G is (u x v)*-measurable and
(1 ) (F x G) = u (F) v (G)

(i1) if u and v are complete and E has o-finite p X v measure, then for u a.e.
x € X the section
E,={yeY: (z,y) € E}

belongs to the o-algebra N, and for v a.e. y € Y the section
Ey={zreX: (z,y) € E}

belongs to the o-algebra M. Moreover,

(ux ) (8)= |

Y

p(B) dv () = [ v(E) dute).
X
The previous result is a particular case of Tonelli’s theorem in the case
that u = xg.

Theorem 1.121 (Tonelli). Let (X, I, u) and (Y, N, v) be two measure spaces.
Assume that p and v are complete and o-finite, and let u: X x Y — [0, 0]
be an M x N measurable function. Then for p a.e. x € X the function
u(x,-) is measurable and the function [, u(-,y) dv(y) is measurable. Sim-
ilarly, for v a.e. y € Y the function u(-,y) is measurable and the function
Jxu(z,-) du(x) is measurable. Moreover,

/Xxyu(x,y)d(uxu)(:c,y)z/x(/yu(m,y) dy(y))dﬂ(m)

—/Y(/Xu(x,y) du(x)>dv(y)—

Remark 1.122. In the case that u : X xY — [0, o0] is M@ measurable, then
Tonelli’s theorem still holds even if the measures p and v are not complete,
and the statements are satisfied for every z € X and y € Y (as opposed to
for 4 a.e. x € X and for v a.e. y €Y).

A simple consequence of Tonelli’s theorem is the following result.

Theorem 1.123. Let (X, 9, 1) be a measure space and let u : X — [0, 00] be
a measurable function. Then

/Xud,u:/ooo,u({x €X:u(x)>t}) dt (1.76)

Proof. If the set {x € X : u(x) > 0} has non-o-finite 1 measure, then at least
one of the sets

1
{xeX:u(m)>}, n €N,
n
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has infinite # measure. Hence p({z € X : u(z) >t}) =ocoforall 0 <t < 1,
which implies that both sides of (1.76) are infinite.
If the set {z € X : u(z) > 0} has o-finite ;» measure, then by replacing p
with
pl{r e X : u(z) >0},

we may assume that p is o-finite. Applying Tonelli’s theorem we obtain
oo o0
| ntexsu@>ma= [ [ xpexumen @ it a
0 0
— [ [ Xtexutnsn @) dtd (@)
x Jo

:/X/Ou(fr) dtdu(x):/xu(l") du (),

The version of Tonelli’s theorem for integrable functions of arbitrary sign
is the well-known Fubini’s theorem:

and the proof is complete.

Theorem 1.124 (Fubini). Let (X, 9, 1) and (Y, N, v) be two measure spaces.
Assume that p and v are complete, and let u: X XY — [—o00,00] be p X v-
integrable. Then for p a.e. x € X the function u(x,-) is v-integrable, and the
function [, u(-,y) dv (y) is p-integrable.

Similarly, for v a.e. y € Y the function u(-,y) is p-integrable, and the
Junction [y u(x,-) du(x) is v-integrable. Moreover,

/Xxyu(x,y)d(uxu)(x,y)Z/X(/Yu(x,y) dy(y))dﬂ(x)

:L(Aw%wwuﬁwwy

Remark 1.125. In the case that u : X X Y — [—00,00] is M ® N measurable,
then Fubini’s theorem still holds even if the measures p and v are not complete.

We present below several examples on the validity of Tonelli’s and Fubini’s
theorems.

Exercise 1.126. (i) This exercise shows that the o-finiteness of  and v is
not a necessary condition. Let X = N and let 4 be the counting measure.
Let (Y,91,v) be any measure space with v complete but not necessarily
o-finite. Prove that Fubini’s and Tonelli’s theorems continue to hold.

(ii) This exercise shows that without some condition on the measures p and
v, Fubini’s and Tonelli’s theorems may fail in general. Let X =Y = [0, 1],
let MM =N = B([0,1]), let u be the Lebesgue measure, and let v be the
counting measure. Note that v is not o-finite. Show that the diagonal
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D :={(z,z): z €[0,1]}

belongs to M @ N but

/uwwww¢/uw>ww
Y X

(iii) This exercise shows that Fubini’s theorem may fail without integrability.
Let X =Y =N, let M = N = P(N), and let x = v be the counting
measure. Consider the function

1 ifn=1,
u(n,d):=¢ —1lifl=n+1,
0 otherwise.

Prove that

/x(/y (xy)d”())d“ :ii (n,0) =1

:/Y(/Xu(x,y) du(x))du(y)-

(iv) Finally, without the hypothesis that u is an 9T x 9t measurable function,
Fubini’s and Tonelli’s theorems fail. Let X =Y be the set of all ordinals
less than or equal to the first uncountable ordinal wy, let 9t = 9 be the
o-algebra consisting of all countable sets and their complements, and for
every F' € 901 define

1 if F is countable,
0 otherwise.

u(F) = (F) = {

Let £ = {(z,y) € X xY : z < y}. Prove that the sections F, and E,
are measurable, but

| u®) arw)# [ (@) duta)

Remark 1.127. Fubini’s theorem fails for finitely additive measures. See The-
orem 3.3 in [He-Yo52].

Next we extend Tonelli’'s theorem to the case that pu x v has the finite
subset property. We begin with a preliminary result.

Proposition 1.128. Let (X, M, 1) and (Y, 9, v) be two measure spaces, with
u, v nonzero. If X v has the finite subset property then u, v have the finite
subset property.
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Proof. Assume that p X v has the finite subset property, and let F' € 9 be
such that u (F') = oo. Since v is not zero, there exists G € 9 with v (G) > 0.
Hence (u xv)(F xG) = p(F)v(G) = oo, and by hypothesis there exists
E' e M x N with B/ C F x G such that 0 < (u x v) (E') < oo. Find two
sequences {F,,} C M, {G,} C 91 admissible in the definition of (u x v) (E")
(see (1.75)) such that

0< Y p(Fo)v(Gp) < 0.
n=1

Since -
E'c|J((F.NF)x(G,NG))
n=1
we have
0< (uxv)(E)<Y pn(F,nF)v(G,nG) gz ) < o0,

and so 0 < u (F,, N F) < oo for some n € N. This shows that p has the finite
subset property. A similar proof yields the same conclusion for v.

Remark 1.129. Note that if u, v are o-finite measures, then p x v is also o-finite
(and so in particular it has the finite subset property). Indeed, writing

X = D Xn; Y = [j Y,
n=1 =1

where {X,,} C 9 and {Y;} C 9 are sequences of sets of finite measure, we
have that -
XxY =[] X,xV,
n,l=1
where (u x v) (X, xY)) = pu(X,) v (Y]) < oco.

In view of the previous remark, the following result extends Tonelli’s the-
orem.

Theorem 1.130. Let (X, 9, p) and (Y,MN,v) be two measure spaces, with
© and v complete. Assume that p x v has the finite subset property. Let
u: X XY —[0,00] be an M x N measurable function. If one of the two iter-

ated integrals [y ([ u(z,y) dv(y))dp(z) and [, ([ u(z,y) du(x)) dv (y)
is well-defined and finite, then so is the other, and

/Xxyu(:c,y)d(uxz/)(x,y)=/x(/Yu(g;,y) dy(y))du(x)
=/Y(/Xu<x,y> du(x)>du(y).
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Proof. Assume that the iterated integral

L:z/y</xu(x,y) du(x)) dv (y)

is well-defined and finite. We claim that the set {(z,y) € X x Y : u (z,y) > 0}
has o-finite p x v measure. Indeed, if not, then we can find n € N such that
the set

E, = {(w,y) e X xY:u(zy)> le}

has p X v infinite measure. Since p x v has the finite subset property, by
Proposition 1.25 there exists £/ C E,,, E' € 9 x N, such that
2Ln < (ux v)(E") < oo.

Then, by Fubini’s theorem,

2L<W)(El):1/y</xmf(wvy) du(z)>dl/(y)

n n

< [ ([ vt dn)avts) =z,

which is a contradiction. Hence the set
E:={(z,y) e X xY : u(z,y) >0}

has o-finite ;1 X v measure, and so we may find a sequence {E!,} of pairwise
disjoint sets with E;, € 91 x 9 such that (u x v) (E]) < co and

E = G E!.
n=1

Fix n € N. In view of (1.75) we may find two sequences {F,g")} c m,
{G,(C")} C 9t such that

B, c [j (F0 % G7), iu (F) v (G2 < u xv) (B2 + 1.

Note that if ;L(F,E")) = 0 (respectively V(G,(C")) = 0) for some k € N, then
Tonelli’s theorem holds on measurable subsets of F,g") x Y (respectively X x
G,(C")), since all three integrals reduce to zero. Thus, we may assume that
0 < u(F™), (G < oo for all k € N.

In particular, u| U2, FI™ and v| (U2, G\ are o-finite. Hence we can
apply the classical Tonelli’s theorem to the function wypg: restricted to

(UZL F,ﬁ’”) X (U;ozl G,(Cn)>, and then sum over n.

Remark 1.131. Let (X, 901, 1) be a measure space and let u : X — [0, 00]. If in
place of the standard definition of measurability we assume that =1 (A)NF €
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M for every open set A C [0,00] and for every F € M with u (F) < oo, and

define
/ wdp :zsup{/ wdp : FEW,/L(F)<OO}
X F

then, interpreting iterated integrals in this new way, it is possible to prove a
converse of the previous theorem, namely that if 4 and v are complete and
have the finite subset property, and if Tonelli’s theorem holds, then p x v has
the finite subset property (see [Muk73]). Note that for o-finite measures these
new definitions of measurability and integrability coincide with the classical
ones.

1.1.6 Projection of Measurable Sets

The projection of a Borel set B C R? on the z-axis in general is not a Borel
set but it is Lebesgue measurable. To prove this result we need to introduce
the notion of Suslin sets. One of the major complications in what follows is
the notation. Let

T:={a=(a1,...,a0) EN": n €N} = UNH'

n=1

If « = (a1) € 7 and a7 € N, we write o for a. Also, if & = (a,..., )
and 8 = (61,...,0n), we say that « < S if @y < §; for all 4 = 1,...,n. If
a=(ag,...,a,) € N* and k € N, we define (o, k) := (1, ..,an, k) € N*TL,
Finally, if o« = (aq,...,0p,) € N and k € N, with & < n, we set af, =
(al,...,ak).

Let NN := {f : N — N}. To simplify the notation for every f € NN and
n € N we write f|, for (f(1),...,f(n)) € Z. Hence if f € N and a =
(a1,...,a,) € N?, then f|, < o means that f (i) <a; foralli=1,...,n. If
f, g € N¥ then f < g means that g (i) < f (i) for all i € N.

Definition 1.132. A Suslin scheme on a set X is a function

E:IT—-P(X),

a— E,.
Given a Suslin scheme &, the Suslin set A (€) is defined as
A€ = U NEn=U NEs..rm
FENN k=1 FENY k=1
If F c P(X), a Suslin-F set is any Suslin set A(E), where £ : T — F.

Given a Suslin set A (£), for any o = (a1, ..., a,) € N” we define
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Sa = U ﬂ Ef'k'

fent k=1
fl,<e

If n =1, that is, @ = (ay), we will write S for S®. Note that the sequence
{S™}, cn is increasing and

mazgya (1.77)

n=1

Also, for any o = (a,...,a¢) € N’ the sequence {5}
and

neN 1S 1ncreasing

s = st (1.78)

n=1

Finally, for any g € NN and n € N we define

Sg|" = U ﬂ Ea‘k = U E(al) n E(al,az) Nn...N E(al,...,an)~ (179)
aeEN"™ k=1 aeN™
a<ygl, a<gl,

The sequence {S al, }neN is decreasing and

5= (50, = U N o, (1.50)
n=1 feNNkzl
f<g

We prove that the class of Suslin sets is closed under countable unions and
intersections.

Theorem 1.133. Let X be a nonempty set and let F C P (X) be such that
X € F. Then the class of Suslin-F sets is closed under countable unions and
intersections.

Proof. Let {E(”)} be a sequence of Suslin-F sets, that is,
W [ OE™
W= (.-
FENN k=1
For every g € NN and j € N define

E E {X ifj=1,
gl; = Flg()ng()) *= ) glo) o
E(g(2),...,g(j)) if j > 2.

Then
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U N, = U NEs= U NE o
g€eNN j=1 g€eNN j=2 geNN j=2

o0

U U ﬂE P f(R) = UE(”),

n=1 feNN k=1

where we have used the fact that as g varies in NV the value g (1) ranges
over all of N and we have made the “change of variables” f (k) := g (k — 1),
k:=j— 1. Hence | J°7; E(™ is a Suslin-F set.
Next we show that (), —, E(™) is a Suslin-F set. For every g € NN and
7 € N write j in a unique way as
j =24, (1.81)
where [ € Ny and 7 € N is odd, and define

= gty : (1.82)

Egl, = By g(213).... g(20))

We claim that

LJﬁE%=ﬁfW~ (1.83)

geNN j=1
Indeed, if I € Ny and g € NV, then

(1+1) (I+1)
ﬂ Eg, € () Boy, = [V Ellaihy goi),...giiy) = ﬂ EGq).nw)
7 odd 7 odd

where f; € NV is defined as f; (p) :=g¢ (2l (2p — 1)) for p € N. Hence
~ (1+1) (1+1)
U MNEs, U ﬂ By, =F
g€eNN j=1 fENN k=1
for all I € Ny, which implies that
U ﬂ E,, C ﬂ EUD = ﬂ EM™. (1.84)
geNN j=1 n=1

Conversely, let

weﬂE(’”—ﬂ U &5,

n=1 fcNN k=1

and for each n € N choose f(") € NN such that

T ﬂ ﬂE(ﬁ)>k

n=1k=1
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Using (1.81) we define g € NV as
41
9(j) =g (2'i) = fD (’;) , JEN.
Then for all j € N, again by (1.81), we have

(14+1) (1) _
Te E( A+1) (1), FE+1)(2),.. <L+1)( )) E(g(zll) g(2!3),...,9(2%)) — By,

where we have used (1.82). Hence

Newe U e,

geNN j=1
which, together with (1.84), gives (1.83).

We are now ready to study the measurability of Suslin sets. If (X, 91, 1)
is a measure space and £ : Z — 9, then in general, the Suslin-9 set A (£)
does not belong to 9. However, the next result shows that A (€) belongs to
the o-algebra 91, of all 4*-measurable subsets, where p* is the outer measure
given in Corollary 1.38.

Theorem 1.134. Let (X, 9, 1) be a measure space and let M, be the o-
algebra of all p*-measurable subsets, where pu* : P (X) — [0,00] is the outer
measure

:inf{iu(En): {E,} COM, EC GEn}, EcX.

n=1
Then any Suslin-0,, set belongs to M,,.
Proof. Let A(E) be a Suslin-9M,, set, that is,
= U U Ef\k’
FENY k=1

where £ : T — M,,. In view of Carathéodory’s theorem and Proposition 1.45,
©* is a regular outer measure that coincides with p on 9t and such that
M C M,,. Moreover, for every £ C X,

p (E)=inf{u(F): FeM F D E}. (1.85)

In view of the subadditivity of 11*, to prove that A (£) belongs to 9, it suffices
to show that for any set F* C X,

pr(FNAE) +pm (F\AE)) <y (F).
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Without loss of generality we may assume that p* (F)) < oo. Using (1.85), we
may find G € 9 such that G O F and p* (F) = p(G). Since the sequence
{S™ NG}, oy is increasing, by Proposition 1.43 and (1.77),

W (AE)NG) = lim 1 (S"NG),

and thus for any fixed € > 0 there exists a positive integer n; such that

pr(S™MNG)>u(AE)NG) — 7 (1.86)
Inductively, if (ny,n2,...,n:) € N* have been defined so that
* niy,n2,...,N * ny,na,...,Ng—1 €

pt (S (G 2 g (SO >mG)—27, (1.87)

using the fact that the sequence {S("l’"2"“’"’“”) ﬂG}neN is increasing, by
Proposition 1.43 and (1.78) we have
w* (S(nh"%--w”k) N G) = lim u* (S(7L1»7127~--,71k7”) ) G) ,

n—oo

and so there exists niy1 € N such that

w (S(n17”2x~~7”k+1) N G) > u* (S(n17n27'..7nk) N G) _ ;ﬁ
In this way we obtain a function g € NY defined by g (k) := n;, for k € N.
Corresponding to g we have the sequence of sets {Sg\k }keN defined in (1.79).
Note that since € : T — M, the sets S, belong to M, since they are a
countable union of finite intersections of measurable sets. Using the fact that
59k C 8y, (1.86) and (1.87) yield

1w (Sy, NG) > (Sglk N G)

w
e
> p (A Z?-

i=1

N

Therefore since S gl € M, we obtain
PG =1 (Sg, NG) + 1" (G\Sg,) 2 1w (AE)NG) + 4 (G\ Sy),) —¢

As the sequence {5, }kEN decreases to S, C A () (see (1.80)), the sequence
G\ Sy, increases to G\ Sy D G\ A(£), and so by Proposition 1.43 (or
Proposition 1.7), letting k — oo in the previous inequality gives
P (F) = p* (G) 2 p" (A(E)NG) + ™ (G\ Sy) —
2 pt (AE)NG) +p" (GNA(E)) -
2pt (AE)NF)+p" (FNA(E)) —e,

where we have used the facts that G D F and p* (F) = p(G). Given the
arbitrariness of € and F it follows that A (£) is p*-measurable.
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We now prove the first projection theorem.

Theorem 1.135. Let (X,9M, u) be a measure space and let Y be a complete
separable metric space. Let R be the class of all rectangles F x C, where
F e M and C CY is closed. Then the projection wx (E) of every Suslin-R
set EC X xY on X is a Suslin-0M set. In particular, mx (E) belongs to M,,.

Proof. Since Y is a complete separable metric space we may find a countable
family {y;} C Y dense in Y. Let {U;} be the countable family of closed balls

centered at y; and rational diameter less than %

Since each Uj; is a complete separable space we may cover it with a count-

able family {U;;} of closed balls of rational diameter less than 5. Continuing

this process for each a = (a1,...,a,) € N® we construct a closed ball U,
such that diam U, € Q,

1
diam U, < —,
2"7,

and

Uy C LJlany
k=1

Hence we may write

Xxvy=|J ﬁ (X xUg,). (1.88)

geNN k=1

Let E C X xY be a Suslin-R set. Then there exists a Suslin scheme £ : Z — R
such that

E=AE)=J N (Fs xCn),

fENN k=1

where Fy € M and Cp CY is closed. By (1.88) we have

e=U U ﬁ(Fﬂkx(CﬂkﬂUglk))’

geNN feNN k=1

where we have used the fact that for each & € N,

Fp,xCy, = | (Fg, x (Cp,NTy,))

gENN

since by construction the family {U al, }geNN covers Y.

With a suitable change of indexing we may write

E=J ﬁ (FW xé,ﬂk),

heNN k=1
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where C'y C Y is closed and diam 'y, — 0 as k — oo for every h € NV. By
replacing each C n|, With the closed set

C}L‘k = é}b‘lﬂ...ﬂéh

[

without loss of generality we may assume that C e C h|,» SO that since

Y is complete and diam C’h‘k — 0 as k — oo, the closed set
éh = ﬂ éh|k
k=1

is nonempty if and only if C h|, is nonempty for each k € N.
Moreover, again without loss of generality, we may assume that Fy), is

empty whenever C n|, is empty. Hence if C), is empty then so is

Fh = m Fh|k-’
k=1

and so we may write

x (E) = U wx<FhXC'h)= U ﬁFhlkv

heNN heNN k=1

where 7x : X x Y — X is the projection on X. Thus nx (E) is a Suslin-9
set.
It now follows from Theorem 1.134 that 7x (E) € M,,.

As a corollary of this theorem we can prove the result announced at the
beginning of the subsection.

Theorem 1.136 (Projection). Let (X,9, u) be a measure space and let Y
be a complete separable metric space. Then for every E € M, @ B(Y) the
projection of E on X belongs to IMN,,.

Here 90, is the o-algebra defined in Theorem 1.134.

Proof. Let C be the class of all Suslin-R sets whose complement is still a
Suslin-R set. We claim that this class is a o-algebra. Indeed, if E € C then
(X xY)\ E € C by definition of C. If {E,} C C then E, and (X xY)\ E,
are Suslin-R sets, and so, by Theorem 1.133,

U B and (X xY)\ (U E) = () (X xY)\ Ep)

n=1 n=1 n=1

are still Suslin-R sets. Hence | J,,_; B, € C. Finally, the empty set belongs to
C since both X x Y and () are Suslin-R sets.
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Since C contains all rectangles of the form F' x C, where F' € 9, and C
is closed, it must contain M, ® B(Y'). Hence if £ € M, ® B(Y) then E is a
Suslin-R set, and so by the previous theorem mx (E) is a Suslin-90t set. We
now use Theorem 1.134 to conclude that 7x (E) belongs to 9t,,.

As a direct application of the projection theorem, and of the fact that the
o-algebra of Lebesgue measurable sets in R? is the completion of B (R2), it
follows that if £ C R? is a Borel set, then the projection 7y (E) on the z-axis
is Lebesgue measurable, but not necessarily a Borel set.

1.2 Covering Theorems and Differentiation of Measures
in RY

1.2.1 Covering Theorems in RV

Throughout this subsection we take as ambient space X the Euclidean space
RY, and we present several covering theorems and their applications to the
derivatives of measures.

Definition 1.137. A set F C RY is said to be

(i) star-shaped with respect to a set G C F if F' is star-shaped with respect
to each point of G, i.e., if 0x+ (1 —0)y € F forallz € F, y € G, and
0 €(0,1);
(i) convex if it is star-shaped with respect to itself, i.e., if 0xr+ (1 —0)y € F
forallz, y € F and 0 € (0,1);
(iii) a y-Morse set associated with x, with x € RN and v > 1, if there ewists
r >0 such that
B(z,r) CF C B (x,vr) (1.89)

and F' is star-shaped with respect to B (x,r).

Example 1.138. A regular pentagram is an example of a nonconvex set that
is star-shaped with respect to a ball.
Given a point 2o € RY and a function ¢ : S¥=1 — [0, oc], the set

E = {x0+sx: ze SNt 0§s<<p(a:)}
is star-shaped with respect to xq.

It turns out that if ¢ is sufficiently regular, then E is actually star-shaped
with respect to a ball centered at xg.

Proposition 1.139. Let A C RY be an open, bounded set star-shaped with
respect to a point xg € A. If A is star-shaped with respect to a closed ball
centered at xg, then the function ¢ : SN=1 — [0,00), defined by
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o(x):=sup{s>0:xg+sxc Ay xSV
is a Lipschitz function, i.e., there exists a constant L > 0 such that

lp(z) =@ ()| < Lz —yl
for all z, y € SN—1.
The proof follows from Theorem 4.107.

Exercise 1.140. Prove the converse of the previous proposition, namely that
if A c RY is an open, bounded set star-shaped with respect to a point zg € A
and if the function ¢ is Lipschitz, then the set A is star-shaped with respect
to a closed ball centered at xg.

Remark 1.141. It follows from the above proposition that an open bounded
set star-shaped with respect to a closed ball B (zg,r) may be approximated
from inside by an increasing uncountable family of closed sets star-shaped
with respect to the same ball. Indeed, it suffices to consider

A5={$Q+Sa)‘2l‘ESN_l,OSSSSD(QT)—E},

where 0 < € < r, and where we have used the fact that ¢ > r and is finite in
view of the boundedness of the set A.

Definition 1.142. Given a set E C RN, a family F of nonempty subsets of
RY is said to be a
(i) cover for E if
Ec | F;
FEF
(ii) fine cover for E if for every x € E there exists a subfamily F, C F of
sets containing x such that

inf {diam F : F € F,} =0; (1.90)

(iii) Morse cover for E if there exists v > 1 such that for every x € E there
ezists a y-Morse set F' associated with x and such that F' € F;

(iv) fine Morse cover for E if there exists v > 1 such that for every x € E
there exists a subfamily F, C F of v-Morse sets associated with x for
which (1.90) holds.

Example 1.143. Given a set E C RN, the two families
{B(z,r): 0<r<l,zeE}, {Q(x,r):0<r<l,zekFE}

are fine Morse covers for E. More generally, if C' is any bounded, convex closed
set containing the origin in its interior, then the family

{z+rC:0<r<1l,z€E}

is a fine Morse cover for E.
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We now present the main covering theorem of this subsection.

Theorem 1.144 (Morse covering theorem). Let E C RY and let F be a
family of subsets of RY such that

sup {diam F : F € F} < oo. (1.91)

Assume that F is a Morse cover for E. Then there exist £ = £(y,N) € N
and Fi,...,Fy C F such that each F,, n=1,...,£, is a countable family of

disjoint sets in F and
14
EclJ U F.
n=1FeF,

Lemma 1.145. Let v > 1, 1 < t < 2, and consider x1,...,z, € RY and
I, ..., F, Cc RN such that

(i) F; is a y-Morse set associated with x; for all 1 <i <mn;
(1)) F;NE, £ 0 for all1 <i <n;
(i11) if i < j then x; ¢ F; and diam F; < tdiam Fj;.

Then there exists a constant ¢ = ¢ (v, N) such that n < c.

Proof. By definition of a y-Morse set, for each ¢ = 1,...,n there exists r; > 0
such that
B (z;,7;) C F; C B(x,774) (1.92)

and F; is star-shaped with respect to B (z;,7;).

Step 1: We start by showing that given a v-Morse set F' C RY associated to
some point xg, points of the form Oy + (1 — #) = belong to the interior of F'
whenever 0 < § <1, z € F and y € B (xg,r), with r given in the definition
of a -Morse set.

Without loss of generality we may assume that = = 0, and choose p > 0
such that B (y,p) C B (xzo,r). Then B (0y,0p) C F because if |y — z| < p
then § € B (zo,7), and so z = 0% + (1 — ) 0 € I since F is star-shaped with
respect to B (xg, ).

Step 2: Without loss of generality we may assume that xz,, = 0, and we set
r=r, and F = F,,. We show that if i, j are such that

1

A B
_16’7’

i ]

329%r < |7 < |x;|  and (1.93)

then x; belongs to the interior of Fj}.
In view of (ii), find z € F; N F and write

where by (1.93)1,
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1
y=010-s)z+sz;, s:= ||i || >1, 0:= 3 (1.94)

We claim that y € B (x;,7;). Note that by Step 1 this would entail that z;
belongs to the interior of F; as well.
Since F C B (0,r), by (1.93); we have

16y diam F' < 32+%r < |z,

and thus, using the fact that z, 0 € F and (iii), we deduce that

|z| < diam F' < min { |fgi’|y,2diaij} . (1.95)

Therefore, since |1 — s| = s—1 < s (see (1.94)), by (1.93)—(1.95) and the fact
that x, x; € F; we have

|y—xj:'<1—s>x+|xj (-2

ES e
R TR - B 1
16y 16y 16y
:M_ |z; — x| + |z dlaij <r
8 8y

where in the last inequality we have used (1.92). Hence y € B (z,7;).

Step 3: Given s > 0, using a simple compactness argument it is possible to
establish the existence of the maximum number ng of points on the sphere
SN=1 such that the distance between any two of those points is at least %

Similarly, let ms be the maximum cardinality of any set of points in B (0, 1)
including the origin and such that the distance between any two points of the
set is at least % We claim that

n < Megn3 + Mgy2N16y-
We decompose {1,...,n} as J; U Jo where
Jii={1<i<n: |z <30}, h={1<i<n: |z >32yr}.

We first show that the cardinality of J; is at most mgys. Indeed, if i, j € Jy,
with ¢ < j, then by (iii) and (1.92),

diam Fj dlamF r
|w; — | >r; > —

2y 4y 2'y
and so
ZT; Z; 1
— > .
32v2r  3292r| T 6443
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By definition of Ji, both vectors in the previous inequality belong to B (0, 1),
and in view of the definition of m, we conclude that there can be at most
Mea43 elements in Ji.

In order to prove that the cardinality of .J; is at most mg.2n16y, we will
decompose Jo as

J=J (1.96)
i€l
where the set I will have at most n;¢, elements and the cardinality of each
of the sets J; will not exceed Mgy2.

We proceed by induction to construct I and Ji. Set Zy := J, and find the
smallest element i; in =y such that |z;, | < |z;| for all j in Zy. Put ¢; in I and
define .

2= S0\ Jiys
where
Ji, == {1 <i<n:x; belongs to the interior of F}}.

Suppose that =% and JAZ ., have been constructed and 7, has been selected such
that .

Ek = Ek:—l \Jzk
If =% is empty then the process is completed. Otherwise, let ix41 be the

smallest element in =} such that ‘xiwl‘ < |z;| for all j in Zj. Put ipqq in [
and define

where

Jirer i={1<i<n:z,, belongs to the interior of F;} .

Then (1.96) is satisfied. We now estimate the cardinality of I. Note that by
construction, if 4, j € I and ¢ < j then |z;| < |z;| and z; does not belong to
the interior of F}, and so by Step 2,

1
16"

xT; Zj

il sl

Hence, by definition of ng, we deduce that I has at most ni¢, elements.

Finally, it remains to show that the cardinality of each J; is less than or
equal to mg,2. Fix i € I and consider k, j € J; with & < j. Then x; belongs
to the interior of FJ; hence

|xx — ;] < diam Fy, < 2diam F; < 497, (1.97)
where we have used (1.92) and (iii), and similarly,

|z; — x| < dyr,. (1.98)
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Also, since k < j by (iii) we have that z; ¢ F}, and so

wp — 5] = 1 > diam F}, < |z — ;]

b

2y 2y

where we have used (1.92) and (1.97). In turn, by (iii), since z; € Fj we
must have i < k, and therefore again by (iii), zx ¢ F;, and in particular,
|z — ;| > ;. We conclude that

T
T — Tl > —. 1.99
o =y > 3 (199
Using (1.97) and (1.98), we have

Tk — Xy Tj — T4

7 cB0O.1),
4yr; 4vyr; (0,1)
while by (1.99),
Tp— T, Ty — X _|xk—xj|>i
47y dyry | Ay T 842

This and the definition of m, entail that the cardinality of .J; is at most Mgy2.
We are now in a position to prove the Morse covering theorem

Proof (Theorem 1.144). For every © € E select F (x) € F such that F (z) is
a y-Morse set associated with . We divide the proof into three steps.

Step 1: Assume first that E is bounded. We construct a countable subfamily
of F that still covers E. By (1.91) we may choose z1 € E such that

diam F' (z1) > §sup diam F' (z)
4 zeE

and set Fy := E'\ F (21). By induction, assuming that z1,...,z, have been
chosen, define

Eny1:=E\ 0 F (z;). (1.100)

If £, is empty then set J :={1,...,n} and observe that
Ec|JF (). (1.101)
i=1

Otherwise, again by (1.91), select x,,+1 € E, 1 such that

3
diam F' (zp4+1) > — sup diamF (). (1.102)
4 z€EE,+1
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If E, # 0 for every n then we set J := N, and we claim that

EC G F(z,). (1.103)

n=1

This follows easily from the fact that
diam F (z,,) — 0. (1.104)

Indeed, if (1.104) holds and if z € E, then find n large enough such that
diam F' (zp41) < % diam F' (z) .

By (1.102) it follows that « ¢ E,1, and so, in view of (1.100), we conclude
that

i=1

In order to prove (1.104), for every n € J let F), := F (z,,) and let 7, > 0 be
such that
B (xnarn> CcCF,CcB (fﬂnﬁrn),

and 1
supr, < 5 sup diam F (z) =: R < o0, (1.105)
n rel
where we have used (1.91). Note that by construction if ¢, j € J and i < j
then 5
T ¢ F; and diam F; > Zdiaij, (1106)

and so r; > %. Moreover, the balls B (xi, %) and B (xj, %’) are disjoint,

where 8 := max {3,2v}. Indeed, since z; ¢ F;, then

Ti 27"7; T 'I"j Ti ’I"j
Ti —Ti| >T; = — —_— > = — > — —_.
|z — a5 > 3t 3 2315, 2515

b

Since

| =

UB <xn”‘> c {x e RV : dist (z, E) <
n=1 ﬁ
we conclude that
o] (7‘ 1 ) N
S (%) <
n=1 ﬂ
where we have used the fact that E is bounded. Hence (1.104) holds.
Step 2: Let {F;},.; be the countable subfamily of F constructed in Step 1
and that still covers the bounded set E. If J = {1} then there is nothing left
to prove. Otherwise, for any fixed integer k > 1 let
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Iio={ieJ: 1<i<kFNF,#0}.

By Lemma 1.145 and in view of (1.106) there exists an integer ¢ (v, N) such
that the cardinality of Ij is less than c¢ (v, N).

Construct a function o : J — {1,...,¢(y,N)} in the following way. If
j < c(y,N) set 0(j) = j. For j > c(v,N) we define o (j) recursively:
assuming that o (1),...,0 (j — 1) have been assigned, set o (j) := [, where
l1e{l,...,c(v,N)} satisfies the property

whenever ¢ € {1,...,7 — 1} is such that o (i) = [. Note that there is at least

one such number [. Indeed, if not, then for every I € {1,...,¢ (v, N)} there

would exist 4 € {1,...,7 — 1} such that o (y4) =l and F; N F;, # 0. In

particular, ¢; € I;_1. Since [ # I’ implies that 4; # 4;, this would entail that

the cardinality of I;,_; would be at least ¢ (y, N), and this is a contradiction.
Forne{l,...,c(y,N)} let

Fn:={F,: 0(i)=n}.

Since if i € J then F; € F,;), by (1.101) and (1.103) we have

c(v,N)
Ec |J UF
n=1 FeF,

It remains to show that distinct elements of F,, are mutually disjoint. Indeed,
if i < jand o(i) = o(j), then j is strictly bigger than ¢ (v, N), and so
Fj N F; =0 by (1.107).

Step 3: If the set E is unbounded, then for each k € N apply the previous
steps to the set

E,:=EN(B(0,kyR)\ B(0,(k—1)vR)),

where R is defined in (1.105), to find

c(v,N)
E, C U U F,
n=l per®

where the elements of .7-"7(116) are mutually disjoint. Without loss of generality,
we may remove from each family .7_-7(11«) those elements that do not intersect
Ej,. Hence by (1.105), it F € £ and F’ € F¥*? then F 0 F' = §. For
ne{l,...,c(vy,N)} define

fn::{FGf,(sz): kEN},
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and if n € {c(v,N)+1,...,2¢(y,N)} set

Fp = {F e F1 . ke N}.

Then
2¢(v,N)
ec U UYF
n=1 FeF,

and this cover satisfies the desired properties.

As a corollary of the Morse covering theorem we have the following theorem
of Besicovitch:

Theorem 1.146 (Besicovitch covering theorem). There exists a constant
¢, depending only on the dimension N of RN, such that for any collection F
of (nondegenerate) closed balls with

sup{diam B : B € F} < o©

there exist Fi,...,F¢ C F such that each F,, n = 1,...,¢, is a countable
family of disjoint balls in F and

ECO U B

n=1 BeF,
where E is the set of centers of balls in F.

Proof. 1t suffices to take v = 1 and for each z € E define F, to be the family
of all balls in F that are centered at x.

An important consequence of the Morse covering theorem is the follow-
ing result, which will be crucial in the characterization of Radon—Nikodym
derivatives in the next subsections.

Theorem 1.147 (Morse measure covering theorem). Let E C RN and
let F be a fine Morse cover of closed subsets for E. Let u* : P (RN) — [0, 0]
be a Radon outer measure. Then for every open set A C RN there exists a
countable family Fo C F of pairwise disjoint subsets such that

U Fca, w ((EmA)\ U F) =0.

FeFy FeFo

Proof. Let £ = £(v,N) be the number given in the Morse covering theorem
and choose 1 — % < <1

Step 1: Assume that E is bounded. We show that there exists a finite sub-
family {F1,..., Fin, } C F of mutually disjoint subsets of A such that
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i ((EﬂA)\GF,») <Ou (ENA). (1.108)

Indeed, let
FO .= {FeF:diamF <1land FC A}.

Since F is a fine cover of E N A, it follows that F() satisfies the hypotheses
of the Morse covering theorem, and so there exist ]—'1(1), e ,}'é(l) c FM such

that each fr(bl) is a countable family of disjoint sets in F(!) and

l
EnAcl) U F.

n=1 F€.7:7(L1)

Hence
¢

EnA) <> pw|EnAn| | F).
n=1 FeFV

and thus there exists j € {1,...,¢} such that

W | ENAN U Fl|>
Fer"

p(ENA).

|

Writing " "
1 1
Fio = {Fw- }’

in view of Proposition 1.43, and since 1 — 6 < %, we find m; so large that

s (EﬂAﬂ UFZ{;)) >(1-0)p* (ENA). (1.109)

i=1

Since Um1 F;; 1) g closed, therefore p*-measurable, we have

Pt (ENA) = (EmAmUF“) *(EmA\UF}j’),
=1

i=1

which, together with (1.109), establishes (1.108) with F; := F(;), i =
1,...,m;. Note that here we have used the fact that E is bounded and p* is
a Radon outer measure, so that p* (E) < co.
Set
my
A2 =A \ U Fz
i=1

and
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F@ .—{FeF:diamF <1and F C Ay}.

Just as before, we may find a finite subfamily {F,,,+1,...,Fm,} C F@ of
mutually disjoint subsets of A such that

w <(E0A)\LjFi> =p* <(E0A2)\ Lj F)

i=1 i=mi+1

< Ou* (ENAs) <020 (ENA).

By induction, we construct a countable family Fy = {F;} C F of pairwise
disjoint subsets contained in A such that for every k € N,

w* <(EmA)\ U F) < p ((EOA)\UE) <O u* (ENA).

FeFy

Since p* (E) < oo we conclude the proof in this case by letting k — oo.

Step 2: If E is unbounded, then applying Proposition 1.15 to the Radon
measure p* : B (RY) — [0,00], choose an increasing sequence of radii {r,}
such that r,, — oo and

w* (0B (0,7,)) =0. (1.110)
Applying Step 1 to

E,:=En (B (0,7n41) \Wﬂ“n))

and
A= AN (B (0,7ns1) \ B (O,Tn)) :

we find a countable family of mutually disjoint sets {Fi(")} contained in
ieN
A,, and that cover E,, up to a set of u* outer measure zero. Therefore the

collection of -
{Fi }z neN

is a family of mutually disjoint sets contained in A, and in view of (1.110) it
covers FE up to a set of u* outer measure zero.

Remark 1.148. (i) In the special case that E is open and p* is the Lebesgue
measure, the previous theorem still holds for a fine cover F of closed, not
necessarily star-shaped, sets satisfying the inclusion property (1.89). The
proof follows closely that of the previous theorem. We note first that since
E is open, without loss of generality we may assume that B (z,yr) C E
whenever x € E and there exists F' € F such that (1.89) holds. Applying

the previous theorem to E and to this cover {B (x,fyr)} we may find a

disjoint family {B (24, fyri)} such that
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E\UB(xi,W‘i) =0.

Choose m; large enough that
mi 1
E B (zi,vyri)| < 5 |E].

\UB G <518
Then

mq 1

UB LUZ,’)/H) Z§|E|

i=1

It follows that

1
< (1N> |E],
2y

ma 1
E\|JF|< (1—2N) |E|.
i=1 v

Reasoning as in the previous theorem, for every k € N we may find a finite
collection of disjoint sets contained in E such that

E\UF ( Vl)k|E|.

It now suffices to let k¥ — oco. Note that a similar argument holds, more
generally, for Radon measures p : B (RN ) — [0, 00] with the doubling
property, that is, such that

E\ B (i)

=1

:|E‘,

[ QN
N U B (xi,774)
i=1

and so

(B (x,2r)) < cp (B (z,7))

for all z € RY and r > 0, and for some ¢ > 0.

(ii) As a simple application of (i), given any open set 2 C R¥, a bounded
open set A containing the origin with [0A| = 0, and § > 0, it is possible
to find a countable family {z; + r; A} of mutually disjoint subsets of (2,
with 0 < 7; < 6, such that

)| =o0. (1.111)

Q\U(a:i—FmA

Indeed, it suffices to set

F .= {m xEQ,O<r<min{Tzv5}}v
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where 7, > 0 is such that B (z,r,vR) C 2 and
B(0,R) c AcC B(0,vyR),

for some R > 0 and «y > 1. This property will be used in the study of
quasiconvexity in [FoLel0]. Note that the fact that |0A| = 0 has been
used to replace closed sets with open ones in (1.111).

By taking as Morse covers the families of cubes or balls as in Example
1.143, we obtain the following immediate corollaries.

Corollary 1.149. Let E C RY and let F be a family of closed cubes satisfying
the property that for all x € E and for all § > 0 there exists Q (z,1) € F such
that 0 < r < &8 and v € Q (2, %). Let p* : P(RY) — [0,00] be a Radon
outer measure. Then there exists a countable family FoC F of closed cubes
with pairwise disjoint interior such that

w* (E\ U F) =0.

FeFo

Proof. We observe that F is a fine Morse cover, and therefore we may apply
the Morse covering theorem.

Theorem 1.150 (Vitali-Besicovitch covering theorem). Let E C RY
and let F be a family of closed balls such that each point of E is the center of
arbitrarily small balls, that is,

inf{r: B (z,r) 6]—'} =0 for every x € F.

Let p* : P (RN) — [0,00] be a Radon outer measure. Then there exists a
countable family Fo C F of closed balls with pairwise disjoint interior such

that
1w (E\ U F) =0.

FeFy

Remark 1.151. In general, one cannot replace closed balls with open ones.
This is possible, however, if we assume that for each x € E and for each 6 > 0
the number of closed balls in F centered at z and with radius less than 4 is
uncountable. This is a consequence of Proposition 1.15.

Remark 1.152. Given x € RY and v > 1, let F C R be an open y-Morse set
associated with z, and let 7 > 0 be such that

B (z,r) C F C B(x,~vr)

and F is star-shaped with respect to B (z,r). If u* : P (RY) — [0,00] is a
Radon outer measure and p* (F') < oo, then reasoning as in Remark 1.141,
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it is possible to construct an increasing uncountable family {F}},. , of closed
~v-Morse sets associated with « such that p* (0F;) =0,

B(x,r) C F; C B (x,vr),

UE:F

t>0

and

1.2.2 Differentiation Between Radon Measures in RY

As it will be explained in Chapter 5, when we study lower semicontinuity and
relaxation properties of integral functionals, the blowup method allows us to
reduce the problem to the characterization of the Radon—-Nikodym derivative
g—z, where p is the underlying measure of integration (usually the Lebesgue

measure), and v is a measure generated by a sequence of admissible fields.
This is the subject of this subsection.

Theorem 1.153 (Besicovitch derivation theorem). Let
I, V:Sﬁ(RN) — [0, 0]

be Radon measures. Then there exists a Borel set M C RN with (M) =0,
such that for any v € RN \ M,

dvge lim 2 (x+1rC)

= —= R 1.112
du () POt w(z+rC) © ( )
and
. vs(x+1rC)
lim ——2% =0,
r—ot p(x+1rC)
where

V="Vge+ Vs, Vge <, Vsl p, (1.113)

and C' is any bounded, convex closed set containing the origin in its interior.

Note that (1.113) holds in view of the Lebesgue decomposition theorem,
since every Radon measure in RY is o-finite.

Proof. Let
M = {xeRN : (B (z,r)) =0 for some r > 0} .

Note that the set M; is open. Using the density of the rationals in the reals it
is possible to cover M7 with countably many balls of measure zero. Therefore
p (My) = 0. Moreover, since v, L p there exist two disjoint sets E,_, E, € M
such that RN = E, U E, and p(E,,) = vs(E,) = 0. It suffices to prove
(1.112) for pa.e. x e RV \ (M UE,,).
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Fix v > 1 and for any 2 € RV \ (MjUE,_) and r > 0 let F,, be the
family of all closed sets F C R such that

B (z,r) C F C B(x,vr) (1.114)

and F' is star-shaped with respect to B (z,r) and define
v(F)

. (P ~ (
] ¢ ¢ ’ + — lims . Sl 1.115
wy (o) s= limiut it e () = lmsup sup . (LALD)

Then u; < uj. We claim that

dVge
- _ +_ ac
uy =uy = o

(1.116)

pae in RN\ (M; UE,,). Given t > 0, let E; be a bounded subset of

dl/ac
i () <t< uj (x)}

{xeRN\(MluEVS):

Extend p and v as Radon outer measures p* and v*, respectively (see Propo-
sition 1.63), and let A be any open set that contains E;. Set

F = {FGFIJ«: x € Ey, B(z,yr) C A, tu(F) <1/(F)}.

We claim that F is a fine Morse cover for E;. Indeed, if x € F;, then, since
ult (z) > t, we may find a sequence 7, — 0% such that

sup
FEFur, M (F)

and in turn, there exists a sequence of sets F,, € F, ., such that ¢tu (F,) <
v (Fy,). It follows from (1.114) that diam F,, — 0 as r, — 0%, and so we can
assume that B (z,7yr,) C A for all n. Thus (1.90) holds, and so F is a fine
Morse cover for E;.

By the Morse measure covering theorem there exists a countable family
Fo C F of pairwise disjoint subsets such that

1w (Et\ U F>:O.

FeFy
Therefore, using the definition of F,
tn (B) < Y tu(F)< > v(F)<v(A).
FeFo FeFo

By the outer regularity of v* it follows that tu* (E;) < v* (E;). We claim that
this implies that p* (E:) = 0. Indeed, if this is not the case then let G; O Ey
be a Borel set such that (see Proposition 1.63 and Remark 1.51)
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0 < u* (Ey) = p1(Gy) < 0.

Since dc’l’ic is a measurable function, without loss of generality we may assume

that

EtCGtC{ZL'GRN\(MlUEVS)Z dsljc (x)<t}

Hence, using (1.113) and the fact that v, (RN \ E,,) = 0, we have

d ac * *
V(B <v(Gr) = [ T du< (G = " (1) < v (B,
Gy

which is a contradiction. Therefore p* (E:) = pu(Gy) = 0. Since

dvge
{x eRY\ (MUE,,): v (z) <ui (x)}
= U U {xEB(O,n)\(MluEVS): d;;C (z) <t <ul (ac)},

teQ neN
using the subadditivity of u*, we conclude that

dvgae

w* ({xERN\(MluEVS): i (z) <uf (m)}) =0.

Similarly, one can show that

AVge

o) > (x)}) = 0.

In view of Proposition 1.63 there exists a Borel set B, such that

w* ({x eRV\ (M, UE,,):

dac d(lC —
BWD{xeRN: cll/,u <ujor ;ﬂ >u7}UM1UEl,S

and 41 (B,) = 0. Then for all z € RV \ B, we have

dVge

dp

dVac
dp

which proves (1.116).
Next we observe that for any compact set K,

(z) <uj (z) <uf () <

(z),

dvgee
0>V (K)> v, (K)= —dpu,
() 2 ve () = |

and so ngc € Li, (RN, ). In particular, d&’l‘f (r) € R for p ae. v € RN,

loc
Hence, without loss of generality, we may assume that the set 5. also contains

the set
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Choose a sequence vy, /" 0o and let

{mGRN:

M:= ] B,,.
k=1

If C is any bounded, convex closed set containing the origin in its interior,
choose k so large that

B(Oa 1/’71@) cCc B(xavk)'

By (1.115) and (1.116), for all z € RN \ M we have

dvge - R4 (-T +r C)
du )= ) St )

Slimsupy(x+rc) <ul (z)=

vie+rC) _ dVac
r—0+t [L(J’J+7’C)_ R

@),

and so (1.112) is satisfied.
Applying (1.112) also to 4., we obtain that for u a.e. x € RV,

dvge
dp

Vac(w+1C) . v(x+rC)

= lim 22T R
0t p(x+rC) rir(l)lJru(x—FrC)e ’

(r) =

which yields

fm @70
r—0t p(x+rC)

This concludes the proof.
Remark 1.154. (i) The set M is independent of the choice of C. Moreover, it
follows from the proof that a much stronger statement holds, namely if

x € RN\ M, then for any sequence r,, — 0% and for every family of closed
sets F,, C RN such that

B(z,r,) C F, C B(z,yry)
and F,, is star-shaped with respect to B (x,r,) we have that

AVge () = Tim v(F,)

dp n—oo p (Fy)

(i) The Besicovitch derivation theorem holds also for bounded, convex open
sets C' containing the origin. Indeed, it suffices to replace F, , with the
family G, , of all open sets D C RY such that

B(x,r) C D C B(x,vr)
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and D is star-shaped with respect to B (z,r). By Remark 1.152, for any
open set D € G, , such that tu (D) < v (D) one can find a closed set
F € Fy, such that F C D and tu(F) < v (F). Hence F is still a fine
Morse cover for Ej.

It is possible to obtain the following local version of the Besicovitch deriva-
tion theorem.

Theorem 1.155. Let E C RY be a Borel set and let i, v : B(E) — [0, 0] be
two Radon measures. Then

V="Vac+ Vs, Vac <N, I/SJ_,U,,

and there exists M € B(E), with u (M) =0, such that for any x € E\ M,

Wac ( \ _ v((x+7rC)NE)
du (@) = ri,%l+ pw((z+rC)NE) eR (1.117)
and
vs((x+rC)NE) 0, w11

Pt pu((z+rC)NE)

where C' is any bounded, convex closed set containing the origin in its interior.

Proof. Consider the extensions &, 7 : B (RY) — [0,00] defined by 7 (F) :=
pw(FNE)and 7(F) :=v(FNE) for every F € B(RY). Note that 7, 7 are
well-defined, since by Remark 1.3,

{FNE: FeB(RY)} =B(E).

Moreover, if K ¢ RY is compact then K N E is a compact set of E for the
induced topology, and so i (K) and 7 (K) are finite. By Proposition 1.60 we
deduce that 77 and 7 are Radon measures.

Applying the Besicovitch derivation theorem to the extensions, we have

dUgc () = Tim v(x+rC) lim v(izx+rC)NE)
dﬁ _r~>0+ ﬁ(l"F’/’C) r—0+ /.L((ZE—FTC)QE)

for all z € RY \ My and for some Borel set My with 7 (M) = 0. Setting
M := MyN E, by (1.1) we have M € B (E).
In view of the Lebesgue and Radon—Nikodym theorems we may write

where U4, U5 : B (RN) — [0, 00], with T4 < [, s L [, and similarly
V = Vge + Vs,

where Vg, v : B(E) — [0, 00], with v, < i, vs L p.
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Since U4|E : B(E) — [0,00] and p are mutually singular, and T4 | E :
B (E) — [0, 00] is absolutely continuous with respect to u, due to the unique-
ness of the decomposition we conclude that U4|F = v, and Uy | B = Vg o0
B (E). In particular,

d 7(1(/' E TQC

Ve (F) = / APl B, _ / Wac g,
F dp Fodn

for every F' € B(FE), and so dg—zf (z) = dg—%c () for pae x€E.
Equality (1.112) motivates the following definition:

Definition 1.156. Let E C RN and let p, v : B(E) — [0,00] be two Radon
measures. We define the Radon—Nikodym derivative of u with respect to v as

@(x)— lim v(i(z+rC)NE)
= G rronE)

whenever the limit exists, is finite, and is independent of the choice of the
bounded, convex closed set containing the origin in its interior C.

Remark 1.157. In view of Theorem 1.155, if v < p, then the notion introduced
in the previous definition coincides p a.e. with the Radon-Nikodym derivative
of p with respect to v as in the Radon—Nikodym theorem.

Also, by (1.117) and (1.118), g—Z (), Wae (), dl:f (x) exist and

dp d,
dl/ dl/ac dys
— = 5 = 0
m (@) =~ m (@), - . (2)
for u a.e. x € E. In particular,
v
V= —+ Vs.

dp

The next theorem leads to the definition of Lebesgue points, which are a
central concept for the study of LP spaces in the next chapter.

Theorem 1.158 (Lebesgue differentiation theorem). Let
M (RY) — [0, 00

be a Radon measure, and let u : RN — [—oc0, 0] be a locally integrable func-
tion. Then there exists a Borel set M C RY , with (M) = 0, such that

RY\ M C {z eRY : u(z) e R}

and for any v € RN \ M,

i ! =u(x
TE%lJrM(B(%T))/B(z,r)U(y) dp(y) =u(z).
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Proof. Define
v (E) ;:/u+du, Ee€Mm(RY).
E
Since u is locally integrable it follows that v is a Radon measure absolutely

continuous with respect to u. Since every Radon measure in RY is o-finite,
we can apply the Radon-Nikodym theorem to conclude that

dv

@(JL‘):U+($)€R

for p1 a.e. x € RN, In turn, by the Besicovitch differentiation theorem,

i L =u" (z
TET(T)I+M(B(W/B(I7T)U+ (y) dp(y) = u* (z) €R

for p a.e. x € RV, and similarly

1

,«liréﬂ W (B(x.r) /B(m)r) u” (y) du(y) =u” (z) €R

for p1 a.e. x € RY. The conclusion now follows.

By enlarging the “bad” set M we can strengthen the conclusion of the
previous theorem.

Corollary 1.159. Let p : M (RY) — [0,00] be a Radon measure and let
u: RN — [—00,00] be a locally integrable function. Then there exists a Borel
set M C RN, with u(M) =0, such that

RV\ M C {z eRY : u(z) € R},
and for any v € RN \ M,

1

Jim s | ) @) ) =0 (1.119)

Proof. Write Q = {r,}. Applying the previous theorem to the function
v (z) = |u(z) — 7|, we may find a Borel set M,, C RY with u(M,) = 0,
such that

: 1 =lu\xr)—rT
Jim s | R ) = @ ] (1120)

for all x € RY \ M,,. Since u is locally integrable and p is o-finite, the mea-
surable set
My :={z e R : |u(z)| = oo}

has zero p measure. Set
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If x € RNV \ M then for every n € N,

_ 1
fmsup s /B @) @l
~limsu é/ ot () + 7 — 7 — 0 (2)] s ()
B THOer/,L(B(x,T‘)) B(z,r) Y " " Y
. 1
<ty oy [ 0l )+ o) =
=2u(z) — o,

where we have used (1.120). Since u (z) € R, it now suffices to select a subse-
quence of {r, } converging to u (z).

Remark 1.160. Tt actually follows from Remark 1.154 that if x € RV \ M, then

for any sequence r,, — 07 and for every family of closed sets F,, C R" such
that

B (z,r,) C F, C B(z,yry)
and F, is star-shaped with respect to B (z,7,), we have that

1 B
lim /F fu () — (&) da () = 0.

w0 11(Fy)

Moreover, if € RV \ M, then for any family of Borel subsets {E, },., such
that E,. C B (z,r) and

p(Er) > ap (B (z,7))

for some constant « > 0 independent of r > 0, we have that

lim sup / u(y) —u(x)| dy
r—0+ :u(ET) Er| () ( )|
1
glimsupi/ u(y) —u(x)| dy
r—0t ,LL(ET) B(m,r)| ( ) ( )l
<Ly o [ ) - u)] duty) =0
<= lim ——— uly) —ulr)p apty) = "o
a r—0t [ (B (x7rr)) B(z,r)

Note that the sets E, need not contain .

Any point z € RY for which (1.119) holds is called a Lebesgue point of u.
Given a Radon measure y : 9 (RY) — [0, 0] and a measurable set E C
R, by applying the Lebesgue differentiation theorem to y g we obtain that

 pBer)nE)
M By W
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for 1 a.e. x € RN. A point x € E for which the previous limit is one is called

a point of density one for E. More generally, for any t € [0, 1] a point x € RY

such that B 5
(B E)
r—0t (B (z,r))

is called a point of density t for E.

=t

Remark 1.161.1f v : 9 (RY) — [0,00] is a Radon measure such that for p
a.e. v € RV,

n({z}) =0, (1121)

then p is nonatomic. In particular, the Lebesgue measure £V is nonatomic.
Indeed, if £ € M (RN ) has positive measure, then let zo be a point of
density one of E for which (1.121) holds. By Proposition 1.7(i),

(B (x0,7)) = p({zo}) =0
asr — 0%, and so u (B (zo,7)) < pu (E) for all > 0 sufficiently small. On the
other hand, by (1.121), taking r > 0 even smaller if necessary, we have

0< 31 (B (x0,7) < (B (w0,r) N E) < s (B (z0,1)),

where we have used the fact that z( is a point of density one of E. Hence for
all > 0 sufficiently small the set F' := B (zg,7) N E satisfies the condition

0<p(F)<p(E).

For measurable functions that are not necessarily integrable, the analogous
concept of Lebesgue points is given by points of approximate continuity.

Definition 1.162. Let p : MM (RY) — [0,00] be a Radon measure, and let
u: RN — [—00,00] be a measurable function. The function u is said to be
approximately continuous at o € RY if

lim I (B (o, 7) Nu~t (A))
r—0+ 1 (B (zo,7))

-1 (1.122)

for every open set A in the extended real line [—o0,00] that contains u (xg).
The point xq is called a point of approximate continuity for u.

Note that if u(zo) € R then (1.122) is equivalent to requiring that for
every € > 0,

lim (B (wo,r) N {z € RN : |u(z) — u(zg)| >€})

R 10 (B (20,7) =0

We now study the relation between Lebesgue points and points of approx-
imate continuity.
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Proposition 1.163. Let 4 : SJT(RN) — [0,00] be a Radon measure, and
let u : RN — [—00,00] be a locally integrable function. If xg € RN is a
Lebesgue point for u, then u is approximately continuous at xg. Conversely,
if u: RN — R is bounded on compact sets, measurable, and is approzimately
continuous at xg, then xqy is a Lebesgue point for u.

Proof. Assume that zo € RY is a Lebesgue point for u. Then
p({z € B(wo,r) : |u(x) —u(wo)| > €})
1 (B (o, 7))

1 1
e (B (xo,7)) L(w07r) [u(z) = u(zo)| du — 0

as 7 — 0F. Hence u is approximately continuous at .
Conversely assume that u : RN — R is locally bounded and is approxi-
mately continuous at zy. Then for every € > 0,

<

o
_ u(z) —u(xg)| du
(B (zo,7)) B(:v07r)| () = u (o)l
)
< Ju (@) = u (2o)| du
1 (B (20,7)) JB(wo,mnd July) —ulwo)|>}

1
w (B (zg,T)) B(wo,m)N{ |u(y)—u(zo)|<e}
B . _ >
<2 ( sup ul) p({z € B(xo,r): |u(x) —u(xg)| >e})

ju () = u(zo)| dp

+e€.

B(x,1) (B (wo,7))

Letting »r — 0% we have
lim sup -
r—o+ H(B(20,7))

which, in view of the arbitrariness of € > 0, shows that z¢ is a Lebesgue point
for w.

/ fu () — v (20)] dp < <,
B(zo,r)

Exercise 1.164. The converse of the previous proposition does not hold in
general without the assumption of local boundedness of u. Indeed, let u be
the Lebesgue measure £ and consider the function

u () :ZZQnX(%,Ti(lJFle))(l‘), z € R.
n=1

Prove that u is integrable, approximately continuous at x = 0, but 0 is not a
Lebesgue point for u.

Using Lusin’s theorem it is possible to give the following characterization
of approximate continuity.

Theorem 1.165. Let yi: 9 (RY) — [0,00] be a Radon measure. A function
u: RN — [—00, 0] is measurable in the sense of Definition 1.72 if and only
if u is approximately continuous at y a.e. v € RN,
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1.3 Spaces of Measures

In this section we introduce the notion of signed measures and we study several
spaces of signed measures that arise as duals of various spaces of bounded and
continuous functions.

1.3.1 Signed Measures

Definition 1.166. Let (X, M) be a measurable space. A signed measure is a
function X : M — [—o0, 00] such that

(1) A(0) = 0;
(i) X\ takes at most one of the two values oo and —oo, that is, either X : M —
(—o0,00] or A : M — [—00,00);
(i) for every countable collection {E;} C M of pairwise disjoint sets we have

A<[‘jEn>:§A<En>.
n=1 n=1

Remark 1.167. We call the attention to the fact that in this text signed mea-
sures are not necessarily finite, as is often considered in the literature. Indeed,
the way to read (iii) is that whenever {E;} C 9 is a countable collection of

pairwise disjoint sets, then the sequence of partial sums {25121 A (En)} is
1
convergent in [—oo,00] to A (U, Ey).
The following result is the analogue of Proposition 1.9 for signed measures.

Proposition 1.168. Let (X,0M) be a measurable space. A set function X :
M — [—o0,00] is a signed measure if and only it satisfies (ii) of Definition
1.166, is finitely additive, and for every increasing sequence {E,} C 9N,

A (G En> = lim A(By). (1.123)

Proof. One implication follows from the previous remark and (iii). Suppose
now that A is finitely additive and that (1.123) holds. Let {F,} C 9 be a
sequence of mutually disjoint measurable sets, and define

E%‘FZ (] Fk.
k=1

Then by (1.123) we have

A (U m) = lim A(E,) = lim > A(F) =) A(Fr),
k=1

k=1 k=1

and with this we have shown that )\ is a signed measure.
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As we will see below, in order to study signed measures it is convenient to
write them as differences of (positive) measures.

Definition 1.169. Let (X, 9) be a measurable space and let A : M —
[—00,00] be a signed measure. A set E € M is said to be positive (respec-
tively negative) if A(F) > 0 (respectively A(F) < 0) for all F C E with
Fem.

Note that we may have sets with positive measure that are not positive.

Ezample 1.170. Let X =R, and let u : R — R be an odd function, integrable
with respect to the Lebesgue measure, and such that u(x) > 0 for z > 0.
Then

A(E) ::/Eu(x) dx, E € B(R),

is a signed measure and any set of the form [—a,b], 0 < a < b, has positive A
measure without being a positive set.

However, it is possible to prove the following result.

Proposition 1.171. Let (X,9) be a measurable space and let X\ : M —
[—00, 0] be a signed measure. Let E € M be such that 0 < A (E) < co. Then
there exists a positive measurable subset F' C E with A (F) > 0.

Proof. Step 1: We begin by showing that if £ € 9 is such that |\ (E)| < oo,
then for any F C E, with F € M, we have |A(F)| < oo. Without loss of
generality we may assume that A : 9T — [—00, 00) (the case A : M — (—o0, ]
being analogous). Let F' C E, with F' € 9. If A (F') > 0 then there is nothing
to prove. Thus assume that A (F) < 0. Then

0<=A(F)=AX(E\F)—-X(E) < o0,
where we have used that facts that |A (E)| < co and that A : 9T — [—o0, 00).

Step 2: Let E € 9 be such that 0 < A(F) < co. By the previous step,
A: 9| E — R is finite. For every F' € M| E define

A (F) :=sup {\(F'): F' C F,F' €M}, (1.124)
A (F):=—inf{(\N(F'): FFCF,F e m}.
Then, exactly as in the proof of Lemma 1.103 (with v — u replaced by A), we
have that A\ : M| E — [0,00) and A_ : M| E — [0, 00) are finite measures,
and for every F' € 9| E we have
A (F) =sup {\(F') : F' € F,F € M, A_(F') =0} (1.125)
=sup{\(F'): F' C F,F' € M, F' positive} .

Since 0 < A (F) < oo it follows that Ay (E) > 0, and so we may find a positive
measurable subset F' C E with A (F) > 0.
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As a consequence of the previous proposition we have the following
important theorem.

Theorem 1.172 (Hahn decomposition theorem). Let (X, ) be a mea-
surable space and let A : MM — [—o0, 0] be a signed measure. Then X can be
decomposed as X = X+ U X~, where X is positive and X~ is negative.

Proof. Without loss of generality we may assume that A : 9t — [—o00, 00) (the
case A : M — (—o0, 00| being analogous). Let

A (X) =sup{A(E): E €M, E positive} .
Find a sequence of increasing positive sets E,,, E,, € 91, such that
lim A(E,) = Ay (X).

Define o
Xt = | En.
n=1

Then X7 is positive and
AMXT) = lim A (E,) = Ap (X).

n—oo

We claim that X~ := X \ X% is negative. Indeed, if not, then there exists
Fc X—, FedM, such that

0<A(F) < 0.

By the previous proposition there exists a positive measurable subset F/ C F
with A (F’) > 0. But then

A (X)=X(XT) <A(XN) +A(XH) =X(XTUF') <o,
and since X~ U F’ is admissible in the definition of Ay (X) we arrive at a
contradiction.

Example 1.173. Note that the Hahn decomposition may not be unique. As an
example let X = [—1,1], let M = B([—1,1]), and let

AE) ::/Exdx, EecB(]-1,1]).

Then the pairs ([0,1],[—1,0)) and ((0,1],[-1,0]) are both Hahn decomposi-
tions of A.

Remark 1.174. In general, if (X, X ™) and (XI",X;) are Hahn decomposi-
tions of a signed measure A : M — [—o0, 0], then A (E) = 0 for every E € M
with

EcC (XTAX{)U (X~ AXT).
Here A stands for the symmetric difference between two sets, i.e.,

FAG = (F\G)U(G\F).
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Let (X,9) be a measurable space and let A : 9t — [—00, 00] be a signed
measure. By the Hahn decomposition theorem we may uniquely (in the sense
of Remark 1.174) decompose X as X = X U X, where X7 is positive and
X~ is negative. For E € 91 define

M(E)=X(EnNX"), X (E):=-XA(EnX").

Then AT, A~ : 9 — [0,00] are measures, with at least one of them finite,
and by construction, they are mutually singular. Moreover, for any £ € 9
we have

A(E) =\ (B) -\~ (E). (1.126)

The measures AT, A\~ are called, respectively, the upper and lower variation

of A\, while the measure
A== AT+ A

is called the total variation of X\ . Note that both AT, A~ are absolutely
continuous with respect to |||

Remark 1.175. Note that for any E € 90,
AT (E) =sup{\(F): F C E,F € M, F positive}
=sup{\(F): FCE,FeM}
and
A (E)=—inf{\(F): F C E,F € 9, F negative}
=—inf{\(F): FCE,F eM}.

To see this, assume, without loss of generality, that A : 9t — [—00, 00). Then,
since X1 is positive, it follows that

AT (E) =\ (EOX+)
=sup{A(F): F C E,F € M, F positive}
=X (B),
where Ay has been defined in (1.124) and we have used (1.125) (which holds,
since A does not take the value co). Similarly, since X~ is negative, it follows
that
A (E) = )\(EHX_)
=—inf{A(F): F C E,F € 9, F negative}.
If IAN(E)| < oo then
A (E)=AT(E) =X (E)=)A_(E) - \(E)
=sup{A(F)—X(E): FCE, FeM}
=sup{—-A(E\F): FCE, FeM}
=—inf{A(G): GCE, FeM}.
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If A (E) = —oo0 then, since AT (E) < oo, it follows that
A (E)=\T(E) = \(E) = oo,
and so
AT (E)=—if{A(F): FCE,FeM}=-\(F)=c.
This completes the proof.

Definition 1.176. Let (X,9M) be a measurable space and let A : M —
[—00,00] be a signed measure. A set E € M has o-finite measure A\ if it
has o-finite measure ||A||; A is said to be o-finite if X has o-finite measure \.

Proposition 1.177. Let (X,9M) be a measurable space and let A : M —
[—00, 00] be a signed measure. Then for every E € M we have that

[All (£) = sup {i (A(ER)|: {En} C M partition ofE} .
n=1

It turns out that the decomposition (1.126) is unique.

Theorem 1.178 (Jordan decomposition theorem). Let (X,9M) be a
measurable space and let A : M — [—o00,00] be a signed measure. Then there
exists a unique pair (AT, A7) of mutually singular (nonnegative) measures,
one of which is finite, such that A = AT — \~.

Proof. It remains only to prove the uniqueness of the decomposition. We leave
this as an exercise.

In view of the previous theorem, given a measurable space (X, 91), a signed
measure A : MM — [—o0, 0], a measurable function v : X — [—o0, 00|, and
a measurable set E € 9, if at least one of the two integrals | Eud)\“‘ and
I} 5 wd\™ is finite then we define the Lebesgue integral of u over the measurable

set E as
/ud)\ ::/ud)ﬁ—/udx\f.
E E E

If both fE ud\T and fE ud\™ are finite, then w is said to be Lebesgue inte-
grable over the measurable set E.
We now extend The Lebesgue decomposition theorem to signed measures.

Definition 1.179. Let (X, ) be a measurable space and let A, ¢ : M —
[—00, 00] be two signed measures.

(i) A, s are said to be mutually singular, and we write A L ¢, if ||A|| and ||s]|
are mutually singular.

(i) X is said to be absolutely continuous with respect to ¢, and we write
A L, if ||\ is absolutely continuous with respect to |[s]|.
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If (X,9M) is a measurable space, A : M — [—o00, 0] is a signed measure,
and p @ M — [0,00] is a o-finite (positive) measure, then by applying the
Lebesgue decomposition theorem to A* and u (respectively to A~ and u) we
can write

A= (AT)e + (A1) AT = (A7), + (A7)

where the measures (A), . and (AT), are defined in (1.38) and (1.56), and
(A1) ,er (A7), < p. Hence we can apply the Radon—-Nikodym theorem to
find two measurable functions ™, u~ : X — [0, c0] such that

(o B) = [t (07), (B) = [ u

E

s )

for every E € 9. The functions 4+ and v~ are unique up to a set of u measure
Zero
Since either A™ or A~ is finite we may define

Mo = ()0 = (V) A= V), = (A7), wimut

S

Then A, is a signed measure with A,. < . Note that if A is positive then so
are g and .

By the Radon—Nikodym theorem, the Lebesgue decomposition theorem,
and the Jordan decomposition theorem we have proved the following result.

Theorem 1.180 (Lebesgue decomposition theorem). Let (X,9M) be a
measurable space, let A : M — [—o00, 00] be a signed measure, and let p : M —
[0,00] be a o-finite (positive) measure. Then

A= dae + As
with Age < 1, and
Aac (B) = / wdp
E

for oll E € M. Moreover, if X is o-finite then As L p and the decomposition
is unique, that is, if 7 7
A= Aac + AS7

for some signed measures Age, \s, With Age < w and As L w, then
Aac = Mae and s = Ag.

We call \,. and A, respectively, the absolutely continuous part and the
singular part of A with respect to u, and often we write

e
- Bee,

A particular case of the Lebesgue decomposition theorem is that in which
= |||, and here A = A4, As = 0.
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Corollary 1.181. Let (X,9) be a measurable space and let X : M —
[—00, 0] be a o-finite signed measure. Then there exists a measurable function
u: X — [—00,00] such that |u(x)| =1 for ||A]| a.e. x € X and

dX

U=—-:
d A

The previous equation is called the polar decomposition of .

Definition 1.182. Let (X,9) be a measurable space and let A : M —
[—00,00] be a signed measure. If X is a topological space then A is a signed
Radon measure if [|[A|| : 9T — [0, 00] is a Radon measure.

If X is a topological space then M (X;R) is the space of all signed finite
Radon measures A : B(X) — R endowed with the total variation norm. It can
be verified that M (X;R) is a Banach space.

In applications we will also consider vector-valued measures.

Definition 1.183. Let (X,9M) be a measurable space. A set function A =
(A, Am) 9T — R™ 4s a vectorial measure if each component \; : M — R
is a signed measure, i = 1,...,m. The total variation of \ is defined by

A= Al A -

If X is a topological space, then A : 9t — R™ is a vectorial Radon measure
if each component \; : M — R is a signed Radon measure, i = 1,...,m,
and M (X;R™) is the space of all vectorial Radon measures A : B(X) — R™
endowed with the total variation norm.

Exercise 1.184. In some applications it is more convenient to define the total
variation of A : 91 — R™ as

[IAll; (E) := sup {Z IN(En)|: {En} C I partition of E 5, E € M.
n=1

(1.127)
Prove that [[Al|; : 9T — [0,00) is a (positive) measure. Note that in view of
Proposition 1.177, the definition of ||A[|; is consistent with the case m = 1.

1.3.2 Signed Finitely Additive Measures

In this subsection we introduce some important spaces of finitely additive
signed measures. Let X be a nonempty set and let 9t C P (X) be an algebra.
Let B (X, 91) denote the space of all bounded measurable functions u : X —R.

Exercise 1.185. Prove that B (X, M) is a Banach space endowed with the
norm

[[ull o = sup [u (2)].
reX
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By Theorem 1.74 it turns out that B (X, 91) consists of all uniform limits
of finite linear combinations of characteristic functions of sets in 971.

Definition 1.186. Let X be a nonempty set and let 9 C P (X) be an algebra.
The space ba (X, M) of bounded finitely additive signed measures is composed
of all set functions A : M — R such that

(i) A(0) =0;
(ii) A is finitely additive, that is,

A(ELUEy) = A(By) + A (Es)

for all By, By € M with E1 N Ey = ;
(iii) A is bounded, that is, its total variation norm

1
[IAll (X) := sup {Z [A(Ey)| : {En} C O finite partition of X}
n=1

is finite.

Exercise 1.187. Prove that ba (X,9) is a Banach space endowed with the
total variation norm ||-|| (X).

Analogously to the Hahn decomposition theorem for signed measures, it
is possible to prove that if A € ba (X,91), then it may be decomposed as

A=AF - A,

where AT, A\~ are (positive) finitely additive measures. Indeed, we have the
following result.

Theorem 1.188. Let X be a nonempty set, let M C P (X) be an algebra,
and let X € ba (X,9). Then

AMN(E) =sup{\(F): FCE,FeM}, EecMm,
A (E):=—f{\(F): FCE,Fem), Ecom,

are (positive) finitely additive measures and A = AT — \™.

Proof. Let Ey, E5 € 9, with E; N Ey = (). Since ) is bounded, for € > 0 there
exist F; C F;, F; € M, such that

)\+ (El) < A (Fl) + e,
1 =1, 2. Hence
AT(ELUEy) > AN (FLUFE) = X(F)) + A (Fp) > AT (Ey) + AT (Ey) — 2,

and by the arbitrariness of € we deduce that
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AT (E1 U EQ) > AT (El) + AT (EQ) .

To prove the reverse inequality, for € > 0 we may find a set F' C E1 U FEy, with
F e 9, such that
)\+ (E1UE2) < )\(F)‘FE

Since E; N Ey = 0 it follows that

M (BYUEY)) SANEF)+e=AFNE)+ANFNEy) +¢
<At (Eq) + AT (E2) + ¢,
and by the arbitrariness of € we conclude that AT is finitely additive. Since
A~ = (=A)T, we obtain that A~ is finitely additive.
Since AT > X and =\~ < ) for all £ € M we have
0< AT (E)=X(E)=sup{\(F)-\(E): FCE, Fecm}

=sup{-A(E\F): FCE, FeMm}

=—inf{A(G): GCE,FeM} =\ (F).
This concludes the proof.

The previous theorem, together with (1.21), Theorem 1.74, and Remark
1.76, leads to the definition of the Lebesgue integral of u € B (X, 90), namely

/ud)\ = lim [ s,dA (1.128)
E

n—oo E

for any sequence {s,} C B (X,9) of simple functions that converges uni-
formly to w. It may be verified that the integral does not depend on the
particular approximating sequence {s,, }.

We consider next the case that X is a normal space.

Definition 1.189. Let X be a normal space and let I be the smallest algebra
that contains all open sets of X. The space rha (X, M) of all regular bounded
finitely additive signed measures consists of all set functions X : M — R such
that

(1) X € ba(X,M);
(ii) for every E € 9,

AT (E) =inf {\* (4) : Aopen, AD E} (1.129)
=sup {A" (C) : C closed, C C E} (1.130)
and
A7 (E) =inf {\" (A): Aopen AD E}
=sup{A~(C): Cclosed C C E},
where AT and A\~ are defined in Theorem 1.188.
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Exercise 1.190. Show that the space rba (X,91) is a closed subspace of
ba (X,9) and hence a Banach space with the total variation norm ||-|| (X).

In the special case that X is compact, then regular finitely additive mea-
sures are measures. Indeed, we have the following:

Theorem 1.191 (Alexandroff). Let X be a compact topological space and
let M be an algebra that contains all open sets. If A € rba (X, M) then X\ is
countably additive.

Proof. In view of Theorem 1.188 it suffices to show that the finitely additive
measures AT and A~ defined are countably additive. Let {E,} C 9 be a
sequence of mutually disjoint sets such that [ J 2, E,, € M. Then

l l 00
EZ:A+(E%)::A+ (LJ E%) < At (LJ E%)
n=1 n=1

n=1
and letting [ — oo, we get
SN (E,) < AT (U En> .
n=1 n=1

To prove the reverse inequality, let C' be any closed set contained in [ J)2 | E,.
For n € N and for every € > 0, by (1.129) there exists an open set A, D E,
such that

€
AT (A,) < Y (E,) + on

Since C' is a closed subset of the compact space X we have that C is also

compact, and since {4, } is an open cover for C, there exist Ay, ..., A; whose

union still covers C. Hence

l

l l 00
AT (C) < AT <U An> SO AN (A) D AN (B +e< ) AT (Ey) e

n=1

Taking the supremum over all closed sets C C |J,—; E,, and using (1.130), we

obtain
At (U En> <D AN (En) +e,
n=1 n=1
and letting ¢ — 07 gives the desired inequality.
With exactly the same proof it may be shown that A~ is countably addi-
tive.

Corollary 1.192. If in addition to the hypotheses of the previous theorem, we
assume also that X is a Hausdorff space, then \ can be extended in a unique
way as a signed Radon measure to the smallest o-algebra that contains M.
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Proof. Since At : 9 — [0, 00) is a finite countably additive measure, in view of
Remark 1.39, the finite measure (A*)* : M* — [0, 00) defined in (1.14) (with
G := M and p := A") is the unique extension of A* to the o-algebra 9M*
of all (A\*)"-measurable sets. Note that since 9t contains all open sets, then
necessarily B(X) C 9*. Thus it remains to show that the Borel measure
(AT)" . 9* — [0,00) is a Radon measure. In view of Remark A.10 in the
appendix, the class of closed sets of X coincides with the class of compact
sets. Hence for any open set A C X, by (1.130),

(AT) (4) = (A7) (A) =sup {A\T(C) : C closed C C A}
=sup {\" (K) : K compact K C A}
= sup{()\Jr)* (K): K compact K C A} ,

and so every open set is inner regular.
We now show that any E € 9* is outer regular. By (1.14), for any fixed
e > 0 we may find a sequence {E,,} C 9 such that E C (-, E,, and

iﬁ (Bn) < (AN (B) +e. (1.131)

By (1.129), for every n € N we may find an open set A, D E,, such that

A (Ay) < AT (EBy) + —

. 1.132
" (1132)

Since E C |J,; A, by (1.131) and (1.132), we have that

At (D An> < f:ﬁ (A,) < iﬁ (Bn) +e< (A7) (B) + 2.

In turn,
()\+)* (E) <inf {AT(A): Aopen AD E} < (/\+)* (E) + 2,
and given the arbitrariness of € > 0 we deduce that E is outer regular. This

concludes the proof.

1.3.3 Spaces of Measures as Dual Spaces

Let X be a nonempty set and let 9T be an algebra. In this subsection we
identify the dual of certain subspaces of B (X, 9) with ba (X, 90), rba (X, )
and M (X;R).

It turns out that the dual of B (X, 91) may be identified with ba (X, 91):
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Theorem 1.193 (Riesz representation theorem in B). Let X be a non-
empty set and let M C P (X) be an algebra. Then every bounded linear func-
tional L : B(X,9M) — R is represented by a unique A € ba (X,M), in the
sense that

L(u)= /X udX  for every u € B (X,IM). (1.133)

Moreover, the norm of L coincides with || M| (X). Conversely, every functional
of the form (1.133), where A € ba (X,9M), is a bounded linear functional on
B(X,M).

Proof. Step 1: Let L € (B (X,9M))" and for every E € 9 define
A(E) = L(xg) -

Since L is linear and L (0) = 0 it follows that A : 91 — R is a finitely additive
signed measure. To prove that X\ is bounded, let {En}il:1 C 9 be a finite
partition of X and define
!
S§i= Z CnXE,>
n=1

where ¢, :=sgn (L (xg,)). Then s € B (X,9M) and
! !
SOINE) = sen(L(xe,)) L(xe,)
n=1 n=1

= [L(s)]

l
Z CnL (XET,)
n=1

< ||L||(B(X,gm))’ l[sllo < ||L||(B(X,§m))’ )
where we have used the fact that ||s|| ., < 1. Hence
IAINCX) < 1l xomyy (1.134)

which shows that A € ba (X, 901).

We now show that (1.133) holds. Fix v € B (X,9%) and € > 0, and par-
tition the interval [— |lu|| , |lu||,.] into { intervals I,,, n = 1,...,l, of length
less than or equal to €. For each n =1,...,[, define

E,:=u(I,) eMm
and let

l
S i= § CnXE,
n=1

where ¢, is any fixed number in I,. Note that for z € F, we have that
u(z) € I, and so
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Ju(2) - s ()] < <.

Hence ||u — s||, < €, while by the linearity of L,

‘L(u)—/Xsd)\’:

l
L(u) = cn)(En)

(1.135)

l
L(u) =) el (xm,)
n=1

=L (u—s)| < ILll gx,omyy I — sl
<Ll x,omyy €

By taking € := % we can construct a sequence {si} of simple functions con-

verging uniformly to u such that
lim spdA =L (u).

k—oo X

By (1.128) this implies that
L (u) :/ wdA.
X
Moreover, from (1.135) and the fact that ||u — s < e we have that

L ()]

IN

‘/X sd/\’ 1L sy €

IN

l
D leal NED + Il g x myy €
n=1

l
< (lulloo +2) D N ED) + 1Ll 5ex.myy €
n=1

< (ulloo + &) IAN(X) + Ll 5 x o)y &

and so, by the arbitrariness of €, we get
1L (u)] < flufl oo IA(X)

which, together with (1.134), implies that [[A|| (X) = |IL| 5 x o))
Step 2: Conversely, given A € ba (X, M), for v € B (X, M) define

L (u) ::/Xud)\.

Then L € (B (X,M))" and |\|| (X) = Ll (x,om)) - We leave the details as
an exercise.
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We consider next the case that X is a normal Hausdorff space. Let Cj (X)
denote the space of all continuous bounded functions v : X — R. It is well
known that Cy (X) is a Banach space with the norm ||-|| .

Theorem 1.194. Let X be a normal space. Then Cy, (X) is separable if and
only if X is a compact metrizable space.

It turns out that the dual of Cy (X) may be identified with rba (X, 90t):

Theorem 1.195 (Riesz representation theorem in C}). Let X be a nor-
mal Hausdorff space and let M be the smallest algebra that contains all open
sets of X. Then every bounded linear functional L : Cy, (X) — R is represented
by a unique A € rba (X, 9M) in the sense that

L(u)= /Xud)\ for every u € Cp (X) . (1.136)

Moreover, the norm of L coincides with the total variation norm ||A|| (X).
Conversely, every functional of the form (1.136), where A € rba (X, M), is a
bounded linear functional on Cy (X).

The proof of this theorem is rather lengthy, and so we omit it. We refer
the reader to [AliBur99].

Let X be a compact Hausdorff space and let C'(X) = C, (X) be the
space of all continuous functions. In view of Corollary 1.192 and the Riesz
representation theorem in Cj, we have that the dual of C' (X)) may be identified
with M (X;R):

Theorem 1.196 (Riesz representation theorem in C). Let X be a com-
pact Hausdorff space. Then every bounded linear functional L : C(X) — R
is represented by a unique finite signed Radon measure A € M (X;R) in the
sense that

L(u) = /X ud\  for everyu € C(X). (1.137)

Moreover, the norm of L coincides with the total variation norm ||A||. Con-
versely, every functional of the form (1.137), where A € M (X;R), is a
bounded linear functional on C (X).

Finally, we consider the dual space of the space of continuous functions
“that vanish at infinity”. Let X be a topological space, let C. (X) be the
collection of all continuous functions u : X — R whose support is compact,
and let Cp (X) be the completion of C, (X) relative by the supremum norm

Theorem 1.197. Let X be a normal space. Then Cy (X) is separable if and
only if X is a o-compact metrizable space.
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Remark 1.198. It can be shown that a normal, separable, locally compact
metrizable space is o-compact.

If X is compact then
Co (X) = C. (X) = C (X).

If X is a locally compact Hausdorff space, then it can be shown that u €
Cy (X) if and only if u € C(X) and for every £ > 0 there exists a compact
set K C X such that

lu(z)| <eforallz e X\ K.

Note that the duals of C.(X) and Cy(X) “coincide” in the sense that if
L € (Cy (X)) then L|C. (X) € (Ce(X ))/, and conversely, if L € (C. (X))
then there exists a unique L € (Co (X))" such that

LIC.(X)=1L, |L|=ILl.

Exercise 1.199 (Alexandroff compactification). Let X be a locally com-
pact Hausdorff space. Let co denote a point not in X and consider X :=
X U{oo}. Let 7 C P (X°) be the collection of all subsets A C X such that
either A is an open set of X or co € A and X*° \ A is a compact set of X.
Prove that (X°°,7) is a compact Hausdorff space, and that v € C (X*°) if
and only if

UV = UXX F CX{co}

for some u € Cp(X) and ¢ € R. Show also that the decomposition of v is
unique, and

[0l o xee Zmax{||u|\co(x),|c|}, (1.138)
We now show that the dual of Cy (X) may be identified with M (X;R).

Theorem 1.200 (Riesz representation theorem in Cy). Let X be a lo-
cally compact Hausdorff space. Then every bounded linear functional L :
Co (X) — R is represented by a unique finite signed Radon measure \ €
M (X;R) in the sense that

L(u)= /X ud\  for every u € Cp(X). (1.139)

Moreover, the norm of L coincides with the total variation norm ||A|| (X).
Conversely, every functional of the form (1.139), where A € M (X;R), is a
bounded linear functional on Cy (X).

Proof. It is immediate to verify that given A € M (X;R), then (1.139) deter-
mines L as an element of (C (X))
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Conversely, given L € (Cy (X)), we use the one-point compactification
or Alexandroff compactification defined in the previous exercise to find \ €
M (X;R) satistying (1.139). In C' (X *°) consider the norm

p(v) = HLH(CO(X))’ ||”||c(xoc)-

In view of (1.138) we have
L ()] < p(u)

for all u € Cp(X), and thus by the Hahn-Banach theorem we may ex-
tend L to a bounded linear functional L; on C (X*°) in such a way that
L1l o (x)y = L1l (xoeyy - By the Riesz representation theorem in €' (X°)
there is a unique finite signed Radon measure A € M (X*°;R) with

IAFCX™) = I Lall (o x o)y »

and such that for every v € C' (X ),

Ll(v):/Oovd/\:/de)\—i-v(oo))\({oo}).

In particular, it follows that for every u € Cy (X) we have that

meszyi/uw. (1.140)
X
Moreover, A : B(X) — Ris in M (X;R), and we have

IA(X) < A (X) = Ll ey = 1Tl o0y < M),

where the last inequality follows from (1.140). This proves that [|L|| ¢, (x)) =

[IAl] (X). Note that this implies that A ({oo}) = 0.
Finally, to prove the uniqueness of the representation (1.140) assume that

um:A@w:L@@

for all u € Cp (X) and for some ¢ € M (X;R). Extend ¢ to ¢; € M (X*°;R)
by setting ¢; ({oo}) := 0. Then

Ll(v):/vd)\:/vdq
X b's

for all v € C (X *°), and so by the Riesz representation theorem in C it follows
that ¢; = A, in particular ¢; | X =¢ = A X.

In the study of distributions in [FoLel0] we will also need the following
variants of the previous theorem.
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Theorem 1.201 (Riesz representation theorem in C.). Let X be a lo-
cally compact Hausdorff space and let L : C. (X) — R be a linear functional.
Then

(i) if L is positive, that is, L (v) > 0 for allv € C. (X ) with v > 0, then there
exists a unique (positive) Radon measure p : B (X) — [0, 00] such that

L(u)Z/ udu  for every u € C. (X);
X

(ii) if L is locally bounded, that is, for every compact set K C X there exists
a constant Cx > 0 such that

1L (w)] < Ck vlle,(x)

for all v € C. (X) with suppv C K, then there exist two (positive) Radon
measures i1, pa 2 B(X) — [0, 00] such that

L(U)Z/udul—/udug for every u € C.. (X).
X X

Note that since both p; and ps could have infinite measure, their difference
is not defined in general, although on every compact set it is a well-defined
finite signed measure. The proof of part (i) of the previous theorem is classical
(see, e.g., [Ru87]), while (ii) follows from (i) by writing L as the difference of
two positive functionals (see Step 3 of the proof of Theorem 2.37 below for an
entirely similar argument).

1.3.4 Weak Star Convergence of Measures

Let X be a normal space and let 9t be an algebra that contains all open sets of
X. If Cp (X) is separable, i.e., if X is a compact metrizable space (see Theorem
1.194), then in view of Theorem A.55 and the Riesz representation theorem,
any bounded sequence of measures {\,} C rba (X, ) is sequentially weakly
star precompact. In particular, if u € Cp, (X) then

lim udAn, :/ udA (1.141)
k—oo [x X

for a subsequence {\,, } and for some A € rba (X, 9).
Similarly, invoking now Theorem 1.197 and the Riesz representation the-
orem in Cj (X), we have the following result.

Proposition 1.202. Let X be a o-compact metric space, and let {\,} C
M (X;R) be a sequence of signed Radon measures such that

sup || An ]| < oo.
n
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Then there exist a subsequence {\,, } and a signed Radon measure A such that
Ay =X in M (X;R),

i.e.,

lim ud)\n:/ ud\
X X

for every u € Cy (X).
The following properties will be frequently used in the sequel.

Proposition 1.203. Let X be a locally compact Hausdorff space and let
{pn} € M(X;R) be a sequence of (positive) Radon measures such that

fin = 1 in M (X;R). Then
(i) if A C X is open then

1 (A) < liminf p, (4) ;

n—oo
(i) if K C X is compact then

w(K) > limsup u, (K) ;

n—oo
(iii) if A C X is open, A is compact, and i (0A) = 0, then
p(A) = lim g, (A).

Proof. (i) Let K C A be a compact subset. By Corollary A.13 there exists a
cutoff function ¢ € C. (X) such that 0 < p <1, 9o =1 on K, and ¢ =0 on
X \ A. Then

p () < [ pdu=tim [ o, <timinta, (4).

Since p is a Radon measure it is inner regular, and so taking the supremum
over all compact subsets of A, we have

p(A) = sup{p(K): K C A} <liminf pu, (A).

(ii) Let A D K be an open set and consider a cutoff function ¢ € C, (X) such
that 0 < 9 <1,p=1on K, and ¢ =0 on X \ A. Then

limsup p, (K) < lim / @ dpn, =/ edp < p(A).

n—00 n—oo Ja A

Since p is a Radon measure, taking the supremum over all open supersets of
K and using outer regularity, we have
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limsup pp, (K) < p(K) =inf {u(A) : K C A}.

(iil) If p (0A) = 0 then from (i) and (ii),
limsup i, (4) < limsup py, (4) < p (A) = p(A) < liminf p,, (A).
This concludes the proof.

As a corollary of the previous proposition we obtain the following result.

Corollary 1.204. Let X be a locally compact Hausdorff space, and let {\,} C
M (X;R) be a sequence of signed Radon measures such that A, SN in
M (X;R) and | M| = v in M(X;R). If A C X is open, A is compact,

and v (0A) =0, then
/ udN, — / ud\
A A

for all uw € Cy, (X). In particular,
An (A) = X(A).
Proof. Fix u € Cp (X). Since v is outer regular and v (0A) = 0 for any fixed

€ > 0, there exists an open set U D 0A such that

v(U) < c (1.142)

"2 (14 oy

Since U U A is an open set containing the compact set A, by Corollary A13
there exists a cutoff function ¢ € C. (X) such that 0 < ¢ <1, ¢ =1 on A,
and ¢ =0 on X \ (UUA). For any u € C (X) we have that pu € C. (X),
and so

/ud/\n—/ud)\:/ goud)\n—/ goud)\—i—/ <pud)\n—/ pud.
A A X X U\A U\A

In turn,

/ud)\n/ud/\lg‘/ goud)\nf/ gpud)\‘
A A X X

+ llulle, x) UAnll (supp @ \ A) + [|A]| (supp @ \ A)).-

Letting n — oo and using part (ii) of the previous proposition, the facts that
An = X in M (X;R) and ||A|| < v, and (1.142) yield

lim sup

n—oo

/Aud)\n — /Aud)\‘ < 2|ullg, (x) v (supp @ \ A)
<2|ullg,xyv (U) <e.

The last part of the theorem follows by taking v = 1.
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Remark 1.205. The previous corollary continues to hold with the obvious
changes for a sequence {\,} C M (X;R™) of vector-valued Radon measures.

If X is a topological space, then Cy (X) C Cj, (X), with the strict inclusion
possible. Hence, if a sequence of (positive) Radon measures {u,} converges
weakly star to some Radon measure p in M (X;R) = (Cp (X)), then in
general we cannot conclude that u,, — 1 in (C (X))". The next results provide
two sufficient conditions for this to happen.

Proposition 1.206. Let X be a topological space and let u, py, : B(X) —
[0,00), n € N, be finite Borel measures such that

lim pp (X) = p(X) (1.143)
and
liminf p, (4) > p(A) (1.144)

for every open set A C X. Then p, — p in (Cy (X))

In particular, if X is a locally compact Hausdorff space, u, pn, n € N, are
(positive) finite Radon measures, and i, — p in M (X;R), then p, — u in
(Cy (X)) if and only if (1.143) holds.

The proof of the proposition makes use of the following exercise.

Exercise 1.207. Let {x,} and {y,} be two sequences of real numbers such
that

liminfx, > 2, liminfy, >y,
n—oo

n—oo

limsup (2, + yn) < x + v,

n—oo

for some z, y € R. Prove that lim z,, =« and lim y, = y.
n—oo n—oo

Proof (Proposition 1.206). Let u € Cp (X). Assume first that 0 < u < 1. Then
by Theorem 1.123 and Fatou’s lemma

1
liminf | wdp, = liminf/ pn {x € X u(z) >t})dt
n—oo 0

n—oo X

n—oo

> /Olliminfun {z e X : u(x)>t}) dt

2/0 p{z € X s u(z)>t)) dt

=/ wdp,
X

where we have used (1.144) and that fact that the sets {z € X : u(z) > t}
are open, since u is continuous.
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Similarly,

liminf/X (1 —w) duy > / (1 —w) dp.

n—oo X

Let

Ty ::/ wdiln, Yn ::/ (1 —w)udun,
X X

x:z/udu, y::/(l—u)du.
X X

By (1.143) and the previous exercise we conclude that

lim udun:/ wdp
X

n—oo X

for all w € Cp (X), with 0 <w < 1.
For a general function u € Cp (X) \ {0} it suffices to apply the first part
of the proof to the function

u—infx u
V= —
supy u —infx u
and use (1.143).

Finally, if X is a locally compact Hausdorff space and p,, — p in M (X;R),
then property (1.144) holds in view of Proposition 1.203(i). Since 1 € Cj, (X),

by the first part of the proposition we have that s, — g in (Cy (X)) if and
only if (1.143) holds.

Using the previous proposition we may prove an important theorem, usu-
ally stated for probability measures.

Theorem 1.208 (Prohorov). Let X be a metric space and let {u,} be a
sequence of Borel measures, p, : B(X) — [0,00), such that

sup fin, (X) < 0. (1.145)

Assume that for all € > 0 there exists a compact set K C X such that

sup pup, (X \ K) <e. (1.146)

Then there exist a subsequence {fin,} of {pn} and a Borel measure p :
B(X) — [0,00) such that i, — pin (Cy (X))

In particular, if X is a locally compact metric space, p, pn, n € N, are
(positive) finite Radon measures, and i, — p in M (X;R), then p, — u in
(Cy (X)) if and only if (1.146) holds.

The proof makes use of the following exercise.
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Exercise 1.209. Let X be a metric space and let {7} C X be an increas-

ing sequence of compact sets. Prove that the set U;il K is separable and
construct a countable family 4 of open sets with the property that for every

open set U C X and for every z € U N (U;i1 K(j)) there exists A € A such
that r € A and A C U.

Proof (Prohorov’s theorem). By extracting a subsequence (not relabeled) we
may assume that

lim p, (X) =M < occ.
If M =0 then g, — 0 in (Cyp (X))/ and there is nothing to prove. If M > 0,
then without loss of generality we may assume that p, (X) =1 for all n € N.

. Hon g Hn
Indeed, if we can prove that a subsequence {an { X)} of {M ( X)} converges

weakly star to some Borel measure v in (Cj (X)), then {u,,} converges
weakly star to the Borel measure Mv in (Cy (X))
By (1.146) we may construct an increasing sequence of compact sets

{KW} c X such that

lin (K(j)) >1- % (1.147)
for all j, n € N. Let A be the countable family of open sets given in the
previous exercise and let /U be the countable family of compact sets formed
by () and finite unions of sets of the form AN K, A e A, jeN.

Using a diagonal procedure, we may extract a subsequence of {p,} (not
relabeled) such that the limit lim,, o, p, (K) exists for all K € K. Set

p* (K) = lim p, (K), KeK, (1.148)

n—oo

and observe that 0 < p* <1, p* (() = 0, and for all K;, K € K,

W (K < pt (Ka) if Ky C Ko (1.149)
(K U K) < it () + i (K) (1.151)

For every open set U C X define
w (U) :=sup{p*(K): KCU, K €K}, (1.152)
while for an arbitrary set £ C X define

p* (E) :=inf{p* (U): ECU,U open}. (1.153)

Step 1: We prove that pu* is an outer measure.
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Substep 1la: We claim that if C C U C X, where C is closed and U is open,
and C' C K for some K € IC, then there exists Ky € K such that C € Ky C U.
To see this, for every z € C choose A, € A such that x € A, and A, C U.
Since C' is a closed subset of the compact set K and the family {4}, . is
an open cover of C; we may find a finite subcover A4,, ..., A;, of C. Using
the definition of K and fact that {K ()} is an increasing sequence of compact
sets, there exists j € N so large that C' € KU). Then the set

Ko = O (ATnm K(j))

n=1
belongs to K and C' C Ky C U.
Substep 1b: We prove that if Uy, Us C X are open, then
w (U Uls) < p* (Ur) + p* (Uz) .
Fix any K € K, with K C U; UU,, and define the closed sets

Cy:={rx e K: dist(x,X \Uy) > dist (z, X \ Ua)},
Cy:={z e K: dist(x,X \Us) > dist (z, X \U3)}.

Note that C7 C U;. Indeed, if by contradiction there existed x; € C; such
that « ¢ Uy, then z € Uy and, since X \ Uy is closed,

0 = dist (z, X \ Uy) < dist (z, X \ Ua) ,

which contradicts the definition of C;. Hence C; C Uy, and similarly Cy C Us.

Since C; C U; and C; C K € K, i = 1,2, we may apply Substep la to
find K; € K such that C; C K; C U;, i = 1,2. Thus by (1.149), (1.151), and
(1.152)

pt (K) < p* (Ky U Kp) < pt (Kqy) + p" (K2) < pt (Ur) + 5" (Uz) -

Taking the supremum over all admissible K C U; UU; and using (1.152) yields
the desired inequality.

Substep 1c: We claim that if {U,} C X is a sequence of open sets, then

n=1 n=1

To see this, fix any K € K, with K C Uf;l U,. Since K is compact, we may

find ¢ € N such that K C Ui:1 U,. By (1.152) and the previous substep we
have that

L J4 oo
p(K) <y’ (U Un> <>t (Un) <> 5 (Un).
n=1 n=1 n=1
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Taking the supremum over all admissible K C [J;2, U, and using (1.152)
proves the claim.

Substep 1d: Finally, we prove that p* is an outer measure. By (1.149),
(1.152), and (1.153), p* is a monotone set function. Since p* (@) = 0, it remains
to prove that p* is countably subadditive. Let {E,} C X be a sequence of
arbitrary sets. Fix ¢ > 0, and by (1.153) for each n € N find an open set
U,, C X such that E,, C U,, and

1 (Un) < i (Bn) + —

ot (1.154)

Then |J,~, E, C U,~, Uy, and so by (1.153) and the previous substep
" (U E) = <U U") S SINCARS SRR
n=1 n=1 n=1 n=1

where in the last inequality we have used (1.154). Letting ¢ — 01 gives the
desired result.

Step 2: We prove that every closed set C' C X is p*-measurable. Fix a closed
set C' C X. We begin by showing that for any open set U C X,
W) Zp(UnNC)+p*(UN(X\C)). (1.155)

Fix € > 0. Since U N (X \ C) is open, by (1.152) we may find K; € K, with
K, cUN(X\C), such that

pr(UNX\C)) <p*(Kr)+e. (1.156)
Using (1.152) once more, find Ky € K, with Ky C UN (X \ K1), such that
pr(UN(X\Ky)) <p*(K)+e. (1.157)

Since the sets K7 and K5 are disjoint and are contained in U, by (1.152),
(1.150), (1.156), and (1.157),

p(U) 2 p* (K1 U Ko) = p* (K1) + p” (K2)
>pt(UN(X\K))+p"(UN(X\C)) -2
> p

“UNC)+ " (UN(X\C)) — 2,

where in the last inequality we have used the fact that C C X \ K7 and the
monotonicity of u*. Letting e — 07 yields (1.155).
Now consider an arbitrary set £ C X and let U C X be any open set that
contains it. By (1.155) and the monotonicity of p* we have that
pr(U) Z p" (UNC)+p" (UN(XN\CO))
2pt (ENC)+p" (EN(X\C)).
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Taking the infimum over all open sets that contain F and using (1.153) gives
W (B) > u* (ENC) + " (BN (X\ ),
and so C is p*-measurable.

Step 3: By the previous step the o-algebra of all ;*-measurable sets contains
B (X). Hence, by the Carathéodory theorem p* : B(X) — [0, 1] is a measure.
In view of the previous proposition and that fact that u, (X) = 1 for all
n € N, it remains to prove that p* (X) = 1 and that

tinf o () 2 2° (0) (1.158)
for every open set U C X. Fix j € N. Reasoning as in Substep la, with
C := KU, we have that KU) € K. Moreover, by (1.147) and (1.148)

u* (K(j)) - nh—{lgo Lin (K(j)) >1— %7
and so, by (1.152)

| 1
12u*(x)zM*(K<J>)z1—f_>1
J

as j — oo.
Finally, to prove (1.158), fix an open set U C X. For any K € K, with
K C U, by (1.148) and the monotonicity of each p,, we have

p' (K) = lim p, (K) <liminf p, (U).
Taking the supremum over all admissible X C U and using (1.152) yields
(1.158) and completes the proof.

If the metric space X has additional properties, then the converse of the
previous theorem holds.

Exercise 1.210. Let X be a complete, separable metric space and let pu,
pin = B(X) — [0,00), n € N, be finite Borel measures such that p, — p in
(Cy (X))".

(i) Assume that g, (X) = 1 for all n € N and prove that if {U;} is an
increasing sequence of open sets such that U;’il U; = X, then for every
€ > 0 there exists j € N such that

Mn(Uj)Zl_E

for all n € N. Construct a sequence of open balls {B (xl(k), %)} N that
") Jie

covers X and prove that there exists i, € N such that

ik
(k) 1 3
Hn UB<$Z a>>21_k
(Un(3)) =1

for all n € N. Prove that (1.146) holds.
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(ii) Prove that (1.146) holds without the additional hypothesis that ., (X) =
1 foralln € N.

The next exercise provides a simpler proof of Prohorov’s theorem in the
case X = R. For every finite Borel measure p : B(R) — [0,00) define the
function f, : R — [0, 00)

fu(@):=p((—o0,z]), zeR

Exercise 1.211. Let {u,} be a sequence of finite Borel measures, p,
B(R) — [0,00).

(i) Prove that if u : B(R) — [0,00) is a finite Borel measure, then s, — p
in (Cy (R))" if and only if f,, (z) — f, (z) for every = € R at which f,, is
continuous.

(ii) Assume that {u,} satisfies conditions (1.145) and (1.146), and construct
a subsequence {fi,, } of {g,} such that the limit

fl@) = lim f,, (q)
exists in R for all rational numbers ¢ € Q. Extend f to R by setting

z):= lim .

F@)i= T fu, (@)

Prove that f : R — [0, 00) is increasing, right-continuous, lim, . f (z) <
oo, and that f,, (z) — f(x) for every x € R at which f, is continuous.
Let p: B(R) — [0,00) be the Lebesgue—Stieltjes measure associated to f
(see Exercise 1.34) and prove that j,, — u in (Cy (R))".
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LP Spaces

This new integral of Lebesgue is
proving itself a wonderful tool. T
might compare it with a modern
Krupp gun, so easily does it
penetrate barriers which were
impregnable.

E. B. van Vleck, 1916

2.1 Abstract Setting

In this section we introduce the LP spaces and study their properties. Proofs
of standard results, such as Holder’s and Minkowski’s inequalities, will be
omitted, and we refer the reader to [Bar95], [DB02], [DuSc88|, [EvGa92],
[Fol99], [Rao04], [Ru87].

2.1.1 Definition and Main Properties

Let (X, 90, 1) be a measure space. Given two measurable functions u, v : X —
[—00, 0], we say that u is equivalent to v, and we write

u~vifulzx) =v(z) for pae z e X. (2.1)

Note that ~ is an equivalence relation in the class of measurable functions.
With an abuse of notation, from now on we identify a measurable function
u: X — [—o0, 0] with its equivalence class [u].

Definition 2.1. Let (X, 9, 1) be a measure space and let 1 < p < co. Then

LP (X, 9, p) == {u : X — [~00,00] : u measurable and ||ul| ., x on ) < oo} ,



140 2 LP Spaces

where

1/p
P (/ U|pdﬂ> .
Lp(X,9M,1) X

L>®(X, M, p):= {u : X — [—00,00] : u measurable and |[ul| ;o (x o ) < oo} ,

If p= o then

where ||ull o x on ) 5 the essential supremum esssup [u| of the function |u|,
that is,
[ull oo (x om0y = esssup fu| :=inf{a €R: |u(2)| < a for p ae x € X},
For simplicity, and when there is no possibility of confusion, we denote the
spaces L? (X, M, 1) simply by L? (X, p) or L (X)) and the norms [|ul| 1, x o )

by lull o x> lullpe or [[ull,.

We denote by L? (X, 9, u; R™) (or more simply by L? (X;R™)) the space
of all functions u : X — R™ whose components are in LP (X, 9, u). We will
endow LP (X, 9, u; R™) with the norm

m
lll o x sy = D Wil o om g
i=1

For 1 < p < oo sometimes it will be more convenient to use the equivalent

norm
1/p
||uHLP(X79_’R’N;]R7n) = (/X |u\p d/J,) .

Remark 2.2. In the special case that X = N and p is the counting measure,
the spaces LP (N) are also denoted by ¢P, and we have

P = {{mn}neN : Z |z, | < oo}

n=1

for 1 < p < oo, while
> = {{zn}neN D sup |zy| < oo} )
neN

Let g be the Holder conjugate exponent of p, i.e.,
# if 1 <p<oo,
qg:={ c ifp=1,
1 ifp=oo.
Note that, with an abuse of notation, we have
1 1
S4-=1
p q
In the sequel, the Holder conjugate exponent of p will often be denoted by p'.
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Theorem 2.3 (Holder’s inequality). Let (X, 9, u) be a measure space, let
1 < p < oo, and let q be its Holder conjugate exponent. If u, v : X — [—00, 00]
are measurable functions then

lwvll g < el g 0]l Lo - (2.2)
In particular, if u € LP (X) and v € LY (X) then uv € L (X).

Remark 2.4. () If 1 < p1,...,pn < 00, with o= +... 4+ - =1, and u; €
L (X),i=1,...,n, then

n n
ITw|  <TIlwlly. -
i=1 =1

This inequality follows by applying Holder’s inequality with u := uq, v :=
[T, u;, and then using an induction argument.
(ii) Another consequence of Holder’s inequality is

0 1-6
lull o < (lullge)” (lull)™

which holds for v € LP(X), and where 1 < p < ¢ < r < 00, with
1 _ % + (1;—9). To prove it, apply Holder’s inequality, with %, |u|9q, and
(1-06)q

L1

ul in place of p, u, and v, respectively, to obtain

ol die= [l
X X
v(h) Ve
< (Lo a) (0o )
X X
0q/p (1-6)q/r
(o™ (s ™"
X X

(iii) If w # 0 and the right-hand side of (2.2) is finite, then the equality in
(2.2) holds if and only if there exists ¢ > 0 such that
a) [v] = clulP "t if 1 < p < oo
b) |v] < c and |v (x)| = ¢ whenever u (z) # 0 if p = 1;
¢) lu] < cand |u(x)] = ¢ whenever v (z) # 0 if p = cc.

We now turn to the relation between different LP spaces.

Theorem 2.5. Let (X, M, 1) be a measure space. Suppose that 1 < p < q <
o0o. Then

(i) LP (X)) is not contained in L?(X) if and only if X contains measurable
sets of arbitrarily small positive measure;

(i) L1 (X) is not contained in LP (X) if and only if X contains measurable
sets of arbitrarily large finite measure.
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Proof. (i) Assume that L? (X) is not contained in L9 (X). Then there exists
u € LP (X) such that

[ tult dp = . (2.3)
X

For each n € N let
E,={zeX: |u(z) >n}.

Then .
p
p(Bn) < — /X ul” dp— 0

as n — oo. Thus, it suffices to show that u (E,,) > 0 for all n sufficiently large.
If to the contrary, u (E,) = 0 for infinitely many n, we have that

Jowtan= [ prapsarr [ <o,
X {lul<n} {lul<n}

which is a contradiction with (2.3). Hence, X contains measurable sets of
arbitrarily small positive measure.

Conversely, assume that X contains measurable sets of arbitrarily small
positive measure. Then it is possible to construct a sequence of pairwise dis-
joint sets {E,} C 9 such that p (E,) > 0 for all n € N and

p(En) \ 0.
Let

[e%S)
u = E CnXE,
n=1

where ¢,, /" oo are chosen such that
S (B =00, S (B < . (2.4)
n=1 n=1

Then u € L? (X) \ LY (X).

(ii) Assume that L?(X) is not contained in L? (X). Then there exists u €
L7 (X) such that

/ [ul? dp = oo. (2.5)
X

For each n € N let

and let -
Foo:={zeX:0<u@)|<1}=J F.

n=1
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If 4 (Foo) < 00, then

Jordn= [ uldas [
X {lul<1} {lu|>1}

< 1 (Fxo) +/ [ul? dp < oo,
{lu|>1}

which contradicts (2.5). Hence, p(Fx) = co. On the other hand, since for
every n € N,

1
o> [ ful du [ ol dp > —— i (Fa),
/X {F<lul<i} (n+1)7

it follows that X contains measurable sets of arbitrarily large finite measure.
Indeed, setting

Gn = LnJ Fk,
k=1

we have that p(G,,) < oo, while by Proposition 1.7(i),
1(Gn) = p(Foo) = 0.

Conversely, assume that X contains measurable sets of arbitrarily large
finite measure. Then it is possible to construct a sequence of pairwise disjoint
sets {F,} C 9 of finite measure such that

p(En) / oo.
Let

e
u = E CnXE,
n=1

where ¢, \, 0 are chosen such that
ZC%M (Ep) < o0, Zcﬁ,u (Ep) = 0. (2.6)
n=1 n=1

Then u € L9 (X) \ L” (X).

Exercise 2.6. (i) Let X = [0,1] and let 1 be the Lebesgue measure. Show
that for every 1 < p < oo the function

1
z1/7 log?/P (2)

u(x) =

is in L? ([0, 1]) but not in L9 ([0,1]) for all ¢ > p.
(ii) Construct sequences ¢, /0o and ¢, \, 0 for which conditions (2.4) and
(2.6) hold, respectively.
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Theorem 2.7 (Minkowski’s inequality). Let (X, 9, 1) be a measure space,
let 1 <p<oo, and let u,v € LP (X). Then u+v € L (X) and

[ + ol < llullge + [0l -

By identifying functions with their equivalence classes [u], it follows from
Minkowski’s inequality that ||-||,, is a norm on L? (X).

Theorem 2.8. Let (X, 0, 1) be a measure space. Then

(i) L? (X) is a Banach space for 1 < p < oo;
(ii) L? (X) is a Hilbert space.

Exercise 2.9. When 0 < p < 1 we can still define the space
LP (X, M, p) := {u : X — [—00,00] : u measurable and / lu|” du < oo}.
X

This is no longer a normed space. Using the elementary inequality
(a+b)’ < al +bP,

where a, b > 0, show that

dy (u,v) ::/ lu —v|” du
X

is a metric (provided we identify measurable functions that coincide u a.e.)
and that (L? (X,901, ) ,d,) is a complete metric space. Prove also that the
family of balls is a base for a topology that renders L? (X, 90, 1) a topological
vector space.

Next we study some density results for LP (X) spaces.

Theorem 2.10. Let (X, 9M, u) be a measure space. Then the family of all
simple functions in LP (X) is dense in LP (X) for 1 < p < oc.

Proof. Assume first that 1 < p < co. Since (u*)”, (u™)” € L' (X), by Theo-
rem 1.74 there exist increasing sequences {s,} and {t,} of simple functions,
each of which is bounded in X and vanishes except on a set of finite measure
u, such that {(s,, (x))”} converges monotonically to (u*)” (z) for p a.e. x € X
and {(t, (z))’} converges monotonically to (u~)" (z) for p a.e. z € X. Then
for each n € N the function S,, := s, — t,, is still simple, belongs to LP (X),
and

u () = Sn ()" = |u* (@) = 50 (2) = (u” (@) = 5 (2))]"
< 2P~ (ut (2) — 8, (2))" + 2P (u™ () — tn ()"

<277 (
< op—1 (u+ (x))p +op—1 (ui (x))p
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for p a.e. x € X. Since u (x) — S, (z) — 0 as n — oo for p a.e. ¢ € X, we may
apply the Lebesgue dominated convergence theorem to conclude that .S,, — u
in LP (X).

For p = oo the result follows by the second part of Theorem 1.74 applied
to the bounded functions u™, u~.

The next result gives conditions on X and p that ensure the density of
continuous functions in L? (X).

Theorem 2.11. Let (X, 9, 1) be a measure space, with X a normal space
and p a Borel measure such that

w(E) =sup{u(C): C closed, C C E} =inf {uu(A): A open, A D E}

for every set E € M with finite measure. Then LP (X) N Cy (X) is dense in
LP (X) for1 <p < .

Proof. Since by Theorem 2.10 simple functions in L (X) are dense in L? (X),
it suffices to approximate in L? (X) functions x g, with E € M and p (E) < oo,
by functions in LP (X) N Cy (X). Thus, fix £ € M with p (E) < oo, and for
any € > 0 find an open set A D F and a closed set C' C E such that

p(A\C) <&

By Urysohn’s lemma there exists a continuous function u : X — [0, 1] such
that wu = 1in C and w = 0 in X \ A. Since suppu C A and u(4) < oo, it
follows that u € L? (X) N Cy (X). Moreover,

/Im—ul”du:/ Ixp —ul” du < p(A\C) <eP,
X A\C

and the result follows.

Definition 2.12. Let (X, 9, u) be a measure space, with X a topological
space, p @ M — [0,00] a Borel measure, and 1 < p < oo. A measurable
function u : X — [—00,00] is said to belong to LY (X) if u € LP (K) for
every compact set K C X. A sequence {u,} C LY (X) is said to converge to
win LY (X) if up, — u in LP (K) for every compact set K C X.

loc

Definition 2.13. A measurable space (X,9M) is called separable if there ex-
ists a sequence {En} C M such that the smallest o-algebra that contains all
the sets E,, is M. In this case M is said to be generated by the sequence {E,}.

Example 2.1}. The o-algebra of all Lebesgue measurable sets in RY is gener-
ated by the countable family of cubes with centers in QY and rational side
length.

Exercise 2.15. Prove that if X is a separable metric space and 91 is the
Borel o-algebra, then X is a separable measurable space.
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Theorem 2.16. Let (X, M) be a separable measurable space with M generated
by a sequence {E,} C M, and assume that p is o-finite. Let I be the smallest
algebra containing {E,}. Then simple functions of the form

n
E CiXF;,
i=1

wheren € N, ¢; € Q, and F; € N, u(F;) < o0, i =1,...,n, form a countable
dense subset of LP (X) for 1 < p < oo. In particular, LP (X) is separable for
1<p<oo.

Proof. Since by Theorem 2.10 simple functions in L (X) are dense in L (X),
it suffices to approximate in L? (X) functions x g, with £ € Mt and p (E) < oo,
by xr, for some F,, € 9.

Step 1: Assume that p(X) < oo. Let 9 be the family of sets G € 9 for
which there exists a sequence {F;} C 9N such that xr, — x¢ in L? (X) as
j — 0o. We claim that 9 is a o-algebra.

Note that 91 C M, and so 0, X € M’. Moreover, if G € M’ then X \ G €
9. Indeed, let {F;} C 9 be such that xr, — x¢ in LP (X) as j — oo. Then
{X\ F;} C9tand

Xx\r;, =1=xr, = 1= Xc=xx\¢
in L? (X) as j — oc.

Next, assume that Gy, G2 € M’ and let {F;i)} C M, i =1, 2, be such that
Xp) = XG; in LP (X) as j — oo. By selecting a subsequence if necessary, we
may assume (see Theorem 2.20 below) that x .« (z) — xg, () as j — oo for

J
pae r€X,i=1,2 and so X0 @ (T) = XGiuG, () for pae z € X.
J J
By the Lebesgue dominated convergence theorem it follows that x ) 2 —
i VE;

Xc UG, in LP (X), and so G1 U Gy € M. Hence M is an algebra.
Finally, to show that 9’ is a o-algebra, consider {G;} C 9 and define

Goo = G GZ', G; = Gz \ UG;
i=1 =1

Since M is an algebra, it follows that G € 9V, and since the sets G are
pairwise disjoint, we have that

00>u(Goo)=u<UG2> =ZN(G§)~

Thus, for any fixed € > 0 we can find a positive integer i. so large that

o0

> ou@y<(3)

i=i.+1
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j
Xy — XG. in LP (X) as j — oo, and so for all j sufficiently large,
J

Since G, = UZ;l G; € 9, there exists a sequence {F-(E)} C M such that

3

72'

X — X@G
H Fj ‘L

In turn, by Minkowski’s inequality,

Xp© ~X6. =X U &

i>ie

Xp) —XaG H =
H Fy e Lo

oo 1/p
LP+< > M(G§)> <e.

i=ic+1

< HXF7§5> — XG.

By taking € = % and using a diagonalization argument, we can construct a
sequence {Fj(j/n)} C M such that x ,a/m — X, in LP (X) as n — oo. This
In

shows that J;o; G; € 9. Hence MM’ C M is a o-algebra containing N, and
so by the hypothesis that 91 is generated by {E,}, it must coincide with 93t.

Step 2: Here we remove the additional hypothesis that p (X) < co. Since p is
o-finite, let {G,;} C 9 be a sequence of pairwise disjoint sets of finite measure

such that -
- U G
j=1

Applying the results of Step 1 to (G;, M| G;), we may find FY) € ¢ such
that Xp@na, — XENG; in L? (G,) as n — oo. Fix ¢ > 0 and find jy such that

oo

Y w(ENG)) <

Jj=jo+1

w\m

Let ng be such that for every n > ng and for all j =1, ..., jo,

P
/ ’XEﬁGj - Xprgﬂmcj‘ dp :/ ‘XEmGj ~ Xpna, ‘ dp < —.

2]0
Since the sets G; are pairwise disjoint, we have that
P
/ XE =X |J pMng, du Z/ XE =X j pPng,|
X k<ijo k<JO )
p p
-y el dut Z ~Xpng,| dn<e

Jj=jo+1

and this concludes the proof.
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Step 3: We show that 91 is countable. Recursively, we define the families of
sets C; C P (X) as follows:

Ci:={E,}U{X, 0},
Cr1 ::CIU{X\E: EEC[}U{EUF:E,FECZ}.

By induction, each C; is countable, and so is

(@

Cx=)C.

l

1

We claim that Coo = 9. Indeed, Co, contains all E,,, X, and (), and for any Ej,
E5 € C there are Iy, Iz with E; € C;; and hence Ey U Ea € Chax{iy,1,3+1 and
X\ E;1 € C,41. Hence, Cy is an algebra that contains {E,}, and so M C Cwp.
We conclude that Co, C .

Remark 2.17. From the proof of the previous theorem it follows that given
any E € 9, its characteristic function may be approximated in L? by char-
acteristic functions of sets in 1.

2.1.2 Strong Convergence in LP

In this subsection we study different modes of convergence and their relation
to one another.

Definition 2.18. Let (X, 0, 1) be a measure space and let u,, u: X — R be
measurable functions.

(i) {un} is said to converge to u almost uniformly if for every e > 0 there
exists a set E € M such that 1 (E) < € and {u,} converges to u uniformly
in X\ E;

(11) {un} is said to converge to u in measure if for every ¢ > 0,

nh_)rglo,u({x €X :uy (z) —u(x)] >e})=0.

Definition 2.19. Let (X, 0, 1) be a measure space with p o-finite, and let
Un, u € L (X), n € N. The sequence {uy,} is said to converge to u with
respect to the Mackey topology if {u,} converges to u in measure and

sup |[un | e < 00.
neN
The next theorem relates the types of convergence introduced in Definition

2.18 with convergence in LP.

Theorem 2.20. Let (X, M, 1) be a measure space and let u,, u: X — R be
measurable functions.
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(i) If {un} converges to u almost uniformly, then it converges to u in measure
and pointwise p almost everywhere;

(it) if {un} converges to u in measure, then there exists a subsequence {un, }
such that {un, } converges to u almost uniformly (and hence pointwise p
almost everywhere);

(i) if {un} converges to uw in LP, 1 < p < oo, then it converges to u in
measure and there ezist a subsequence {uy,} and a function v € LP such
that {uy,, } converges to u almost uniformly (and hence pointwise p almost
everywhere) and |uy,, (z)] < v (x) for p a.e. x € X and for all k € N.

All the other implications fail in general.

Exercise 2.21. (i) Pointwise convergence u almost everywhere does not im-
ply convergence in measure or in LP, 1 < p < oco. To see this, let X =N,
M =P (N), and let p be the counting measure. Define u,, := x{y}. Show
that {u,} converges to zero pointwise but neither in measure nor in L?,
1<p<oo.

(ii) Convergence in measure or in LP, 1 < p < 0o, does not imply pointwise
convergence f almost everywhere. Let X = [0,1), 9T = B([0,1)), and
let 1 be the Lebesgue measure. Consider the sequence of intervals [0, %),
[3:1): 0,5), [5:5), [5:1), [0.9): [5:3), [3:3): [§:1) - Let uy be
the characteristic function of the nth interval of this sequence. Show that
{un} converges to zero in measure and in L?, 1 < p < oo, but the limit

lim u, (x)
n—oo
does not exist for every x € [0, 1).

(iii) Pointwise convergence p almost everywhere does not imply almost uni-
form convergence. Let X = N, 9t = P (N), and let p be the counting
measure. Define u,, := x{1,...n}. Show that {u,} converges to one point-
wise but not almost uniformly.

Concerning (iii) in the example above, we remark that when the mea-
sure is finite, then convergence p almost everywhere implies almost uniform
convergence. This follows from the next theorem.

Theorem 2.22 (Egoroff). Let (X,9M, ) be a measure space with p finite
and let u, : X — R be measurable functions converging pointwise u almost
everywhere. Then {u,} converges almost uniformly (and hence in measure).

In order to characterize convergence in L? (X) for 1 < p < oo we need to
introduce the notion of equi-integrability.

Definition 2.23. Let (X, 0, 1) be a measure space. A family F of measurable
functions u : X — [—o00,00] is said to be
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(i) equi-integrable if for every e > 0 there exists § > 0 such that

/|u\ dpu <e
B

for all w € F and for every measurable set E C X with u(E) <.
(ii) p-equi-integrable, p > 0, if the family of functions {|ul’ : u € F} is equi-
integrable.

Theorem 2.24 (Vitali convergence theorem). Let (X,9M, u) be a mea-
sure space, let 1 < p < oo, and let u,, u: X — R be measurable functions.
Then {un} converges to u in L? (X) if and only if

(i) {un} converges to u in measure;
(ii) {un} is p-equi-integrable;
(i) for every e > 0 there exists E C X with E € M such that p(E) < oo

and
[l <
X\E

for all n.

Remark 2.25. Note that condition (iii) is automatically satisfied when X has
finite measure.

Ezample 2.26. Let X = R, M = B(R), and let p be the Lebesgue measure.
The sequence u,, = nX[O 1] converges in measure to zero, satisfies (iii), but is
not equi-integrable, while the sequence u,, = % X[n,2n] CONVerges in measure to
zero, is equi-integrable, but does not satisfy (iii).

Conditions (ii) and (iii) hold if the sequence is dominated by a function
v € LP (X). Precisely, we have the following result, which will be used to prove
the decomposition lemma below.

Proposition 2.27. Let (X,9M,u) be a measure space and let u, : X —
[—00, 0] be measurable functions. If there exists v € LP (X)) such that

o (2)] < v (@) (2.7)

for all n and for u a.e. x € X, then {uy,} satisfies conditions (ii) and (iii) of
Vitali’s theorem.

Proof. Define
v(E) ::/ o’ du, E € M.
E

Then v is a finite measure absolutely continuous with respect to u, and so by
Proposition 1.99, for every € > 0 there exists § > 0 such that
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/E of? du < (2.8)

for every measurable set F C X with p (F) < 4, while by Proposition 1.7(i),
Jim ol dy = / lof? du (2.9)
{zeX:0<|v|<o0}

t=oe JaeX: L<pu|<t}
=/ lv[” dp,
X

where we have used the fact that the set {z € X : |v (z)| = co} has p measure
zero (see Remark 1.78).

Fix € > 0 and let 6 > 0 be such that (2.8) is satisfied.

Then for every measurable set £ C X with pu (F) <6, by (2.7) and (2.8)

for each n € N we have
[ unl? < [ o dn <
E E

Hence {u,} is p-equi-integrable.
Next, by (2.9) there exists ¢ > 0 so large that

Ry ol d = [ ol du <.
b'e {zex: L1<v]<t} xX\{zex: I <lv|<t}

Set )
EE:—{IEX: t<|v(:17)|<t}.

Then u (E.) < co by Remark 1.78 and by (2.7),

[l aus [ dese
X\E. X\E.

Remark 2.28. Note that any finite family {ug,...,w;} of functions in L? (X)
satisfies the hypothesis of the previous proposition. Indeed, it suffices to define
v :=max{|uil,...,|ul}.

for all n.

In view of Vitali’s theorem it becomes important to understand equi-
integrability.

Theorem 2.29. Let (X,9M, 1) be a measure space, let 1 < p < oo, and let
F C LP(X) be a bounded set. Then the following conditions are equivalent:

(i) F is p-equi-integrable;
(i1)
lim sup/ lul” dp = 0; (2.10)
{zeX: |u|>t}

t—ooyeF
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(iii) (De la Vallée Poussin) there exists an increasing function vy : [0,00) —

[0, 00], with
lim () =00 (2.11)
t—oo t
such that
sup/ v (Jul”) dp < oo. (2.12)
ueF JX

Proof. By replacing the family F with {|u|” : v € F}, without loss of gener-
ality, we may assume that p = 1. Let

C = sup [ul 115, < oo (2.13)
ueF

Step 1: Assume that F is equi-integrable and, given € > 0 let § > 0 be such
that

Sllp/ lu| du < e
u€F JF

for every measurable set F' C X with p(F) < J. Choose t. > 0 such that
% < ¢. Then, also by (2.13), for every u € F and for all ¢ > t. we have

C

1
pllre X ful>0) < 7 lullpy < T <9,

and so

sup [ jul d < e,
ueF J{zeX:|u|>t}

and this validates (ii).
Conversely, suppose that (ii) holds, fix € > 0, and choose t. > 0 such that

5
sup/ || dp < <.
weF J{zeX: [ul>t.} 2

Then for every measurable set F C X with u (F) < i and for all u € F we
have

[ du= | ol de+ [ ] dp
F {z€F: |u|>t.} {z€F: |u|<t.}
< % +tp(F) <e.

Step 2: Assume that (ii) holds and construct an increasing sequence of non-

negative integers {k;} such that

1
sup/ lu] dp < ——.
uweF J{zeX:|u|>k;} 2+
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For each | € Ny let b; be the number of nonnegative integers ¢ such that k; <.
Note that b; /" co as | — o00. Define

y(t):=tb ftell,l+1).
Then
v (1)
t
as t — oo, where [t] is the integer part of ¢. Moreover, for all u € F, by
Example 1.82,

/ (Jul) dp = Z/MKM} ul) dp
| d d
Z /{l<|u<l+1}u H= Z Z/ u\ n

1=0 1=0 i: k<1 ¥ {IS|ul<l+1}

[e.e] (oo} 1
- jul dyt < / uldu<> oL

3 Sy = 2 g

Conversely, assume that (iii) holds and let

> by — 00

M = sup/ v (Ju]) dp < .
ueF JX

By (2.11), for every € > 0 there exists t. > 0 such that
M
v (t) > — for all t > ¢..

Then for every measurable set F C X with u (F) < 3r- and for all u € F we
have

[ du= | l d+ [ Ju] dp
F {z€F: |u|>t.} {zeF:|u|<lt:}
13
< — d t F)<e.
< a7 [ (b dit b (P) < ¢

Hence F is equi-integrable.

Remark 2.30. Often the sufficient condition (2.12) for equi-integrability is
stated for a continuous, finite, increasing function ~. Note that if v takes
the value co at some ty > 0, then v = oo on [tg,00). Therefore condition
(2.12) implies that the set F is bounded in L*. Moreover, if v is finite, then
it is possible to construct a finite, nonnegative, increasing, continuous, convex
function ¥ below v that still satisfies (2.11) (see Remark 4.99 below), and
therefore it suffices to apply the previous theorem with 7 in place of ~.
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An important consequence of Theorem 2.29 is the following result.

Lemma 2.31 (Decomposition lemma, I). Let (X,9M, ) be a measure
space, and let u, : X — [—00,00] be measurable functions such that

sup |[up |1 < o00.
n

For r > 0 consider the truncation 7, : R — R defined by
. i el <,
=4 z
To(2) =19 2, if |z| >
E
Then there exist a subsequence {un,} of {un} and an increasing sequence

of positive integers j, — oo such that the truncated sequence {Tj, o up,} is
equi-integrable and

pn({r e X : up, (x) # (75, o un,) (2)}) — 0
as k — oo.
We first state and prove a simple auxiliary criterion for equi-integrability.

Lemma 2.32. Let (X,9M, u) be a measure space, and let u, : X — [—00, ]
be measurable functions such that sup, |u,||;1 < oo. Then {u,} is equi-
integrable if and only if

lim Sup/ (Jun| = j) dp=0.
Jjelilo n J{zeX:|u,|>j}

Proof. If {u,} is equi-integrable, then

Suv/ (Junl —4) dmsup/ || dpp — 0
n J{zeX:|un|>j} n J{zeX:|u,|>j}

as j — 0o, where we have used (2.10).
Conversely, fix € > 0, let

c:=sup |[un| 11,
and choose j € N so large that
. €
sup (lun| = j) dp < 5.
n {wEX:|u"|>j}
Ift > %, then
/ unl d = [ (al = 3) dps+ i ({r € X ¢ Jua| > 1))
{zeX: |un|>t} {zeX: |un|>t}
€. J
< -+= nl du < e.
<57 [ lwlduse

In view of Theorem 2.29 we conclude that the sequence is equi-integrable.
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Proof (Lemma 2.31). Without loss of generality we may assume that

sup/ |tn| du < 1.
n Jx

For j € N define

n j—o0

2 (j) = sup /{| Gl =) d, g i=lmewpp (). (214
Un|2]

If oo = 0, then by the previous lemma we deduce that {u, } is equi-integrable
and the statement of the decomposition lemma is verified with n; := k and
Jk = k. If o > 0, then find ji, n1 € N so large that

Poo

Jo o Gl =) du= 2.

By induction, assume that positive integers n; < ... <ngx_; and j; < ... <
Jk—1 have been chosen, and we claim that there exist jr > jr—1 and ng > ng_1,
jk, ng € N, such that

/{Iunklzjk} (Jtny| = Jr) dp > <1 - 21k> Poo- (2.15)

Indeed, if this were false, then

1
timsup swp [ (lun] ) du< (1 - k) oo
{Junl>5} 2

Jj—oo n>ng_q

and in turn,

j—oo n<ng_1

limsup sup / (|un] = J) dp = poo > 0,

and this, in view of the previous lemma, implies that the finite family
{ul, ey Uny } is not equi-integrable. In view of Remark 2.28 we have reached
a contradiction, and hence the claim is established.

Next we show that the sequence {7; o u,,} satisfies the properties
requested. Note first that

p{r € Xt un, (2) # (75 0 uny ) (2)})

. 1 1
<o X fun, @ 2D < o [ unl du< =0
Jk Jx Jk

as k — oo.
In order to prove equi-integrability of the sequence {7, o uy, }, fix I € N
and let
ky:=min{k e N: j > 1}.
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Then k; — oo as | — oo. Note that if k < k;, then {x € X : |15, o up, | > 1} is
empty, while if k& > k;, then ji > [, and so

min{‘Tjk ° u7lk| 7l} = min{|unk| ,l} .

Therefore

/ (I © ttmg| — 1) ds
{|Tﬂ'k°“"k‘zl}

(‘Tjk o unk| - min{|Tjk Ounk‘ 71}) dp

Il
——

(It | — m0in {[uimy |, 1}) dpt — /X (Tttme | = 750 © tine]) s

/{MM (ltng| — 1) du/ﬂun (il =)
<p0-(1- 7 ) om0 @ - (1= 5 ) o

where we have used (2.15) and the fact that k > k;. We conclude that

1
oy (0wl =0 du o)~ (1= g o (210
keN {lTjkOu"k|zl}

Note that the right-hand side of the previous inequality converges to zero as
I — 00, and we invoke the previous lemma to conclude the equi-integrability
of the sequence {7, o uy, }.

Remark 2.33. (i) In Chapter 8, using Young measures techniques we give an
alternative proof of this result in the particular case that X is a bounded
Lebesgue measurable subset of RV,

(ii) Note that taking the limit inferior in the inequality (2.16) and using the
fact that the left-hand side is nonnegative yields

0< hlmmfgo(l) — Yoo

which, in view of the definition of ¢, in (2.14), implies that ¢, is actually
a limit.

2.1.3 Dual Spaces

In view of Holder’s inequality, if 1 < p < oo and ¢ is its Holder conjugate
exponent, then for every v € L? (X) the functional

uELp(X)H/ uv dp
X
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is linear and continuous and thus belongs to (L (X))

Under appropriate hypotheses on the measure p it is possible to identify
the dual of L? (X) with L? (X) for 1 < p < oco. We begin with some prelimi-
nary results, which give the converse of Holder’s inequality.

Theorem 2.34. Let (X, 9, 1) be a measure space, let 1 < p < oo, and let ¢
be its Holder conjugate exponent. Let u : X — [—00, 00] be measurable and as-
sume that uv is integrable for every v € LY (X). If the set {x € X : u(z) # 0}
has o-finite measure, then u € LP (X).

Proof. We begin by showing that
p({z e X :fu(z)| =oo}) =0.

Indeed, if not, then since {z € X : u(x) # 0} has o-finite measure we would
be able to find a measurable set

Ec{ze X :|u(x) =00}

with 0 < p (F) < oo. Since v := xg € L?(X), we would have that

oo>/ |uv| d,u:/|u| du = oo,
e E

which is a contradiction. Hence we are in a position to apply Corollary 1.77
to construct a sequence of simple functions {s,}, each of which is bounded
and vanishes except on a set of finite measure, such that {|s, (z)|} converges
monotonically to |u (z)| for p a.e. x € X. The functionals

Ly (v) := / spvdu, veLi(X),
X
are linear and continuous with (see the proof of (2.19) below)

||LnH(Lq(X))' = H5n||[,p(x)-

Moreover, since |s, (z)| < |u (z)| for p a.e. © € X, for any v € L7 (X) we have
that

sup | Ly (v)] < sup / lsn0] du < / v dps < oo
n n X X

by the hypothesis on u. It now follows from the Banach—Steinhaus theorem
that there exists M > 0 such that

sup ||Ln||(Lq(X))/ =sup [|snlLr(x) < M.

If 1 < p < o0, then by the Lebesgue monotone convergence theorem we now
have
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MP > lim [ |s,|" du= / lul” du,
so that u € LP (X), while if p = oo for p a.e. x € X, we have

M > lim |s, (z)] = |u(z)],

n—oo
which implies that ||u||Loo(X) <M.

As a consequence of the previous result we may now prove the converse of
Hoélder’s inequality.

Theorem 2.35 (Converse Holder’s inequality). Let (X, 90, 1) be a mea-
sure space, let 1 < p < oo, and let q be its Holder conjugate exponent. Then
the following are equivalent:

(i) for every measurable function u : X — [—00,00] such that uv € L' (X)
forallv e L1 (X), u € L? (X);
(ii) 1 has the finite subset property.

Proof. Step 1: Assume that (i) holds. If (ii) fails, then we can find a set
E € M, with p(E) = oo, such that u(F) € {0,00} for all F € M, with
F C E. Then the function u = xg is not in L? (X). On the other hand, if
v € L7 (X), then

n

{xeX:M@#O%:G{xeX:WWHzl}

n=1

1 1
—u ({xeX:v(w)|>}) §/ [v|? dp < oo,
n4 n X

and so p ({z € E: |v(z)| > 1}) = 0, which implies that wv = 0 for y a.e. in
X. Hence uv € L' (X) for all v € L9 (X) and u ¢ LP (X), which contradicts
().

Step 2: Assume that p has the finite subset property and let u : X — [—00, 0]
be such that uv € L' (X) for all v € L9 (X). We claim that u € LP (X). In
view of Theorem 2.34 it suffices to show that the set {z € X : u(z) # 0} has
o-finite measure. Let

and

Eﬂ:{xeX:MWHZi}.

Since -
{reX:u(x)#0}= UEW
n=1

it remains to show that u (E,) < oo for all n € N. Assume by contradiction
that u (E;) = oo for some [ € N. Then, as in the proof of Proposition 1.25, it
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is possible to show that the set E; contains a set F' € 9t with o-finite measure
such that u (F) = co. The function w := uxp is such that wv € L' (X) for
all v € L7(X) and the set {z € X : w(x) # 0} has o-finite measure. Hence
by Theorem 2.34, w € L?(X), which is in contradiction with the fact that
lw ()| > L on the set F' of infinite measure.

Remark 2.36. Note that the nonzero function f = yg constructed in Step 1
belongs to L (X), while uv = 0 for u a.e. in X and for all v € L (X).

Using the previous results one can show that the dual of L? (X) may be
identified with L7 (X) for 1 < p < oco.

Theorem 2.37 (Riesz representation theorem in L?). Let (X, 9, pu) be
a measure space, let 1 < p < oo, and let q be its Hélder conjugate exponent.
Then every bounded linear functional L : LP (X) — R is represented by a
unique v € L1 (X) in the sense that

L(u)= /X wodp  for every u € LP (X)) . (2.17)

Moreover, the norm of L coincides with ||v||;,. Conversely, every functional of
the form (2.17), where v € L9 (X), is a bounded linear functional on LP (X).
In particular, LP (X) is reflexive.

Proof. Step 1: Assume first that p is finite and that L : LP (X) — R is
linear, bounded, and L > 0, that is, L (u) > 0 whenever u > 0. Then for every
E € 9M the function xg is in L? (X), and so the set function

v(E):=L(xg), EeM,

is well-defined. We claim that v is countably additive. By the linearity of L
it follows that p is finitely additive. Let {E,} C 99t be a sequence of pairwise
disjoint sets and denote by E their union. Then

X —xeg inLP(X),

1

U En
n=1
and hence, by the continuity of L,

l

l 0o
Zu(En)=u<U En> =L X —>L(XE):y<U En>

n=1 n=1

as [ — oo. Since v is absolutely continuous with respect to g we may apply the
Radon-Nikodym theorem to find a unique nonnegative function v € L! (X)
such that

L(xg)=v(E)= / xevdp for every E € It
X
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By the linearity of L we conclude that

L(s)= /std,u

for every nonnegative simple function s.

If w € LP (X) is a nonnegative function, then by Theorem 1.74 we may
find an increasing sequence {s,} of nonnegative simple functions converging
to u p a.e.

Since 0 < sP < wuP, by the Lebesgue dominated convergence theorem
Sp, — win LP (X), and so L (s,) — L (u). On the other hand, by the Lebesgue

monotone convergence theorem

L(Sn):/XSnUd/i—)/XUUd/J?

L(u):/Xuvdu (2.18)

and so

for all nonnegative u € LP (X).
For a general u € LP (X) it suffices to write u = u™ —u~ and apply (2.18)

to conclude that
L(u)= / uv dp
X

for all u € LP (X). Moreover, since uv € L' (X) for all u € LP (X), it follows
from the converse Holder’s inequality that v € L? (X). Next we show that the
norm of L coincides with ||v]|,, (x)- By Hoélder’s inequality,

1L ()] < [l o x) 10l o)
for all w € L? (X), and so

s <l

Il (Lo (x)) o) -

To prove the reverse inequality, take u := v?~!. Then

/updu:/ vp(qfl)du:/ vldy < oo,
X b'e b'e
L@l = [ wdu= [ vdn
X b'e

||L||(LP(X))' = ||U||Lq(x)~ (2.19)

Step 2: We now remove the extra assumption that p is finite. Let

while

and so
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M :={FeM: u(E)<oo}.
Note that 9V is not an algebra. For E € 9’ define
Mg :={ue L?(X): u=0 outside E}.

By identifying Mg with L? (E) we can apply Step 1 to the positive linear
continuous functional L : Mr — R to find a unique function vy € L9 (FE)
such that

L(u)= /X uvg dp  for every u € Mg (2.20)

and

1L (u)| |L (uw)]
lvellpamy = sup = sup " <Ll 1px)y -
Le(B) u€Mp\{0} HUHLP(E) u€Mp\{0} HUHLP(X) (£2(X)
(2.21)

Extend vg to be zero outside E.
Note that in view of the uniqueness of vg, if E, FF € 9’ then for p a.e.
xe ENF,
vg (2) = vpar () = v ().
In particular,
vpur = max{vg,vr}, (2.22)

while if £ C F', then
0 § VE S V.

sup ||v q <L Lr(X)) < 00,

and so we may find a sequence of sets {E,,} C 9’ such that
nh_{go v, ||Lq(x) = Esélgl%/ ||UEHL11(X) :
Replacing vg, with vyr_ g, by (2.22) we may assume without loss of gen-
erality that the sequence {E,} is increasing (and the same holds for {vg, }).
Hence for p a.e. x € X there exists
lim vg, () =:v(z),
n—oo

and by the Lebesgue monotone convergence theorem,
||U||Lq(X) = nh_{rolo IlUEn”Lq(X) = ;élgl;/ HUEHLq(X) < ||L||(LP(X))’ < 0o.

Next we claim that if £ € 9 then

v () = v (x) (2.23)
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for 1 a.e. x € X. Indeed, by (2.22),

Sup, 0Bl Loy = 10l Lax) = T vz, [l Lo

IN

i [fog,uel o) = m [max {og, v5} | o,

< sup ||UE||Lq(X) :
Eenv
Hence
||U||Lq(X) = nh_fgo [[max {UEn7vE}||LfI(X) = |/max {UavE}”LQ(X)’

and so the claim holds.
By (2.20) and (2.23), for every simple function s vanishing outside a set
of finite measure we have

L(s):/ 5U{5£0} du:/ svdpu,
X X

and by Corollary 1.77, the continuity of L, and the Lebesgue monotone con-
vergence theorem, we conclude that

L (u) :/Xuvdu

for all u € LP (X). The fact that [|L[| 1, x)y = [[v]l 14 (x) follows exactly as in
Step 1.

Step 3: Finally, to remove the assumption that L is positive, for any linear,
bounded functional L : LP (X) — R, for u € L? (X), u > 0, define

LT (u):=sup{L(v): 0<v<wu}, L (u):=—inf{L(v):0<v<u}.

We claim that LT is additive. Indeed, let u, us € LP (X) be nonnegative. For
any v; € LP (X)), with 0 <v; < w;, i = 1,2, we have

L(vi)+ L(ve) =L (v1 +v2) < LT (ug +us),
and by the arbitrariness of vy and vy we get
Lt (ul) =+ Lt (u2) < Lt (Ul + UQ) .

To prove the opposite inequality, let v € L? (X)), with 0 < v < uy + ug, and
define

vy :=min{v,u1}, v2:=v—vy.

Then 0 < v; < wuy, ¢ = 1,2, and so

L(v)=L(vi)+ L(ve) <L (ug)+ LT (ug).
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By the arbitrariness of v we obtain
Lt (u1 + UQ) < Lt (Ul) + Lt (UQ) R

and so the claim follows.
Next observe that by the linearity of L, for t > 0 and v € L? (X), u > 0,

LT (tu) :=sup{L(v): 0 <v <tu} =sup{L (tw): 0 <w < u}
=tsup{L(w): 0 <w<u}=tL" (u),

while for any v € LP (X)), with 0 < v < u, we have

L) < 1l 19lmi < HElgr oy ol

and so
L* (uw) < Ll poxyy Nl sy -

Similar properties hold for L—.
Finally, for all u € LP (X), u > 0,

LT (u) — L(u) =sup{L(v) — L(u): 0 <v<u}
=sup{—L(u—v): 0<v<u}
=—inf{L(u—v): 0<u—v<u}=L" (u)

Hence the functionals
LY (w):=L" (u") =LY (u7), L™ (w):=L" (u")—L" (u”), uell(X),
are linear, continuous, positive, and

L=Lt-L".

Applying Step 2 to LT, L™, we may find unique functions v, v, € L7 (X)
such that

LT (u) = / wordp L™ (u) = / uvg dp  for every u € LP (X).
X X
The function v := v; — vy satisfies
L(u)= / wvdp  for every u € LP (X),
X

and once again the fact that || L|[ 1, (x)) = [[v[|pa(x) follows as in Step 1 with

the only change that one should take now u := |v|q*2 V.

The previous theorem fails if p = 1, as the following exercise shows:
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Exercise 2.38. Let X = (0,1), let 99t be the o-algebra consisting of all count-
able subsets of (0, 1) and their complements, and for every E € 9 define p (E)
as the cardinality of E. Prove that L' (X) consists of all functions that vanish
outside a denumerable set, and whose remaining values form an absolutely
convergent series. Show that if u € L! (X), then the function v (z) := zu ()
is also in L' (X) and the functional

L (u) ::/Xxu(x) du(z) weL'(X)

is linear and continuous. Since this functional takes on an uncountable set of
distinct values on the family of characteristic functions of singletons, prove
that it cannot be of the form

L(u) = /Xuv du for every u € L' (X)

for some measurable function v. Indeed, any measurable function must be
constant except for a countable set.

Theorem 2.39 (Riesz representation theorem in L'). Let (X,9M, 1) be
a measure space and let

M :={EeM: pu(F) <oo}.

Then for every bounded linear functional L : L* (X) — R there exists a unique
signed measure A : M — R absolutely continuous with respect to p such that

1Al ::sup{)\(E)|: EGDJT,O<u(E)<oo} < 00 (2.24)

and
L(u) = / wd)\  for every u € L* (X). (2.25)
X

Moreover, the norm of L coincides with ||\||. Conversely, every functional of

the form (2.25), where \ is as above, is a bounded linear functional on L* (X)?!.

! Since M’ is not an algebra (unless y is finite), here by a measure v : M’ — [0, oc]

we mean that

oo (oo}

v(@)=0, v (U En> = ZV(En)

n=1 n=1
for every countable collection {E,} C 9’ of pairwise disjoint sets such that
U2, En € M, while by a signed measure A : M’ — R we mean that X is the
difference of two measures v1, v2 : M’ — [0,00). In the proof of the theorem
we will show that v1 and v2 may be extended as measures on the o-algebra 1.
Hence, the integral [ « wdA should be understood as

/ud)\ ::/ udz?lf/ udpa,
X X X

provided the right-hand side is well-defined, and where 1 and 72 are the exten-
sions of v; and vy, respectively.
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Proof. Step 1: Assume that L : L' (X) — R is linear, bounded and L > 0,
that is, L (u) > 0 whenever u > 0. As in the previous theorem, the set function

V(E) :L(XE)a Eemla
is countably additive, absolutely continuous with respect to u, with

1Ll 11 0y = L) V(B i Eem 0<p(E) <o
||XE||L1(X) (E)

Hence
1Ll (1 xyy 2 vl (2.26)

To extend v to the g-algebra 9 define
v(E):=sup{v(ENF): FeM'}, EeM (2.27)

As in the proof of Lemma 1.23, one can verify that  is a measure, absolutely
continuous with respect to u. Moreover, 7 = v on M.
For any simple function s of the form

¢
5= ZCiXEia (2.28)
i=1
where ¢; € R and E; € M, we have

L(s) :/Xsdl/.

Given a nonnegative function u € L (X) = L' (X,90, ), in view of Theorem
1.74 one can construct a sequence of nonnegative simple functions {s, }, each
of which is bounded and vanishes except on a set of finite measure u, such
that {s, (z)} converges monotonically to u (z) for & a.e. z € X. Write

Ly

_ § (n)

= Ci XEEn) 5
i=1

where an) > (0 and Ei(n) € M. Then

U
/X suds =3 c{"r (E<“>)<||u||zc<" ) =Ivl / 5n gt

and so by the Lebesgue monotone convergence theorem,

/udﬂg IIVH/ udy, (2.29)
X X
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which implies that v € L' (X, 9, 7). Using Corollary 1.77 and the Lebesgue
dominated convergence theorem, it follows that

L (u) :/ udp
b's
for every nonnegative u € L1 (X).
If now u € L' (X) = L' (X,9M, ), we can apply the previous part to u*
and u~ to conclude that
L(u) = / udp  for every u € L' (X), (2.30)
X
with (see (2.29))
[ tuld <l [ ol dn (231)
b's b's

which implies that u € L' (X,9, 7). By (2.30) and (2.31) we obtain
HLH(Ll(X))’ < vl
which, together with (2.26), yields || L[ ;1 (x), = [lv[|.

Step 2: If L : L' (X) — R is linear, bounded as in the previous theorem, we
write

L=L"—-L",
where for u € L' (X), u > 0,
LT (u):==sup{L(v): 0<v<u}, L (u):=—inf{L(v): 0<v<u},
while for u € L (X),
Lt (w):=L" (u") = LT (u), L (w):=L (u")—L (u).
One can verify that L™ and L~ are linear, continuous, and nonnegative with
L0z ey = ||L+||(L1(X))’ + HL7||(L1(X))’ :

Hence by the previous step we can find two measures AT, A~ : I — [0, 00)
such that

L (u) = / wd\*  for every u € L' (X)
b'e

and

ME(E
H)\iH = sup{() cEeM o< u(b)< oo} = HLiH(Ll(X))/.

w(E)

It suffices to define \ := AT — \—.
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Exercise 2.40. Prove that the integral [, udi constructed in Step 1 of the
proof of the previous theorem does not depend on the particular extension o
of v. Using (2.24) show that

A= AT+ A
where AT, A7, and ) are defined in Step 2 of the proof of the previous theorem.

Using the Radon—Nikodym theorem IT we can deduce from the previous
theorem the following result.

Corollary 2.41. Let (X,90, i) be a measure space. Then the dual of L* (X)
may be identified with L™= (X) if and only if the measure p is localizable and
has the finite subset property.

Proof. In the remainder of the book we will use only the fact if the measure p
is localizable and has the finite subset property, then the dual of L' (X) may
be identified with L (X). Thus we prove here only this implication, and we
refer to [Rao04] and [Z67] for the converse one.

Hence assume that p is localizable and has the finite subset property and
let L: L' (X) — R be linear, bounded, and positive. Let v and 7 be defined as
in the proof of step 1 of the previous theorem. Since 7 is absolutely continuous
with respect to p and satisfies (1.52) (see (2.27)), we are in a position to
apply the Radon—Nikodym theorem II to obtain a unique measurable function

v: X — [0, 00] such that
v (E) :/ vdp
E
for all E € M. We claim that v € L (X) with
1l = 1ol oe x) »
where ||v|| is defined in (2.24). Indeed, let
Ey={zeX:v(x)>|v|}.

Assume by contradiction that u(Ep) > 0. Since p has the finite subset
property, if u(Ep) = oo we may find a measurable subset F' C E; with
0 < pu(F) < oo (if p(Ep) < oo take F' := Ey). Then F' is admissible in the
definition of (2.24), and so

ENVLCS S S ST B
vl = vl 2 < = [ v = 28 < vl

which is a contradiction. Hence p(Ey) = 0, and so v € L% (X) and
vl 1o (x) < IV[l. In turn, for every E € M, with 0 < p(E) < oo, we have

v(E) 1
,LL(E) - M(‘Ev)/EIUd:U‘S ||vHL°°(X)7
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and so, taking the supremum over all such E we get [[v| < [[v]| o (x)- This
proves the claim.
Since

L(u):/Xudf/ for every u € L* (X),

by taking u to be a simple function s as in (2.28) we get

4 14
L(s):/ SdV:ZCiV(Ei):ZCi/ q)du:/ svdp.
X i=1 i=1 B X

The continuity of L, Corollary 1.77, and the Lebesgue dominated convergence
theorem yield

L(u):/xuvdu for every u € L* (X).

This concludes the proof in the case that L is positive. The general case may
be treated by the usual decomposition L = LT — L~. We omit the details.

Remark 2.42. Note that if u is o-finite, then, in view of Proposition 1.110, u is
localizable, and it has the /ﬁnite subset property. Hence for o-finite measures
the identification (L' (X)) = L* (X) is valid.

The next exercise shows that the dual of L? (X), 0 < p < 1, is nontrivial
if and only if p has no atoms of finite measure.

Exercise 2.43 (The dual of L? (X), 0 < p < 1). Let (X, 90, ;1) be a measure
space and let 0 < p < 1.

(i) Assume that p has no atoms of finite measure, that is, if for every set
E € 9 of positive finite measure there exists F' € 9, with F' C E, such
that 0 < p (F) < p(E), and let u € L? (X) \ {0}. Prove that the measure

v(E) ::/E|u\p dp, E €M,

has no atoms, so that the range of v is [0, [ [ul” dp].

(ii) Under the same hypothesis on p prove that if U C L? (X) is open, convex,
and 0 € U, then U = L? (X). Conclude that (L? (X))" = {0}.

(iii) Conversely, let E € 9 be an atom with positive finite measure. Prove
that the set

U:={uelP(X): |u(x)] <1for pae z€FE}

is open, convex, and 0 € U, but U # L? (X). Hence (LP (X))’ is nontrivial.
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Finally, we study the dual of L* (X). Note that in general,
(L= (X)) 2 L' (X).

Indeed, the dual of L* (X) may be identified with ba (X, 90, ), which is the
space of all bounded finitely additive signed measures absolutely continuous
with respect to u, that is, all maps A : 9t — R such that

(i) A € ba(X,IM);
(ii)) A(E) =0 whenever E € 9 and p (F) = 0.

Theorem 2.44 (Riesz representation theorem in L*°). Let (X, 9, u) be
a measure space. Then every bounded linear functional L : L>® (X) — R is
represented by a unique X € ba (X, 9, u) in the sense that

L(u)= /X udA  for every u € L™ (X). (2.32)

Moreover, the norm of L coincides with |\||. Conversely, every functional of
the form (2.32), where A\ € ba (X, u), is a bounded linear functional on
L> (X).

Proof. Let L € (L= (X))'. The elements of L> (X) are equivalence classes
[u] (see (2.1)) of measurable functions bounded p almost everywhere. Given
a function u € B (X,9) we have that [u] € L™ (X) and

sup [uf 2 [fulfl -
Define the linear functional
Ly (u):=L([u]), we B(X,M).
Then

(Lo (w)| = [L ([uD)] < Il oo 0y Ml e < NEN (oo () sup Jul,
x

and so
1Ll xamyy < L (Lo (x)y -
On the other hand, by the definition of essential supremum, from each equiva-

lence class [u] € L> (X) we can select a measurable representative % : X — R
such that

sup [a] = [|[u]]| oo (x) -
zeX
Hence i
|L ([u])] _ |Ly ()]
(bl ) suplal
rzeX

< 1 Lall s x,myy
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which shows that ||L1 | gx an)) = [Lll (g (x)y - It follows, in particular, that

L, € (B(X,9M)), and so by the Riesz representation theorem in B (X,9N)
there exists a unique A € ba (X, 91) such that

Ll(u):/ udX for every u € B (X, M)
b'e

and
||L||(L°°(X))’ = ||L1H(B(X,9n))' = [IAll-
Note that if u, v € B (X,9) and u = v u a.e. everywhere, then

/ud)\:Ll(u):L([u]):L([v]):Ll(v):/ vdA.
X X

In particular, if E € 91 is such that p (E) =0, then xg € [0], and so

A<E>:/XxEdA:L<[01>:o.

This shows that A € ba (X, 90, u).
Conversely given any A € ba (X, 9, ), since A is absolutely continuous
with respect to u, the functional

L([u]) := /Xud)\ for every [u] € L™ (X)

is well-defined, linear, and bounded.

The next example shows that ba (X, 91, u) strictly contains the subspace
of finite signed Radon measures absolutely continuous with respect to p.

Exercise 2.45. Let X = [0,1], let 9t = B ([0, 1]), and let & be the Lebesgue
measure. Fix 0 < a < 1 and for each u € L*> ([0, 1]) define

p(u) ;= lim esssup u— lim essinf wu,
e—=0t g<a<ate e—0t a—e<z<a

where, for 0 <c<d <1,

esssupu = inf {a € R: u(z) < a for L' ae. z € (¢,d)},
c<x<d

essingu =sup{a€R: u(z) > afor L' ae. z € (c,d)}.

c<z<

(i) Show that p (u +v) < p(u)+ p(v) for all u, v € L*> ([0,1]), that p (tu) =
tp(u) for all ¢ > 0 and w € L ([0,1]), and that p(u) = 0 for all u €
C([0,1)).
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(ii) Define
L(u):=0, uweC([0,1]).

Prove that L may be extended to a linear functional defined on L* ([0, 1])
with the properties that

—p(u) < L(u) <p(u)

for all u € L> ([0,1]), and L (x[a,1)) = 1.
(iii) Let A € ba ([0,1], B ([0,1]) , £') be the finitely additive measure such that

L(u)= / ud\ for every u € L™ ([0,1]),
[0,1]
representing L via (2.32). Show that A cannot be countably additive.

2.1.4 Weak Convergence in LP

Let 1 < p < oo and let g be the Holder conjugate exponent of p. If p = 1
or p = oo then assume in addition that p is o-finite. By Proposition A.49
and the Riesz representation theorem in L (X), a sequence {u,} C LP (X)
converges weakly (weakly star if p = 00) to some function » in L? (X) if and

only if
/ unvd,uH/ wv dp
X X
for every v € L1 (X).

Propositions A.68, A.57, Theorem 2.37, Remark 2.42, and Corollaries A.55
and A.66 yield the following results.

Proposition 2.46. Let (X, M, 1) be a measure space, let 1 < p < oo, and
assume that the measure p is o-finite when p = co. Let u,, € LP (X), n € N.

(1) If 1 < p < 00, sup,, ||un|l;» < oo and if {u,} converges to u pointwise
a.e. or in measure, then u € LP? (X) and u, — u in L? (X).

(i) If up, — u in LP (X) (= if p = 00), then

HUHLP < linniigf ”un”Lp < SlTllp HunHLP < 0o.

(1ii) If 1 < p < 00, up — u in LP (X), and if ||ul|;, = limp—oo ||Unl| 10, then
up, — u in LP (X).

() If 1 < p < oo and if sup,, ||us||» < 0o, then there exists a subsequence
{un, } such that u,, — u in LP (X) for some u € L? (X). This property
still holds in L (X) with respect to the weak star convergence, if, in
addition, L' (X) is separable.

Remark 2.47. Concerning property (iv) above, we recall that L' (X) is sepa-
rable if in addition, X is a separable measurable space (see Theorem 2.16).



172 2 LP Spaces

Exercise 2.48. Using part (iv) prove part (i) of the previous proposition for
1 <p<oo.

Corollary 2.49. Let (X, 9, 1) be a measure space, let 1 < p < oo, and as-
sume that the measure u is o-finite when p = co. Let u,, uw € LP (X). Then

Up — u in LP (X) (2if p = 00) if and only if
(i) supy, [|un ||, < o00;
(i1) / Up dpp — /ud,u for every E € 9 with p (E) < oo.
E E
Proof. The result follows from the fact that simple functions are dense in
Lr (X).
Exercise 2.50. Let X = [0, 1] with the Lebesgue measure and let u,, u €
LP ([0,1]), 1 < p < 0. Prove that u, — win L ([0,1]) if and only if

sup [[tnll 1o (0,1 < 0
n

and
x x
lim Uy (t) dt :/ u(t) dt
0

n—oo 0

for all z € [0, 1].

Remark 2.51. Proposition 2.46(iv) is false for p = 1 (see the following exer-
cise); precisely, if
sup [|un |1 < o0
n

then there is no guarantee that some subsequence will converge weakly in

L'. However, if in addition X is a o-compact metric space and y is a Radon
measure, considering the measures defined by

An (E) ::/ Uy, dpt
E

for every Borel set F C X (or, simply, A, := u,u), then by Proposition 1.202
there exist a subsequence not relabeled and a signed Radon measure A such

that A, = \, ie.,
/ pun dp —>/ P dA
X X

Exercise 2.52. Let X = R, 9 = B(R), and let x be the Lebesgue measure.
Show that the sequence u,, = nX[o,1] converges in measure to zero, satisfies

for every ¢ € Cy (X).

”un”Ll(R) =1,
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but does not converge weakly in L!. However, by considering

An (E) = n/En[o,}L] dx

for every Borel set E C R, prove that A, X 8o, the Dirac delta measure with
mass concentrated at the origin.

The next result will play a crucial role in the characterization of weakly
compact sets in L'. It gives a property of uniform absolute continuity of a
particular sequence of signed measures (see Proposition 1.99).

Theorem 2.53 (Vitali-Hahn—Saks). Let (X, 9, u) be a measure space and
let {\,} be a sequence of finite signed measures such that lim, . A, (E) exists
in R for all E € M with u(E) < co. If each A, is absolutely continuous with
respect to u, then for every e > 0 there exists § > 0 such that

for all n € N and for every measurable set E C X with u(E) < 4.

Proof. Let
M :={FeM: u(E)<oo}.
By identifying sets that differ by a set of u measure zero we can regard I’ as
a closed subset F of L' (X,90, 1) through the mapping
EeMm — XE-

Fix € > 0 and for k € N define the sets

Fr = {XE c EeM, sup |\, (BE) =N (B)] < 5}.
n,l>k

We claim that the sets Fj are closed in L' (X, 9, u1). Indeed, if {XEJ-} C Fi
converges in L' (X, 9, 11, then, since F is closed, xg, — Xp., as j — oo for
some F., € 9. By extracting a subsequence (not relabeled), if necessary, we
may assume that xg, () — xe. (z) for pa.e. x € X (see Theorem 2.20). Let

Y = B U G E;.
j=1

Then p: M| Y — [0, 00] is o-finite, and so for any n € N and by the Radon—
Nikodym theorem applied to (A,)" and (A,)~ restricted to M| Y, there exists
vn € LT (Y, M| Y, p) such that

/\,L(E):/vndp, Eemly.
E
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By the Lebesgue dominated convergence theorem, for each n € N,

lim Ay (Bj) = A (Eso) -

j—o0
Since {XEj} C Fy for any fixed n,l > k and for all j € N, we have
[An (Ej) — A (Ej)| <,
and so letting j — oo we obtain that
A (Eoo) = A (BExo)| <é,

which shows that Fy, is closed in L* (X, 901, u).
By hypothesis, lim,,_,o, A\p (E) exists in R for all E € 9, and so

F=JF
k=1

Applying the Baire category theorem to the complete metric space F, at least
one of the sets F; has nonempty interior. Hence there exist §; > 0, k € N,
and x g, € Fi such that if yg € F and if

X
then xg € Fi, that is,
sup |An (B) =N (E)| <e. (2.34)
n, >k

By Proposition 1.99 applied to ()\n)+ and (A,) ", we may find 0 < ¢ < §; such
that
IAn (E)| <e (2.35)

for all 1 < n <k and for every measurable set E C X with u (F) < 6.
Fix E € 9 with p (E) < 4. Then

E=(EUE)\ (B \ E),

with
/ IXEUE, — XEo| dit, / |XEo\E — XB,| dp < 61,
X X

and so by (2.33) and (2.34),

sup |)\n (E U EO) -\ (E U E(])l <eg,
n, 1>k

sup |\, (Fo\ E) — N (Eo\ E)| <e.

n, 1>k
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It follows that for any n > k,

[An (B)| <[Ak (E)] + Ak (E) — An (B
<e + |Ax (EU Ep) — A\ (E'U E)|
+ Ak (Eo \ E) = Ao (Eo \ B
<3e,

where we have also used (2.35). This completes the proof.

In view of Remark 2.51, L' weak compactness of L' bounded sequences
requires additional conditions, and this brings us to the following result.

Theorem 2.54 (Dunford—Pettis). Let (X,9, 1) be a measure space and
let F C L' (X). Then F is weakly sequentially precompact if and only if

(i) F is bounded in L' (X);
(ii) F is equi-integrable and for every e > 0 there exists E C X with E € 9
such that p(E) < oo and

sup/ lu| du < e. (2.36)
uweF J X\E

Proof. Step 1: Assume that F is weakly sequentially precompact.

Substep 1la: If F is not bounded in L' (X), then it contains a sequence
{un} C F such that ||un||L1(X) — 00. But since F is weakly sequentially pre-
compact, a subsequence is weakly convergent in L' (X), and this contradicts
Proposition A.68.

Substep 1b: Assume by contradiction that F is not equi-integrable. Then
we may find a sequence {u,} C F and sets {E,} C M, with p (E,) — 0, such
that for all n € N,

[ ool d= = (2.37)
E,

for some g3 > 0. Since F is weakly sequentially precompact, there exists a
subsequence of {u,, } (not relabeled) such that u,, — u in L! (X). In particular,
for every E € M, with p (E) < oo, we have that

lim undp:/ wdy,
E E

n—oo

and so the signed measures
A (E) = / undp, E €M,
E

satisfy the hypotheses of the Vitali-Hahn-Saks theorem. Hence there is 6 > 0
such that
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€o
Up, d,u‘ < —
[} =5

for all n € N and for every measurable set E C X with u (F) < §. By taking
E, N {u, >0} and E, N {u, <0} for all n so large that u(F,) < 4, we

conclude that 5
[t an< 22,
o8 3

Substep 1lc: Assume by contradiction that (2.36) is violated. Then we may
find €9 > 0 with the property that for any measurable set £ C X, with
i (F) < oo, there exists u € F such that

/ |u| dpe > eo.
X\E

Fix any F; € 9 with u (Ep) < oo and let u; € F be such that

/ |u1| dp > €.
X\E,

By Remark 2.28 there exists a measurable set Fy D FEq, with p(F2) < oo,

such that
/ lu] dp < o,
X\ Es 2

By an induction argument we may find an increasing sequence {E, } C 9,
with p (E,) < oo for all n € N, and {u,,} C F such that for all n € N,

which contradicts (2.37).

/ ] dp > 0. (2.38)
Eni1\En 2

Since F is weakly sequentially precompact there exists a subsequence of {u, }
(not relabeled) such that u, — u in L' (X). Let

Then g : M| Y — [0, 00] is o-finite. Hence we may find a sequence {F;} C
M| Y of pairwise disjoint sets of positive finite measure such that ¥ =
U;il F;. Construct a sequence of positive numbers {a;} such that

> aju(Fy) < oo
j=1

and define v : Y — (0, 00) as



2.1 Abstract Setting 177

v i= Z anFj-
j=1
Then v € L' (Y, 9| Y, ). Set
v(E) ::/ vdp, EeM|Y.

E

Since v > 0 in Y it follows that the measures A, : M| Y — R,
A (E) = / undp, Ee MY,

E

are absolutely continuous with respect to v. Moreover,
An (E) = / udp
E

asn — oo for all E € M| Y. By the Vitali-Hahn—Saks theorem there exists

0 > 0 such that
/u du‘ < —
n — 8

for all n € N and for every measurable set £ € 9| Y with v (E) < 4. Since v
is finite, we may apply Proposition 1.7 to conclude that

lim v(Y'\ E,) =0,

n—oo

and so for n sufficiently large,

v(Y\ E,) <4,

€0
und/l‘ < =
IR

for all measurable subsets £ C Y \ F,. As in the previous step we conclude

that
[ llduz?,
Y\E, 4

and in turn,

which contradicts (2.38).

Step 2: Assume that {u,} C F satisfies (i) and (ii). Since u,} + u,; = |uy|
it follows that also {u,'} and {u,, } satisfy (i) and (ii), and so without loss of
generality it suffices to assume that u, > 0.

Substep 2a: Assume that the space L7 (X) is separable for some 1 < g < 0o
and let p be its Holder conjugate exponent. Let
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C = sup ||up |1 < o0, (2.39)
and for each k € N consider the truncation Ty (s) := min {s, k}, s > 0. Then

/ (T (un))’ dp < k;p_l/ Uy dp < kPTLC.
X X

Hence for every fixed k € N the sequence {T}, (un)},,cy is bounded in LP (X).

Let {h;} be a dense sequence in L7 (X). Since the sequence {7} (un)},,cy is
bounded in L? (X) by Corollary A.66, we can extract a subsequence {u,,a1)} C
{un} such that the truncated sequence {7} (u,))} is weakly convergent in
L? (X) to some function g;. In particular,

lim Ty (u,m) hjdp = / g1hjdu
n1) 500 b'e b'e

for all j € N. Similarly, since the sequence {Ts (u,,1))} is bounded in L? (X) we

can extract a subsequence {u,, } C {u,u } such that the truncated sequence

{T (un=)} is weakly convergent in LP (X) to some function go. In particular,

lim Tk (Un(2)) hj d,u = / gkhj du
n®—oo Jx X
forall je Nand k=1, 2.
Recursively, for each ¢ € N we can find a subsequence {u,,)} C {u,c-1}
such that the truncated sequence {T; (u, )} is weakly convergent in L? (X)
to some function g;. In particular,

lim / Ty (Upy) by dp = / grhj du
n( oo Jx x
foralljeNand k=1,...,1.

Hence for each ¢ € N there exists an integer m; such that

% (2.40)

‘/ Ty, (Umi))hjdﬂ—/ gkhjdﬂ‘ < -
X X

for all j, k=1,...,i and for all n(® > m,.
Let n; be the first natural number n(? greater than or equal to m,;. We
claim that the subsequence {uy,} has the property that

T (un,) — gi in LP (X) (2.41)

as i — oo for all k € N. Fix k € N. Since L? (X)) is separable and the sequence
{Ty (un,)};cy is bounded in LP (X), it suffices to show that

lim Tk (um) hj d,u = / gkhj d,u
X

17— 00 X
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for all j € N. Fixe >0, 7 € N, and let iy € N be so large that

1
19 > max{g,k,j}.

Then by (2.40), for all ¢ > i,

1
’/ Tk(um)hjd,u_/gkhjdﬂlﬁ.SE
X X 1

for all i > iy. This proves the claim.
For every E € M with u (F) < oo we have that xg € L?(X), and so

0< / gk dp = lim / Tk (un,) dp < lim / Tri1 (un,) du
E 11— 00 E 11— 00 E
= / Gr+1dp < C
E

where in the last inequality we have used (2.39) and the fact that Tj41 (up,) <
Up,. Since g € LP (X), the set {x € X : g; () # 0} is o-finite. Hence the
inequalities

OS/gkduS/gkﬂduSC
E E

hold for all E € 97t. We conclude that
[ adnzc (2.42)
X

and that 0 < gi (z) < g1 (z) for p a.e. € X. Thus we may find a mea-
surable function g such that g; " g. By the Lebesgue monotone convergence
theorem it follows from (2.42) that g € L' (X).

We claim that u,, — ¢ in L' (X). Indeed, fix ¢ > 0, A € (L' (X)), and
by hypothesis, find E. € 9t and § > 0 such that u(E.) < oo,

g
g+ tn,) dp < — (2.43)
/X\EE ( T+ A

for all 7 € N, and

&
wp, dp < —= 9.44
/E S T (2.44)

for all ¢ € N and for every Lebesgue measurable set £ C X with u (F) < 4.
Then

| =g = [ @) =g art [ (o) ax

= €

—|—/ (upn, — k) dA —I—/ (Un, —g) dA, (2.45)
E.n{un, >k} X\E.
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where k € N is chosen so large that

€ 1
—gnldp< —S o> EN <= | w du < 6. 2.46
| lo=aul dn < s > 1) < 5 [ v (2.46)

€

Hence by (2.44),

/ (tn, — k) dX| < Al (ttn, — k) dp
Eaﬂ{uni>k}

Eaﬂ{uni >k:}

< [[Al Un, dp < ¢,
Egﬂ{uni>k:}

and so, also from (2.45), (2.46)1, (2.43), we get that

[ g @<
b's
Since p (E.) < oo by (2.41), it follows that

/ (T (m,) — g0) d)\‘ T3
E.

lim (Tk (un,) — gr) dXA =0,

11— 00 E
=

and so we conclude that

lim sup ‘/ (Un;, — 9g) d)\‘ < 3e.
X

1—00
Given the arbitrariness of € the proof is concluded in this case.

Substep 2b: We now remove the additional hypothesis on the separabil-
ity of L?(X). Let M; be the smallest o-algebra containing all the sets
{reX:uy(x)>t}forteQandneN and let

Y::U{xeX:un(m);ﬁO}.

n=1

Then (Y, 9| Y) is a separable measurable space and p: 9| Y — [0, 00] is
o-finite. Hence L7 (Y, M| Y, 1) is separable for all 1 < g < oo by Theorem
2.16. Moreover, the restriction of u,, to Y belongs to L' (Y, 90t;| Y, 1) and still
satisfies the equi-integrability condition as well as hypothesis (ii) in Vitali’s
theorem. Hence by Substep 2a there exists a subsequence {uy,} of {u,} and
a function g € L' (Y, 9| Y, u) such that u,, restricted to Y converges to g
in L' (Y, M| Y, ). Extend g by zero outside Y. Since 90; C 9t we have that
g € L' (X). We claim that u,, — g in L' (X). Indeed, A € (L' (X))/, and
using again the fact that 9, C 9, we have that
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sup{| g” E€m1,0<u(E)<oo}
(E)]

(E)

EeSﬁ,0<u(E)<oo}<oo,

7;

and so A € (L' (Y, M, | Y, u))/. Hence, since u,, = g = 0 outside Y, we have

lim [ up, dA= lim [ u,, d\= / gdr = / gdA.
1—00 X 1—00 Y Y X

This concludes the proof.

Exercise 2.55. Prove that if the measure p is finite and nonatomic in the
Dunford—Pettis theorem, then condition (i) is implied by (ii).

Remark 2.56. By comparing the previous theorem with Vitali’s convergence
theorem, it follows that if a sequence {u,} weakly converges to some function
w in L' (X), then it converges strongly to w if and only if it converges in
measure to u. Thus typical examples of sequences converging weakly but not
strongly in L' (X) are given by oscillating sequences.

Exercise 2.57. Let X = [0,2n] with the Lebesgue measure. Prove that the
sequence 1, () := sinna converges weakly to zero in L' ([0, 27]) but for all 2
irrational the limit

lim sinnz

n—oo

does not exist and the sequence {uy} does not converge in measure.

Corollary 2.58. Let (X, 9, 1) be a measure space, and let u,, u € L' (X),
n € N. Then u, — u in L' (X) if and only if

(i) sup,, [[un || 12 < oo;
(i) [ tn dp — fEud,u for every E € M.

Proof. Assume that (i) and (ii) hold. Let {u,,} be a subsequence of {uy,}.
Reasoning as in the proof of Substeps 1b and 1c of the Dunford—Pettis theo-
rem, we can conclude that {uy,, } is equi-integrable and satisfies (2.36). Hence
{un, } is weakly sequentially precompact, and so up to a further subsequence
(not relabeled) we may assume that u,, — v in L' (X). In view of (ii) we

have that
/ (u—v)du=0
E

for every E € 9, which implies that u (z) = v (x) for p a.e. x € X. Thus
we have shown that u,, — u in L' (X). Hence the whole sequence converges
weakly to u in L' (X).

The converse implication follows from Proposition 2.46 and the fact that
xe € (L' (X)) for every E € 9.
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The following result allows us to identify the weak limit.

Theorem 2.59. Let (X, 9, u) be a measure space with p finite and let {uy}
be a sequentially weakly compact sequence in L' (X). Then u,, — u in L' (X)

if and only if
/ |lu 4 v| du < liminf/ |ty +v| du
X n—oo X

for every v € L' (X).

Proof. If u, — u in L'(X) then u, +v — u + v in L' (X), and so, by
Proposition 2.46 (i),

/ lu+v| dp < liminf/ [un, + v| du.
X n—ee Jx

Conversely, assume that a subsequence of {u,} (not relabeled) converges
weakly in L! (X) to some function w, and let

Xt={zeX:w@)>u(x)}, X ={reX: w) <u)}.

Since {u,, — u} is equi-integrable, by Theorem 2.29, given £ > 0 there exists
t > 0 such that

[y —u| du < e
{zeX: |up—u|>t}

for all n € N. Set
vi=—u—txx+ +txx--

Since y is finite, it follows that v € L' (X), and

|un + U| <t- (un - u) Xt + (un - u) Xx- + 2 |un - u‘ X{ Jun—u|>t}+

Then
tu(X)z/ |u + v d,ugliminf/ |un + v| du
X T JXx
§t,u(X)—/ (w—u)du—F/ (w—u) dp+ 2¢
X+ -
:tu(X)f/ |w — u| dup + 2¢,
X
and so

/ |lw —ul| dp < 2e.
X

It suffices to let £ — 0.

Exercise 2.60. Can you extend the previous theorem to the case in which p
is not finite?
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If u, — u in L? (X) (2if p = 00) and v,, — v strongly in L? (X), where p
and ¢ are conjugate exponents, then

Upvy — uwv in L' (X). (2.47)

In the case p = 1, using the equi-integrability we may improve this result in
the sense that we may replace strong convergence in L (X) with convergence
with respect to the Mackey topology.

Proposition 2.61. Let (X, 9, 1) be a measure space with p finite. If up, — u
in L' (X), v, — v pointwise for i a.e. x € X, and sup,, ||[vy] ;0 < 00, then
UpVy — uv in L (X).

Proof. In view of Corollary 2.58, it suffices to show that

/unvnduﬂ/ uv dp
E E

for every E € M. Fix € > 0. Since {u,} is equi-integrable, there exists § > 0
such that

/ |un| dp < : (2.48)
g 6 (1 + sup |Uk||L°°>

for all n and for every measurable set F C X with p(F) < 4. On the
other hand, by Egoroff’s theorem there exists a measurable set X, C X with
1 (Xe) < 0 such that

vp, — v strongly in L™ (X \ X,).

Let ng be large enough so that for all n > ny,

3

3 (1 +S%p||wc||u>

l[vn — U”LOC(X\XE) = (2.49)

and

< (2.50)

<
3 )

/ (up, —u)vdp
BE\X.

where in the last inequality we have used the fact that u, — u in L' (X).
Writing

/unvndu—/uvduz/ (un—u)vdu—F/ Up (U, —v) dp
E E E\X. E\X.

+ / Up Uy At — / uv dp,
ENX. ENX.

we obtain
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/unvndu—/uvdu‘
E E

/ (up, —u)vdp
E\X.

s ol [ Tl dit ol [ Jul die <
k X. Xe

<

0w = vl st |l d
k JX

where we have used (2.50), (2.49), and (2.48) twice, in this order. Note
that to estimate the last term we also used the facts that HU”Lw(X) <

lim infy, o0 [|Un | (x) and, by Proposition 2.46(ii),

/ lu| du < liminf/ |wn| dp.
X n—oo [y

€

The proof is complete.

Exercise 2.62. Can you extend the previous theorem to the case in which p
is not finite?

2.1.5 Biting Convergence

As we observed already in Remark 2.51, if {u,} is a bounded sequence in
L' (X) there is no guarantee that it admits a weakly convergent subsequence.
However, this is possible, provided we exclude a decreasing sequence of mea-
surable sets {E;} with p (E;) — 0.

Lemma 2.63 (Biting lemma). Let (X, 9, u) be a measure space with
finite and let {u,} be a sequence of functions bounded in L' (X). Then there
ezist a function u € L' (X), a subsequence {un,} of {un}, and a decreasing

sequence of measurable sets {E;} C X, with 1 (E;) — 0, such that
. —uin L' (X \ E;) for every j € N.

Un

Proof. By the decomposition lemma there exist a subsequence of {u,} (not
relabeled) and an increasing sequence of numbers 7, — oo such that the
truncated sequence {7, ou,} is equi-integrable and

p({z € X 1 uy () # (77, oun) (7)}) — 0

as n — oo. By selecting a further subsequence if necessary, we may assume
that

1
p{z € Xt un (2) # (7, oun) (2)}) < o
for all n € N. For j € N set

Ej = U {r e X uy (x) # (7, oun) ()}

n=j
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Since u, = 7., ou, on X \ Ej for all n > j, it follows that {u,},cy is
equi-integrable on X \ E;.

Since p is finite, by the Dunford—Pettis theorem, the sequence {u,,} admits
a subsequence {u, 1} converging weakly in L' (X \ E;) to a function v;. By
induction, assuming that {u, ,} has been selected, we extract a subsequence
{tunks+1} C {unr} converging weakly in L' (X \ Ex41) to a function vgg.
Using a diagonal argument we may select a subsequence {u,, } of {un i}
such that w,, converges weakly to v; in L' (X \ E;) for each fixed j. By the
uniqueness of the weak limit, there exists a measurable function u such that

u(z) =v;(z) ifze X\ E; for some j € N.
Moreover, u € L' (X), since by Proposition 2.46(ii),

/ |ul d,ugsup/ |un| dp < o0
X\E; n Jx

J

for every j € N.

Note that in general we cannot conclude that the entire sequence {u}
converges in the sense of the biting lemma.

Exercise 2.64. Let X := (0, 1) with the Lebesgue measure and for n, k € N,
n # k, define

— L E(ry —rp, g+
U (:L‘) . T" k ny 'k n)»
0 otherwise,

where {r,} is an enumeration of the rational numbers in (0, c0). Note that

1
/ [t k| dz < 2.
0

Show that for any measurable set E C (0,1), with £! (E) > 0, and for any
¢ € N there exists an infinite number of pairs of n, k£ € N such that

/ ‘un,k
{lun x| >L}NE

Hence the entire sequence does not converge in the sense of the biting lemma.

dr > 1.

The biting lemma suggests the following definition.

Definition 2.65. Let (X, 9, 1) be a measure space. Given {un} a bounded
sequence in L' (X), u € L' (X), we say that {u,} converges weakly to u in

the biting sense, and we write uy, LN w, if there exists a decreasing sequence
of Lebesgue measurable sets {E;} C X, with p(E;) — 0, such that

u, —u in L* (X \ E;) for every j € N.
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It can be checked that if the biting limit exists then it is unique. Indeed,

assume that , ,
Uy — Uy Uy — V.

Then u, — win L' (X \ E;) for every j € N and u,, — v in L' (X \ F}) for
every j € N, where u (E;), p(F;) — 0. By the uniqueness of the weak limit,
it follows that w = v for p a.e. x € X \ (E; UF;) for every 4, j € N. Hence
u=wv for pa.e. v € X\ F, where

F .= ﬁ Ej @] ﬁ Fj
Jj=1 j=1

Since pu (F) < u(E;) + 1 (F;) — 0, we conclude that w = v for p ae. v € X.

Remark 2.66. The previous result continues to hold if {u,} is a sequence of
functions uniformly bounded in L' (X;Y’), where X is a measurable space with
a finite positive measure u, and Y is a reflexive Banach space (see Section 2.3
for the definition of L! (X;Y)). We refer to [BaMu89] for more details.

Proposition 2.67. Let (X,9M, u) be a measure space and let {u,} be a se-

quence of nonnegative functions in L' (X) such that u,, Du. Then a subse-
quence converges weakly to u in L' (X) if and only if

lim inf Up, dp < / wds.
X X
In addition, u, — u in L' (X) if and only if

lim und,uz/ wd.
X X

n—oo
Proof. Assume that a subsequence {u,, } of {u,} converges weakly to u in

L' (X). Then

liminf [ w,dp < lim Up,, Apt :/ udp.
k—oo Jx X

n—oo X

Conversely, assume that

liminf/ Uy dpp < / udp
and extract a subsequence {u,, } of {u,} such that
lim inf/ Uy dp = lim / Up,, dit.
n—oo [+ k—oo [x

By definition of biting convergence there exists a decreasing sequence {E;} C
X of measurable sets with p (E;) — 0 such that
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Up, —uin L' (X \ E;) for every j € N.

In view of Corollary 2.49, it suffices to prove that for every measurable set
F C X we have

lim [ wp, du= / udp. (2.51)
k—oo F F
Indeed, since u,, > 0 we have
/ udp = lim Up,, dpp < lim inf/ Up,, AL,
F\ E], k—oo F\ Ej k—o0 F

and so, letting 7 — oo, we conclude that

/ udp < liminf/ Up,, dit.
F k—o0 F

Similarly,

/udu—/udu:/ udugliminf/ Up,, At
X F X\F k—oo Jx\F

= lim Up,, dpt — lim sup/ Up,, dit
F

k—oo Jx k—o0

§/ ud,uflimsup/ U, AL,
X k—oo F

limsup/ Up,, dit < / wd,
k—oo F F
and (2.51) is proved.

To prove the second Sta;cement of the proposition, assume that u,, — u in
L' (X). Since 1 € (L' (X)) we have that

i.e.,

lim undu:/ u dp.
X X

n—oo

lim / undp:/ wdp.

liminf/ Unp,, du:/ wdp
k—oo X X

for every subsequence {uy,} of {u,}. From the first part we obtain that
from every subsequence {uy, } of {u,} we may extract a further subsequence

Conversely, assume that

This implies that

{unkj converging weakly to u in L' (X). Therefore the whole sequence {u,, }

converges weakly to u in L' (X).
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Remark 2.68. Let X be a o-compact metric space, let ;1 be a Radon measure,
let {u,} be a sequence of functions uniformly bounded in L! (X). By Remark
2.51, Proposition 1.202, and the biting lemma we may extract a subsequence
{u,,} such that u,, p — X in M (X;R) and uy, Xy, for some function
u € L' (X) and a signed Radon measure \. As the next exercise shows, in
general there is no obvious relation between A and u, and even when A\ < p

we cannot conclude that i\

@ =Uu
Exercise 2.69. Let X := (0,1), let p := £, and for n € N, n > 2, define

(2.52)

2 n+1 n+1 n3)

2k 1 k 1
un () = n —m<r< 5+ k=1,...,n,
0, otherwise.

Prove that u,£' = L' in M (X;R), while u, % 0. Note that from the
uniqueness of the biting limit, this implies that the sets E; cannot be chosen
to be closed (see Proposition 2.70 below).

In the next proposition we show that (2.52) holds if the sets E; are closed.

Proposition 2.70. Let X be a locally compact Hausdorff space, let p :
B(X) — [0,00] be a Borel measure, and let {u,} C L' (X) be a sequence
of functions such that

Uppt =X in M(X;R)  and u, 2o,

If the sets E; are closed, then
Q

dp

Proof. Since X \ Ej is open, for any ¢ € C. (X \ E;) we have

=u W ae inX.

/ updy = lim Uppdp = lim / Unp dp
X\E; n—=o0 JX\ B, n—oo Jx

/god)\:/ pdA.
X X\E,

Thus up| (X \ E;) = A (X \ E;) for every j € N, and so

d\
— (T
dp

for p a.e. x € X \ F, where
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The last result of this section shows that if (2.52) holds and u,, > 0 for all
n € N, then we actually have weak convergence on compact sets.

Proposition 2.71. Let X be a locally compact Hausdorff space, let p :
B(X) — [0,00] be a Borel measure, and let {u,} C L' (X) be a sequence
of nonnegative functions such that

Upp —up in M(X;R)  and uy, L (2.53)
Then u, — u in L' (K) for each compact set K C X.

Proof. By definition of biting convergence there exists a decreasing sequence
{E;} C X of measurable sets with p (E;) — 0 such that

u, —uin L* (X \ E;) for every j € N.

Let K C X be a compact set and let ¢ € Cp (X) be such that ¢ =1 on K,
and 0 < p < 1. Then

lim sup/ Uy dp < lim sup/ YUy, dp
KNE, E;

n— o0 n—oo p

= lim sup / YUy dp — / Uy, du
n—o0 X X\E,
= / pudp — / pudp
X X\E;
= / pudp < / wdp,
E ;
where we have used (2.53).

J o
Let v € L™ (K). By the previous inequality and (2.53) once more we have

lim sup ‘/ v (ty — u) d,u‘
K

/ v (up —u) du
K\E,

< ol 4y imsup /K () da
J

< lim

n—oo

+ lim sup

n—oo

/ v (Up —u) du
KNE;

< 2ol [ wdn

J

Given the arbitrariness of j, and since p (£;) — 0, we conclude that

lim VU, dp = / vudp
K K

n—oo

for all v € L* (K). Hence u,, — u in L' (K).
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2.2 Euclidean Setting

Throughout this section the ambient space is the euclidean space RY, and we
consider the Lebesgue measure £ . Also, E C R¥ will denote a Lebesgue mea-
surable set, not necessarily bounded. For a multi-indez o = (aq,...,an) €

(No)™ we set

o« oled

= e | =ai+. L Fay
dze ~ Qx{t ... 0z’ o] ’

where z = (21, ...,zy). If 2 C RY is any open set (not necessarily bounded),

for any nonnegative integer I € Ny we denote by C! (§2) the vector space of

all functions that are continuous together with their partial derivatives up to
o0

order I. We set C°° (£2) := [ C' (§2) and we define C', (£2) and C° (£2) as the
1=0

subspaces of C! (£2) and O (£2), respectively, consisting of all functions that

have compact support.

2.2.1 Approximation by Regular Functions

Given a nonnegative bounded function ¢ : RY — [0, 00) with
supp ¢ C B(0,1), / o (x) dx =1, (2.54)
RN

for u € L] (RN) and 0 < ¢ < 1, define the mollification

loc

e (@) = (wrg2) (@) = [

¢ (x—y)u(y) dy, zeRY,
RN

where
1

e () :zg—Ngo(g), r € RV,

The functions ¢, are called mollifiers. Note that supp . C B (0,¢).

Remark 2.72. In the applications we will consider two special cases:

(1) ¢ is the (renormalized) characteristic function of the unit ball, that is,

1
¢ (z) == —Xpo (z), z€RY;
an

(ii) ¢ is the C2° function

o(x) =4 P (\1\21—1> if fo] <1, (2.55)
0 if || =1,

where we choose ¢ > 0 such that (2.54) is satisfied. In this case, the
functions ¢, are called standard mollifiers.
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The first main result of this subsection is the following theorem.

Theorem 2.73. Let ¢ : RY — [0,00) be a nonnegative bounded function
satisfying (2.54), and let u € Li,, (RY).

loc

(i) IfueC (RN) then u. — u as € — 07 uniformly on compact sets.
(i3) ue (z) — u(x) as € — 0 for every Lebesgue point x € RN of u (and so
for LN a.e. z € RY).
(13) If uw € LP (RN), 1 < p < oo, then

||Us||Lp(]RN) < ”u”LP(]RN) (2.56)

and
Ue — U ian(RN) ase — 0F.

Proof. (i) Let K C RY be a compact set. For any fixed 7 > 0 let
K, :={x e RN : dist (z, K) < n}.

Then K, is compact and since u is uniformly continuous on K,, for any p > 0
there exists 6 = 0 (1, K, p) > 0 such that

P

| < i (2.57)
1+ floll oo

u(z) —u(y)
for all z, y € K,), with |z — y| < 0. Let 0 < ¢ < min {d,n}. Then for all z € K,

|ue () —u(2)| = (2.58)

/ e (@ — ) uy) dy —u ()
RN

w| [ e () pw-ue)a

g
1
<elozy [ ul)—ule) du
x,E

)

where we have used (2.54) and the fact that supp p. C B (0,¢). It follows by
(2.57) that

ue () —u(z)] < p
for all z € K, and so [jus — ul[¢x) < p.

(ii) Let € RY be a Lebesgue point of u, that is,

. 1
lim —N/ |u(y) —u(z)| dy = 0.
B(xz,e)

e—0t €

Then from (2.58) it follows that u. (z) — u (z) as € — 0.

(iii) Let u € LP (RN), 1 < p < oco. We prove (2.56). By Holder’s inequality
and (2.54), for all z € RY,
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e @ =| [ e o =) oc @ = )P

</RN pe (v — ) dy> 1 (/RN o (z— ) |u @) dy)l/p
) </RN ve (@ =) )’ dy> "

and so by Fubini’s theorem and (2.54) once more,

/RN lue (z)[P dz < /RN /RN oo (z —y) |u ()P dyda

:/RN lu ()|? (Ang(x—y) dx)dy

= [ wr .

It remains to show that u. — w in L? (RN). Fix p > 0 and find a function
v e C, (RN) such that

IA

lu— UHLp(RN) < p

Since K := suppw is compact, it follows from part (i) that for every n > 0,
the mollification v. of v converges to v uniformly in the compact set

K, = {mERN: dist (z, K) <n}.
Since v. =v =0 in RV \ K, for 0 < & < 1, we have that

P
/ lve —v|? dx = / lve —v|P dx < (||’us - UHC(Kn)) | K| < p,
RN K

n
provided € > 0 is sufficiently small. By Minkowski’s inequality,

[[ue — u”LP(]RN) < lue — ”6||LP(RN) + [Jve — U”LP(RN) +[lv— u||Lp(RN)

< 2|lu = vl o eny + lve = vll oy < 3p,
where we have used (2.56) for the function u — v.

More can be said about the regularity of u. if we restrict our attention to
standard mollifiers.

Theorem 2.74. Let ¢ be defined as in (2.55), and let u € Lj (RN). Then

loc

ue € C (RN) for all0 < e <1, and for any multi-index «,

e (a) = (u aa%) (@) :/R T (e y)uw) dy (2.59)

ox™ * ox™ N Oz®

for all x € RV,
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Proof. Fixx € RV, n>0,and 0 <e < 1. Let ¢;, i = 1,..., N, be an element
of the canonical basis of RY, and for any h € R, with 0 < || < 7, consider

telothe) ~ v (@) RN*;*;ju—www dy
T N L L

1 [ dp. dpe
:/R (h ai (z —y+te;) dt—ai (:v—y)>u(y)dy
N 0 A @

1 /h / {asae e }
= - r—y—+te) — r—y)|u(y) dy | dt,
P (B(mn) e ) - G (@ =) | u )

where we have used Fubini’s theorem and the fact that supp . C B (0,¢).
Since ¢, € CX (RN ), its partial derivatives are uniformly continuous.
Hence for any for any p > 0 there exists § = § (9, z, p,e) > 0 such that

dp dp P
e - G )| <
L €T + ||u||L1(B(w,s+77))
for all z, w € B (z,e + 1), with |z —w| < 4. Then for 0 < |h| < min {n,d} we

have
Ue (1‘ + hei) — Ue (1‘) e

h RN axz

(x —y)u(y) dy| < p,

which shows that

Ou, _ e _
@)= [ FEe—nu

Note that the only properties that we have used about the function ¢. are
that ¢. € C° (RY) with suppy. C B(0,¢). Hence the same proof carries

over if we replace ¢, with 1. := g—ij. Thus by induction we may prove that
for any multi-index «,

0%u, 0%pe 0%pe

0= (0 G5 0= [ T pu

This completes the proof.

If the function u is defined only in an open set 2 C RN, with u € L] _ (£2),
then since supp ¢ C B (0,¢), we may still define

e (@) = (wr o) (@) = [ oo —v)uly) dy
for x € (2., where the open set (2. is given by
2. :={x e Q: dist(z,002) > ¢c}.

In this case an analogous version of Theorem 2.73 holds.
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Theorem 2.75. Let 2 C RY be an open set, let ¢ : RY — [0,00) be a
nonnegative bounded function satisfying (2.54), and let u € L _(£2).

(i) If w € C(2), then ue — u as € — 0% wuniformly on compact subsets
of £2.
(1) ue (z) — u(x) as € — 0 for every Lebesgue point x € 2 of u.
(iii) If u e LY (£2), 1 < p < oo, then

loc
el oy < lilogr
and for every compact set K C {2,
ue —u in LP(K) ase — 0T,

Proof. The proof is very similar to that of Theorem 2.73. In the proof of (i),
for any compact K C {2 one should take

0<n<dist (K,00),

so that K, C {2. Moreover, for ¢ > 0 sufficiently small we have that K, C f2.
A similar change can be made in the proof of (iii). We omit the details.

The analogue of Theorem 2.74 is the following.

Theorem 2.76. Let 2 C RN be an open set, let o be defined as in (2.55),
and let w € Li (2). Then u. € C* (£2.) for all 0 < € < 1, and for any
multi-index a the formula (2.59) holds for all x € §2..

Proof. The proof is very similar to that of Theorem 2.74. Since now x € (2,
we have that dist (x,02) > ¢, and so one should take

0 < n < dist(z,08) —e.
We omit the details.

An important application of the theory of mollifiers is the existence of
smooth partitions of unity.

Theorem 2.77 (Smooth partition of unity). Let 2 C RY be an open
set and let {Us},e; be an open cover of £2. Then there exists a sequence
{n} C C* (2) of nonnegative functions such that

(i) each 1, has support in some Uy;
(i1) 300 U (z) =1 for all z € 2;
(i) for every compact set K C {2 there exist an integer £ € N and an open
set U, with K C U C 2, such that

forallz e U.
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Proof. Let S be a countable dense set in (2, e.g., S := {x € Q¥ NN}, and
consider the countable family F of closed balls

]—'::{B(mm):r€Q70<r<1,x€S7

B (z,r) C Uy N 12 for someael}.

Since F is countable we may write F = {B (xn,rn)}. Since {Uqa},e; is an

open cover of 2, by the density of S and of the rational numbers we have that

0= fj (xn 7) (2.60)

n=1

For each n € N consider
On, 1= Pra * XB(zn,%rn)’

where prn are standard mollifiers (with e := 7). By Theorem 2.74, ¢, €
Cc> (RN). Moreover, if x € B (:vn, o ) then

bnle)= [ on

(=.7)

(& = Y) Xp(a,,2r,) (¥) Y

%\

I
S 5~

P2 (€= Y) Xp(y, 5r,) (¥) dY
pra (z—y) dy =1,
(=.7)

where we have used (2.54) and the fact that if 2 € B (2,,, ) then

n 3
B <x, %) CcB (J;n, 4rn) .
Since 0 < XB( 5r,) < 1, a similar calculation shows that 0 < ¢, < 1. On
the other hand, if ¢ B (2, 7,) then

b (z) = /]RN Pra (x—y) XB(zn,2r,) (y) dy
- /B(x,rf) P (T = Y) Xp(e,,8r,) W) dy =0,

where we have used the fact that if © ¢ B (z,,,r,) then

T 3
B(vl) B ny 7I'n | = VY.
T N (x 4r> 0
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In particular, ¢, € C*° (RN) and supp ¢,, C B (zy,, 7). Note that in view of
the definition of F, supp ¢,, C U, N {2 for some o € 1.
Define ¢ := ¢ and

V=1 —¢1)...(1 — dpp_1) On (2.61)

forn > 2, n € N. Since 0 < ¢y, < 1 and supp ¢, C B (zg,ri) for all k € N, we
have that 0 < ¢,, <1 and supp,, C B (2, 7). This gives (i). To prove (ii)
we prove by induction that

Yrdo o =1—(1=¢1)...(1— ) (2.62)

for all n € N. The relation (2.62) is true for n = 1, since 11 := ¢;1. Assume
that (2.62) holds for n. Then by (2.61),

Vit ..+ + 1 =1—(1=0¢1)...(1 — dn) + ¥np1
=1-(1-¢1)...(1 =)+ (1 —¢1) ... (L — ¢) Ppr1
=1-(1=¢1)...(1 = Pn41).

Hence (2.62) holds for all n € N.
Since ¢, = 1 in B (mk, %") for all k € N, by (2.62), for all n, m € N with
m > n we have that

1 (@) ...+ m(z) =1 foralze kL:JlB (:z:k, %) . (2.63)

Thus, in view of (2.60), property (ii) holds.
Finally, if K C {2 is compact, again by (2.60), we may find ¢ € N so large

that ,
Tk
UB(m5) oK.
k=1
and so (iii) follows by (2.63).

Using mollifiers it is possible to improve the density result of Theorem
2.99:

Theorem 2.78. Let 2 C RY be an open set. Then the space C° (§2) is dense
in LP (£2) for 1 < p < oo.

Proof. Let u € LP (£2) and extend it to be zero outside 2. Define

2
K, = {xERN: |z| < n, dist ($7RN\Q) > }
n

Then K, is compact, K,, C K, 11, and
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Ok e
n=1

Define v, := uxk, and u, := ¢ 1 %vy, where p1 are standard mollifiers (with

€:= %) Since supp 1 C B (0, %) it follows that
N . 1 1
suppu, C qx € RY : dist (z, K,,) < — p C 2.
n

Hence by Theorem 2.76, u,, € C2° ({2). Moreover, by Minkowski’s inequality,

l[un — UHLZD(Q) = [lun — UHLP(]RN)

§ - _
= H@% *ln =@ “‘ Lo@n) H% " u’ Lr(RN)

< llvn = ull oy + H‘P% e u’ Lr(RN)

= e, = ull oy + for =l

where we have used (2.56). It now follows from the Lebesgue dominated con-
vergence theorem that
luxk, — u”Lp(RN) —0

as n — 0o, while

— 0
LP(RN)

Hg@; * U — u‘
by Theorem 2.73. This completes the proof.

Given a (positive) Radon measure y : B (RY) — [0,00] and a standard
mollifier ¢., € > 0, we define

(e * ) (x) := /

e (—y) du(y), =eRY.
RN

Theorem 2.79. Let 1 : B(RY) — [0,00] be a (positive) Radon measure.
Then for all u € C. (RN),

[ @ @@ do— [ @) dute) (2.64)
RN ]RN

as € — 07, If, in addition, u (RN) < o0, then (2.64) holds for all uniformly
continuous bounded functions u.

Proof. Let u € C, (RY). Using Fubini’s theorem and (2.54) we have
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| u@ e o= [ ) dn)

RN

:/RNu(z)/RN%(xfy) du (y) d:cf/RNu(y) du (y)
:/RN (/RNu(ac)LpE(x—y) dx—/RNu(y)%(w) dw) dp(y)
:/RN </RNu(m+y)cp5(x) dxf/RNU(y)%(x) dw) dp (y)

=/ (/ <u<x+y>—u<y>m<x>dx> dpe ()
RN \JB(0,¢)

Since fRN ©e () de = 1, and since u is uniformly continuous and bounded,
if either w has compact support or p (RN ) < 00, by the Lebesgue dominated
convergence theorem we conclude (2.64).

Remark 2.80. By considering separately the positive and negative parts of
each component, it follows that the previous theorem still applies to vector-
valued Radon measures.

2.2.2 Weak Convergence in LP

In this subsection we exploit properties of RY and the Lebesgue measure in
order to give deeper insight into the notion of weak convergence. The next two
results relate to Corollary 2.49 and the Dunford—Pettis theorem, where now
the arbitrariness of the measurable set of integration is reduced to testing on
cubes.

Proposition 2.81. Let E C RN be a Lebesque measurable set. If 1 < p < oo,
then u, — u in LP (E) (= if p = oo if and only if

(i) Jong tndz = [ongudz for every cube Q C RY;
(“) sSup,, ”un”Lp < 0.

When p = 1 conditions (i) and (ii) of the previous proposition are still
necessary but no longer sufficient.

Theorem 2.82 (Dunford—Pettis). Let E C RN be a Lebesgue measurable
set. A sequence u,, converges weakly to u in L* (E) if and only if

(i) anE Uy, dx — anEudac for every cube Q C R¥;
(i) {un} is equi-integrable;
(iii) for every e > 0 there exists F' C E with £V (F) < co such that

/ lup| dz <e
E\F

for all n.
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Remark 2.83. Conditions (ii) and (iii) imply (but they are not implied by)
sup,, ||[unll ;2 < oo (see Exercise 2.55).

Definition 2.84. A function u : RV — R? is said to be Q-periodic if u(zx +
e;) = u(x) for all v € RY and everyi = 1,...,N, where (e1,...,ex) is the
canonical basis of RN . More generally, u is said to be kQ-periodic, k € N, if
u(k-) is Q-periodic.

Lemma 2.85 (Riemann—Lebesgue lemma). Let ue Ll
00, be kQ-periodic. For every e >0 and x € RN s

ue () :=u (E) .

£

RY),1<p<

loc

Then u. — @ in LP (E) (= if p = 00) for every bounded measurable set
E C RY, where

u (x) = const := k;iN/ u(y) dy.
Q(0,k)

Proof. Without loss of generality we may assume that & = 1.

Step 1: Suppose first that « € L= (Q (0,1)). Then {u.} is a bounded sequence
in L™ (RN ), and so there exists a subsequence (not relabeled) such that u, —
U in L (RN). We claim that

U<x>=u<x>=/Q(Ol)u<y> dy

for LY a.e. x € Q(0,1). Indeed, let 2y be a Lebesgue point for U. Fix § > 0
and let k. be the integer part of §/e (0 < € << J), so that §/e —1 < k. < J/e.
Decompose

Q (9,0 UQ( ) 1)

where

Then



200 2 LP Spaces

]/Q(z ; (U (z) — 1) d:z:‘
= i, /Q(m) (u (g) —) do

= lim |V /Q(Io’é) (u(y) —u) dy

e—0t

£

EE

kY
= ENZ/ o W) =) dy+aN/ (u(y) — ) dy
© i=1 Q(ai 71)
< 2lull o g,y limsupe™ L7 (E) =0,
E—

where we have used the fact that IQ( ) (u(y) —w) dy = 0, due to the

a(E),l
Q-periodicity of u. Hence

1
0= lim —N/ (U (z) —m) de = U (x0) — @.
Q(z0,9)

Step 2: In the general case let u € L? (RN), 1 < p < oo, and consider

loc

standard mollifiers of the form
on () :=nNp(nz), zcRY, neN,
where ¢ is defined in (2.55). For z € R set

X

Up (x) = /RN on(x—y)u(y) dy and un. () :=uy, (7> .

€

Note that u,, is @-periodic because for all z € RY and i =1,..., N,
wlate)= [ pilrea-pu@ = [ al)ulete-y) dy
RN RN
— [ entw)uta=y) dy =1, (@),
]RN
Hence, since u,, is continuous and Q-periodic, we have that u,, € L> (]RN )
with [[up | poo gy = [lunll Lo (00,1)) and up — w in LY, (RY).

Now if Q' is a cube in RN and v € LP (Q'), where p’ is the conjugate
exponent of p, then by Hélder’s inequality,
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§/ |te — Un | |v] do + ’/ (Uun,e —Tp)vde
Q1 Qr

+ | |w, —1l|v] dz (2.65)

‘/ (uev — ww) dx
Q/

Q/
< ‘/ (Un,e —Up)vdr
Q/
ol gy { te = tmell oy + 1T = Tl oy } -
We may decompose
L
Loy B)
o e Jai)
~Q szl Q (a;
where the cubes @ <a£5), 1) are disjoint and L :O(ELN), and so by periodicity,

e = el =~ [ @) @ de

<N ; /Q ) [ () = un ()P da (2.66)

=L lw — unHip(Q(oJ)) <Clu— “n”ip(Q(o,l)) )

for some C' > 1.
Fix n > 0 and let ng be such that

n
3 (1 + HUHLP/(Q,)) (Cl/p n ‘Q,‘up) : (2.67)

uno — U/HLP(Q(OJ)) <

Then

/Q o o =) e @17 (2.68)

1
< lun, — u”L:D(Q(OJ)) Q'] v <

Ha’ﬂo - ﬂHLP(Q/) =

7
31+ 0l (g

Finally, by Step 1 we may choose g9 = &g (ng) = &0 (n) such that for all
0<e<e,

’/ (Ung,e — TUny)vdx| < T
, 3
This together with (2.65)—(2.68) yields
‘/ (uev —ww) dx| <7
Qr
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for all 0 < ¢ < go. Hence we have shown that u. — @ in LP (Q') (= if
p = 00) and in turn (given the arbitrariness of ') in LP (F) for every bounded
measurable set £ C RV,

Example 2.86. A typical application of this lemma is to u the characteristic
function of the interval (0,6) extended periodically to all of R with period 1.

Then u. — T in L2 (R), where

1
ﬂ@ﬁéﬁxum@ﬁw:&

As a consequence, if z € SN~ ¢ RY then

/EX(Oﬂ) (%) v(z) de — H/EU () dx (2.69)

for every v € L' (E) and for every bounded measurable set £ C RY. Said
differently, (2.69) may be written as

XE. —0in L™ (E), (2.70)

where

— N, T Z
EE._{:UGR - eU(k,k+9)}.

keZ

Property (2.70) may be extended to measures other than the Lebesgue
measure.

Proposition 2.87. Let (X, 9, u) be a measure space with u finite. Then y is
nonatomic if and only if for every E € MM and 0§ € [0, 1] there exists a sequence

{E,} C M with E, C E such that xp, — Oxg in L= (X).

Proof. To prove that y is nonatomic, let E € 9 be such that p (E) > 0. With
0 = 1 find {E,} C M, with E,, C E, such that xp, — Sxp in L= (X). In
particular,

p(Ea) = 50 (),

and so for n sufficiently large we have
0<pu(Bn) <p(E).

Conversely, assume that 4 is nonatomic and let E € 9t and 6 € [0, 1].
Without loss of generality we may assume that £ = X.

Step 1: Assume first that 9t is generated by a countable family of sets {F}}.
Let 91 be the algebra generated by {F;}. By Theorem 2.16, 9 is countable,
and so we may write 9t = {G;}. Fix [ € N and let Z) be the family of sets T
of the form
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I={i,...,i;} C N,
where 1 <j<land 1< <...<i; <. ForeveryIGI(l) let

o - [Ne ) [Ue
Jjel J¢I

The sets G(Il), I € ZW, belong to N, are pairwise disjoint, and for every
1<j<,
¢;i= | ¥ (2.71)
Iez®, jeI

For simplicity in the notation we write
{G?) T eI(l)} - {Hj(.l) L= 1,...,&}.

By Proposition 1.91 there exist measurable functions ug»l) :H j(»l) —[0,1) such
that for any Borel set B C [0, 1],

u ((u§”)1 (B)) — LY (B)u (Hj@) . (2.72)

Define

As in the previous example we may construct a sequence of Borel sets {B,,} C
[0,1] such that yp, — 6 in L, (R, £'). Set

En,l = ul_l (Bn) .

For everyle Nand 1 <j <1,

/Hw X it = 1 (E"’l M H§”) =p (“f Y(B,) N Hﬁ-l))

() on?) = () 80)
=LY (B (H]@) O (H](-l))

as n — 0o, where we have used (2.72).
In turn, by (2.71) for every l € Nand 1 < 5 </,

/G X dpt— 0 (G)

J

as n — oQ.



204 2 LP Spaces

Hence for every [ € N we may find n; so large that

1
/ XEn 0 i = O (Gy)| < 5
G.

J

forall 1 <j <I.

We claim that the sets F; := F,,,; have the desired property. Indeed, for
any € > 0 and for every 5 € N choose [y > j so large that % < e. Then for all
l 2 lOv

/ XE dp—0p(Gj)| <e.
G,v

J

The result now follows from Remark 2.17.

Step 2: We now remove the additional separability assumption. For every
I € N, by Corollary 1.21 we partition X into [ disjoint subsets HT(LI) € M,
n=1,...,1, such that

p (D) = 70(X)

foralln =1,...,1. Let I C 9 be the o-algebra generated by the collection
{ng : leN,1§ngz}.

Then 9 is generated by a countable family of sets, and we claim that u :
M’ — [0, 00) is nonatomic. Indeed, let F € M with p (F) > 0. We show that
there exists G € M, G C F, with 0 < 1 (G) < p (F). Choose [ so large that

TH(X) < p(F).

Since
l

F=|JFnHY,

n=1

there exists n € {1,...,1} such that
" (F N H,(f)) > 0.
Set G := FNHY C F. Then

0<p(G) < (D) < Tu(X) < pu(F),

and so the claim holds.
In view of Step 1 there exist E,, € M’ such that xg, — 6 in L (X, ', u).

We show that xp, — 6 in L= (X, 9, u). Let u € L' (X,9M, 1) and define the
signed measure
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Ay (F) ::/ud,u7 Fen'.
F

Then A, is a finite signed measure absolutely continuous with respect to
g M — [0,00), and so by the Radon—Nikodym theorem there exists
v € LY (X, 9, i) such that

)\u(F)z/vdu, Fen'.
F

Therefore

/ ud,u:)\u(En):/ vd,u—>9/ vdp =0\, ( —9/ wdp.
En En

This concludes the proof.

We conclude this section with a well-known compactness condition that
will be used to prove the Rellich-Kondrachov theorem in [FoLel0].

Theorem 2.88. Let 1 < p < oo and let {u,} be a sequence of functions
converging weakly in LP (]RN). Then {u,} converges strongly in LP (RN) if
and only if

lim sup/ |un (. + h) — up (2)|” doz =0, (2.73)
h=0neN Jry
lim sup/ |uy, (2)P dz = 0. (2.74)
R—00neN JRN\B(0,R)

Proof. Step 1: Assume that (2.73) and (2.74) hold and consider standard
mollifiers of the form

or(x) =kN o(kx), z€RY, keN,
where ¢ is defined in (2.55). For u € L? (RY) and z € RY set

W @)= [ oo —)u) dy

By Hoélder’s inequality and (2.54) we have
P
) (@) = u (@)

< / eyl —u@dy (275)

N —u(2)|” dh.
< ck /B(Ol)|u(x+h) ()| dh

'k

Hence by Fubini’s theorem,

/ ‘u(k) (x)—u(a?)‘p dacgckN/ / z+h) —u(2)|” dzdh.
RN B(o RN

(2.76)
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Fix € > 0. Taking into account (2.73) we have that

sup/ [un (2 +h) —up (2)|" do < e
neNJRN

for all h sufficiently small. Hence, by applying (2.76) to u,, we get

sup /RN ‘(un)(k) (z) — up, (w)‘p dx

neN

< ckN/ sup/ [tn (. + h) — up (2)]” dedh < ce
B(0,4) neNJRN

1
'k

for all k sufficiently large, and so
. (k) b
lim sup (up)" () —up (x)| dx=0. (2.77)
RN

k—oo neN
Let ug be the weak limit of {u,}. Then we have

e =l < || () ® =

o 0 = 00, + [0 ],

Fix € > 0. By (2.77) and Theorem 2.73(iii) there exists k depending only on
€ such that for all kK > k and all n € N the first and last terms in the previous
inequality are both bounded by ¢, and so

ot = woll o < || ()™ = (o)™ |+ 2¢

for all k > k and all n € N. Hence to complete the proof it suffices to show

that _ _

lim H(un)(k) f(uo)(k)HL ~0. (2.78)
P

n—oo

By (2.74) and the fact that ug € LP (R"), there exists R > 1 such that

sup/ [ty (2)|F dz —|—/ lug (z)|P dx <,
neN JRN\B(0,R—1) RN\B(0,R—1)

and so reasoning as in (2.75) and (2.76),

/ ‘(un)@ — (up)®)
RN\B(0,R)

gcl_cN/ / |un (x4 h) —ug (x + h)|P dxdh
B(0,%) /RN\B(0,R)

<av [ i (4) — o ()" dy dh < ce,
B(0,1) JRN\B(0,R-1)

p

dx (2.79)
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where we have used the change of variables y = x + h. Since u, — ug in
Lp (RN) it follows that for all z € RV,

) ® @) = [ oo =9u ) dy

= [ oo =pu ) dy = ) @

as n — o0o. Moreover, reasoning as in (2.75) and since {u,} is bounded in
Lp (RN), we get

) @) = @)@ @[ <R [ o) = o (o B

2(0.4)

< ckN

for all 2 € RY and all n € N. Therefore, by the Lebesgue dominated conver-
gence theorem we have

lim ‘(un)(g) - (uo)(E) " e = 0,
n—0° JB(0,R)

which, combined with (2.79), yields (2.78).

Step 2: Conversely, assume that {u,} converges strongly in L* (RY). We
begin by showing that (2.73) holds for a single function u € L? (RY), that is,

lim |u(z + h) —u ()|’ de = 0. (2.80)
h—0 JrN
Fix ¢ > 0. By Theorem 2.78 there exists a function v € C2° (RY) such that
[ —ullp <e.

Hence, by Minkowski’s inequality, and the change of variable y = = + h,

(/RN lu(z +h) —u ()’ d:c)l/p

< (/RN lu(z +h) —v(z+h) dx)l/p

+ (/RN v (2 +h) — o (@) dx)l/p

+ (/RN u (z) — v (2)[? dx)l/p

—2fu=olyt ([ Pt - o@P dx)l/p

<2+ (/RN |v(z+h) —v ()]’ dx)l/p.



208 2 LP Spaces

Since v is uniformly continuous and has compact support, we may find § =

0 () > 0 such that
1/p
(/ |v(x+h)—v(;v)|pdac> <e
RN

for all |h| < §. Hence (2.80) holds.
Since {uy} converges to ug in LP (RN ), there exists an integer 7 such that

[un = uoll» < €

for all n > n. Hence by Minkowski’s inequality and the change of variable
y=2x+h,
» 1/p
(/ s (4 h) — 1y ()7 )
RN

< (/RN tn (2 + h) — ug (z + h)|P dx)l/p
+ (/RN luo (2 + h) — ug ()| dx)l/p

! (/RN lun () — ug ()| dx>1/p

1/p
=2 ||un — U’OHLP + (/N |UO (1’-’- h) — Up (;p)|p dl’)
R

<4e + (/RN lug (z + h) — ug (z)|” dm) w

for all n > f. Using (2.80) with ug,...,us—1 in place of u we conclude that
(2.73) holds.

The proof of (2.74) follows a similar argument (see also Vitali’s convergence
theorem) and therefore we omit it.

2.2.3 Maximal Functions

In this subsection we introduce the notion of maximal function and study
its properties. Maximal functions will play an important role in the Sobolev
space setting in [FoLel0O] but they will not be used in the remainder of this
volume.

Throughout this subsection we consider LP spaces in the case that the
underlying measure is the Lebesgue measure.

Definition 2.89. Let u € L{, . (RY). The (Hardy-Littlewood) maximal func-
tion of u is defined by
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1
M (u) (z) := sup 7=
>0 | B (2,7)] B2,

u(y)| dy
for all z € RN. For 0 < R < oo we also define
M (0) (1) i= swp o [ Ju(y)] dy.
o<r<r |B(2,7)] JB (2,
Note that M = M.
Exercise 2.90. Prove that the sets
{z eRY: M(u) (z) >t}, {zeRY:Mg(u)(z)>t}
are open (and so Lebesgue measurable).
Theorem 2.91. Let u € LP (]RN), 1<p<oc. Then
(i) u(z) <M (u) (x) < co for LN a.e. x € RY;
(ii) if p =1 then for any t > 0,
3N
{z € RY . M (u) (z) > t} < T/]RN |u(x)] dz; (2.81)

(iti) if 1 < p < oo then M (u) € L? (RY) and
IM(u)ll, < C(N,p)llull 5 -
The proof of the theorem is hinged on the following covering result.

Lemma 2.92 (Vitali). Let E C RY be the union of a finite number of balls
B(xi,ri),i=1,...,0. Then there exists a subset I C {1,...,L} such that the
balls B (x;,7;) with i € I are pairwise disjoint and

EC UB(xi,?)ri) .
iel

Proof. Without loss of generality we may assume that
LT > .. >y,

Put ¢; := 1 and discard all the balls that intersect B (z1,71). Let iz be the
first integer, if it exists, such that B (x,,r;,) does not intersect B (z1,r1). If
i does not exist then set I := {4}, while if is exists discard all the balls
B (x,7i), with ¢ > i3, that intersect B (z;,,7i,). Let i3 > iz be the first
integer, if it exists, such that B (x,,,7;,) does not intersect B (x;,,74,). If i3
does not exist then set I := {iy,ia}; if i3 exists continue the process. Since
there is only a finite number of balls the process stops after a finite number
of steps and we obtain the desired set I C {1,...,¢}.
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By construction, the balls B (z;,r;) with ¢ € I are pairwise disjoint. To
prove the last statement let x € E. Then there exists ¢ = 1,...,¢ such that
x € B (x;,1;). If i € I then there is nothing to prove. If ¢ ¢ I then B (x;,r;) is
one of the balls that has been discarded and thus there exists j € I such that
r; > r; and B (z;,r;) N B (x;,1;) # 0. Let z € B(xj,7r;) N B (x;,7;). Then

| —a;| <|o—a;| + |z — 2| + |2 — ;| <1y +r+ 15 <31y,
and so x € B (z;,3r;) and the proof is complete.
We now turn to the proof of Theorem 2.91:
Proof (Theorem 2.91). We begin by proving (ii). Let
:{xERN: M (u) (z) > t}.

By the definition of M (u), for every x € A, we can find a ball B (z,r;), with
r; > 0, such that
1
‘B(LC,T'I” B(z,rz)

Let K C A; be a compact set. Since {B (z,72)},¢ 4, 1s an open cover for K,
we may find a finite subcover. By the previous lemma there exists a disjoint
finite subfamily {B (z;,r;)}._;, such that

lu(y)| dy > t. (2.82)

n
K C U B (J,‘i,37“i) .

i=1

Hence, by (2.82),

|K|<3NZ|B i,7) |<zn:/

Using the inner regularity of the Lebesgue measure, together with Exercise
2.90, we obtain that

\u| dy<—/ ] dy.

(zi,r4i)

N
{2z e RN : M(u) (z) > t}] §37/RN | dy.

Note that this implies, in particular, that M (u) (z) < oo for £V a.e. z € RV,
Thus (i) is proved for p = 1.

In order to prove (iii) it suffices to consider 1 < p < oo, since the case
p = oo is immediate from the definition of M (u). For ¢ > 0 define

ug (x) = {U(I) if ‘U(m)| > %

0 otherwise.

We claim that u; € L' (RY). Indeed,
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[ putay= [ ] dy
RN {IGRN: |u(z)|>%}

2\"!
< <> / lul” dy < .
¢ {zeRY: Ju(x)> £}

Moreover, since |u| < |uy| + & we have that M (u) <M (u;) + £, and so

[z eRY M(u)(x)>t}c{x€RN: M(ut)(x)>;}.

Part (ii) applied to u; € L* (RN ) now yields

3NV2
t Jr
3N9

t {IGRN:‘U(I)|>%}

{z € RN . M (u) (z) > t} < lue| dy (2.83)
N

lu| dy.
Hence, using Theorem 1.123 and Fubini’s theorem we obtain

/ (M (u) (2))? dz = /OO {z e RN : (M (u) (2))" > s}| ds
RN 0

:p/ P! {z € RN . M (u) (z) > t}| dt

0

ST Ju (y) dydt
0 IGRN:\u(x)\>%}

2fu(y)|
=p3N2/N u(y)] / =2 dt | dy
R 0

_ p3Vor

p
— /RNW(JU)\ da.

This proves (iii) and in turn (i) for p > 1.

Property (ii) in the previous theorem is usually called the weak L' inequal-
ity because, as opposed to the case p > 1 (see (iii)), for p = 1 the operator

ue L' (RY) — M(u)

is not bounded in L'. Actually, if u is not identically zero then M (u) ¢
Lt (RN ) To see this, it suffices to assume, without loss of generality, that

/ |u| dz > 0.
B(0,1)

Then if |z] > 1 it follows that B (0,1) C B (z,2|z|), and thus for some ¢ > 0,
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1 c
M(u)(zmi/ |u<y>\dyz—/ lul de,
1B (z,22)| /B2 1z|N B,

with |z ¢ L! (RV\ B(0,1)). Moreover, even local integrability of M (u)
does not hold in general. However, it can be shown that M (u) € L{ ( ),
provided w belongs to the space Llog L (]RN )

Definition 2.93. Let E C RN be a Lebesgue measurable set. We say that a
measurable function u: E — R belongs to the space Llog L (E) if

/ |u(x)]log (2 + |u (z)|) dr < co.
E

Note that
Llog L (RY) G L' (RY).

Proposition 2.94. Assume that u € Llog L (RN). Then M (u) is integrable
over measurable sets of finite measure.

Proof. Let E C RY™ be any measurable set of finite measure. By Theorem
1.123,

/M dx—/o Hzx € E:M(u) >t} dt
§|E\+/ {z € E: M (u) >t} dt.
1

Now (2.83) and Fubini’s theorem yield

1
/M x§|E\+C/ 1 / ()| dy | dt
1 U\ J{zerN: ju(z)|>t/2}

2fu(y)| ¢
—|B|+C wol( [ ) a
{mGRN:|u(m)\>%} 1 3

=|E[+C lu (y)|log (2|u (y)|) dy,
{Q?GRN: |u(z)\>%}

and so the proof is complete.

The previous proposition admits a partial converse, which relies on the
following decomposition theorem:

Theorem 2.95 (Calderén—Zygmund). Let u € L* (RN) be a nonnegative
function, and let t > 0. Then there exists a countable family {Q,} of open
mutually disjoint cubes such that

u(x) <t for LY a.e. z € RNV \ U Qn, (2.84)

n=1
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and for every n € N,

1
< — | wu(x)de <2Vt (2.85)
‘Qn‘ Q

Proof. Fix t > 0 and choose L > 0 large enough that

/ u(x) dx < tLN.
RN

Decompose RY into a rectangular grid such that each cube @ of the partition
has side length L, and thus

ol / ) dz <. (2.86)

Fix one such cube Q and subdivide it into 2%V congruent subcubes. Let Q' be
one of these subcubes. If

1
7 Q/u(az) dx > t,

and in view of the fact that

d N
|@| IQI/ ¢S 2T,

then (2.85) is satisfied and therefore Q" will be selected as one of the @,,. On
the other hand, if

1
Q']
(note that by (2.86) there is at least one), then we subdivide @’ into 2V
congruent subcubes and we repeat the process.

In this way we construct a family of cubes {@,, } for which (2.85) is satisfied,
and it remains to prove (2.84). It can be seen from the construction that the
cubes that were not selected to belong to the family {@,} form a fine covering
F of RV \ >, Qn. Therefore if x € RN \ [J72, Q,, is a Lebesgue point for
u, then by Remark 1.160(ii) we have

w(z) de <t

u(z) = lim sup / Ydy <t
diam F—0, FEF, z€F |F|

and the proof is completed.
Remark 2.96. A local version of the previous theorem holds. Precisely, if @ is

a cube, u € L' (Q) is nonnegative, and if

— d
=g [ v a
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then it follows from the above proof that there exists a countable family
{Q»} C Q of open mutually disjoint cubes such that

w(z) <t LN ae inQ\ U@,

n=1
and for every n € N,
1
1@Qnl Ja.,

As a consequence of the Calderén-Zygmund theorem we obtain a partial
reverse of the weak L! inequality (2.81).

t< u(x) dz < 2Nt

Corollary 2.97. Letu € L{ (RN). Then there exists a constant C depending
on N such that for every cube Q in RN and for every t > 0 such that

1
t> [l /Q lu(x)| dz, (2.87)
we have
{zcQ: M(u)(@)> Ct} > 9/ (@) dz,  (2.88)
t S yeq: luw)>1)
where

1 1
C:=min{ ———, = ¢ .
min { NE N }
Proof. Fix t as in (2.87) and apply the Calderén—Zygmund theorem together

with Remark 2.96 to |u| and ¢ to find a family {Qn} C Q of closed cubes with
mutually disjoint interiors such that

lu(z)| <t for LY ae. z€Q\ U Qn, (2.89)

n=1

and for every n € N,

1
t<—— [ |u(y)| dy <2Vt (2.90)
@nl Jq,

If z € Q, then the ball centered at x with radius R, := VN |Qn|% contains
Qn, and so it follows from (2.90) that

1

M (u) (z) > 1B &)l . lu(y)| dy

>¥/ ()| dy > ——t
“IB@R) Jg, YT GuNE
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Therefore, in view of (2.89) and (2.90),

oo

HmEQ: M (u) (2) > — H>;|in

t
OzNN% 1

1 & / 1
> lu ()] d:c:—/ ()] da.
2Nth::1 Q@n 2Vt Jiyeq: tuy) 1>ty

It suffices to set
c . 1 1
= mind ———, — ¢ .
OéNN% 2N

This concludes the proof.

We are now ready to prove a partial converse of Proposition 2.94.

Proposition 2.98. If Q is a cube in RN and u € L (RN) is such that
M (u) € L* (Q), then u € Llog L (Q) and

/Q|u<x>log<2+|u<x>> du
< C (N 1QN) IM ()] 1 gy log (24 IM (1) 1)) -

Proof. Fix

1
t:= 1+7/ lu (y)| dy.
QI Jg
‘We have

/ |u|log (2 + |u|) dx
Q

glog(2+t)/

|u| dx +/ |u|log (2 + |u|) dx
{v€Qilul<t} {z€Q:lul>t}

g1og(2+t)/

M (1) dm+/ lulTog (3 |u]) da
{z€Q:|u|<t}

{z€Q:|u|>t}
(2.91)

< (log (2+1¢t) + log3)/ M (u) dx +/ |ullog |u| dz,
Q {zeQ:|u|>t}

where we have used the fact that [u| <M (u) £V a.e. in Q.
Using Fubini’s theorem and Theorem 1.123, together with (2.88), we obtain
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u) 1
/ |ullog |u| dx:/ | / fds dz
{z€Q:lul>t} {w€Q:lul>t} 1
<1
:/ (/ |u(m)|dm> ds
t S {zeQ:|u|>s}

gé/toouxecg: M (u) (z) > Cs}| ds

1
= ) da < —/ M (u) dx.
C {;cEQ:M(u)>Ct}

Hence by (2.91),

/|u|log(2+|u|)d log (2 +1t) + log 3 + >/M
Q
< O (V,1QD I (1)1 g og (2+ M (u >\|L1<Q>),

where we have used the fact that

t<1—|—Q|/QM(u)dx

The proof is now complete.

Remark 2.99. A simple covering argument yields an analogue to Proposition
2.98 for arbitrary compact sets. Precisely, if 2 C RY™ is an open set and
2 CC 2 then there exists a constant C' = C (N, 2/, 2) > 0 such that

| lul1og (2-+ ul) da < CIM @)l gy Jog (2 M ()l 0)-

We conclude this subsection with an alternative proof of the Lebesgue
differentiation theorem for the Lebesgue measure using maximal functions.

Theorem 2.100 (Lebesgue differentiation theorem). Let u € L{ (RN).
Then there exists a Borel set E C RN with |E| =0, such that

RV\EC {zeR": u(z) e R}
and for any v € RN \ E,

1
lim —— u(y) dy =u(x). 2.92
A B @] Jpen W T (292

Proof. Since the result is local, we may assume, without loss of generality,
that u € L' (RY). Since for every z € RN
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y| < M(u)(z), (2.93)

li f
1%%)2 |er|/xr)

1
limsupi/ u(y) dy
r—0+ |B (x’ T)| B(z,r)
it follows from Theorem 2.91(i)—(ii) that the function

1
u(z) :=limsup —— u(y) dy
r—0+ |B (.CL' r)| B(z,r)

— i f
LH—{(I)I} |B:Er\/zr

is well-defined (and in turn finite) for LV a.e. x € R, and for every t > 0,

’{xERN: u(z)> 2} < H:CERN: M (u) () >t}

3N
t RN

IN

If we now replace in the previous inequality v with v — v, where v € C, (RN ),

and observe that % (z) = (u — v) (z) for LY a.e. z € RV then we obtain that

Hx eRY: U(x) > Qt}‘ < HJ} eRY: M(u—v)(z) > t}’
3N
< — |u(z) — v (z)| de.
t RN
Since C. (RN ) is dense in L! (RN ), the right-hand side of the previous in-
equality can be made arbitrarily small, and so

er]RN: u(z) >2t} =0

for all ¢t > 0. Hence % () = 0 for LY a.e. x € RY, and in turn, by (2.93) we
have that there exists

1
lim ———— u(y) dy € R (2.94)
r—0+ ‘B (l‘ T)| B(z,r)

for all z € RN \ Ey, where E; is a set of Lebesgue measure zero.
Take r = %, and apply Theorem 2.73 (see also Remark 2.72) to conclude
that the sequence of functions

1
U (T) = 75— u d
= e B oy

converges in L' to u. In view of Theorem 2.20(iii), we may extract a sub-
sequence {vy,} converging pointwise to u except on a set Ea of Lebesgue
measure zero. Therefore if « ¢ E := Ey U E5 then (2.92) follows from (2.94).
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2.3 LP? Spaces on Banach Spaces

In this section we briefly introduce LP spaces on Banach spaces. These will
play an important role in the study of Young measures in the last chapter.
We will omit most of the proofs, since the only results that will be used in the
sequel are Theorem 2.108 and part (i) of the Riesz representation theorem in
L? (X;Y), which we will prove. We refer to [DuSc88|, [DieU77], [Ed95], and
[SY05] for more information on the subject and for the proofs omitted here.

Definition 2.101. Let (X, 9, 1) be a measure space and let Y be a Banach
space. A (measurable) simple function s is a function s : X — Y of the form

14
S = E CiXE;
=1

where £ € N, ¢1,...,¢c¢ €Y are distinct and the sets E; C X are measurable
and mutually disjoint.

(i) A function u : X — 'Y is said to be strongly measurable if there exists a
sequence {s,} of (measurable) simple functions s, : X — Y such that

lim ||sp () —u(x)|ly, =0 forp ae xze€X.
(ii) A function u: X —'Y is said to be weakly measurable if for any L € Y’
the function
x € X — L(u(z)) is measurable.

(111) A function uw : X — Y’ is said to be weakly star measurable if for any
y €Y the map

z€X — (u(z),y)yy =u(x)(y) is measurable,
where (-, )y y : Y xY — R is the duality pairing.

Exercise 2.102. Let (X,9, 1) be a measure space and let Y be a Banach
space. Prove that if a function w : X — Y is strongly measurable then the
function z € X — |lu(z)|, is measurable.

Exercise 2.103 (Egoroff). Let (X, 9, 1) be a measure space with p finite,
let Y be a Banach space, and let u, u,, : X — Y, n € N, be strongly measurable
functions such that

lim |ju, (z) —u(z)|y =0

n—oo

for p a.e. x € X. Prove that for every ¢ > 0 there exists a measurable set
E e M, with p (X \ E) < ¢, such that

lim [|u, () = (@)lly =0

n—oo
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uniformly on F: (Hint: For every n, k € N define

Enpi= (] {x € X 1 us () —u; ()]ly < ]16}

,7>n

and prove that there exists an increasing sequence {ny},y such that the set

E:= () Enck
k=1

has the desired properties.)

The relation between weak and strong measurability is given by the fol-
lowing theorem.

Theorem 2.104 (Pettis). Let (X,9, 1) be a measure space with p finite
and let' Y be a Banach space. A function u: X — Y 1is strongly measurable if
and only if it is weakly measurable and there exists E € M, with u(E) = 0,
such that the set u (X \ E) is a separable set of Y (in the norm sense).

Proof. We prove only the easy direction of the theorem, because it will be
needed in Theorem 2.108. Thus assume that v : X — Y is strongly measur-
able. Then there exists a sequence {s,} of simple functions s, : X — Y such
that

lirrolO lsn () —u(z)|ly, =0 forpae xzeX.

Hence for any L € Y’ we have that
lim L(s,(x)) =L (u(x)) forpae xze€X.

n—oo

Since the function Lo s, : X — R is a simple function it follows that the
real-valued function
x€ X L(u(x))

is measurable as the pointwise limit of measurable functions.
By Egoroft’s theorem, for every k € N there exists a measurable set Fj €
M, with p (Ey) < 1, such that

lim s, () —u(2)]ly =0

n—

uniformly on X \ Ej. Since the range of each s, is finite, the set [J, 2, s, (X)
is countable. Hence for every k € N the set u (X \ Ej)) is separable, and so is

the set
k=1 k=1 k=1
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To conclude this part of the proof we observe that for every j € N|
~ 1
0<p| () Ex| <pu(B)<-—0
k=1 J
as j — oo.

Ezample 2.105. Let p be the Lebesgue measure on [0, 1] and define the func-
tion u : [0, 1] — £ by

u(z) = {Sgn (on (2 me)) ¢ 1 }HEN, e 0,1].

By Remark 2.42 we may identify (> with the dual (61)/, so for every y =
{Yn}nen € €' we have that

oo

€ [0,1] — Z sgn (sin 2”7rx)) +1

is well-defined. This is a measurable function; hence u is weakly star measur-

able. It may be verified that there is no set E € M, with p (E) = 0, such that

the set u (X \ E) is a separable set of £>° and, even more, that there exists
€ (£>°)" such that the function

x € [0,1] — L (u(z)) is not measurable.

Hence u is not weakly measurable (and so, by the Pettis theorem, it is not
strongly measurable). We refer to [DieU77] for more details.

Definition 2.106. Let (X, 9, 1) be a measure space and let Y be a Banach
space. A (measurable) simple function s : X — Y is (Bochner) integrable if

it has the form
¢
s=) cixE,
i=1

where ¢1,...,¢¢ € Y, £ € N, are distinct, the sets E; C X are mutually
disjoint, and ¢; = 0 whenever u (F;) = co. For any measurable set E € O the
Bochner integral of s over E is defined by

14

/ sdp ::Zcm(EiﬂE),
E

i=1
where c;iu (E; N E) is set to be zero whenever ¢; =0 and p(E; N E) = 0o

Definition 2.107. Let (X, 9, u) be a measure space and let Y be a Banach
space. A strongly measurable function v : X — Y is (Bochner) integrable if
there exists a sequence {s,} of simple integrable functions such that
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lim |[s, (z) —u(z)|ly, =0 forpae xeX

n—oo

and

n—oo

lim lsn —ully du=0.
X

For any measurable set E € 9 the Bochner integral of u over E is defined by

/ud,u = lim Sp dpt.
E

n—oo

It may be verified that this limit exists and that is independent of the
particular sequence {s,}.

Theorem 2.108. Let (X,9M, u) be a measure space with p finite and let Y
be a Banach space. A strongly measurable function uw: X — Y is (Bochner)
integrable if and only if ||ul|y is Lebesgue integrable over X .

Proof. Assume that the real-valued function z € X +— |ju (z)||, is integrable.
Since u is strongly measurable, by the Pettis theorem there exists E € 91,
with 4 (E) = 0, such that the set u (X \ E) is a separable subset of Y. Let
{yn} C Y be a dense set in u (X \ E). By Exercise 2.102, for each n € N the
function € X — ||u (z) — yn|ly is measurable, and so for each k € N the set

1
Bnsi= {2 € X\ B+ u@) -y < 7}

is measurable. By the density of {y,} in u (X \ F) we have that

DEW:X\E

n=1

for every k € N. For every n, k € N define
For=E,;\ U Ej .
j=1

Then for each fixed k € N, the measurable sets { F}, 1. },, .y are pairwise disjoint
with

GFnyk:X\E.

n=1

Since € X — |lu (z)||y is integrable and

H(X) = n (XN B) = 3o u(

we may find an integer n; € N so large that
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/4

n=np+1

1 > 1
<= F..) <= 2.
lelly dpe < £ n:%:ﬂu( k) < 7 (2.95)

Define the simple function

_Jynifze Fp,n=1,... ng,
s (2) 1= {O otherwise.

Then
1 "
Isk () —u(x)|ly < z for all z € U Fok,

n=1

and so by (2.95)a,

klim sk () —u(x)|ly, =0 forpae zeX,

while by (2.95)1,

ng
lﬁmﬂmwzz/ m—mww/w lully dp
X n=1 Fok U

Fok
n=npg+1

1 & 1 1
S%ZN(Fn,k)JFESE(N(X)JFl)HO
n=1

as k — oo. Thus u : X — Y is Bochner integrable.
Conversely, assume that u : X — Y is Bochner integrable and consider a
sequence {s,} of simple integrable functions such that

lim ||s, (z) —u(z)|ly, =0 for pae zeX
n—oo

and

lim lsn — ully dp=0.
p's

n—oo

Then for x € X and for ¢, n € N
0 < |llsn (2)lly = llse (@)lly | < [lsn (z) = se (@)]ly
< s (@) —w(@)lly + [Ise (x) —u(@)]y

and so
[ lsaly = lselyl i< [ lisu =l diet [ oo =l du—o0
X X X

as £, n — oo. Thus {||s, ||y} is a Cauchy sequence in L' (X, 9, u), and so it
converges in L' (X, 90, 1) (and up to a subsequence also pointwise u a.e. in
X) to a function v : X — R. On the other hand, for p a.e. z € X,

0 < |llsn (@)lly = llu(@)lly] < s (2) = u()]ly =0

as n — oo. Hence v (z) = ||u ()|, for p a.e. x € X, which shows that |lull,
is integrable.
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Definition 2.109. Let (X, 9, 1) be a measure space, let Y be a Banach space,
and let 1 < p < oo. Then

LP (X, M, pn);Y) = {u : X =Y : u strongly measurable,

el o o iy < 0}

where
1/p
Il = ([ 1l dn)
If p= oo then
L (X, 90, p1);Y) = {u : X — Y : u strongly measurable,
ol o iy < 20
where

|| oo vy = esssup ||u (z
|| ||L (X, t,1);Y) e X H ( )”Y
=inf{a eR: ||u(z)|ly <apae xzeX}.

When there is no possibility of confusion we abbreviate LP ((X, 9, u);Y)
as LP (X;Y). Asin the case Y = R we identify functions with their equivalence
classes.

Theorem 2.110. Let (X,9M, u) be a measure space and let Y be a Banach
space.

(i) L (X;Y) is a Banach space for 1 < p < oo;
(i) the family of all integrable simple functions is dense in LP (X;Y) for
1 <p<oo;
(iii) if X is a separable metric space, p is a o-finite Radon measure, and if Y
is separable, then LP (X;Y") is separable for 1 < p < 0.

A major problem in the theory of LP spaces on Banach spaces is the
identification of the dual of LP (X;Y). Here we will consider only the two
important special cases in which Y is either separable or reflexive.

Definition 2.111. Let (X, 9, u) be a measure space, let Y be a Banach space,
and let 1 < p < oo. Then the space LP (X;Y") is the space of all (equivalence
classes of) weakly star measurable functions v : X — Y’ such that |ul|y, €
L? (X;R). The space L? (X;Y") is endowed with the norm

1/p
||u||L:Z,(X,Y’) = </}( ||’LL||€// dﬂ)
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for 1 <p < oo, and

]l Loe x5y = esssup [[u ()l
zeX

for p= .

Theorem 2.112 (Riesz representation theorem in LP). Let (X, M, )
be a measure space with u o-finite, let Y be a Banach space, let 1 < p < oo,
and let q be its Holder conjugate exponent.

(i) Assume that'Y is separable. If L € (LP (X;Y))’ then there exists a unique
v e LL(X;Y') such that

L = [ (. d (2.96)

foreveryu € LP (X;Y'). Moreover, the norm of L coincides with [|v|| pa  x.y)-
Conversely, every functional of the form (2.96), where v € LY (X;Y"), is
a bounded linear functional on LP (X;Y).

(ii) Assume thatY is reflexive. Then for L € (LP (X;Y))' there exists a unique
ve L1(X;Y') such that

L = [ (oudyry du (2.97)

foreveryu € LP (X;Y'). Moreover, the norm of L coincides with|[v[| 1.4 x.y)-
Conversely, every functional of the form (2.97), where v € L (X;Y"), is
a bounded linear functional on LP (X;Y).

Proof. We prove only (i). Let L € (L? (X;Y))". Since Y is separable there
exists {yn} C Y such that {y,} =Y. For each n € N the functional

L (u)i=L(uy,) ueL?(X)=L"(X;R)

is linear and

|L (uyn)|
[l r= sup o <Ll (xyvyy lynlly < oo, (2.98)
(LP(X)) ueL?(X)\{0} ||UHLP(X) (LP(XGY)) Y

and so by the Riesz representation theorem in L (X) there exists v,, €
L¥" (X)) such that

L (uyy) = /X uvy, dp for all uw € LP (X) (2.99)

and (see (2.98))

HLnH(Lp(X))/ = ||”yn||Lp’(X) < ”L”(LP(X;Y))’ ||ynHy (2.100)
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We claim that

su |Uyn |
P

neN HynHY

If p =1 then from (2.100),

< ||L||(LP(X;Y))’ . (2.101)

Lv' (X)

vy, (@) <Ll o (xvyy NUnlly  for LY ae.r € X and for all n € N,

and so the claim follows.
If p> 1 fix [ € N and write

l

sup v yn Z ‘”yn (33)|, z€X,
1<n<l HynHy n—1 ||yn||y
where the sets E1,..., F; are measurable and pairwise disjoint. Note that the
function
2
Z ol
- n yn n
lym |5
belongs to L? (X;Y"). Indeed,
SO e
||UHIZ,P(X,Y) :/ ZXEnynip Unyn d/’[’
X |ln=1 H ynlly

B e B (o) o

et Hkay
:/ <Sup | yk‘ ) d,LL
x \i<k<t [[yelly

Then, by the linearity of L and (2.99),

(|- £ L

n=1

Vg, | >
= sup A < ILl| 100y 18] 7o
/X <1§ksz lyklly (Lr(xsy)) e (x5y)

o, | o 1/p
=1Ll 1o 510 / <sup Yy > du )
L&Y\ J ¢ \izwt [lvelly

where we used (2.102), and so

IRAURR

(Y

J (s ) ) < 2y
x \i<k<t [lyxlly

L (u)] =

H”
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and by letting | — oo the claim follows from the Lebesgue monotone conver-
gence theorem.

We are now ready to construct the function v € L (X;Y”) in the state-
ment. Since {y,} is dense in Y, for every y € Y we may find a subsequence
{¥n, } converging to y. For all u € L? (X) and k > j we have

‘/Xu (”ynk - vynj) du' = |L (wyn, — uyn,)|

< ”L”(LP(X;Y))’

|ynk - ynj ||y ||u||LP(X) )

and so by Corollary A.42,

Hvynk — Uy, ) SNEN o x vy |9 — Yn, [y =0

L' (X

as j — oo. Hence {vynj} is a Cauchy sequence in L?’ (X); thus there exists

v, € LP (X) such that vy, — Uy in LP (X). Similar reasoning also shows
that v, does not depend on the particular approximating subsequence. From
(2.99) and (2.100), taking n; in place of n and letting j — oo, we obtain

L (uy) = / uvy dp for all uw € LP (X) (2.103)
X

and
loyll o () < WLl Loy 19y - (2.104)
Definev: X — Y’ as
v(z):Y =R,
Y= vy (7).

Note that v (x) is linear in view of the linearity of L and (2.103). Using once
more the fact that {y,} is dense in Y, we have that

v () (yn)| vy, ()]
[[v (@)[ly, = sup = sup 2=,
VT wmlly no Nyally
which is finite for p a.e. x € X by (2.101).
Moreover, for any y € ¥ the map € X — v (z) (y) = vy (z) is measur-
able, and so v is weakly star measurable, and by (2.101),

v
ap (L)
neN Hyn ||Y
To prove the reverse inequality we observe that the class S of simple functions
of the form

< WLl o (xvyy -

HU”L{’U(X;Y/) =
LP'(X)



2.3 L? Spaces on Banach Spaces 227
5= Zn:xpic,-yi, (2.105)
where ¢; € Rand F; € M for all i = 1,...,n, is dense in LP (X;Y), and so
e

seS\{0} || ”LIJ(X Y)

For any s € S of the form (2.105), by (2.99) and Hoélder’s inequality we have

vy,
<Z/ ey o
l
vy
/ ZxF il il | sup 2
X || kHY

=1
sup( |vyk| >
keN Hyk:HY

n 1/p
< <Z leil” ||yz‘||];f#(Fz‘)>
1=1

s)| = clv% du

L?'(X)
vy, |
e -
keN ||kaY LY (X)
Hence
L (s)] vy |
WL zoixcyyy = sup —r————— < |[sup =v|lr x.vn >
(LP(XY)) s€S\{0} ||3||Lp(x;y) ken \ Yk lly Lr' (X) P
and so
||L||(LP(X;Y))/ = ||UHL?3,(X;Y/)'

Finally, for s € S of the form (2.105), by the linearity of y — v, (x) for every
r € X, we have

Z/ Cily, () dp (x Z/ Veyys (@) dpe (2 Z/ Vs(a) At (
- /X oy (@) = [ 0@ (5(0) du(@) = [ @5 @)y di o).

For any u € L? (X;Y) find a sequence {s;} C S of simple functions such that

lim ||s; (z) —u(z)]|y, =0 for pae zecX.
j—oo

Then
L(u)= lim L(s;)= lim [ v, () du(z).

j—o0 Jj—oo Jx

From (2.104), and again using the linearity of y — v, (z) for p a.e. z € X, we
deduce that
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05,00 = vut) | o x0y < WEll oy N5 (@) = w(@)lly — 0,

and so

L(u) = /X V(o) it () = /X (0 () (2))yry dp (),

and this concludes the proof.
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The Direct Method and Lower Semicontinuity

Although this may seem a
paradox, all exact science is
dominated by the idea of
approximation.

Bertrand Russell (1872-1970)

The direct method in the calculus of variations is an important tool in
relaxation theory and it relies heavily on the notion of lower semicontinuity,
which is the subject of the next section.

3.1 Lower Semicontinuity

Definition 3.1. Let V' be a topological space and let I : V — [—00, 00].

(i) I is lower semicontinuous if the set {v € V' : I (v) <t} is closed for every
teR.
(i) T is sequentially lower semicontinuous if the set {v €V : I (v) <t} is
sequentially closed for every t € R.
(#ii) I is upper semicontinuous (respectively sequentially upper semicontinu-
ous) if —I is lower semicontinuous (respectively sequentially lower semi-
conlinuous).

Remark 3.2. Note that (i) implies (ii). To see this, assume that I is lower
semicontinuous, fix t € R, and let {v,} C V be any sequence converging to v
and such that I (v,) < t. We claim that I (vg) < ¢. Indeed, if ¢t < I (vy) then
the set 1! ((t,00]) is an open set containing vg, and thus v, € I~!((t,00])
for all n sufficiently large, which is a contradiction. Hence I (vg) < ¢, and so
the set {v € V : I (v) <t} is sequentially closed.
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In general, the converse is not true (see Exercise A.34 below). However, it
can be shown that (ii) implies (i) if V' satisfies the first axiom of countability
(see Proposition 3.12 below).

The following characterizations of lower semicontinuity will be of use in
the sequel. We recall the definition of epigraph and of limit inferior.

Definition 3.3. Let (V,7) be a topological space and let I : V — [—o0, o0].
(i) The epigraph of I is the set

epil :={(v,t) e V xR: I(v) <t}.
(ii) For any vg € V the limit inferior of I as v tends to vy is defined as

liminf I (v) := sup inf I(v),
v—vo ( ) AET(UU)'UEA\{”U} ( )

where T (vg) stands for the collection of all open sets in T that contain vg.*

Proposition 3.4. Let V' be a topological space and let I : 'V — [—o0,00].
Then the following are equivalent:

(i) I is lower semicontinuous;
(ii) epil is closed;
(#3) for every vo € V.
I (v9) < liminf I (v).

v—vg

Similarly, the following are equivalent:

(i) I is sequentially lower semicontinuous;
(i1) epil is sequentially closed;
(iii) for every vy € V.
I (vo) < liminf I (v,)

n—oo

for every sequence {v,} converging to vg.

Proof. Step 1: We prove that (i) is equivalent to (ii). Assume that I is lower
semicontinuous and let

D=V xR)\epil ={(v,t) €V xR: I(v)>t}. (3.1)
Fix (vo,t0) € D and let 0 < & < I (vg) — to. Then the set

! In several books, SUp 4¢ () infuea I (v) is used as a definition for the limit inferior
liminfy, 4, I (v). The definition we use here is in accordance with the definition of
limit, in which the value of the function at the point vg plays no role. In particular,
with our definition we recover the fact that the limit exists at vy if and only if
the limit inferior and superior coincide, while with the other definition one would
get that the limit inferior and superior at vo coincide if and only if the function
I is continuous at vo.
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U:=1"((to+¢,))

is open and contains vg, and so U X (tg — €, t9 + £) is a neighborhood of (vy, to).
If (v,t) € U x (tg —e,to+¢€) then I (v) > tg+ & > t, which implies that
(v,t) € D. Hence D is open and its complement, epi I, is closed.

Conversely, assume that epi! is closed (and so the set D defined in (3.1)
is open), and for ¢ty € R consider the set

U={veV:I{w) >t}.

If vy € U then for any fixed 0 < g < I (vg) — to the pair (vg, tg + £9) belongs
to the open set D, and so we may find a neighborhood Uy C V of vy and
0 < e < g such that

Uy X (to + €0 —&,to+e0+¢) C D.

In particular, if v € Uy then I (v) > tg+¢e9 — € > to, and so Uy C U, which
shows that U is open and in turn proves the lower semicontinuity of I.

Step 2: We show that (i) is equivalent to (iii). Let I be lower semicontinuous
and assume by contradiction that there exists vy € V such that

I (vg) > liminf I (v).

v—V0
Fix I (vg) >t > liminf,_.,, I (v). Then the open set
Ay i={veV:I(v) >t} (3.2)
belongs to 7 (vg), and so

liminf I (v) = sup inf  I(v)> inf [I(v)>t,
v—vg ( ) Aer(vo) VEA\{vo} ( ) vEA:\{vo} ( )
which is a contradiction.
Conversely, assume that (iii) holds and fix ¢ € R. If the set A; defined in
(3.2) is nonempty, fix any vy that belongs to it. Since
liminf I (v) > I (vo) > t,

v—vg
by the definition of limit inferior there exists A € 7 (vg) such that

inf I(v)>t,
veA\{vo}

which, together with the fact that I (vo) > ¢, implies that A C A,;. Hence (i)
holds.

Step 3: We prove that (i)’ and (iii)’ are equivalent. Let I be sequentially
lower semicontinuous and assume by contradiction that there exist vg € V
and a sequence {v,} converging to vy such that
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I (vo) > liminf I (v,,) .
Fix I (vg) > ¢t > liminf, o I (v,) and select a subsequence (not relabeled)
such that I (v,) <t for all n € N. Since the set

Ciy={veV:I(w) <t} (3.3)

is sequentially closed, it follows that vy € Cy, which is a contradiction.
Conversely, assume that (iii)’ holds and fix ¢ € R. If the set C; defined in
(3.3) is nonempty, consider any sequence {v,} C C; converging to some vy.
Then
I (vo) <liminf I (v,) <,

n—oo

which implies that vy € C;. Thus C} is sequentially closed.

Step 4: Finally, we show that (ii)’ and (iii)’ are equivalent. Suppose that
epi[ is sequentially closed, fix vo € V, and let {v,} C V be any sequence
converging to vg. If

liminf I (v,) = oo,

then there is nothing to show. Hence assume that the limit inferior is finite
and find a subsequence {v,, } of {v,} such that
s:=liminf I (v,) = klim I(vp,) -
Then {(vn,, I (vn,))} Cepil and (vy,, I (vn,)) — (vo,s), and so (vo, s) € epil
by hypothesis. This implies that
I(v9) < s=lminf I (v,) = lim I (vy,),
n—oo k—o0

and so (iii)’ is satisfied.

Finally, assume that (iii)" holds and let {(v,,t,)} C epil be such that
v, — v and t, — t for some v € V and t € R. Since I (v,) < t,, letting
n — oo and using the sequential lower semicontinuity of I yields

I(v) <liminf 7 (v,) < lim ¢, =t.

n—oo n—oo
Hence (v,t) € epil, and so epi! is sequentially closed.

An important property of lower semicontinuous functions is presented in
the next proposition.

Proposition 3.5. Let V' be a topological space and let {I,} be a (possibly
uncountable) family of lower semicontinuous (respectively sequentially lower
semicontinuous) functions, I, : V — [—00,00]. Then the function

I, :==supl,
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is still lower semicontinuous (respectively sequentially lower semicontinuous).
In addition, if the family {I,} is finite, then the function

I_:=minl,

is still lower semicontinuous (respectively sequentially lower semicontinuous).

Proof. Step 1: Assume that all the functions I, are lower semicontinuous.
Using the definition of supremum, it follows that for every t € R,

veV: I ()>t)=J{veV: L(v)>t},

and thus the set {v € V' : I, (v) > t} is open, since it is a union of open sets.
Suppose next that all the functions I, are sequentially lower semicontin-
uous, fix vg € V, and let {v,} C V be any sequence converging to vo. Then
for every «,
I, (vo) < liminf I, (v,) < liminf I} (v,),

n—oo n—oo
and it now suffices to take the supremum over all a.

Step 2: Assume that the family {I,} is finite, say {I,} = {I1,...,I;}, and
that each I;, j =1,...,1, is lower semicontinuous. For any ¢t € R,

l
veV:IL()>ty={veV: @) >t}

j=1

and so the set {v € V' : I_ (v) >t} is open, since it is the finite intersection
of open sets.

If instead, the functions I, ..., I; are sequentially lower semicontinuous,
fix vo € V, let {v,} C V be any sequence converging to vy, and find a
subsequence {vy,, } of {v,} such that

s:=liminfI_ (vy) = lim I_ (vy,).

n— oo k—oo

Then there exists an integer jo € {1,...,1} such that

11%1}21 Ij (’Unk) = [jo (vnk)

for infinitely many k. Hence, selecting a further subsequence (not relabeled),
we may assume that

s =liminf I_ (v,) = klim Ly (Un,,) > Iy (vo) > I- (vo),

n—oo

and this concludes the proof.
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We now show that Weierstrass’s theorem continues to hold for lower semi-
continuous functions. This fact alone explains the importance of this class of
functions in minimization problems.

Theorem 3.6 (Weierstrass). Let V' be a topological space, let K C V' be
compact (respectively sequentially compact), and let I : V — [—o0,00] be a
lower semicontinuous (respectively sequentially lower semicontinuous) func-
tion. Then there exists vg € K such that

I(vg) = Umeifrgl(v) .

Proof. Assume first that K is compact and I lower semicontinuous and let

t:= inf I (v).

2T
If the infimum is not attained, then for every v € K we may find t < t,, < I (v).
Then the family of open sets

U, ={weV:I(w)>t}, veK,

is an open cover for the compact set K, and so we may find a finite cover
Uy, -..,U,, of the set K. But then for all v € K,

I(v)> min ¢, >t= inf I
(v) 2 min fo > 1= ol T(w),
which contradicts the definition of t.
Suppose instead that K C V is sequentially compact and I : V — [—00, 00]
is a sequentially lower semicontinuous function. Let {v,} C K be such that
inf I(w)<I(v,)< inf I( )+1
in w v in w) + —
wek = n
for all n. By the sequential compactness of K there exists a subsequence {vy, }
of {v,} that converges to some vy € K, and so

. - S -
dnf I (w) <1 (v) <liminfI(vs,) < inf I'(w),

which implies that vg is the desired minimizer.

The next result will be used in the proof of Theorem 6.49. Note that for
metric spaces, lower semicontinuity is equivalent to sequential lower semicon-
tinuity; see also Proposition 3.12 below.

Proposition 3.7. Let V' be a separable metric space and let I : V — [—00, 0]
be a lower semicontinuous function. Then there exists a countable setY C 'V
such that for each v € V,

I (v) = inf {liminf[(vn) Aot CY, v, — v} .

n—oo
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Proof. In view of the lower semicontinuity of I, it is enough to find a countable
set Y C V such that for each v € V,

I(v) > inf {lminf I (v,) : {va} Y, 0 =0}

n—oo

For each rational number g let V;, := {v € V' : I (v) < ¢}. Since V is separable,
then so is V;, and thus if V, # ), then there exists a countable set Y, C V,
that is dense in V. Set

Y = UYq U Yoo,
q€Q

where Yo, is a countable dense subset of V. Fix v € V. If I (v) = oo, then in
view of the lower semicontinuity of I it follows that

I(v) = lim I (v,)

n—oo

for any sequence {v,} C Y, converging to v. If T (v) < oo, then for any
rational number ¢ > I (v) we have that v € V,, and so, since Y, is dense in
Vg, for any € > 0 there exists w € Y, such that I (w) < g and d (v,w) < e.
Hence

liminf I (w) <gq,

weY,w—v

and it now suffices to let ¢ \, I (v).

When [ is not lower semicontinuous often in applications it is of interest
to study the greatest lower semicontinuous function below I.

Definition 3.8. Let V' be a topological space and let I : V — [—00, 00].

(i) The lower semicontinuous envelope lscI : V' — [—o00,00] of I is defined
by
IscI (v) :=sup{H (v): H:V — [—00,x]

is lower semicontinuous, H < I}.

(#i) The sequentially lower semicontinuous envelope slsc I : V' — [—o0, 0] of
I is defined by

slsc I (v) :=sup{H (v) : H:V — [—00,] is sequentially
lower semicontinuous, H < I}.
In view of Proposition 3.5, Isc I is lower semicontinuous and slsc [ is sequen-

tially lower semicontinuous. When it is important to highlight the underlying
topology 7, we write Isc, I and slsc; I.
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Exercise 3.9. Let (V,7) be a topological space and let I : V' — [—o00, o]
Prove that for all v € V,

IscI (v) = sup inf I (w) = min {I (vo) ,limian(v)} ,

AeT(v) weA v—vo

where, we recall, 7 (vg) stands for the collection of all open sets in 7 that
contain vg.

In view of Proposition 3.4 the following proposition is not surprising.

Proposition 3.10. Let V' be a topological space and let I : V — [—o0,00].
Then
epi(lscT) = epil.

Proof. Since IscI < I we have

epil Cepi(lscl),

and therefore epil C epi(lscI) = epi(IscI), where in the last equality we
used Proposition 3.4.
Conversely, define

g(v):=inf{t: (v,t) cepil}, veV.

We show that g < I. Let v € V be such that I (v) < oo. Then for any t > I (v)
we have (v,t) € epil, and therefore g (v) < t. Consequently, g (v) < I (v).

Note also that by the definition of ¢ it follows that epil C epig. We
prove equality, i.e., that epil = epig. Let (v,t) € epig and let € > 0. By the
definition of g we may find ¢’ < t+e such that (v,t’) € epil. The arbitrariness
of & implies that (v,t) € epil.

Since epig is a closed set, we conclude that g is lower semicontinuous by
Proposition 3.4, and thus IscI > g.

Finally, we obtain

epi(IscI) C epig = epil,
and this completes the proof.

Remark 3.11. Note that lsc I is lower semicontinuous and slsc [ is sequentially
lower semicontinuous. By Remark 3.2 the function IscI is also sequentially
lower semicontinuous, and so

IscI <slscI < inf {hminf[(vn) H{otCV, v — v}. (3.4)

{U”} n— o0

Equality holds if V' satisfies the first axiom of countability, as shown in the
next proposition.
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Proposition 3.12. Let V' be a topological space satisfying the first axiom of
countability and let I : V — [—o00,00]. Then

IscI (v) =slscI (v) = inf {hminf](vn) Ao} CV, 0, — ’U}

{Un}

for every v € V.. Moreover, the infimum is attained, that is, for every v € V
there exists a sequence {v,} converging to v such that

IscI (v) = lim I (v,).

n—oo

Proof. Step 1: Fix v € V. Define

b (v) := inf{liminf[(vn) Ao} CV, v, — v} .
We prove that
& (v) = lim I (wy,)

n—oo

for some {w,} C V, w, — v. Let {U;},.y be a countable basis of open

i€N
neighborhoods of v. Find a sequence {v,(ll)} such that v\ — v and

1
liminf I (v{)) <@ (v) + 5.
Choose wy := vgl) € U; such that

I(wy) <& (v)+1.

Recursively, with {v%k)} converging to v and

1
li 'fI((k)><gZ5 -
neitd (on”) = 205
() k
choose wy, := vy, € ();—; U; such that
1
I(wg) <P(v)+ —. (3.5)

k

Then wy — v, and so
P (v) < likm inf I (wy,) .

This, together with (3.5), entails

& (v) = lim T (wg).

k—oo
Step 2: In view of (3.4), all that remains to be proved is that ¢ < lsclI,

or, equivalently, that epi(lscI) C epi®. By Proposition 3.10 we have that
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epi (IscI) = epi I, and so it suffices to prove that epiI C epi®. Choose (v,t) €
epil and, due to the first axiom of countability, find (v,,t,) € epil such that
(vn,tn) — (v,t). Then t,, > I (v,), and so

t= lim t, > liminf 7 (v,) > @ (v).

n—oo n—o0
We conclude that (v,t) € epi ®.

In applications V is often a normed space endowed with a weaker topology
7. In this book we will focus on the following three cases:

7 is the weak topology on V and V' is separable; (3.6)
7 is the weak topology on V and V is reflexive; (3.7)

7 is the weak star topology on V C Y’ with Y a separable normed space.
(3.8)

Remark 3.13. (i) An important application of this theory concerns the situ-
ation in which V = LP (X, 9, u), 1 <p < o0o. When 1 < p < co and V is
endowed with the weak topology, then condition (3.7) is always satisfied,
and if in addition, p is o-finite and X a separable measurable space (see
the Riesz representation theorem and Theorem 2.16), then we are also
under condition (3.6).

(ii) If X is a o-compact metric space and p is a Radon measure, then con-
dition (3.8) is satisfied by L' (X,9, u) (identified with a subspace of
(Co (X))") with the weak star topology on finite signed Radon measures,
provided C (X) is separable (see Theorem 1.197). If (X, M, u) is a mea-
sure space and p is o-finite with X a separable measurable space (see the
Riesz representation theorem and Theorem 2.16), then (3.8) applies to
Lo (X, M, p) = (L (X, 9m, p))/, endowed with the weak star topology.

We recall that under (3.6) or (3.8) the unit ball of V' is metrizable with
respect to 7 (see Theorems A.59 and A.54).
Let I:V — [—00,00] and for all v € V' define

Isc; I (v) :=sup{®(v): & < I, & lower

semicontinuous with respect to 7}
and

slse, I (v) :=sup{® (v) : & <1, P sequentially lower

semicontinuous with respect to 7} .

In applications it is often most useful to ensure that slsc; I coincides with the
(somewhat friendlier) functional Z : V' — [—00, o0], defined for all v € V' as

Z (v) := inf {liminff(vn) Ay V,v, 5 v}.

{’Un} n—oo
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This will be established in Proposition 3.16 below under the assumption of
coercivity.
Note that by Remark 3.11 we have

Isc, I <slsc, I <T. (3.9)

Definition 3.14. Let V' be a normed space and let I : V — [—o0,00]. The
map I is said to be coercive if

I(v) — 00 as ||v|| — oo.

Proposition 3.15. Let V' be a normed space and let I : V — [—o00,00]. Then
slsc, I is sequentially lower semicontinuous with respect to T, and if I is co-
ercive then slsc, I is also coercive.

Proof. The sequential lower semicontinuity of slsc, I follows from the fact
that slsc, I is the supremum of sequentially lower semicontinuous functions.
Assume that I is coercive. We divide the proof of the coercivity of slsc, I into
three steps.

Step 1: We claim that for every s € R,

{(veV:slse, I(v)<syc{veV:I(v)<t}

for all ¢t > s. If this were not true, then there would exist s, t € R, with ¢t > s,
v € V,and A € 7 (v), such that slsc,; I (v) < s and I (w) > t for all w € A.
Using (3.9) and Exercise 3.9 we get

s >slse, I (v) >1se, I (v) > inf T (w) >t
weA

and this contradicts the inequality ¢ > s.
Step 2: We claim that for every s € R,

Cs:={veV:slse, I (v)<s}CB(0,R)
for some R > 0. Let ¢t > s. By the coercivity of I there exists R > 0 such that
{veV:I(wv)<t}cB(0,R),

and so

{veV:I(v)<t} cB(0,R) =B(0,R),

where we have used the fact that the 7-closure of a convex set coincides with
the strong closure (see Theorem A.47).

By Step 1 we conclude that Cs C B (0, R).
Step 3: We claim that slsc;, I is coercive. Indeed, if

liminf slsc, I (v) =: M < oo,

vl —o0

then for any s > M we may find a sequence {v,, } C Cs such that ||v,| — oc.
This contradicts the previous step.
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In the next proposition we give conditions under which lIsc, I, Z, and slsc, I
coincide.

Proposition 3.16. Let V be a normed space satisfying either condition (3.6)
or (3.8). If I : V. — [—o0,00] is coercive then lsc, I =slsc, I =T.

Proof. In view of (3.9) it suffices to show that lsc; I > Z. Fix vg € V. If
Isc, I (vg) = oo there is nothing to prove. Thus assume that lsc, I (vg) < o0
and let lsc, I (vg) < t < oo. By the coercivity of I there exists R > 0 such
that

{veV:Iw) <t}cCB(0,R),

and so as in Step 2 of the previous proof we have that

K:={veV:I(v)<t} cB(0,R) =B(0,R).

By (3.6) or (3.8) the set K is metrizable (see Theorems A.59 and A.54) with
a metric d compatible with 7 restricted to K. Let I|, : K — [—00,00] be
the restriction of I to the set K. We claim that vy € K. Indeed, if not, then
vg € V\ K, and since V' \ K is open with respect to 7 it would follow that
V\ K € 7(vy) with

Isc, I > inf T >
SCr (vo)_wen‘}\K (w) > t,

which is a contradiction by Exercise 3.9.
Let Isc;, I|j be the lower semicontinuous envelope of I with respect to
d and let Tx be the induced topology on K. Then again by Exercise 3.9,

Isc/. Iy (vg) = sup inf I|,.(w)= sup inf I (w)=1lsc, I (vg),
Wl = swp il Tpe(w)= swp  inf 1 (w) (v0)

where we have used the facts that vg € K and Isc, I (vo) < ¢, so that for every
A € 7 (vg) we have
inf I (w)= inf I (w).
weANK weA
On the other hand, since in K we have a metric, by Proposition 3.12 there
exists a sequence {v,} C K converging to vy with respect to d (and so with
respect to 7) such that

Isc, I (vo) =1scry I| (vo) = nh_)rr;o I\ (vp) = lim I (vy,) > 7 (vo).

n—oo
This completes the proof.

When 1 is not coercive then 7 may fail to be sequentially lower semicon-
tinuous with respect to 7.

Using Remark A.85, for every countable ordinal a we define a functional
&, as follows: For every v € V,
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& (v) =1 (v),
Eat1 (V) :=inf {linrriiigfga () : {on} CV, v, > v} )

Ea (v) :=1inf {&€3 (v) : B < a, B not a limit ordinal} if « is a limit ordinal.
Proposition 3.17. Let V' be a normed space and let I : V — [—o00,00]. Then
slsc. I (v) = inf {&, (v) : a countable ordinal}

for each v € V.
Proof. For each v € V define
H (v) :=inf {&, (v) : a € A}.

If @ is any functional sequentially lower semicontinuous with respect to 7,
and ¢ < I, then by Remark A.83, & < &, for any countable ordinal oe. Hence
® < H and in turn slsc, I < H.

To prove the reverse inequality, note first that if > § then &, < &g, and
so ‘H < I. By the definition of slsc, I it is now enough to prove that H is
sequentially lower semicontinuous with respect to 7. To see this, let {v,} C V
be such that v, — v as n — oo. By the definition of H(v,) we may find
countable ordinals «,, such that

i (v0) < (o) +

n

Consider the countable ordinal o := sup {a, : n € N}. By the previous in-
equality we have

H(v) < Eqt+1(v) =inf {klim Ea. (wp) s {wp} CV, wy, v}

< lim &, (vp) < lim &, (vn) < lim H(vy).

T n—oo n— o0

This concludes the proof.

Finally, we observe that when p = 1 and we consider the weak topology
in L' (X,9M, i), we are unable to use Proposition 3.16 because the dual of
LY (X, 90, p) is L (X, M, 1) (under suitable hypotheses on (X, 90, i), which
is not separable in general. However, as it turns out, we can still assert that
slsc. I = Z, provided we have a condition stronger than coercivity:

Proposition 3.18. Let X be a separable, locally compact metric space, and
let p be a finite Radon measure defined on B (X). Let

I:L'(X,B(X),pn) — [~00,00]

satisfy
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I(v) > /Xv(lv(fv)l) d

for every v € L' (X,B(X),p) and for some increasing function 7 : [0,00) —
[0, 00] with

im 28 . (3.10)

s—oo 8§

Then slsc, I = I, where 7 is the L* (X,B(X), u) weak topology.

Proof. Since slsc, I is sequentially lower semicontinuous with respect to the
weak topology in L' (X,B(X),u) and slsc, I < I, we have slsc, I < Z. To
prove the opposite inequality, since Z < I (take v, = v), it suffices to show
that 7 is sequentially lower semicontinuous with respect to weak convergence
in L' (X,B(X),n). Let {v,} C L' (X,B(X),u) be such that v, — v in
L' (X,B(X),p). Without loss of generality we may assume that

liminf7Z (v,) = lim 7 (v,,) < 0.

n—oo n—oo

Let
M :=supZ (v,) < o0,
n

fix 0 < e < 1, and for every n find a sequence {v, ;}, C L* (X, B(X), u) such
that vy, — v, in L' (X, B(X),p) as k — oo and

T (vy) > lim I (vpp)—e.
k—oo

Without loss of generality we may assume that
Unp € {w € L' (X, B(X),p): I(w) <M+1}

for every n, k. Hence

sup/ v (|vnk (2)]) du < M + 1. (3.11)
n,k JX

By (3.10) we have

sup/ |Unk (z)] du < o0,
n,k JX
and so, identifying L' functions with measures in (Cy (X)), we are back to
the setting (3.8). By Theorem A.54 we may find a metric d compatible with
weak star convergence in a large ball of (Cp (X))’
In particular, we have
lim lim d(vp,v) =0.

n—o00 k—o00

Let
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¢:=liminf lim T (v, k).
n—oo k—oo

We now use a diagonalization argument as follows. Choose ny such that

+ klim d(vn, k,v) <1,

k—oo

’@ — lim I (vy, k)

and let k1 be such that

’I (Unl,lﬁ) - klinéol (Unl,k)

+ )d(vnhkl,v) — klim d (Un, g, v)| < 1.
Then
|£ - I(vn17k1)| + d(Uﬂl,klvv) < 2.

Choose ny > nq such that

’f — lim I (vn,k)

k—oo

1
9’

+ lim d (v, k,v) <
k—oo

and let ko > k1 be such that

l\D\r—l

k—o0

1 (0naa) = Jim T (o)

+'d(vn2,k27 ) hm d(vn2 ks, U ) <

Note that
|€ -1 (Un27k2)| + d<vn2,k27v) <L
Continuing in this way we construct a diagonalized sequence {vy,x,} such
that

lim [ (vn k; ) = lim lim I (v,%), lm d(UnJ,kJ ) =0.

j—o0 n—oo k—oo j—o00

In view of (3.11) and by Theorem 2.29 and the Dunford—Pettis theorem, we
deduce vp, k, — v in L', and so by the definition of Z we conclude that

lim 7 (v,) +¢& > liminf lim I (v,;) = lim I (vn, k) > Z (v).

n—oo n—oo k—oo j—oo

It now suffices to let ¢ — 0T to conclude the proof.

3.2 The Direct Method

Let V be a normed space and let I : V — [—00,00] be not identically equal
to co. Tonelli’s direct method provides conditions on V' and I that ensure the
existence of a minimum point for I. The procedure may be reduced to four
steps:
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Step 1 Consider a minimizing sequence {v,} C V, that is, a sequence such
that
lim I (v,) = inf I.
n— oo veV
Step 2 Prove that {v,} admits a subsequence {v,,} that converges with
respect to some (possibly weaker) topology 7 to some point vy € V.
Step 3 Establish the sequential lower semicontinuity of I with respect to 7.
Step 4 In view of Steps 1-3, conclude that vy is a minimum of I because

s 0= g T (o) = ity T(on) 2 o) 2 Jof 1

In the above program the challenge usually resides in guaranteeing that
Step 3 is satisfied, while, as we will see below, Step 2 usually can be easily
proved through natural growth and coercivity conditions of I. Indeed, if I is
coercive and if {v,} is a minimizing sequence, then {v,} must be bounded,
and under condition (3.7) or (3.8) of the previous subsection, this suffices to
ensure sequential compactness with respect to 7.

In most applications Step 3 fails for I, and this leads us to an important
topic at the core of the calculus of variations, namely the introduction of a
relaxed function &’ that is related to I as follows:

(a) &’ is sequentially lower semicontinuous with respect to 7;
(b) &’ inherits coercivity from I;
(¢) mingey & =inf,ey 1.

Note that in (c) the existence of a minimum vy € V of £’ is guaranteed
by (a), (b), and the direct method. In view of Proposition 3.15 (see also
Proposition 3.16), a natural candidate for £’ is the function slsc, I introduced
in the previous subsection. Indeed, under the hypotheses of Proposition 3.16

inf T > mi‘r} slse, I = slse, I (vg)

veV veE
. E {]. . E Z— n n ‘ > " T } > i E Z—
{I’UIIn} lnIn 11 (’U ) {7.) } C ) v ,UO - ’UIEII‘ S0

where in the second equality we have used Proposition 3.16.
The next task is then to study under what conditions

I (vg) = slse, I (vg),

ie.,

I(vg) = f)rél‘r/ll.

We will not address this topic in this text (see, however, Section 5.5).
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Convex Analysis

Where there is matter, there is
geometry. (Ubi materia, ibi
geometria)

Johannes Kepler (1571-1630)

4.1 Convex Sets

We recall that a subset E of a vector space V is convex if for all vy,vy € E
and 0 € (0,1) we have
vy + (1 —9)’02 € F.

An induction argument shows that if v; € E, i = 1,...,n, then z :=
Sor b;v; € E, whenever Y " 6; =1, ; > 0. The vector z is called a convez
combination of vi,...,v,.

The entire space V and the empty set are two examples of convex sets. The
arbitrary intersection of convex sets is still convex, but in general the union
is not (the simplest example is the union of two disjoint closed segments on
the real line).

Similarly, F is said to be affine if for all v1,v, € E and 6 € R we have

0’U1—|—(1—9)’U2 c k.

Remark 4.1. Every affine set E C V can be written as vy + W, where vy €
and W is a vector subspace of V.

Given any set E C V, the convex hull co(FE) is the intersection of all
convex sets that contain E.

Proposition 4.2. Let V' be a vector space and let E C'V. Then
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n n
co(E) = {Zeﬂh‘i n €N, Zﬁizl, 0, >0, v, €E,1=1,....,n
i=1 i=1

(4.1)

Proof. If F' is any convex set that contains F, then it must contain all convex
combinations of elements of F, and so

FD{ZGZ"UZ'Z’HGN, Z@zl,9i>0,viEE7i:1,...,n} =:G.

i=1 i=1
Since this holds for all convex sets containing F, it follows that
co(F)DG.

To prove the opposite inclusion it suffices to show that G is convex and con-
tains E. The latter assertion follows from the fact that if © € E, then we can
take n = 1 and 6y = 1. To show that G is convex, let 0 < # < 1 and let wu,
v € V be of the form

n l
u= E Oiv;, v= g s5wj,
i=1 j=1

whereZ?ﬂGi:Z;:lsjzlﬁi,sjZO,vi,wjeE,i:L...,n,j:l,...J.

Note that without loss of generality, we may always assume that n = [. Indeed,
if n # [, say n > [, then it suffices to set s;41,...,5, := 0 and wi41,...,w, =
wi. Then

0u+(1fﬂ)v:ZQGiviJrZ(lf@)siwi,

i=1 i=1
which is still a convex combination of elements of E, and so it belongs to G.

Note that without loss of generality, in (4.1) one may consider only positive
coefficients 6;.

Remark 4.3. If the space V is a topological vector space, then the convex hull
of an open set U C V is open. To see this, for any n € N fix A :={61,...,0,}
with Z?Zl f; =1and 0; >0 for alli =1,...,n and consider the set

n
Uy := {Zewi: vieU,izl,...,n}.

i=1

Since addition and positive scalar multiplication are both open maps, it follows
that U, is an open set. By the previous proposition,

co(U) = UUA,
A

and so co(U) is open.
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Analogously, the affine hull aff (E) is the intersection of all affine sets that
contain F. Reasoning as in the proof of Proposition 4.2, it can be shown that

aff(E):{ZHivi: n €N, Zei:L 9i6R7’UiEE,i:1,...,n}.

i=1 i=1

Exercise 4.4. Prove that if V is a topological vector space, then the interior
and the closure of a convex set are also convex sets.

Given any set E of a topological vector space V', the intersection of all
closed convex sets that contain E coincides with the closure of the convex hull
co (F), and is denoted by co (E). The relative interior of E with respect to
aff (E), denoted by riag (E), is the set of points v € E such that Anaff (F) C E
for some open set A C V with v € A. The relative boundary of E with respect
to aff (E), denoted by rb,g (E), is the set E \ riag (E).

Exercise 4.5. Let C C RY be a nonempty convex set and let z € C' and
20 € Tiag (C)

(i) Prove that zo 4+t (20 — 2) € aff (C) for all t € R.
(ii) Prove that the function g : R — aff (C), defined by g () := 20+t (20 — 2),
t € R, is continuous.
(iii) Prove that zo +t (20 — 2) € riag (C) for all ¢ sufficiently small.

Exercise 4.6. Let C C RY be a nonempty convex set and let z € C. Prove
that
Tag (C) = 2z 4 tiag (—2 + C) .

Proposition 4.7. Let C C RN be a nonempty convex set. Then ri.g (C) is
convex and nonempty. Moreover, if z € C and zy € riag (C), then

0z + (1 —0) 20 € riag (C)
forall0 <6 < 1.

Proof. Step 1: If C is a singleton, then ri,g (C) = C, and so there is nothing
to prove. Thus assume that C has at least two elements. By Exercise 4.6,
without loss of generality, we may assume that 0 € C, so that aff (C) is a
subspace of R™. In particular, ri,g (C) is relatively open in aff (C). Since RY
is finite-dimensional, there is a finite maximal (with respect to inclusion) set
of linearly independent vectors zi, ...,z € riag (C). The vectors zi,..., 2
are a basis in aff (C), and thus we can define on aff (C') the norm

Hw”aff(c’) = lrg%xk |sil

where

k
w= Zslzz € aff (C).
i=1
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Since 0 € C, any point of the form

k k k
i=1 i=1 i=1
where Zle 0; <land 6; >0foralli=1,...,k, belongs to C. In particular,
the point
b
Wo = Z —Z;
i=1 2k

belongs to C. We claim that wg € riag (C). To see this, consider the open ball

1 1
Bag(c) (wo, %> = {w €aff (O): [w—wolqc) < 2]9} .

If w € Bag(c) (wo, ﬁ), then we may write w = Zle $;2;, where

‘ 1 1
st MU TH BT
Then s; >0 foralli=1,...,k and
1
1 7:15
dosi<d g

i=1 i=1

which shows that w € C. Thus B.g(c) (wo, i) C C, and so wy belongs to
the interior of C relative to aff (C), or equivalently, wg € riag (C).

Step 2: To prove the second part, let z € C and 2q € riug (C). Fix 0 < 6 < 1.
If C is a singleton, then ri,g (C) = C = C, and so there is nothing to prove.
Thus assume that C' has at least two elements. Hence, as in the previous step
there is no loss of generality in assuming that 0 € C. Let z1,. .., z; € riag (C)
and ||-[|,¢(c) be defined as in the previous step. Since zg € riag (C), there
exists an open ball B,g ) (20,7) C C. Note that since the affine hull of C' is
a closed set, it must contain C, and consequently it coincides with the affine
hull of C. Thus z € aff (C), and we may find a sequence {w, } C C such that
|2 = wnllag(cy — 0- We claim that

Bagcy (020 + (1 = 0) 2,0r) C C.
To see this, note that if w € Bag(cy (020 + (1 — 0) 2,0r), then
[w—= (020 + (L = 6) 2) ||y < O,

or equivalently,

<r.
aff(C)

- 452

0 0




4.1 Convex Sets 251

Since ||z — w4y — 0 we may find n € N so large that

<r.
aff (C)

w  (1-10)
P

Thus § — (1;9) Wy, € Bag(c) (20,7) C C, which implies that

w  (1-10)

0 0

w, =€ € C.

In turn, w = (1 — 0) w,, + 6§ € C, and the proof is complete.

Ezxample 4.8. Note that if Cy C Cy are two nonempty convex sets, then in
general one cannot conclude that

Tiaf (Cl) C Tiaf (Cg) .

Indeed, let C5 be the closed unit cube in R? and let C; be one of its faces.
Then riug (C2) is the open unit cube, while riyg (C7) is the face without its
four edges. Hence ri g (C1) and riug (Co) are disjoint and nonempty.

Proposition 4.9. Let Cy, Cs be two nonempty convex sets of R™. Then the
following three conditions are equivalent:

(ii) Tiagt (C1) = tiagt (Ca);
(i) tiagr (C1) C Cs C Oy

Proof. Step 1: We show that for any nonempty convex set C' C RV,

C = riaﬂ‘ (0), riaff (6) = I‘iaﬁ (C) .

Since riag (C) C C, we have that ri.g (C) C C. To prove the converse inclu-
sion, let z € C and let 2z € ri.g (C). Note that in view of Proposition 4.7 such
zp exists and

0z 4 (1 —0) zp € riag (C)

for all 0 < § < 1. This implies that z € ri.g (C). Hence the first identity is
established.

Since the affine hull of C is a closed set, it must contain C, and conse-
quently, it coincides with the affine hull of C. Therefore

Tiaf (O) C Tiaf (6) .

To prove the converse inclusion, let z € ri.g (6) and let zp € ri.g (C). If
z = zg then z € riug (C), and there is nothing to prove. Thus assume that
z # zp and let

wi=tz+ (1 —t)z9, t>1.
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Since z € ri,g (6), if t — 1 is sufficiently small, then w; € riag C C C. Hence

! + 11 !
z=-w —— =z
£ t n 05

and so z € riyg (C), again by Proposition 4.7.
Step 2: If (i) holds, then by Step 1,
riaff (Cl) = ria,ﬁ (Cil) = ria,ﬁ (072) = ria,ﬁ (02) 5

that is, (ii) is true.
Similarly, if (ii) holds, then again by Step 1,

?1 = riaff (Cl) = riaff (02) = ?2’

which is (i).

If (iii) holds, then by Step 1,

Tl (C1) C Cy C Cp = 1iag (C1),

and (i) is satisfied.

Finally, if (i) holds, then so does (ii), and we deduce that

riag (C1) = riage (C2) C Cy C Cy = O,

which is (iii).
Exercise 4.10. Let C, C5 be two nonempty convex sets of R™ and let ¢ € R.
Prove that

(i) Tiaf (tCl) = t i (Cl);
(ii) Tiaf (Cl + Cg) = Tlaf (Cl) + riag (Cg)

In the remainder of this section we discuss some properties of convex cones
that will be used to prove Lemma 7.7 in Chapter 7.

Definition 4.11. A subset K of R™ is a convex cone if it is closed under
addition and positive scalar multiplication. The polar K* of a convex cone is
the set
K*:={zeR™: 2-£<0 foral e K}.
Note that in general there is no guarantee that a convex cone contains the
origin.

Remark 4.12. Given a set E C R™, the smallest convex cone K containing F
is given by

n
K':= {Ztizi: neN,ti>07zieE,i:17...,n}.

i=1

Indeed, since K is closed under addition and positive scalar multiplication, it
must contain K’. On the other hand, it follows from its definition that K’ is
a convex cone containing F.
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Proposition 4.13. If K C R™ is a convex cone, then
(K*)" =K.
Proof. If £ € K* then
Kc{zeR": z2-£<0},
and thus
Kc [ {zeR™: 2-£<0}=(K")".
ek

Since the polar set is always closed, we conclude that
K C(K*)".

Conversely, suppose that zo ¢ K. By the second geometric form of the Hahn—
Banach theorem there exist z’ € R™, « € R, and € > 0 such that

Zz2<a—¢e forallze K and 2’ - 29 > a + .
Since K is a cone, if z € K and ¢t > 0, then ¢tz € K, and so
Ztz<a-—e. (4.2)

Hence

and letting ¢ — oo we conclude that 2’ - 2 < 0 for all z € K, and so 2’ € K*.
Also, letting ¢t — 07 in (4.2), it follows that a > ¢, and therefore 2’ - 29 >
2e > 0. We conclude that zg ¢ (K*)".

Definition 4.14. Given a set E C R™, the convex cone generated by E is
the convex cone obtained by adjoining the origin to the smallest convex cone
containing E.

Theorem 4.15. Let C C R™ be a nonempty closed convex set not containing
the origin, and let K be the convex cone generated by C. Then

K={tz:t>0,2€C}U{z:tz+C CC forallt>0}.
Proof. Step 1: We claim that
K={tz:t>0,z¢€ C}u{0}.
By Remark 4.12,

K:{thzz nGN,tiZO, ziGC,izl,...7n}.

i=1
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If z € K\ {0} then
n
z = Z tizi
i=1

with ¢; > 0,2z, € C, i =1,...,n, for some n € N. Setting ¢ := Y '_, t), then
t > 0, and with

~~

n

i

91»::? i=1,...,n, zozzg 0;zi,
i=1

it follows that zg € C' and z = tzy. This proves the claim.

Step 2: We show first that
K> {z:tz+C CC forall t>0}. (4.3)

Indeed, fix z € R™ for which tz + C C Cfor all t > 0 and let w € C. Then
nz+w € C for all n € N, and so

1
z+—weK
n

for all n. By letting n — co we obtain that z must belong to K. Thus (4.3)
holds, and so, also by Step 1, we have

KD>{tz:t>0,2€C}U{z:tz+C CCforallt >0} =:D. (4.4)

To prove the converse inclusion, consider z € K. If z = 0 then tz + C C C for
all t > 0.

If z # 0, then by Step 1 there exist sequences {t,,} C (0,00) and {z,} C C
such that t,,z, — z. If {t,} were unbounded, then (up to the extraction of a
subsequence) z, — 0, and since C' is closed we would get 0 € C, which is in
contradiction with the hypotheses. Therefore, up to a subsequence, t, — tg
for some tg > 0. Consider first the case tg > 0. Since z,, — % we deduce that
& € C, and so z = to belongs to the set D defined in (4.4). If to = 0, then
we claim that given ¢ > 0 and w € C we have tz + w € C. Indeed,

tz+w= lim tt,z, +w= lim (tt 2z, + (1 — tt,) w),
n—oo n—oo
which, together with the fact that t¢t,z, + (1 — tt,) w € C for all n so large
that tt, € [0,1), and because C is closed, entails tz +w € C.

4.2 Separating Theorems
In this section we prove some separation theorems for convex sets in RY.

Their counterparts in the infinite-dimensional setting are the Hahn-Banach
theorems, which are stated in the appendix.
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Theorem 4.16. Let C';, K C R™ be nonempty disjoint convez sets, with C
closed and K compact. Then there exist a vector b € R™\{0} and two numbers
a € R and € > 0 such that

b-z2<a—¢ forallzeC andb-z>a+¢e foralzeK.
Proof. The distance function
z € R™ — dist (z,C)

is a continuous function (it is actually Lipschitz), and so by the Weierstrass
theorem it admits a minimum on K at some point zy € K. Moreover, since
C is closed, there exists a point wg € C such that

|20 — wo| = dist (20, C) .

Define b = zy — wg and observe that b # 0, since C and K are disjoint sets.
Then
0< |b|2=b~(z0—w0),

so that b-wg < b z9. We claim that
b-w<b-wyg foralweCandb-z;<b-z forall ze K.

To see this, fix w; € C. Since wp minimizes the distance (and so also the
square of the distance) to zg over C, we have that

(20 —w) - (20 —w) = (20 — wo) - (20 — wo)

for all w € C. In particular, taking w := wo + 6 (w1 —wp) € C, 0< 0 <1, in
the previous inequality yields

0> (20 — wp) - (z0 —wp) — (20 — w) - (20 — w)
= 29 (ZO — wo) . (w1 — ’U)o) — 92 (’LU1 — ’u}o) . (w1 — wo) .
Dividing by € > 0 and letting § — 0% gives
022(207100)'(’(01 7’([)0) :2b(w1 711)0),

which shows that b-w; < b - wyg.
A similar argument, which is left as an exercise, gives the analogous in-
equality for K and completes the proof.

Remark 4.17. The previous proof continues to hold for Hilbert spaces.

Exercise 4.18. Let z1,..., 2z € R™ be linearly independent vectors and let
Si, s ¢ R,i=1,...,k n € N. Prove that if

K3
k k
. n
lim g sg )ziz E SiZi,
n—oo
i=1 i=1

():siforeveryizl,...,k.

. n
then lim,_, s,
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Theorem 4.19. Let Cy, Co C R™ be nonempty convex sets. Then there exist
a vector b € R™\ {0} and o € R such that

b-z<a forallzeCi andb-z>a forallze Csy,

and C1 U Cy 1is not contained in the hyperplane {z € R™ : b-z = a} if and
only if tiag (C1) Nrigg (Ca) = 0.

Proof. Step 1: Assume that C;, Cy C RY are nonempty convex sets with
rigg (C1) Nrigg (C2) = 0. Define

C:=C, —Ch.

By Exercise 4.10,
riaff (C) = I'iaﬁ" (Cl) — riaﬁ" (CQ) 5

and so by hypothesis 0 ¢ ri,g (C). To complete the proof in this case it suffices
to prove that there exists b € R™ \ {0} such that b-z > 0 for all z € C' with
strict inequality for at least one element of C. There are two cases. If 0 ¢ C
then it suffices to apply Theorem 4.16 to the closed set C' and the compact
set {0}. Thus assume that 0 € C. Define the set

E=Jtria(C).

t>0

Then E is convex, ri,g (C) € E C aff (E), and 0 ¢ E. Since riyg (C) is
nonempty by Proposition 4.7 and RY is finite-dimensional, there is a fi-
nite maximal (with respect to inclusion) set of linearly independent vectors
Z1,. .., 2k € rlag (C). Again by Proposition 4.7 we have that ri,g (C) is convex,
and so the vector i
zZ0 ‘= Z
i=1

belongs to rig (C). We claim that —zg ¢ E. Indeed, assume by contradiction
that —z € E and find a sequence {w,} C E converging to —zp. Then by
definition of F we may write each w, as w, = t,&,, where t, > 0 and
&n € riag (C). Since z1,...,2; form a maximal set of linearly independent
vectors in riug (C), each &, can be written as their linear combination (and
so can wy, = t,&,). Thus we may write

Zi

Eal e

for some 5™ € R,7=1,...,k. Hence

k k
1
li (n) o= i = 1 N
Jimg, 3o = i wn = 20 > ()

i=1
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(n) _

By Exercise 4.18 this implies that lim, .. s, f% for every i = 1,...,k.

Fix n € N so large that sgn) <0 foreveryi=1,...,k and set

k

§:= Zsin) < 0.

i=1

By the convexity of the set E we have that

1 k s(n)
0=——uw, ——— |z eR,
1_sw +ZZ=; 1— 2 €

which is a contradiction.

This shows that —zg ¢ E. We are now in a position to apply Theorem 4.16
to the closed set F and the compact set {—zp} to find a vector b € R™ \ {0}
and two numbers o € R and € > 0 such that

b-z<a—¢ forallz€ Eand b- (—z) > a+e¢.

By the definition of E, for any z € riug (C') and ¢t > 0 we have that tz € E,
and so from the previous inequality we get

a—¢&

b-z< for all t > 0.

Letting t — 0% and t — oo yield a—e > 0 and b-z < 0, respectively. Moreover,
b-zp < — (a+¢) < 0. Hence we have proved that b-z < 0 for all z € ri,g (C)
with the strict inequality at zg € riag (C).

Step 2: To prove the converse implication assume that there exist a vector
be R™\ {0} and « € R such that

b-z<a forallzeCiandb-z>«a forall ze Cy (4.5)

and Cy U Cy is not contained in the hyperplane {z € R™ : b-z = a}. As in
the previous step define
C:=Cp—Cs.

By Exercise 4.10,
riaﬂ‘ (0) = riaff (Cl) — riaff (Cg) .
Thus it suffices to show that 0 ¢ ri.g (C). By (4.5),
b-2<0 forallzeC

with the strict inequality for at least one element zy € C. Assume by contra-
diction that 0 € riyg (C'). Then by Exercise 4.5,

04+e(0—2)eC

for all & > 0 sufficiently small. This implies that b - (—ez9) < 0, which is a
contradiction since b - zg < 0.
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As a consequence of the previous separation theorem we obtain the fol-
lowing result.

Corollary 4.20. Let C; C Co C RN be nonempty convex sets. Then there
exist b € RV \ {0} and o € R such that

b-z=a forallzeCyandb-z>a forallze Cy

if and only C1 Nriag (Ca) = 0.

4.3 Convex Functions

We now turn to the study of convex functions.
Definition 4.21. A function f : V — [—00,00] is said to be

(i) convex if
J(Ovr + (1 —0)vp) <Of (v1) + (1 —0) f(v2) (4.6)

for all v1, vo € V and 6 € (0,1) for which the right-hand side is well-
defined;
(i) strictly convex if

fOvr 4 (1 =0)va) <Of (v1) + (1 =0) f (v2)

for all v1, vo € V, v1 # va, and 6 € (0,1) for which the right-hand side
1s well-defined;

(i) proper if it is convex, does not take the value —oo, and is not identically
005

(iv) concave (respectively strictly concave) if — f is convex (respectively strictly
convet).

In (i) and (ii) the right-hand side is not defined only when f (v1) = +o0
and f (ve) = Foo.

If F is a subset of the vector space V', then a function f : E — [—o0,o0]
is said to be convez if the extension

= v fifveFE,
f(v)'_{oo ifvéFE,

is a convex function in V. Analogous definitions apply to the concept of strict
convexity, concavity, and strict concavity.

Proposition 4.22. Let V be a vector space. A function f:V — [—o0, 0] is
convez if and only if epi f is a convex set.
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Proof. Assume that f is convex and let (vy,s), (ve,t) € epi f and 6 € (0,1).
We claim that

0 (v1,5) 4 (1 —0) (vz,t) € epi f.
Indeed, since s > f (v1), t > f(2), it follows that

Os+(1=0)t = 0f (1) +(1—=0) f(v2) = f (Ovr + (1 =0)va),

where we have used the convexity of f. Hence the claim is proved.

Conversely, let epi f be a convex set, let vy, vo € V, and let 6 € (0,1).
If f(v1) = £oo and f (v2) = Foo, then the right-hand side of (4.6) is not
well-defined.

If f(v1) = oo and f(vg) > —oo or f(v1) > —oo and f (ve) = oo, then
(4.6) holds. Thus assume that f(v1), f(v2) < oo and let s > f(v1), t >
f (v2). Since (v, s), (ve,t) € epi f it follows from the convexity of epi f that
0 (v1,8) + (1 —0) (ve,t) € epi f, that is,

fOvr+(1—0)ve) <Os+(1—0)t.
The convexity of f follows by letting s N\, f (v1) and ¢\ f (v2).

Let V be a vector space. The effective domain of a function f : V —
[—00, 0] is the set

dom, f:={veV: f(v) <oo}.

We observe that if f is convex, then the effective domain of f is a convex
set.

Remark 4.23. Note that if V' is a topological vector space and if f : V —
[—00, 00] is a convex function, finite at some point in the interior of dom, f,
then f is proper. Indeed, suppose that f (vg) € R for some vy in the interior of
dom, f, and that f (v) = —oo for some v € V. Let U be an open neighborhood
of vg with U C dom, f and set W := —vg + U. Since W is a neighborhood of
zero, it is absorbing, and so there exists r > 0 such that r (vg — v) € W, i.e.,
vo+ 71 (vg—v) €U. Set 6 :=

vo=0v+ (1—10)(vg+7(vg—0)),

and due to the convexity of f we conclude that f(vg) = —oo, which is a
contradiction.

Exercise 4.24. Prove that:
(i) The function f: R™ — [0, 00) defined by f (z) := |z|", p > 0, is convex if

and only if p > 1, and is strictly convex if and only if p > 1. In particular,
ifm=1,a,b>0,and p > 1, then by the convexity of f,

1 1\" 1
Z b)) < Zd? bp
(2a+2> 2 +

or equivalently,
(a4 b)P <2P71 (a? +07).
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(i) The function f : R™ — [0,00) defined by f (z) := 1/|2|* 4+ 1 is strictly
convex.

(iii) The function f : R™ — R defined by
f(z)=Azz,

where A is a symmetric matrix in R™*™ is convex if and only if A is
positive semidefinite.
(iv) The function
f(z)=logz ifz>0

is strictly concave. In particular, if a, b > 0, 1 < p < oo, and ¢ is its
conjugate exponent, then by the concavity of f,

1 1 1 1
log (ab) = —log a? + — logb? < log (ap + b") ,
p q p q

or equivalently,
1 1
ab < —aP + -0b1.
p q

This is known as Young’s inequality. Note that, in view of the strict
concavity of f, equality holds if and only if a? = .
(v) If V is a vector space, the indicator function of a set E C V defined by

ro=tsw={ 0 e E

is a convex function if and only if the set E is convex.

Note that if f is convex and ¢ > 0, then cf is still convex, the sum of
two convex functions f and g is convex (we set (f + g) (v) := +oo whenever
f (v) = oo and g (v) = Foo), and the pointwise supremum of an arbitrary
family of convex functions is again a convex function. If f is convex and if
g: [—00,00] — [—00,00] is convex and nondecreasing, then g o f is convex.

Proposition 4.25. Let V' be a topological vector space and let f : V. —
[—00, 00] be convex. Then lsc f is convex, and

epi(Isc f) =epi f.

Proof. Since f is convex, then epi f is convex by Proposition 4.22, and by
Proposition 3.10 we have

epi (Isc f) = epi f;

hence epi (Isc f) is convex because it is the closure of a convex set, i.e., Isc f
is convex.
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Proposition 4.26. Let V' be a locally convex topological vector space and let
f:V — [—00,00] be a lower semicontinuous convex function. Then

(i) [ is weakly lower semicontinuous;
(i1) if f assumes the value —oo at some point, then f:V — {—o00,00}.

Proof. (i) By Propositions 3.4 and 4.22 the set epi f is closed and convex,
and so by Theorem A.47 it is weakly closed. Using once more Proposition
3.4 but now with the weak topology, we conclude that f is weakly lower
semicontinuous.

(ii) Assume by contradiction that there exists vg € V such that f (vo) € R.
Since epi f is closed and convex by Propositions 3.10 and 4.22, we may apply
the second geometric form of the Hahn-Banach theorem to the sets K :=
{(vo,t0)}, where to < f(vg), and C' := epif to find two numbers @ € R
and € > 0 and a continuous linear functional L : V x R — R of the form
L(v,t) = (v',v)vv + apt for some v’ € V' and ap € R such that

(W' v)vr v+ apt > a+e for all (v,t) € epi f and (v, vo)yr v + aotp < a — €.
In particular, since (v, f (vg)) € epi f, we have that
(W' vo)vr v +aof (vg) > a+e>a—e> (V' v)v v + aoto,

which gives
Qo (f (’U()) — to) > 0.

Since tg < f (vg), we conclude that o > 0, and so

1
t> ate — (v, v)yr v for all (v,t) € epi f.
@Q (&%)
In turn,
1
fw) > ate — (', v)y v for all v € dom, f,
(7)) (67}

which contradicts the fact that f assumes the value —oco at some point.
Definition 4.27. Let Vi, ..., V,, be vector spaces. A function
f:Vix...xV, — [—o00,]

is separately convex if it is convexr in each wvariable, i.e., if for every i =
1,...,m, and for allv; € V;, j =1,...,m, j #1, the function

f(Ul,...,Ui_l,',vi+1,...,ll7,L) . ‘/1 — [—O0,00]

18 CONVeL.

If E C Vi X...xVp,, we say that a function f : E — [—00, 00] is separately
convex if the function obtained by extending f as oo outside E is separately
conver.
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Note that a convex function defined on a Cartesian product of vector
spaces is separately convex but the converse is not true in general.

Ezample 4.28. (i) Let f : R? — R be defined as
[(z) = f(21,22) := 2122.

Then f is convex (actually linear) in each variable but not convex.

(ii) Let B := {(21,22) € R?: 2120 > 0} and let f : R? — R be defined as

0 if (2:1,22) € F,
oo otherwise.

[z, 22) = {

Then the restriction of f to each line through the origin is convex, but f
is not convex.

4.4 Lipschitz Continuity in Normed Spaces

In order to study the regularity of convex functions we need to introduce the
notion of Lipschitz and Holder continuity.

Definition 4.29. Let V' be a normed space and let E C V. A function f :
E — R is said to be

(i) Lipschitz continuous if

|f (v) = f (w)]

[l —wll

Lip(f;E)::sup{ :U,weE,v;éw}<oo;

(i) locally Lipschitz continuous if for every compact set K C E,

ap {0 )

v, w€E K, v£wy <oo;
v —wl|

(#3) Holder continuous with exponent 0 < o < 1 if

|f (v) = f (w)]

- :v,weE,v#w}<oo.
v —wl|

\f|co,a(E) ‘= sup {
Exercise 4.30. The Weierstrass function
=1
= —sin2"s, eR,
f(s) ngl on SIn2%s, s

satisfies the estimate

If (s) = f ()] < Cls —t[log

1
|s — ]

for all s,t € R, with 0 < |s—¢t| < 1, and hence provides an example of a
function that is Holder continuous of any order a < 1. Prove that f is not
Lipschitz continuous, and actually it is nowhere differentiable (see [Hal6]).
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Given a subset E of a normed space V and a function f : E — R, we
define its modulus of continuity by

w(s):=sup{|fv)—f(w)|:v,weE, |[v—w|<s}, s>0.

Note that f is uniformly continuous if and only if w (s) — 0 as s — 0". The
concave modulus of continuity w : [0,00] — [0, 00] is defined as the smallest
concave function above w.

Remark 4.31.1f E =V and f is uniformly continuous, then it is always pos-
sible to replace w with w. Indeed, we claim that

w(s) <w(s) <2wl(s) (4.7

for all s > 0. To see this, note that if sy > 0, then for all n € Ny and
nsg < s < (n+1)sy we have
w (s0)

w(s)<w(n+1)sp) <(n+1)w(sp) <wl(sg)+s 5

where we have used the fact that w is subadditive (this is a consequence of
the definition of w and the fact that F = V). Since the function

s +— w(sp) —‘rSM
S0

is concave and above w, it follows from the definition of w that

w (s) <w (so) + SM
50

for all s > 0, and taking s = so we deduce (4.7) for all s > 0. For s = 0 it
suffices to observe that w is continuous and w (0) = 0, and so letting s — 0%
in (4.7) we obtain that w (0) = 0.

The next result shows that any uniformly continuous function may be
extended to all of V' with the same concave modulus of continuity.

Theorem 4.32. Let E be a subset of a normed space V and let f : E — R be
a uniformly continuous function such that

w(s) <a+bs foralls >0, (4.8)

for some a, b > 0. Then there exists a uniformly continuous function g : V —
R with the same concave modulus of continuity w and such that

gw)=f(v) foralveeE, (4.9)

and
infg = inf f, supg =sup f. (4.10)
|4 E \ E
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Proof. Step 1: We claim that w is nondecreasing, w (0) = 0, and w is sub-
additive, that is,
w (81 + 82) S w (81) +w (82) (411)

for all s1, so > 0. Since w is concave, if w were decreasing in some interval,
then it would be unbounded from below, and this would contradict the fact
that it is nonnegative.

To prove that w (0) = 0, note first that if a = 0, then this follows from
the fact that, by (4.8), @ (s) < bs for all s > 0. If a > 0, then fix 0 < € < a,
and since w (s) — 0 as s — 07, there exists §. > 0 such that

w(s)<e foral0<s<o..
The function ¢ : [0, 00] — R, defined by

a -+ bs if s > o,
(b(s)': 5+%66_651f0§5§667
e

is concave and above w. Therefore @ (0) < ¢ (0) = ¢, and given the arbitrari-
ness of € we conclude that w (0) = 0.
It remains to show that w is subadditive. Let s1, so > 0. Then by concavity,

S1 S1

w(s1) > w (51 + s2) + w(0) = w (51 + s2),

() 2 g @ e T+ oo (0) = S @ (o s)
52 52

w (82) 2 w (81 + s2) + w(0) = w (81 + S2),

(2)_81+82 (s1+ s2) P (0) P (s1+ s2)

and summing the two inequalities, we obtain (4.11).

Step 2: Since w is nondecreasing and subadditive, for all vy, vs, w € V,
@ (Jvz — w]) < @ (Jvr — wl+ [v1 — v2|) S @ (Jor — wl)+w@ (Jvr —v2|). (4.12)
Moreover, from the definition of w and w it follows that
w (Jwy — wal) > |f (w1) — f (we)] for all wy, wy € E. (4.13)

Define
h(v) :=inf{f(w)+w(v—w|): we E}, veV. (4.14)

We first claim that h(v) is finite for every v € V. Fix wg € E. By (4.12) and

(4.13), if w € E then
fw) + @ (Jo —w]) = f(wo) = @ (jv — w|) — @ (jw — wol)
> —w (jv = wol),

and so
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h(’U) = mf{f(w) + w ("U — w|) cw E E}
> f(wo) — @ (Jv — wol) > —oc.

Note that if v € E, then we can choose wy := v in the previous inequality
to obtain h(v) > f (v), since w (0) = 0. On the other hand, taking w = v in
(4.14) yields h(v) < f (v), and so (4.9) holds for h (in place of g). In particular,

. <

11‘}f h < l%f I
and since w > 0, we have that

.
h > I%ff,

and thus we conclude that

inf h = inf f.

% E
Next we claim that

[h(or) — b (v2)] < (Joy — va]) (4.15)

for all v1,v9 € V. Indeed, let v1,v2 € V, € > 0. By (4.14) there exists w; € E
such that

h(v1) = f(wr) + @ (Jor —wi) —e.
Since h (v2) < f(w1) + @ (Jvg — wy]), we get

h(vi) = h(v2) > @ (Jv1 —wi|) — @ (g —w1]) — ¢

Z 7w(|1)1 7’UQ|) — &

by (4.12). Given the arbitrariness of € > 0 and interchanging the roles of vy
and vy, we have proved the claim.
Finally, define

g(v) = inf {h(v),S%p f}.

Then (4.9) and (4.10) hold for g. We now show that (4.15) continues to hold
for g. Indeed, this is immediate if either g(v;) = h (v;) for i =1, 2, or if g(v;) =
supg f for ¢ = 1, 2. Thus the only remaining case is g(v1) = h(v1) < supg f
and g(vy) = supg f < h(v2). From (4.15) we obtain

0 <g(v2) —g(v1) = Slépf —h(v1) < h(va) —h(v1) <@ (Jvg —val),

which establishes that the concave modulus of continuity of g, denoted by
wy, is below w. Conversely, since g extends f, it follows that the modulus of
continuity of f is less than or equal to that of g, and so w, = w.

Remark 4.33. (i) The previous result may be extended to metric spaces with
the obvious adaptations.



266 4 Convex Analysis

(i) In the special case that w(s) < Ls*, 0 < a < 1, L > 0, we have that
w(s) < Ls* Hence if 0 < a < 1, then we can extend f to a Holder
continuous function g on RY such that

|g|Co‘a(RN) = |f‘co,a(E) ) i@n]\fg = I%ffa and ?1;11\1?9 = S%pfa

while if @« = 1 we can extend f to a Lipschitz continuous function g on V'
such that

Lipg = Lipf, infg=inff, and supg=supf.
RN E RN E

4.5 Regularity of Convex Functions

In this section we address continuity and differentiability properties of convex
functions.

In the first result we prove that real-valued separately convex functions on
finite-dimensional spaces are locally Lipschitz. This is hinged on the following
characterization of convex functions on the real line.

Proposition 4.34. Let J C R be an interval and let g : J — [—o0,00]. If g
is convex, then for every tg € J such that g (tg) € R, the difference quotient

9 —g(to)
t—to

is nondecreasing in J \ {to}. The converse is true if g : J — (—o0, 00].
Exercise 4.35. Prove the previous proposition.

If F is a subset of R™ and f : E — R, then the oscillation of f on E is
defined by

osc (f; B) :=sup{|f (z1) = f(22)] : 21,22 € E}.

The proof of the next theorem is particularly simple for convex functions (see
Remark 4.37 below), but in view of applications to rank one convex functions
in [FoLel0], we need a version for separately convex functions.

Theorem 4.36. If f : B(z9,2r) C R™ — R is separately convez, then

Lip (f; B (20, 7)) < Vim—S (f: B (20,2r))

r

In particular, any separately convex function f : R™ — (—o0,00] is locally
Lipschitz in the interior of its effective domain dom, f.
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Proof. Step 1: Without loss of generality we may assume that zg = 0.! Let
L := osc(f;B(0,2r)) /r. Assume first that w, z € B(0,r) are such that
(z—w) / |z —w| = e for some element e(?) of the canonical basis of R".
For simplicity we consider the case (z —w) / |z —w| = . Fix 0 < ¢ < r. Let
¢ be a point of intersection of B (0,2r — €) with the ray from w through z,
so that z belongs to the segment of endpoints w and &, and |w —&| > r —¢.
Define g (t) := f (w + te;). Since f is separately convex, then g is convex, and
so by the previous proposition and the fact that | — w| > |z — w| we have

gz —wl) —g(0) _ g(€—w])—g(0)
|2 — wl - € —wl ’

or equivalently

J ()= fw) _ FE)~f(w) _ ose(f; B(0,2r))

|z — w| - |€ — w] - r—e

)

where we have used the fact that |w — &| > r — €. Letting € — 07 yields

J(2) = f(w) _ ose(f: B(0,2r))

|z — w - r

=L (4.16)

Next we show that any w = (w1, ..., W), 2 = (21,...,2m) € B(0,7) can
be joined by a chain ¢©) := w, €M) . &™) .= 2 of points in B(0,r) such
that £ — (=1 = (wa(i) — za(i)) ele@) i =1,...,m, for a suitable bijection
o:{l,....,m} = {1,...,m}.

Let Jp = {ie{l,...,m}: |w;| > |z]|}. Construct a bijection o of
{1,...,m} onto itself in such a way that o (i) € J; if and only if i < card (J;).
Define

f(i) = 5(0) — Z (wc,(j) — zg(j)) ) =1, . m—1.

j=1
Then £@) — 07D = (w, ;) — 2y()) €7@ for all i = 1,...,m and

< lw| <7 if1<i<card(J4),

’50‘)
=\ lz] <rif card (J1) <i < m.

Since £ € B(0,r) and £ — 6~ = (wo(i) - zg(i)) el®) we can apply
(4.16) to obtain

! In the proof of this theorem, z() denotes a vector of R™, while z; is the ith
component of a vector z € R™.
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|f (w) = f(2)] < i )f (S(“) ~f (5(“”)’ < Li ‘5@) _ g@'*l)’
i=1 i=1

=LY [wo) = 20|

i=1

m 2 ;o 1/2
2
SL( 12) (Z (W (i) = 20() )
1

=1 =1

=Lym|w —z|.
Step 2: Here we prove that if zy belongs to the interior of dom, f, then there

exists a neighborhood of zy on which f is bounded and thus its oscillation is
finite.

Without loss of generality we may assume that zp = 0, and consider in
R™ the equivalent norm

|2]| o :=max {|z]:i=1,...,m}.
Let &€ > 0 be such that By (0,2¢) C dom, f and set
a:=max{f(z): z € {—¢,0,e},i=1,....,m}.

We claim that
f(z) <a forall z€ By (0,¢). (4.17)

Indeed, let z, w € By (0, ) with w; € {—¢,0,e},i=1,...,m. If z,,, # 0 write

Zm = M(sgnzm)er ( - |zm> 0.
5 €

By the separate convexity of f we have

z
f(wlv'”awmflvzm) §|7<:1|f(w17"'vwmfh(sgnzm)g)

+ <1 - |Z;ﬂ> f(wla"'awm—lao) S a.
The same inequality holds if z,, = 0. Similarly, if z,,_1 # 0, then we have

f(wh oy Wm—2, Zm—1;, Zm)

Zm—
§|mgil|f(wla"'7wm—25(sgnzm—1)€7zm)
|zm—1]
+ 1_T f(UJ1,..-,’lUm_2,0,Zm)Sa,

where we have used the previous inequality. Recursively we obtain (4.17).
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Next we show that

f(z)=2mf(0)— (2™ —1)a for all z € By (0,¢). (4.18)

Writing
1 1
0= §Zm + 5 (*Zm) )
we have
1 1 1 1
f(O) S §f(07707ZWL)+ if(oavoaizm) S §f(07507ZTn) + 5(1,,
and so

f(oa"'aoazm) 22.}0(0)76%

where we have used (4.17). Similarly,
2f(0) —a< f(07707zm)

1 1
S §f(0,...,0,2m71,2m) + 5f(07~-~707_zm7132m)

1 1
< if(O,...,O,szl,zm) + 50

and thus
fQ0,...,0, 21, 2m) =22 (0) — (2° = 1) a.
Proceeding by induction we deduce (4.18).

Remark 4.87. (i) It follows from the previous proof (see (4.18)) that if f :
B (20,2r) C R™ — R is separately convex with f (z9) = 0, then

inf f4+(2m™—-1) sup f>0.
Boo (z0,7) B (z0,7)

(ii) This proof provides a sharper estimate for the Lipschitz constant of f as

compared with simpler arguments already available in the literature (see
[Dac89, Theorem 2.3]).
(iii) If f : B (z0,2r) C R™ — R is convex, then the sharper estimate

osc (f; B (z0,2r))

Lip (f; B (20,7)) <

holds. To see this, assume that the right-hand side is finite and let w,
z € B(zp,r). Fix 0 < € < r. Suppose that f (z) > f(w) and choose £ to
be a point of intersection of B (zg, 2r — €) with the ray from w through
z such that |w —&| > r —e. Then as in the proof of (4.16) we have

F&) = fw) _ FO)~fw) _ ose(f:B(0,2r)

|z — w| - |€ — w] - r—e¢

It suffices to let e — 07.
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Corollary 4.38. Let f : R™ — (—o0,00] be a proper convex function. Then
the restriction of f to riug (dom, f) is locally Lipschitz. In particular, if dom, f
s affine, then the restriction of f to dom, f is locally Lipschitz.

Proof. If dom, f consists of a point, then there is nothing to prove. If dom, f
has more than one point, by Remark 4.1,

aff (dom, f) = zo + W,

where zy € dom, f and W is a subspace of R™ of dimension 1 < ¢ < m.
By a change of coordinates, without loss of generality we may assume that
aff (dom, f) = R x {0}. Define

g (w) = f((w,0)), weR"

Then rig (dom, g) reduces simply to the interior of dom, g. The result now
follows from Theorem 4.36 applied to g.

Exercise 4.39. The previous corollary cannot be improved in general. In-
deed, let m = 2 and consider the function

(22)°
f (Z) = f (21722) = 02Z1 lf 21 = 29 = 0,

00 otherwise.

if z1 > 07

Prove that f is convex in R? and continuous everywhere except at the origin.

Corollary 4.38 implies in particular that the lower semicontinuous envelope
of a proper convex function coincides with the function except at most on the
relative boundary of its effective domain. Indeed, we have the following result.

Theorem 4.40. Let f : R™ — (—o0,00] be a proper convex function. Then
Isc f agrees with f everywhere except possibly on rb,g (dom, f). Moreover, for
any fized zo € riag (dom, f) and for any z € R™,

f(z) >1scf(z2) = 91_1)1{1_ F(1=0)z+02). (4.19)
Proof. Step 1: Fix any
z & thag (dom, f) = dom, f \ riag (dom, f).

By Proposition 3.12, for every z € R™,

Isc f (z) = inf {hmioréff (zn) : {zn} CR™, 2z, — z} )

zn} n—

and so we may find {z,} C R™ such that z, — z and
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Iscf(2)= lim f(z,).

n—oo

We now distinguish two cases.
If z € riag (dom, f), then since

o0 > f(z) 2 Isc f(2) = lim f(z),

n—oo

it follows that z,, € ri.g (dom,. f) for all n sufficiently large, and thus, using
the continuity of f in riug (dom, f) (see Corollary 4.38), we obtain that

lsc f () = lim f () = £ (2).
If z ¢ dom, f, then z, ¢ dom, f for all n sufficiently large, and so

J(2) = 1se f(2) = lim f(z) = oo

n—oo
which concludes the first part of the theorem.

Step 2: To prove (4.19) fix any zg € riug (dom, f) (note that since f is proper,
by Proposition 4.7 we may always find at least one). We again distinguish two
cases.
If z € dom, f, then in view of the convexity of dom, f, by Proposition 4.7
we have
0z + (1 —0) zp € riag (dom, f)

for all 0 < 6 < 1. Hence by Step 1,
fOz+(1—=0)z0) =1scf(0z+ (1—0)z)
for all 0 < 0 < 1. The lower semicontinuous function
g(0):=1scf(z+(1—-0)z), 6¢€][0,1],

is convex and real-valued (except possibly at § = 1), and so continuous in
[0,1]. Therefore

f(z)2lscf(2) =g (1) = lim g(6)
= 0111{17 Iscf(0z+ (1 —0)2) = 91_1)1{17 fOz+(1-0)z).

Finally, if z ¢ dom, f, then 0z 4 (1 — ) 29 ¢ dom, f for all § sufficiently close
to one, and so again by Step 1,

oco=f(0z+(1—0)z) =1Iscf(0z+(1—0)z)

for all @ sufficiently close to one, which yields (4.19).
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Corollary 4.41. Let f : R™ — (—o00,00] be a proper convexr function and let
C C dom, f be such that C is convex. Then

inf f = inf f.
%f 1%f

Proof. It is enough to show that if ¢ € R is such that f(z1) < ¢ for some
z1 € C, then f (z2) < t for some z5 € C'. Define

g(z)::{f(z)ifzeC,

oo otherwise.

Since -
riag (C) € C C dom,. g C C,

it follows from Proposition 4.9 that
Tiag (dom, g) = riag (C) .
Fix any zg € riag (C). By (4.19),

t>f(z)=g(x)2 lim g((1-0)20+02),

and thus the result follows by Proposition 4.7.

Next we extend some of the previous continuity results to the infinite-
dimensional setting.

Proposition 4.42. Let Vi, ..., V,, be locally convex topological vector spaces
and let f: V3 x ... xV, — [-00,00] be separately convex. If f is bounded
from above in a neighborhood of a point vy such that f (vo) € R, then f is
continuous at vg.

Proof. Without loss of generality we may assume that vg = 0 and that f (0) =
0. For every i = 1,...,m, let U; be an open convex neighborhood of the origin
in V; such that

fw)y<a forallveU; x...x Uy

for some a € R. We symmetrize the neighborhoods as W; := U; N (-U,),
it=1,...,m. Given 0 < € < 1, we prove that

|f (v)] <mea forallvee(Wyx...x Wy). (4.20)

The argument is similar to the one used in Step 2 of the proof of Theorem
4.36. Fix v € e (W x ... x W,;,) and write

U:(Ula"'vvm)a

where v; € V;, i = 1,...,m. By the separate convexity of f we have
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f(07"'70;1}m) S (1_€)f(0)+€f (O,,O,Uﬂ> S&‘a/7
3

where we have used the fact that (0, ...,0, ”Tm) € Uy x...x Up,. Again by
separate convexity we obtain

f(O,...,O,vm)Z(1+5)f(0)—5f(0,...,0,—%") > _ca,

and thus
[f(0,...,0,v)| < ca. (4.21)

Similarly,
F@0,....0,Vm—1,0m)
< (1 _E)f(())"- 507vm) +€f (Oa'“voa 127’:57_17U7n)

< 2ea

by (4.21) and the fact that (0,...,0, 2=, v,,) € Uy X ... X Uy, Here we have
used the convexity of U, to deduce that v,, € eU,, C U,,. Recursively we
obtain (4.20).

More can be said about regularity when f is convex.

Theorem 4.43. Let V be a locally convex topological vector space and let
f:V — [—00,00] be convex. Then the following are equivalent:

(i) [ is a proper function and is continuous in the interior of dom, f, which
18 nonempty;

(ii) there exists a nonempty open set on which f is not identically —oco and is
bounded from above.

Proof. Tt suffices to show that (ii) implies (i). Let U C V be an open set such
that

fv)<a

for all v € U for some positive constant a, and fix any vy € U such that
f(vo) € R. By the previous proposition f is continuous at vy, and so in
particular, it is finite in a neighborhood of vg. By Remark 4.23 the function
f is proper. Let now v; be any point in the interior of dom, f and find a
neighborhood U; of vy such that U; C dom, f. By the continuity of the
function

teRw— v+t (v1— )

at t = 1 we may find ¢ > 1 such that the point v; := vy + ¢ (v1 — vp) is in Uy.
The continuous invertible function L : V' — V, defined by

1 1
L(v):= th—i— <1—t>v, vev,
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maps U into an open set L (U) and L (vg) = vy € L(U). Moreover, by the
convexity of f, for any w € L (U), letting v := L™ (w) € U, we have

(e (1))

1f(vt)+(11)f(v)§1f(vt)+<11)‘%

f(w)

IN

which shows that f is bounded from above in a neighborhood of v;. Using
again the previous proposition, we conclude that f is continuous at v, and,
given the arbitrariness of vy in the interior of dom, f, this concludes the proof.

Exercise 4.44. We construct an example of a convex function that is not
continuous. Let V' be an infinite-dimensional normed space and let {e,} C V'
be a sequence of linearly independent vectors of norm one. Let f: V — R be
the linear function satisfying f (e,) := n for all n € N and f := 0 outside the
span of {e,}. Prove that f is linear but not continuous.

If in the previous theorem we assume in addition that f is lower semicon-
tinuous and that V is a Banach space, then we may remove the assumption
that f is bounded from above on an open set.

Corollary 4.45. Let V' be a Banach space and let f : V — (—00,00] be a
lower semicontinuous convex function. Then [ is continuous over the interior
of dom, f.

Proof. Let vg be in the interior of dom, f. By replacing f with f (- —vg) we
may assume, without loss of generality, that vy = 0, so that we may find
B (0,7) C dom, f. Since f is lower semicontinuous and convex, the set

C:={veV: f(v)<f(0)+1}

is closed and convex and 0 € C. We claim that

V=|Jnc.
n=1
Indeed, if v € V, v # 0, then the function

g(t) IZf(tU), t €R,

T T
Tol Tof
and so there exists 0 < § < ﬁ such that

|f (t) = fFO) =g (t) =g (0) <1

for all |t| < 6. Hence tv € C for all |t| < §, which implies that v € nC for all
n > %. This proves the claim.

) C dom, g. In particular, g is continuous in (—ﬁ7 ﬁ),

is convex and (—
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By the Baire category theorem there exists ng € N such that the set noC
has nonempty interior. In turn, C' has nonempty interior and thus we may
apply the previous theorem to conclude that f is continuous over the interior
of dom, f.

Exercise 4.46. Let V := L!(]0,1]), where the underlying measure is the
Lebesgue measure. Show that the functional
I:L'([0,1]) — [0, 00]
defined by
1
() = /O v (x))* de if v e L2 (0,1]),
o0 otherwise,

is convex and lower semicontinuous, but the sets

{veLl([o,u); /01 lu ()] d:rgt}, t>0,

have empty interiors.

The proof of the next result follows from Theorem 4.43 and adapting Step
1 of the proof of Theorem 4.36. We omit the details.

Theorem 4.47. Let V be a normed space and let f : V — (—o0, 00| be a con-
vex function. Then there exists a nonempty open set over which f is bounded
from above if and only if f is locally Lipschitz in the interior of dom, f, which
18 nonempty.

Next we study differentiability properties of convex functions. We begin
by introducing the notion of subdifferential.

Definition 4.48. Let V' be a locally convex topological vector space, let f :
V — [—o00,00], and let vy € V' be such that f (vg) € R. The function f is said
to be subdifferentiable at vy if there exists v' € V' such that

F (W) > f(vo)+ (W, v—wvo)vry forallveV.

The element v’ is called a subgradient of f at vg, and the set of all subgradients
at vy is called the subdifferential of f at vy and is denoted by Of (vy). Precisely,

Of (vo)={v" €eV: f(v)> f(vo) + (V,v—wvo)yrv forallveV}.

If f is not subdifferentiable at vy, then f (vg) := 0.
The one-sided directional derivative of f at vy in the direction v € V 1is
defined by
otf f (vo +tv) — f (vo)
—_— = i
go (o) = I :
whenever the limit exists.
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Note that

f(v) = rrél‘r/lf (v) if and only if 0 € 9f (vo) . (4.22)

Remark 4.49.1f V is a locally convex topological vector space, f : V —
[—00, 00] is convex, and vy € V is such that f (vg) € R, then for every v € V

the one-sided directional derivatives % (vo) always exist in view of Proposi-

tion 4.34. It may be verified that

0
eV, —
v T (vo)
is positively homogeneous of degree one, convex, and so subadditive. Moreover,
otf
-4 < L .
6(—1}) (UO) = v (UO)

In addition, if f is subdifferentiable at vy, then
o+
o7 (vo) > sup  (V,0)y,q > —00
v v/ €0 (vo0) ’

for all v € V. Indeed, let v € V and let v' € Jf (vg). Then by definition of
subdifferential for all t > 0 we have

f (vo +tv) — f (vo)
t

> (v, v)yy - (4.23)

Dividing by ¢ and letting ¢ — 07 yields

otf
L (00) 2 000y

and given the arbitrariness of v/ € df (vg) we get

84—
RN IR
v’ €0 f(vo)

Exercise 4.50. Show that the convex function f : R™ — (—o0, 00| defined
by
2\ 2
_(1— i <
(o) = (1 B ) if |2] < 1,

0 otherwise,

is differentiable, and so subdifferentiable (see Theorem 4.61 below) in the
open unit ball {z € R™: |z| < 1} but it is not subdifferentiable at points z
with |z] = 1.

We now study the existence of the subdifferential.
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Theorem 4.51. Let V be a locally convex topological vector space and let
f:V — [—00,00] be a convex function. If there exists vg € V such that
f(vo) € R and f is continuous at vy, then Of (v) # (0 for all v in the interior
of dom, f. In particular, df (vg) # 0.

We begin with a preliminary result.

Lemma 4.52. Let V' be a locally convex topological vector space, let f:V —
[—00, 0] be convez, and let vg € V' be such that f (vo) € R and f is continuous
atvg. If C C V xR is a convex set that does not intersect the interior of epi f
and such that (vg,s0) € C for some sg € R, then there exist v/ € V' and
a € R such that

f()>a+ @ vy y foralveV,
t<a+ @, )y v forall (v,t)eC.

Proof. Since f is convex, by Proposition 4.22 epi f is a convex set of V' x R
and we claim that its interior is nonempty. Indeed, fix ¢ > f (vg). Since f is
continuous at vg there exists a neighborhood U of vy such that

fw)y<t forallveU.

Hence the open set U X (¢, 00) is a subset of epi f, which shows that the interior
of epi f is nonempty. By the first geometric form of the Hahn-Banach theorem,
with A being the interior of epi g and F := C, we may find a continuous linear
functional L : V x R — R, L # 0, and a number «a € R such that

L(v,t) >« forall (v,t) € Aand L(v,t) <« forall (v,t) € C.

Note that by the continuity of L it follows that the first inequality actually
holds for all (v,t) € epi f. The functional L has the form L (v,t) = (v/,v)y+ v+
apt for some v’ € V' and oy € R. Hence

(W', v)yr vy +apt > a for all (v,t) € epi f, (4.24)
(W vy v +apt <a forall (v,t) € C.

Let v € dom, f. Then for any t > f (v),

(W' )y v+ aot > a,
and so letting ¢ — oo, we obtain that o9 > 0. If a9 = 0, then since
(vo, f (vo)) € epif and (vo,s0) € C, taking v = vy in (4.24) we get
(v, vo)vr,v = . Again by (4.24),

(v',v —vg)vr,v >0 for all v € dom, f.

But since f is continuous at vy we may find a neighborhood of zero Uy C V
such that vy + U; C dom, f. This implies that
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(W' uyy y >0 forall u € Uy,
and since U; is absorbing, we have that

(W uyyr vy >0 forallueV,

which is a contradiction unless v’ = 0. But since L # 0, this is not possible,
and so ag > 0, so that by (4.24),

o 1

flw)>—— 7@’,@)\//,‘/ forallveV,
(7)) (67
o 1,
t S _ = —<’U 7U>V’,V for all ('U,t) S C,
(%)) (67}

which gives the desired conclusion.
We are now ready to prove Theorem 4.51.

Proof (Theorem 4.51). By Theorem 4.43 the function f is proper and contin-
uous in the interior of dom, f. Hence it suffices to show that df (vg) # 0. By
the previous lemma with C := {(vg, f (vg))}, there exist v’ € V' and a € R
such that

f)>a+ @ vy y forallveV, f(v) <a-+ @ v)v v.
Taking v = vy it follows that f (vo) = o + (v',v0)v+,v, and so
f @) > f(vo) + (Vv —wo)yry forallveV.
Hence Of (vg) # 0.
As a corollary of the previous theorem we have the following.

Corollary 4.53. Let f : R™ — (—o0,00] be a proper convexr function. If
2 € Tiag (dom, f), then Of (z) # 0. In particular, if [ is real-valued, then
Of (z) # 0 for every z € R™.

Proof. Fix a point zg € riag (dom, f). If dom,. f consists only of zp, then

f(20) = min f(2),
and so 0 € 0f (z0) by (4.22).

If dom, f has more than one point, by Remark 4.1 the affine hull of its
effective domain aff (dom, f) is, up to a translation, a subspace W of R™ of
dimension 1 < ¢ < m. Since linear changes of variables preserve convexity,
without loss of generality we may assume that aff (dom, f) = R x {0}. Define

g (w) :=f((w,0)), we RE. (4.25)
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Then the relative interior of dom, g reduces simply to the interior of dom, g,
and so, writing zg = (wp,0), then wy belongs to the interior of dom,. g. By
Theorem 4.36 the function ¢ is continuous in the interior of dom, g, and so by
Theorem 4.51 we have that dg (wg) is nonempty. Hence there exists & € R
such that

g(w) > g(wo) +& - (w—wp) forall we dom,g.

Since aff (dom, f) = R*x{0}, by (4.25) the previous inequality may be written
as
f(z) > f(z0)+ (&,0) - (z — 2z0) for all z € aff (dom, f).

On the other hand, if z ¢ aff (dom, f), then f(z) = oo, and so (&,0) €
of (20).

Remark 4.54. It is actually possible to show that if f(z9) € R and f is not
subdifferentiable at zg, then

for all v € —zg + riag (dom, f). See Theorem 4.56 below.

Exercise 4.55. The set of points at which a convex function is subdifferen-
tiable may be larger than ri,g (dom, f). Indeed, let m = 2 and consider the
function

1
maxi{1l—22,|z }ifz >0,
[(2)=f(21,22) = X{ il L=
00 otherwise.
Prove that f is subdifferentiable everywhere in the half-plane {z; > 0} except
in the relative interior of the segment joining (0,1) and (0, —1). Note that the
set on which f is subdifferentiable is not convex.

The following theorem relates the subdifferential to one-sided directional
derivatives.

Theorem 4.56. Let V' be a Banach space and let f : V — (—o0,00] be a
proper lower semicontinuous convex function. Assume that the interior of
dom, f is nonempty. If vy € dom, f, then one of the following two alter-
natives holds:

(i) Of (vo) =0 and

for all v € —vy + dom, f;
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(i1) Of (vo) # 0, the function v — ‘?—vf (vo) is continuous on —vg + dom, f,
and

orf
T 0=, v

for all v in —vg + dom, f.

Proof. Let A denote the interior of dom, f.
Step 1: We claim that if vy € A then
otf
T (0= B, vy

for all v € V. By Corollary 4.45 and Theorem 4.51, f is continuous and
subdifferentiable in A, and so by Remark 4.49,

orf /
(vo) > sup (v, v)y,y > —00
ov v €df (vo) ’
forallveV.
To prove the reverse inequality we show that
_of

p(v): 50 (vo), veV,

is continuous. Since vy € A, by Corollary 4.45 and Theorem 4.47 there exist
r, M > 0 such that

f(w) = f(vo) < M [[w —wo|
for all w € B (vg,r). Hence if v € V'\ {0}, then for 0 < t < r/||v|| we have

I (vo +tv) — f (vo)
t

< M |},

and letting ¢ — 0™ we conclude that
p(v) < M.

Since p: V — R is convex by Remark 4.49, it follows from Theorem 4.43 that
it is actually continuous. Fix v; € V' \ {0}. By Lemma 4.52, with p and v; in
place of f and vy and with C := {(v1,p(v1))}, we may find v’ € V' and o € R
such that

p(v) >a+ @, v)yy forallveV, pv)<a+ @, v)v . (4.26)

Replacing v with tv, t > 0, in the first inequality and using the fact that p is
positively homogeneous (see Remark 4.49), we obtain that

t(p(v)— (V' ,v)v/v)>a forallveV andt > 0.
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Letting ¢t — 0% we conclude that o < 0, while if we divide by ¢ > 0 and then
let t — oo we obtain

orf

e (vo) =p(v) > (W, vy y forallveV,

which implies in particular that v' € df (vg). It now follows from the second
inequality in (4.26) that o = 0 and

o+
L (w0) = pon) = o)y,
and so the claim holds.
Step 2: Assume that % (vg) = —oo for all v € —vg + A. We claim that

df (vg) = 0. Indeed, if not, fix v € —vg + A and let v' € 9f (vg). By letting
t — 07 in (4.23) we obtain a contradiction.

Step 3: Assume that %fc (vg) > —oo for some v; € —vg + A. Consider the

sequence of functions

gn (v) :% {f <v0+ Tllv) —f(vo)} . veV.

Each g, is convex, proper, lower semicontinuous, and continuous on —vg + A
by Corollary 4.45. By Remark 4.49 the function

(v) = inf gu (v) = lim g (v) = 2 (u), weV

v) := in v) = lim v) = — (v v

g neN gn noo dn v 0/ ;

is convex, and since dom, g D dom, g1, we deduce that —vg + A C dom, g.
Also g (v1) € R. Since ¢ is finite at some point in the interior of its domain, g
is proper and in particular finite on —vg + A (see Remark 4.23).

Since —vg+ A is a Baire space and g is the limit of a sequence of continuous
functions on —vg + A, the set of points at which ¢ is continuous is dense.
By Corollary 4.45, g is continuous on —vg + A. Hence by Step 1, for every
v1 € —vg+Aandv eV,

9y

Ov (v1) = v/é%?él) <U/’U>V',V : (4.27)

Fix v’ € g (v1) and v € V. Since g is subadditive by Remark 4.49, we have

o'

L (00) =g () 2 g (01 +) = g (02) 2 ()0

and given the arbitrariness of v € V' it follows that v' € 9f (vp), and in turn,
g (v1) C Of (vg). This implies in particular that df (vg) is nonempty, and so
by Remark 4.49,



282 4 Convex Analysis

sup (v, v1)y g < Bor (vo) -
v’ €D f(vg) V1

By (4.27) there is v] € 0g (v1) such that

0Tg
871)1 (v1) = <U/171’1>V/,V'

Then v € f (vo) and

oty g (vy +tv) —g(vr)

, —_— —

ooy = o) = i
_ O O _ oty
=9(v) lim S—m— =g (00) = - (w0).

where we have used the fact that g is positively homogeneous. Hence

otf

871)1 (vo)

/
max (v, v1)y, =
v’ €D f(vo) ’ vy

for all v1 € —vg + A.

Remark 4.57.1f V is a Banach space and f : V — (—o0,00] is a proper
lower semicontinuous convex function, then considering the restriction f :
aff (dom, f) — (—o00, 00|, the previous theorem still holds provided the interior
of the effective domain in aff (dom, f) is nonempty, i.e., riag (dom, f) # 0.

When V is only a locally convex topological vector space we can still prove
a weaker form of the previous theorem:

Proposition 4.58. Let V' be a locally convex topological vector space and let
f:V = (—o00,00] be a proper convex function. If vy € V is such that f (vg) €
R and f is continuous at vy, then

otf
o ()=, g, Wiy

forallveV.

Proof. By Theorem 4.51, f is subdifferentiable at vy, and so by Remark 4.49,
ot
Al (vo) = sup (v, 0)y,y > —00
v v €8] (vo) ’

for all v € V. To prove the reverse inequality, as in Step 1 of the previous
theorem it suffices to show that the seminorm

+
p(v) = %—vf(vo), veV,



4.5 Regularity of Convex Functions 283

is continuous. Since

p(v) = tlgg f (vo + Wt) — f (vo)

< f(vo+v) = f(vo)

and f is continuous at vg, it follows that p is bounded from above in a neigh-
borhood of vy, and so it is continuous by Theorem 4.43.

Next we study the subdifferentiability of the sum of two convex functions.

Proposition 4.59. Let V' be a locally convex topological vector space and let
f1, f2:V — (—o00,00] be two proper convex, lower semicontinuous functions.
Assume that there ezists

v € dome f1 N dom, fo

such that fi is continuous at vo. Then for everyv € V,
9 (f1+ f2) (v) = 0f1 (v) +0f2 (v) .
Proof. Step 1: Let v € V. If v} € 9f; (v) and v} € Of3 (v), then

fi(w) > fi(v)+ W, w—v)y v forallweV,
fa (w) > fa(v) + (vh,w —v)yy forallweV,
and so, adding the two inequalities, we conclude that v} +v5 € 9 (f1 + f2) (v).

Hence if df; (v) and 9f; (v) are nonempty, then 9 (f1 + f2) (v) is nonempty
and

I(fi+ f2) (v) D 0f1 (v) +0f2 (v).
Step 2: Conversely, if 9 (f1 + f2) (v) is nonempty, let v € 9 (f1 + f2) (v).
Then

(fi+ f2) (W) > (fi+ f2) (v) + (V,w—v)yry forallweV. (4.28)
In particular, fi (v), f2 (v) € R. Define
g(w) = fi(w) = fi(v) + (V' w—v)vy, wev,

and
C:={(w,t) eVxR:t< fo(v)— fa(w)}.

Then g is a convex function and C' a convex set. We claim that g and C satisfy
the hypotheses of Lemma 4.52. Indeed, since f; is proper and continuous at
vo then so is g. Moreover, in view of (4.28), if (w,t) € epig N C, then

g(w) = fi(w) = f1(v)+ @ w—v)y v <t< fo(v) = fo(w)
< fi(w) = f1(v)+ (W, w—v)yy,
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which implies that g (w) =t and fa (v) — f2 (w) = ¢, that is, (w,t) € 9 (epig)N
OC. Finally, (vg, fa (v) — fa(vp)) € C. Hence we may apply Lemma 4.52 to
find w’ € V' and « € R such that

g(w) = fi(w) = fi(v) + 0w —v)y v >at (W wy v > f2(v) = fo(w)
for all w € V. Taking w = v yields (w’,v)y/ y = —a, so that
fi(w) = fi () + (W' w—=v)yv vy = W w—v)vv > f2(v) - f2 (w)
for all w € V, and so v/ —w’ € 9f; (v) and w’ € Jf, (v). Hence
o' = (0 —w') +w €dfi (v) +0f2 (v),
which proves that if 0 (f1 + f2) (v) is nonempty, then

9 (f1+ f2) (v) COf1(v) +0f2 (v).

Step 3: To conclude the proof we observe that if either df; (v) or dfa (v) is
empty, then by Step 2 so must be 9 (f1 + f2) (v). If both df1 (v) and 0f> (v)
are nonempty, then by Steps 1 and 2, 9 (f1 + f2) (v) is also nonempty and

I (f1+ f2) (v) = 0f1 (v) + Of2 (v).
This completes the proof.

We now turn to the relation between subdifferentiability and (Gateaux)
differentiability.

Definition 4.60. Let V' be a locally convex topological vector space. A func-
tion f:V — [—00, 0] is Gateaux differentiable at vg € V if f (vg) € R and
there exists v/ € V' such that for every v € V,

lim f (UO + t"U) — f (UO) _ <’UI,’U>V/ V.
t—0+ t ’

The element v’ is called the Gateaux differential of f at vy and is denoted by

" (vo).

Theorem 4.61. Let V be a locally convex topological vector space and let
f:V = [—00,00] be a convex function. If f is Gdteaux differentiable at
vo € V, then it is subdifferentiable at vy and Of (vo) = {f’ (vo)}. Conversely,
if f is continuous and finite at vog € V' and the subdifferential of f at vg is a
singleton, then f is Gateaux differentiable at vg.
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Proof. Assume that f is Gateaux differentiable at vg € V, let v € V, and
define ¢ (t) := f (v + tv). By Proposition 4.34 the difference quotient

L9 =g (0)
t—0
is nondecreasing in R\ {¢o}. Hence
_9M =90 _ . 9(t)—9g(0)
floote)=flo) =" = g ==
= i TOFIZTCO) 1) vy,

which implies that f'(vg) € Jf (vg). We claim that Of (vg) = {f’ (vo)}. In-
deed, if v € 9f (vg), then for any v € V and ¢ > 0,

f (vo +tv) — f (vo)
t

> (v v)yr v
By letting t — 0T we obtain that
<fl (Uo) 7U>V’,V Z <’U/,’U>V/’V for all v € V,

which implies that v' = f’ (vo).

Conversely, assume that f is continuous and finite at vg € V and the
subdifferential of f at vy is a singleton {v'}. Then f > —oco by Remark 4.23,
and so by Proposition 4.58 and the fact that df (vg) = {v'} we deduce that

o+ ,
T L o) = 0,0y

for all v € V', which shows that f is Gateaux differentiable at vg.

The next result shows that for smooth functions convexity is equivalent to
the monotonicity of the Gateaux differential.

Theorem 4.62. Let E be a convex subset of a locally convex topological vector
space V and let f : V — [—o00,00] be Gateauz differentiable in E. Then the
following three conditions are equivalent:

(i) f : E — R is convex;
(i) for all v,w € E,

f) > f(w)+{f (w),v—w)y v;
(i) for all v, w € E,

(f' (v) = f(w),v —w)yr v > 0.
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Proof. Assume that (i) holds. Since f is Gateaux differentiable in E, by the
previous theorem f is subdifferentiable at every w € F and 9f (w) = {f’ (w)}.
Hence (ii) holds.

Assume next that (ii) holds. Then for all v,w € E,

f) = f )+ (f (w),v—whv,
fw) = fv) = (f (v),v—whv v,
and by adding these inequalities we obtain that
0> (f' (w) = f(v),v—wv v,
which gives (iii).

Finally, assume that (iii) holds and fix v,w € E. Since f is Gateaux
differentiable in F, the function g : [0,1] — R, defined by

g(t) = Fltv+ (1-t)w), t€01],
is differentiable and
§ () = (' (o4 (L= ) o — vy
If 5 > t, then
g (5) o (1) =(7 (0 (1= 5)w) — ' (b0 (1= D) w) v~ whyry
7 v+ (L= s)w) = (to+ (1= ),

S —

(sv+ (1 —=s)w)—(tv+ (1 —t)w))y y > 0.

Hence ¢’ is nondecreasing, and so g is convex. In particular,
fllo+ (A =t)w)=g(t) <1 —-1t)g(0)+tg(1) = (1 —1)f(w)+tf(v),
which implies the convexity of f.

Remark 4.63. A similar result holds for strictly convex functions provided we
require the inequalities (i) and (ii) to be strict when v # w.

As a consequence of the previous theorem we now specialize the result of
Theorem 4.36 to obtain a p-Lipschitz condition for separately convex functions
with algebraic growth.

Proposition 4.64. Let f : R™ — R be a separately convez function such that
If () < C A+ 27
for some C >0, p>1, and all z € R™. Then
PG = @] <C (147 + ™) |z = wl

for all z, w € R™.
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Proof. Step 1: We first assume that f € C (R™). Let z := (21,...,2m) €
R™ be fixed and consider

g(t) Z:f(Zl,...7Zi_17t,2i+1,...72m), teR.

Since g is convex and smooth by Theorem 4.62 (see also Proposition 4.34),
for all s and t € R we have

gt+s)—g(t) =g (t)s.

Thus, with s:= 14 |z, t := z;,

g () = gi: (2) < g(HSi_g(t) Sc(llilzjr) <o(1r ).

Also, g(t—s) —g(t) > —¢' (t) s, and so

P
< 9t=8)—g) _ (A+[[7) _ p-1)
J ()< ; <O ,c(1+|z\ )
Hence o7
p—1
‘aZi(z)ﬁC(lJrLz )
forevery i =1,...,m.

Let z, w € R™. By the mean value theorem there is 6 € (0, 1) such that
£ (2) = f ()| =V f(0z+ (1 = O)w) - (z —w)]
<C (1 102+ (1—-0) w|p*1) I(z — w))|
<C (14 P+ ™) |z = wl,
where we have used the fact that if 0 < ¢ < oo and a, b > 0, then
(a+b)? <max {1,297} (a? +b7).

Step 2: To remove the smoothness hypothesis consider a standard mollifier

e and let
fe (2) ZZ/mgog(w) f(z—w)dw, €>0.

The function f; is still separately convex and, in addition,

[fe @< [ e (w) [f(z—w)]dw<C e (w) (14 ]z —w[") dw
R™ B(0,e)

gCﬂ+M%/<&WMm=CO+VW7
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where the constants are independent of . By the previous step,

Fe (2) = fe @) £ C (14127 + w2 = wl,
and since f. (2) — f(z) pointwise as ¢ — 07 (see Theorem 2.75) we obtain
the desired result for f.

We conclude this subsection by proving that differentiable separately con-
vex functions are of class C*.

Theorem 4.65. Let B C R™ be an open ball. If f : B — R is separately
conver and E is the set of points in B at which f is differentiable, then
Vf:E—R™ is continuous.

Proof. Let zgp € E and define
h(z):=f(z)— f(20) = Vf(20) (z—20), zE€B.

Then the function h is separately convex and differentiable in E. By Theorem
4.36,

osc (h; B (2o, 2r))
T

V£ (2) =V (20)] = [Vh(2)] < Lip (h; B (20,7)) < Vm

for any z € F with |z — zo| < r and with B (zp,2r) C B. Since f is differen-
tiable at zg we have that
h; B 2
lim sup IVf(z)=Vf(2) < 11r(r)1+ \/ﬁosc( B (20,2r)) _ 0,

r—0+t z€E, |z—z0|<r r

and thus Vf (z) = Vf (z) as z — 2, z € E.

4.6 Recession Function

In this section we introduce and study some properties of the recession func-
tion of a convex function. This material will be used in Section 5.2.3.

Definition 4.66. If C' C R™ is a nonempty convex set, then its recession
cone is defined by

C*:={zeR":tz+weC forallweC andt>0}.
Proposition 4.67. If C' C R™ is nonempty and convez, then

(i) C* s conver and C° = {z€R™: z+w e C for allw e C}, i.e., z+
C CC ifand only iftz+ C C C for allt > 0.

If, in addition, C is closed, then
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(i) C* is closed;
(i1i) = € C= if and only if z = lim,, .o Opwy, with w, € C and 6, — 0.

Proof. In part (i) the convexity of C*° and the inclusion
C¥cCc{zeR": z+weCCforallweC} =D

are immediate. To prove the converse inclusion let z € D. Then z+w € C for
all w € C. By induction, it follows that w + nz € C for all n € N. Therefore,
if t € [n—1,n], then writing t = 0 (n — 1) + (1 — 0) n for some 6 € [0, 1], we
have

wHtz=0(w+n—-1)2)+(1-0)(w+nz)eC

by convexity of C, and so z € C*°.

To prove (ii) let z = limy,,— oo 2n, 2n € C°. In view of part (i) it suffices to
prove that w+ z € C for all w € C. Suppose that w+ z ¢ C for some w € C.
Since C' is closed, there would exist » > 0 such that B (w+ z,7) N C = 0.
However, w 4 z,, € C for every n and thus

0<r<dist(w+zC) <|(w+2)— (w4 2,)| — 0,

and this is a contradiction.

Similarly, in part (iii), if z = lim,, s Oywy,, with w, € C and 6,, — 0T,
and z were not in C°°, then there would exist w € C and r > 0 such that
B(w+ z,7)NC = (. If n is sufficiently large we may assume that 6,, € [0,1],
and so

(1-6,)w+0,w, €C

by convexity of C, with

w+z= lim {(1-06,)w+ 0w, +0,w}.

n—oo

Once again we would reach a contradiction because
0<r<dist(w+2zC) < |0,w| — 0.

Conversely, if z € C* and wg € C, then nz + wg = w,, € C for all n € N,
and so f,w, — 2z with 6, := L

Remark 4.68. It can be shown that the notion of recession cone of an arbitrary
set ¥ C R™ introduced as

E> = {z € R™ : there exist w,, € E, 6,, — 0" such that 6,,w,, — z}

inherits several properties of the recession cone of a convex set (see [RocWe98]).
Note, however, that E*° defined in this way is always closed, which is in con-
trast to Definition 4.66 (see Theorem 4.67 (iii)).

We now introduce the concept of recession function.
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Definition 4.69. Let f : R™ — (—o00,00] be a proper convex function. The
recession function of f is the function f° : R™ — [—o0, 0] defined by

fz) =sup{f(w+2) — f(w) : wedom.f}, ze&R™

The next result relates the recession function of a convex function to the
recession cone of its epigraph.

Theorem 4.70. Let f : R™ — (—o00,00] be a proper convex function. The
recession function f°° of f is a positively homogeneous proper convez function
and

epi > = (epi f)™. (4.29)

Moreover, if f is lower semicontinuous, then so is f*, and for every w €
dom, f we have

up t gim LIV 2Ly )

Proof. We begin by showing that
epi [ = (epi f)™. (4.31)

Note that in view of Propositions 4.22 and 4.67(i) this entails that epi f> is
convex, and so f°° is convex. Convexity of f°° also follows from the fact that
f°° is the supremum of a family of convex functions.

By Proposition 4.67(i) we have

(epi f) ={(2,t) e R™ xR : (w,s) + (2,t) €Eepif
for all (w,s) €epif}
={(zt) eER"XR: f(w+2z)<s+t
for all w € dom, f and all s € R such that s > f (w)}
={(z,t) eER"xR: f(w+2) < f(w)+t
for all w € dom, f}
={(z,t) e R™" xR: f*(z) <t} =epif™.

Since for a fixed w € dom, f,

=) = fw+2) = f (w)

for all z € R™, we have that f* never takes the value —co. On the other
hand, f°° is not identically co because f°° (0) = 0. Hence f*° is proper.
To prove that f°° is positively homogeneous let z € R™ and ¢ > 0. We
first claim that
() > (). (4.32)

If f°°(z) = oo there is nothing to prove. Thus assume that f°°(z) < co. Then
(z, f(2)) € epi f*°, and so by (4.29) and the definition of recession cone,
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t(z, f*(2)) +epif Cepif.
In particular, t (z, f*°(2)) + (w, f (w)) € epi f for all w € dom, f, and thus
fw+tz) < f(w)+1f(z), (4.33)
or equivalently,
flw+tz) = f(w) <tf>(2)

for all w € dom, f. Taking the supremum on the left-hand side over all w €
dom, f, it follows that

[=(tz) <tf>(z2)

for all z € R™ and ¢ > 0. To prove the reverse inequality it suffices to replace
z and ¢ in the previous inequality with ¢z and 1.

Assume next that f is lower semicontinuous. Note that by (4.31) and
Proposition 4.67(ii), epi f* is closed, and thus by Proposition 3.10, f* is
lower semicontinuous.

To prove (4.30), in view of Proposition 4.34 it suffices to establish the

equality
. flw+tz)— f(w
£ () = sup L) 2T ()
>0
for all z € R™ and for any fixed w € dom, f. Fix wg € dom, f. We show first

that
F() » 0B = T (o)

for all z € R™. Reasoning as in the proof of (4.32) we have that (4.33) holds
for all w € dom, f and for every ¢t > 0. In particular,

fwo +12) < f (wo) + 1/ (2)
for all t > 0 and z € R™, which gives

> flwo + tzt) — f (wo)

t>0

< () (4.34)

for all z € R™. Conversely, if for z € R™,

sup flwo +tz) — f (wo)

>0 t

)

then there is nothing to prove; otherwise, let

B (CRID R (T

for all t > 0. Then st + f (wo) > f(wo + tz) for all ¢ > 0, and so

(wo +tz, st + f (wo)) € epi f (4.35)
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for all ¢ > 0. Write

(z,8) = lim (w0, f (wo)) + 1 (z,5)).

n—oo n

By (4.35) and Proposition 4.67(iii), it follows that (z,s) € (epi f), and now
invoking (4.31), we conclude that f°° (z) < s. Given the arbitrariness of s, we
deduce that
t —
£ (2) < sup fwo +tz) — f (’wo).
>0 3
This, together with (4.34), yields (4.30).

Remark 4.71. For nonconvex functions it is also possible to define the recession
function using formula (4.29), and where (epi f)™ is given as in Remark 4.68
(see [RocWe98]). We call attention, however, to the fact that the recession
function introduced in this way is always lower semicontinuous, in contrast to
the case of a convex function (see Theorem 4.70).

Exercise 4.72. Prove that:
(i) If 1 < p < oo, then the recession function of f (z) := |z|" is
=110
for p > 1, while f>* (2) = f(2) = |2 it p=1;
(ii) the recession function of f (z) := \/|z|> + 1is f*° (2) = |z|;
(iii) the recession function of
f(z)=Azz,
where A is a symmetric positive semidefinite matrix in R™*™ is

oo s\ Jooif Az # 0,
/ (z)_{o if Az =0.

The next result shows that the recession function is of interest only for
convex functions that are not superlinear at infinity.

Theorem 4.73. Let f : R™ — (—o00,00] be a proper convex lower semicon-
tinuous function. Then
lim inf f2) = ‘inf (2.
z|=1

|z| =00 |Z|

Proof. By (4.29),
‘i?fl ()= ‘i‘rlfl inf{t e R: (z,t) € epi f*}

= ‘i‘n_flinf{t €R: (2,t) € (epi f)}.
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Since f is convex and lower semicontinuous, by Propositions 3.10 and 4.22, epi f
is closed and convex, and by Theorem 4.67 (iii) we have

‘i?jlf“ (2) = |i|n:fl inf{t e R: (z,t) € (epi f)}

= ‘i‘nf inf {t € R : there are (wy,t,) € epi f, 6, — 0T,
z|=1

such that 6, (wp,t,) — (z,t)}
= inf {t € R : there are (wp,t,) € epif, 0, — 07,
such that |0,w,| — 1,0,t, — t}
= inf {t € R : there are w, € R™, 6, — 07,
such that |0,w,| — 1,0, f (w,) — t}

= inf {t € R: there is w, € R™, such that |w,| — oo, f (wn) — t}
w

W
= lim inf 1)

This concludes the proof.

Remark 4.74. The previous theorem continues to hold for nonconvex functions
provided f*° is defined as in Remark 4.71.

4.7 Approximation of Convex Functions

In this section we show that every convex lower semicontinuous function f
may be written as the supremum of a sequence of affine functions.

If V is a topological vector space, an affine continuous function g : V— R
is a function of the form

g(v) =a+ @, vy v,
where v/ € V' and o € R.

Proposition 4.75. Let V' be a locally convex topological vector space and let
f:V — (—00,00] be a conver and lower semicontinuous function. Then

(i) there exists an affine continuous function g such that g < f;
(ii) f (v) =sup{g (v) : g affine continuous, g < f}.

Proof. (i) If f = oo, then the result is immediate. So assume that there exists
vg € dom, f, and fix ¢ty < f (vg). By the second geometric form of the Hahn—
Banach theorem, with C' := epi f, K := {(vo, to)}, there exist a continuous
linear functional L : V x R — R and two numbers o € R and € > 0 such that

L(v,f(v))>a+e forall vedome fand L (vg,t0) < a—e.
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The functional L has the form L (v,t) = (v/,v)v/ v + aot for some v/ € V’
and oy € R. Hence

(W' v)y ytaof (v) > a+e  for all v € dom, f and (v, vo)v: v+apty < a—c.

Taking v = vy we get (v, vo)v..v + aof (Vo) > a+e>a—e> V', v)v v +
apto, and since tg < f (vo) it follows that cg > 0 and thus

F@)>g@) = —(ag", v)viv+a5t(a+e) forallvedom, f.
Hence f > gin V.

(ii) If f = oo, then the result is immediate, so assume as before that there
exists vg € dom, f. For any fixed tg < f (vp), we claim that there exists an
affine function g below f with g(vo) > to. Indeed, it suffices to observe that
in the construction in part (i),

9(v0) = —{ag v, vo)vrv + g (a+e) > to.
This completes the proof.

Remark 4.76. If f takes the value —oo, then (i) fails, and thus the right-hand
side in (ii) is identically —oo, while there exist functions f : V — {—00, 00}
that are convex and lower semicontinuous with f # —oo. As an example let
V =R and define

oo if z >0,
flz) = {ooifzg().
When more is known about the space V' it may be possible to restrict the

supremum in part (ii) of the previous proposition to a countable family of
affine functions. For simplicity, here we address the case V = R™.

Proposition 4.77. Let f : R™ — (—o00, 00| be convex and lower semicontin-
wous. Then

f(z) =sup{a; +b; - 2} (4.36)
ieN
for all z € R™ and for some a; € R, b; € R™. Moreover,
1 (2) =sup{b; - z} (4.37)
ieN

for all z € R™.
We begin with a preliminary result based on Lindeldf’s theorem.

Proposition 4.78. Let A C R™ be an open set, let G C C (A), and let

f= su;g)g. (4.38)
ge

Then there exists a countable subfamily Gy C G such that

f=supg.
g€
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Proof. The space C' (A) has a countable base of open sets when it is endowed
with the topology compatible with the metric

maxi g — h”c(}g)
neN 27 1+ |g — h||C(Kn) ’

d(g,h):=

where

K, is compact, nonempty, and K,, is contained in the interior of K, ;. Let
Ay :={B(g,7): g€ G,0<r<1}.

By Lindel6f’s theorem, A; admits a countable subfamily D; such that

gc |J B@n= U Bn.

B(g,r)€A1 B(g,m)€D1

Inductively, for every k € N let

Ak::{B(g,r):gég,0<7"Sli};

and again by Lindel6f’s theorem we may find a countable subfamily Dy, C Ay
such that

¢gc |J Bn= J Bln). (4.39)

B(g,r)€ Ay B(g,r)€Dy

Write Dy — {B (g](_k)7r§k)) cje N}.

We claim that

(k)
f = sup T 4.40
s {g} (4.40)
Indeed, by (4.38),
(k)
> sup : .
/ j,keN {gJ }

Conversely, fix z € A and let ¢t < f (2). By (4.38) we may find g € G such that
t<g(z). (4.41)

Let 0 < e < 3 (g(2) —t), and let n € N be such that z € K,, and let k; € N
be large enough that

2" < cky. (4.42)
By (4.39) there exist gj(.fl) and 0 < 7‘§’f1) < 1711 such that g € B (gﬁ“), r§’f1)>.
In particular,
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(k1)
1 Hg_gj11

C(Kn) (k)

on (k1) -
1+ g - o
g-9 C(Kn)

Ji

Hence

n (kl)
AL
J1 26,

(k1) (k1) < <
C(Ka) ~ 1 — gnp{F)

g(2) -9 (Z)‘ < Hg — 95

where we have used (4.42). By (4.41) and the fact that 0 < e < § (g (2) — ¢),
we deduce that

(k1) (k)
< g < N
t<g(z)—2e<g;" (2) < f;le% {gj } (2),

and given the arbitrariness of ¢ < f (z) we obtain (4.40).
Proof (Proposition 4.77). By Proposition 4.75(ii),
f(z) =sup{g(z): g affine continuous, g < f}

for all z € R™, and (4.36) follows from Proposition 4.78. To prove (4.37) fix
w € dome f and let z € R™. Then for every ¢ € N and by Theorem 4.70,

flw+tz)— f(w) a; +b; - (w+tz)— f(w)

0 =1 > i = 0y -
1) tlggo t = tliglo t bi-z
Therefore
[ (2) = sup{b; - 2}
ieN
for all z € R™. Conversely, for ¢t > 0,
fwt2) = flw) _ o asebi (werts) ()
t €N 3
itbi-w—
gsupbzwz—i-supa + v f(w):supbi-z,

i€N ieN t ieN
and this concludes the proof of (4.37).

In the case that f is real-valued it is possible to give an explicit character-
ization of the coefficients a; and b; in the previous proposition.

Let f : R™ — R be a convex function and let ¢ € C! (R™) be any function
with ¢ > 0 and [p,, ¢ (2) dz = 1. Define

api= | FE(m+1)p(E)+Ve(:)-2) de

by == — - f(2) Vo (z2) d=.

When necessary we will also write a,, (f) and b, (f) to highlight the depen-
dence on f.
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Theorem 4.79 (De Giorgi). Let f and ¢ be as above. Then
(i) f(2) > ap+b, -z for all z € R™;
(ii) f(2) = supgen, geqm {@pi, + bey., - 2} for all z € R™, where
Prq(2) =k"p(k(qg—2)), z€R™ (4.43)

Proof. (i) Assume first that f € C!' (R™). Then by Theorem 4.61, for any z,
¢ € R™ we have

fR)Z2fO+VIE)- (z-9).
Multiply the previous inequality by ¢ (§) and integrate in £ over R™ to obtain

f02 [ GO-VI©-00@de+s [ THOP© de

Integrating by parts now yields
162 [ TOUmt1)e©+ V@6 de—z [ J© V(e ds

This proves (i) when f € C!(R™). In the general case, let 1. be a standard
mollifier. Applying the previous inequality to the smooth convex function

Je =1 * [ gives
fe@) 2 [ f(Om+1)e@)+Ve(§) &) ds—=z- [ [ (&) V(£ de.

Rm Rm
Since ¢ has compact support, by Theorem 2.75 we may now let ¢ — 0F.
(ii) Let k € N, ¢ € Q™. By replacing the function ¢ with ¢y, 4 in (i) we obtain
f(2) > ay, , +by,, -z forall z€R™

and hence f > g, where

g(z):= sup {aq,k,q + by, z} .
keN, geQm

Since g is everywhere finite and convex, it is continuous, and so is f (see
Corollary 4.38). Hence, to prove (ii) it suffices to show that

f(q) =g(q) forall ¢ € Q™,

since Q™ is dense in R™.
For k e N, g € Q™, we have

Aoy 4 + bépk,q Tz

= [ FEm+1)k"p(k(q—&)—k""'Ve(k(g—€) (€—2)dE

Rm

:/mf(q—%) (m+1) @ (w) = Vo (w) - (k(g—2) —w)) dw,
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where we have made the change of variables w = k (¢ — £). Taking z = g we
obtain

Qg T gy, -4 = /mf (q— %) (m+1)p(w)+ Ve (w) - w) dw.

Since the integrand is continuous and with compact support, we may let
k — oo to get

i ap, + b, a=1(0) [ (mr D () + Vi w) w) do = f(q).

m

where we have used the facts that

/ o (w) dw =1, Vo (w) - wdw=—m ¢ (w) dw = —m.
m R™ R™

Since
f (Q) - kILH;o Ay, o T btpk,q g < Q(Q) ’

(ii) follows.

A simple use of the approximation result given in Proposition 4.75 gives
an extension of Jensen’s inequality for real-valued functions to functions that
may take the value co. We begin with the real-valued case.

Theorem 4.80 (Jensen’s inequality). Let V be a Banach space and let
f:V =R be bounded from above in a neighborhood of a point. Then f is
convez if and only if given any probability measure u on a measurable space
(X, 0M), where X has at least two distinct elements, and any function g €

LY (X, M, p1); V), then
f(/ng/L> S/Xngdu. (4.44)

Proof. Assume that Jensen’s inequality (4.44) holds, and let (X, 9, ) be as
in the statement. Fix 21, 2o € V and 6 € (0,1). Set

=06, +(1—0)0d.,,

where x1, xo € X, 11 # xo. Define

(@) = z1 if ¢ = xq,
9 " ] 29 otherwise.

f(/xgdu></xfogdu

Then

becomes
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fOg (1) +(1=0)g(x2)) <O(fog)(@)+(1—0)(feog)(zz),

that is,
f(0z1 4+ (1—0)20) <Of (21) + (1 —0) f(22),

and so f is convex.
Conversely, assume that f is convex. Then by Proposition 4.42 and The-
orem 4.51, for every vy € V there exists v’ € V' such that

f ) > f(vo) + (W, v—wvo)yrv forallveV.

Let (X,9M, 1) and g be as in the statement and set

Vo :=/ gdpu.
X
Then

f(g(w))>f</xgdu> +<v’,g(w)—/ngM>V/7V for all w € X.

Integrating with respect to u yields

[ fatw) du<w>>f(/xgdu),

which is the desired inequality.
We now extend Jensen’s inequality to the case that f may take the value co.

Corollary 4.81. Let V be a Banach space and let f : V — (—o0,00] be a
convez, lower semicontinuous function. Given any probability measure p on a
measurable space (X, M) and any function g € L' (X, MM, u); V), then

f(/ngM> S/Xngd,u. (4.45)

Proof. By Proposition 4.75,
f(v) =sup{h(v) : h affine continuous, h < f}.

Let h be any affine function such that f > h. If X has only one element, then
(4.45) holds as equality. Otherwise, applying Jensen’s inequality to h we have

/fogduz/hogduzh(/ gdu>,
X X X

and taking the supremum over all affine functions h below f yields

/Xfogduzf(/xgdu)-

This concludes the proof.
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Exercise 4.82. Let f : R™ — (—00,00] be a lower semicontinuous function
and let @ C RN be the unit cube. Prove that f is convex if and only if

f<z>s/Qf<z+v<x>>da:

for all z € R™ and all Q-periodic functions v € L (RN; Rm), with

loc

for which the right-hand side of the previous inequality is well-defined.

4.8 Convex Envelopes

As we will see in relaxation problems, in the case of nonconvex integrands
)

f one is interested in “convexifying” f. This brings us to various notions of

convex envelopes.

Definition 4.83. Let V' be a vector space and let f : V — [—o0,00]. The
convex envelope Cf : V — [—o00,00] of f is defined by

Cf(w):=sup{g(v): g:V — [—00,00] convex, g < f}.

The following result relates the convex envelope of a function with the
convex hull of its epigraph.

Theorem 4.84. Let V' be a vector space and let f :V — [—o00,00]|. Then
dom, Cf = co (dom, f)

and
Cf(wv)y=inf{teR: (v,t) €co(epif)}, veV.

Proof. If v € co(dom, f), then by Proposition 4.2, v can be written as a
convex combination of elements of dom, f, that is,

n
v = E 91"01‘
i=1

for some n € N, >0 16, =1, 6; > 0, v; € dom, f. Since Cf < f, it follows
that v; € dom, Cf. Since dom, Cf is a convex set, we have that v € dom, Cf,
and so co (dom, f) C dom, Cf. To prove the converse inclusion, note that the

function
—o0 if v € co (dom, s
g (U) = { ( f)

oo otherwise,
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is convex and below f, and so g < Cf, which implies that
co (dom, f) = dom, g D dom,Cf.
To prove the second part of the theorem define
h(v):=inf{t eR: (v,t) €colepif)}, veV.

Since co (epi f) is a convex set, by Proposition 4.22 it follows that h is convex.
Moreover, if v € dom, f, then (v, f (v)) € epi f C co(epif), and so h(v) <
f (v). Hence by the definition of convex envelope we have that

h<Cf.

To prove the reverse inequality let g : V' — [—00, 0] be any convex function,
with g < f. Then epi f C epig, and since epi g is a convex set by Proposition
4.22, we have that

co (epi f) C epig.
Hence for every v € dom, g,

g)=inf{t eR: (v,t) € epig} (4.46)
<inf{t e R: (v,t) € co(epif)} =h(v).

On the other hand, if v € dom, h, then there exists ¢ € R such that (v,t) €
co (epi f). In particular, we may write

n
v = E 91"01‘
i=1

for some n € N, > 6, =1, 60, > 0, v; € dom, f. Hence v € co(dom, f) =
dom, Cf by the first part of the proof. Since g (v) < Cf (v) < oo, it follows
that v € dom, g. Thus dom, h C dom, g, which implies that the inequality
(4.46) holds everywhere. In turn, g < h, and given the arbitrariness of g we
conclude that Cf < h. This proves the second part of the theorem.

Remark 4.85. It follows by Remark 4.3 that if V' is a topological vector space
and dom, f is open, then dom, Cf is open.

Another type of convex envelope is obtained by restricting the class of
admissible functions below f to affine continuous functions.

Definition 4.86. Given a dual pair (V,W) and a function f : V — [—00, 00],
the polar or conjugate function f*: W — [—o0,00] of f is defined by

() = sup {{v,wvw = f (o)}, weW,

and the bipolar or biconjugate function f**:V — [—o00,00] of f is defined
by

7 (v) = sup {(v,w)yvw — f*(w)}, veV.
weWw
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The spaces V, W are endowed with the topologies o (V, W) and o (W, V),
respectively. Since f* is the supremum of a family of continuous and convex
functions, f* is convex and lower semicontinuous. The same holds true for
¥, and f** < f. Even when f is convex and lower semicontinuous it may
happen that f** # f. Indeed, if f takes the value —oco at some point and
f # —oo (see Proposition 4.26), then f* = oo, and in turn, f** = —oo.

Remark 4.87. If V is a topological vector space and f : V — [—o0,00], then
we may take W to be the topological dual of V', so that

@) =sup {(v,v)y vy — f(v)}, v eV,
veV

and

[ (v) = sup {(W, o)y — ()}, veV.
v'ev’

In what follows, whenever the space W is not specified, it is understood that
W=V

Proposition 4.88. Let (V,W) be a dual pair and f : V — [—o0,00]. Then
Fr— e
Proof. From the definition of f** we have that
) = wwyvw = [ (w)

for all v € V and w € W. Therefore
fr(w) = 7 (w) = Su5{<07W>v,W — [ (v)}.
IS

Conversely,

[ (w) = v, wyvw = 7 (0) =2 (v, whvw = f (v)
for all v € V and w € W, where we have used the fact that f** < f. Taking
the supremum over all v € V', we conclude that
[ (w) = f* (w)
for all w € W, and this completes the proof.
Exercise 4.89. Let V = R™. Prove that:

(i) If 1 < p < oo, then the polar function of f (z) = % is

uwl”

£ (w) p w e R™,

for p > 1 and
.  Jooif |w|>1,
f (w){o if |w| <1,

if p=1.
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(i) The polar function of f (z) := y/|2|* + 1 is
. 00 if jw| > 1,
P = A i ) < 1.

(iii) Let m = 1. The polar function of f (z) := e* is
wlogw —w if w > 0,
00 if w <0.

Remark 4.90. Note that if V' is a topological vector space and f : V —
[—00, 0], f # o0, is positively homogeneous of degree one, i.e.,

f(tv) = tf (v)
for all v € V and ¢t > 0, then
[V —{0,00}.

Indeed, fix v' € V'. If there exists vo € V such that (v',vo)y/ v — f (vo) > 0,
then for all ¢ > 0,

fr') = 31618{<U/,U>V/,v - f(v)}
> (V' tuo)vr v — f (tvg) =t ((V',v0)vrv — f (o)),

and by letting ¢ — oo we obtain f*(v/) = oo. On the other hand, if
W vy v — f(v) <0 forall v €V, then f*(v') < 0. Let v € V be such
that f (v) < co. Then

0> f* () =t((v,0)v v —f(v) =0
as t — 07. Hence f* (v') = 0.
From the definition of f* we have that
) = vy = £ (v)

for all v € V and v' € V. The next result characterizes pairs (v,v’) € V x V’
for which equality holds.

Theorem 4.91. Let V' be a topological vector space, let f:V — (—o0, 00| be
a convez function not identically equal to oo, and let (v,v') € V. x V'. Then
v € df (v) if and only if

f)+ £ () = v)vv. (4.47)
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Proof. Fix (v,v") € Vx V. If v' € 9f (v), then
f(w)>f)+ @, w—v)yyy forallweV,

or equivalently,

(W oyviy = f(v) > f* () = sup {(v,w)vr v — f(w)}.

weV

Since the opposite inequality holds by definition of f*, equality (4.47) follows.
Conversely, assume that (4.47) holds. In particular, f (v) € R. By defini-
tion of f* (v') we have that for all w € V,
fw) =W whyry = =f () = £ (v) = (', 0)vr,v,
that is,
f(w)>f)+ @, w—v)yy forallweV,
which is equivalent to v’ € df (v).

We now relate the various types of convex envelopes.

Theorem 4.92. Let V' be a locally convex topological vector space and f :
V — [—o00,00], f # co. Then

(i) f** (v) = sup{g (v) : g affine continuous, g < f} for allv € V. In par-
ticular, if f** takes the value —oo, then f** = —oo;
(ii) f <lsc(Cf) < C(isc f) <Cf < f;
(iii) if, in addition, there exists an affine continuous function below f, then

f* =1sc(Cf).
Proof. Step 1: Set
f(v) :==sup{g (v): g affine continuous, g < f}, veV.

We first prove that f = —o0, i.e., the family of admissible functions g in the
definition of f is empty, if and only if f* = co. Indeed, if there exist v € V'
and a € R such that

(W, vjvv+a<f(v)
for every v € V, then, equivalently,
Wy —f(v) < —a

for every v € V. Therefore
() < —a. (4.48)

Conversely, if there exists v/ € V' such that f* (v') < oo, then f*(v') € R
since f Z oo. In view of the definition of f* (v'), it follows that

(W v)vrv = (V) < f(v)
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for every v € V' and thus

g ()=, vy —f@)<f(v). (4.49)

Step 2: We prove (i). If f* = oo, then f** = —o0, and by Step 1, property (i)
holds. Suppose now that there exists v’ € V' such that f* (v) < oo. Taking
the supremum in (4.49) over all such v’ yields f** (v) < f (v).

Conversely, by Step 1 there is at least one admissible function ¢ (v) =
(V' W)y v+ in the definition of f. As in (4.48) we obtain f* (v') < —a, and
we deduce that

f) = oy = f1 () = (0 vy + o

Taking the supremum over all such pairs (v', a), we conclude that f**(v) >
7).
(ii) The last two inequalities are immediate. Since Cf < f, then Isc (Cf) <
Isc f, and using the fact that Isc (Cf) is convex by Proposition 4.25, we obtain
that 1sc (Cf) < C (Isc f).

Since f** is lower semicontinuous, convex, and below f, we have that
< Ise (CF).
(iii) Since lsc (Cf) is convex, lower semicontinuous, and above an affine con-
tinuous function, then by Proposition 4.75, invoking (ii), it follows that

Isc (Cf) (v) = sup{g (v) : g affine continuous, g <lIsc(Cf) (v)} (4.50)
(Isc (C£))™ (v),

where in the last equality we used part (i). Since Isc (Cf) < f by (4.50) we
conclude that Isc (Cf) < f**.

Remark 4.95. (i) Note that if there is no affine continuous function below f,
then Theorem 4.92(iii) does not hold in general. Observe that Remark
4.76 exhibits an example in which f** = —oco S Isc (Cf) = f.

(ii) From Theorem 4.92 it follows that if there exists an affine continuous
function below f and if Cf is lower semicontinuous, then f** =1sc (Cf) =
C (Isc f) = Cf. In particular, if f: V' — R is bounded from above in an
open set and if there exists an affine continuous function g such that
f > g, then

—00<g< f"<C(lscf) <Cf < f < oo,

and so Cf : V — R. By Theorem 4.43 it follows that Cf is continuous,
and so f** =1sc(Cf) =C (Isc f) =Cf.

(iii) Note that when V is a Euclidean space, say V = R™, and f: R™ — R
is bounded from below by an affine function g, then Cf is continuous by
Corollary 4.38, and so by (ii) we have that f** =1sc (Cf) =C (Isc f) =C/f.
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However, when f takes the value oo, then by Theorem 4.40, f** = lsc (Cf)
agrees with Cf except possibly on rb,g (dom.Cf), and in particular, it
may happen that f** S C(Isc f) on rbug (dom.Cf) as shown by the
following example.

Exercise 4.94. Let m = 2 and consider the function

29 — z1€*2 if 29 > 0 and 0 < 21 < z9e™ 72,
f(z)=f(21,22) =40 if 29 > 0 and z0e7%2 < 21,
00 otherwise.

Prove that
0 if z; > 0 and z, > 0,

oo otherwise,

- |

while
2o if z1 =0 and 2z > 0,
C(scf)(z1,22) =4 0 if 21 >0and 2z >0,
00 otherwise.

Note that C (Isc f) is convex but not lower semicontinuous.

If we restrict our attention to the space V = R™, then additional qualita-
tive properties may be obtained for convex envelopes.

We start with Carathéodory’s theorem, which improves (4.1) in that it
limits the number of terms in the convex combination to at most m + 1.

Theorem 4.95 (Carathéodory). Let E C R™. Then

m+1 m—+1
coEz{ZHizi: Zﬁizl, 0; >0, zieE,izl,...,m—l—l}.
i=1 i=1

Theorem 4.96. Let f : R™ — (—o0,00]. Then for all z € R™,

m+1
Cf(z)_mf{ZHZf(zz) 01‘6 [0,1], ZieRm,’L':L...,m—Fl,
i=1

m+1 m—+1
Z@izl, 2922122}
i=1

i=1
The formula is also valid if one takes only the combinations such that
aff ({217 N 7Zm+1}) =R"™.

In the previous theorem if ; = 0 we set 0, f (2;) := 0 even if f(z;) = cc.
As a corollary we obtain the following result.
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Corollary 4.97. Let f : R™ — (—o00,00] be bounded from below by an affine
function g. Then

dom, f** = dom, Cf = co (dom, f). (4.51)

Moreover, for all z ¢ tb,g (dom, Cf),

m+1
f**<Z):inf{Zeif(Zi)Z Gie[O,l], z€e€R™ i=1,....m+1,
i=1

m—+1 m+1
i=1

i=1
while for z € rbug (dom, Cf),

for any fizxed zp € riag (dom, Cf).

Proof. By Theorem 4.92(iv), f** = lsc(Cf), and so by Proposition 3.12, for
every z € R™,

f*(z) = inf {liminfo (zn) : {zn} CR™, 2z, — z},

Zn} n—oo
which implies that
dom, Cf C dom, f** C dom,Cf.

Property (4.51) now follows from Proposition 4.9 and Theorem 4.84.
The second part of the theorem is a consequence of Theorems 4.96 and
Theorem 4.40.

If f is superlinear at infinity, then we have the following result.

Theorem 4.98. Let f : R™ — [0, 00] be such that

G, (4.52)

|z]| =00 |Z|

Then
[ (2) =C(Isc f) (2)

m+1
:min{zei(lscf)(zi) 00, €0,1],z,€eR™,i=1,...,m+1,

i=1
m+1 m—+1
291—1,29,21—,2}
i=1 i=1
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Proof. Step 1: Assume first that f is lower semicontinuous. We claim that
Cf is lower semicontinuous. To see this, let 2™ — z. We need to show that

lim inf C f (z(")) >Cf(2).

Without loss of generality we may assume that
lim inf C f (ZW) — lim Cf (z<">) < o0

and

C :=supCf (z(")> < 00. (4.53)
For each n € N, by Theorem 4.96 we may find {(91(”), zfn))} C [0,1] x R™,
i=1,...,m+ 1, such that

m—+1 m—+1

UL S LRSI )
) =1

and
m—+1 1
S oy (z§">) <cf (z(”)> i (4.54)
— n

as k — oo. Upon extracting a subsequence if necessary, for eachi =1,...,m+

1 we may assume that 91@) — 0; and that either ‘zfn)‘ — 00 Or zi(n) — z; as

n — 00. Let
I:= {z’:l,...,m—i—l: )zi(n)‘aooasnaoo}.

n)

Next we show that if j € I then 9§»n)
by (4.52) there exists L > 0 such that

zj( — 0. Indeed, for every fixed € > 0,

foyx Y

|z| forall |z| > L,

J
n sufficiently large, and so by the previous inequality, together with (4.53),
(4.54), and the fact that f > 0, we obtain

m+1
<G () 2 g () =

where C is the constant given in (4.53). Since j € I then ‘z(")’ > L for all

(n) | (n)
Gj z;

which shows that 9;")
this implies in particular that 6; = 0. Hence

(n)
Zj J

— 0. Note also that since ‘z(.")‘ — 00 as M — 00,
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m—+1
(M = Z 9§n)z§n) = Z@gn)zfn) +o(1),
i=1 i¢I
and so
Z ng)zl(n) — 2z = Z 0;z;
i I il

as n — oo. Since f is lower semicontinuous, from (4.54) and the fact that
f > 0 we conclude that

tim Cf (27) = limint 3200 f (27) = > timin 6" f (") (4.55)
> Zaif(zi) =2Cf(2).
i¢l

This proves the claim. Hence lsc (Cf) = Cf, and so using once more the fact
that f > 0, by Theorem 4.92(iv) we have that f** = Cf, and thus from
Theorem 4.96 it follows that
m+1
> 0i(Iscf)(z): 0; €0,1], 5 €R™i=1,...,m+1,
=1

7 (z) = inf{

m+1 m—+1
Zei:l’ Zelzl:z}
i=1 i=1

To see that the infimum is realized it suffices to consider the special sequence
2(") .= 2 for all n € N in (4.55).

Step 2: We claim that

lim lse f (2) =00

|z|— o0 ‘Z|

Indeed, by (4.52) for every fixed M > 0 there exists L > 0 such that

f(z) > M|z| forall |z| > L.
Since f > 0 we have that

M |z| for |z| > L,
s f(2) 2 {0 for |2| <L,

for all z € R™, which proves the claim.
By applying the previous step to lsc f we conclude that

(Isc f)* =C(sc f).
By Theorem 4.92(iv) we have that
fr=0)" =0sc(Cf))” < (Clscf))™ < (Isc f)™ < (CH™ < [,

which concludes the proof.
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Remark 4.99. (i) Note that under the assumptions of the previous theorem,

lim ()

|z|—o00 |Z‘

= o0. (4.56)

Indeed, fix M > 0 and let L > 0 be such that
f(2)

|2

> M

for all |z| > L. Since f > 0 we obtain that
f(z) 2 M|z| = ML
for all z € R™. Hence f** (z) > M |z| — ML for all z € R™, and so

lim inf 7 (2)

|z| =00 |Z|

> M.

Given the arbitrariness of M we conclude (4.56).
(i) If f : R — [—o00, 00| is an increasing function, then f** is also increasing.
In particular, if v : [0,00) — [0, 00) is increasing, with

lim M

z—o0 2

= 00, (4.57)

then extend v to R by defining v (z) := ~v(0) if 2 < 0. The extended
function « is increasing, and so is v**. Using an argument similar to (i)
we have that for every M > 0 there exists L > 0 such that

v(z) > Mz—- ML (4.58)

for all z > 0, and since «y (0) > 0, the inequality (4.58) holds for all z € R.
Hence, as in (i) we conclude that ** satisfies (4.57). Moreover, v** is
continuous since +y is real-valued and nonnegative. Here we recall Remark
2.30.

(iii) The previous theorem continues to hold if we assume that f is bounded
from below rather than nonnegative. Indeed, it suffices to apply the result
to the function g := f — inf f.

As a consequence of the previous theorem we have the following proposi-
tion:

Proposition 4.100. Let f : R™ — (—o0,00] be bounded from below by an
affine function. Let {¢;} be a decreasing sequence of upper semicontinuous
functions ¢ : R™ — [0,00] such that

lim ¢, (2) =0
J—00
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for all z € R™ and

lim
|z]| =00 |Z|

= o0. (4.59)
Then
C(lse f) = inf (f +¢;)" -
Proof. By hypothesis there exist (o, 5) € R x R™ such that
f(z)>a+08- % (4.60)
for all z € R™. Fix j € N. By (4.59), (4.60) it follows that
L Ute) @

|z|—00 ‘Z|

By (4.59) we may find M > 0 such that ¢; (2) > |5]|z| whenever |z| > M,
which, together with (4.60), entails

(f +¢5) za— |8 M.
By Theorem 4.98 and Remark 4.99(iii) we have
(f +¢3)"" =C(sc(f + )
and thus
C(Iscf) < inf (f +¢5)" (4.61)
j

To prove the reverse inequality, note first that since ¢; is upper semicontin-
uous, then Isc(f + ¢;) — ¢; is lower semicontinuous and below f. Therefore
Isc(f + ¢;) — ¢j <lsc f, or equivalently,

Isc (f 4 ¢;) <lsc f+p; for each j € N.

Hence for every z € R™ and by the fact that the bipolar is lower semicontin-
uous,

inf (f ;)" (2) = lim (f +¢;)™ (2)
< lim e (f 44 (2) (462)

<lsef (2)+ lim g, () = lsc f (2)

Here we have used the fact that since the sequence {¢;} is decreasing, then
so are the sequences {(f + ¢;)™"} and {Isc (f + ¢;)}. In particular,

inf (f +¢;)"" = lim (f + ;)™
JeN Jj—oo
is a convex function, and thus from (4.62) we deduce that
inf (f + ;)" <C(Iscf).
jeN

This, together with (4.61), gives the result.
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Remark 4.101. When condition (4.59) is violated one can conclude only that
[ <inf (f + ;)" < C(Iscf).
jeN

However, if f : R™ — R satisfies (4.60), then in view of Remark 4.93 we have
that

frr=inf (f + ;)" = C(Iscf).

inf
JEN
A result in the same spirit of the previous proposition is the following.

Proposition 4.102. Let {f;} be an increasing sequence of lower semicontin-
uous functions f; : R™ — [0,00] such that

fi(z) =~y (I2))
for all j € N and z € R™, where v : [0,00) — [0,00) is a function such that

lim &—

S§—00 S
Then "
(su_p fj) = sup f;".
J J

Proof. Let f := sup; f;. Since f > f; for all j € N we have f** > sup; fi™.
To prove the reverse inequality, let («,5) € R x R™ be such that

F) 2 g(z)mat ez (4.63)
for all z € R™. By the superlinear growth of v, we may find L > 0 such that
v(lz]) > g(z) forall |z| > L. (4.64)
We claim that for every fixed € > 0 there exists jo such
fi(z) 2 g(2) —¢

for all j > jo and |z| < L. Indeed, if not, then there would exist a sequence
{#x} C B(0, L) and a subsequence {f;, } of {f;} such that

Fin (26) < g(2k) —e.

Without loss of generality we may assume that z; — zp. Since the sequence
{f;.} is increasing and by lower semicontinuity,

i (z0) < Tminf £ (z4n) < lminf £, (254n)

< lim g (zk4n) —€ =g (20) —&.
n—oo
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Letting kK — oo in the previous inequality, we would get
f(z0) = lim f; (20) < g(20) — ¢,
k—oo

which is in contradiction with (4.63).
Hence the claim holds, and together with (4.64), it yields

fi(2) 2 g(2) —¢

for all j > jg and all z € R™. Thus for all j > jy and all z € R™,

i (2)2g(2) —e

and in turn sup; f* > g — €. By letting ¢ — 0T we obtain sup; f;* > g, and
taking the supremum over all the affine functions g that are below f gives the
desired inequality in view of Theorem 4.92.

We conclude this chapter with some regularity results for the convex en-
velope Cf of a smooth function f.

Theorem 4.103. Let f : R™ — (—o00,00] be a continuous function. Assume
that f is differentiable in dom, f. Then its convex envelope Cf is C in a
neighborhood of each point zo € R™ satisfying
Cf(20) < liminf f (z).

|z|—00
Moreover, if Vf is locally Hélder continuous with exponent 0 < a < 1 or
locally Lipschitz in dom, f, then VCf has the same (local) regularity in the
open set

{w eR™: Cf(w) < liminff(z)} .
|z|—o00

Lemma 4.104. Let B C R™ be any open ball. If g : B — R is convez, and
f : B — R is differentiable at zo € B, g < f, f(20) = g(z20), then g is
differentiable at zy and Vg (z9) = V f (20).

Proof. Since g < f and f is differentiable at zy, we have

1imjupg (2)—g (Zo)z—_vi;l(zo) (2 = 20)

< tim £ ) =S (0) = VI (20) - (2 = 20)

z—20 ‘z—z0|

(4.65)

=0.

Conversely, using Remark 4.37(i), for € > 0 sufficiently small we have
inf ){9 (2) =g (20) = Vf(20) (2 —20)}

Boo (20,8
>—=(@2"=1) sup {g(2) —g(20) = Vf(20) (2 — 20)}
Boo (20,€)

>—(@2"=1) sup {f(2) = f(20)=Vf(20) (z=20)}=0(),

Boo (20,€)
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and so

liming ) =9 (20) = Vf (20) - (2 = 20) > 0.
z2—20 |z — 20|
This, together with (4.65), implies that g is differentiable at zp and Vg (2¢) =

Vf (20)-
Proof (Theorem 4.108). Step 1: We claim that the set

|w|—o0

A= {z eR™: Cf(z) < liminff(w)}

is open. If A is nonempty, then

liminf f (2) > —o0,

|z|— o0

and since f is continuous, we deduce that f must be bounded from below by
some constant c. By replacing f with f — ¢, without loss of generality, we may
assume that f > 0.

Since f is continuous its effective domain is open, and so by Remark 4.85,
dom, C f is open. By Corollary 4.38, C f is continuous in dom, C f. In particular,
the set A is open.

Step 2: Next we claim that Cf is differentiable in A. Indeed, fix zg € A. By
Theorem 4.96, let {(9§”),z§"))} C[0,]xR™ i=1,....m+1,neN, bea

minimizing sequence such that

m—+1 m+1

a1 3 e
=1 =1

and
m—+1
S0 () = ef o) (4.66)
i=1
as n — oo.
Upon extracting a subsequence if necessary, for each i = 1,...,m + 1 we

Z(n)‘ — OO Or Z(n) — Zi as
7 7 ?

may assume that 92@) — 6;, and that either
n — oo.
Fix
Cf(20) < s <t <liminf f (w),

|w]|—o00

let 0 < €9 < 1 be so small that
t(1—eq)> s, (4.67)
and find L > 0 such that

f(z) >t forall |z| > L. (4.68)
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Define
I:= {i:l,...,m—l—l: ‘ (n)
J={i=1,....m+1}\ 1.

> L for all n large}

, if this is not the

Zel«:1720iz1—eo>o. (4.69)

i€l e

By (4.68), for any ¢ € I we have that f (zl(n)) >t for all n sufficiently large,
and so, using the fact that f > 0,

m—+1

o () 2 e () 2 e o

i=1 icl iel
Letting n — oo, by (4.66) and (4.69) we get

s>Cf(20) 2ty 0; >t (1—¢g),
iel

which contradicts (4.67) and proves the claim. Hence, without loss of gener-

ality, we may assume that 0(") — b > 20, z(n) — 21 € B(0,L) as n — oo.
Since f > 0 we have that

m—+1
o (A7) < S0 r (7).
i=1
and so letting n — oo by (4.66) and using the continuity of f we get

m7“!;”(21) <601 (21) = lim 0(")f< "”) <Cf (20) < s. (4.70)

This shows that z; € dom, f, and thus f is differentiable at z; by assumption.
By the convexity of Cf and since for any h € R™,

m—+1
20 +h =6 ( (")+> - Ze(”)

for all n sufficiently large we obtain
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1
m+1

+ > 0Mer () ~cf (z0)
1=2

n n h n
Sag ) [f <z§ )+0(")> *f<2§ ))]

m+1 '
>0 (M) ~cr (Zo)] ,
=1

where we have used the fact that since z; € dom, f and dom,. f is open,

_|_

{ZYL)} C dom, f for all n sufficiently large. Letting n — oo in the previous
inequality yields

Cf (20 +h) — Cf (20) < 61 {f (Z1+9”1> —f(zl)] (4.71)

for all h € R™. Since by assumption f is differentiable at z;, it follows in
particular that the right-hand side is finite for all A sufficiently small, say
|h| < r. In turn, the nonnegative convex function Cf (z9 + -) is finite for
the same values of h. Since the left-hand side is a convex function in the
variable h, the previous lemma implies that Cf (2o + -) is differentiable at 0
and V (Cf) (20) = Vf (21).

Thus we have shown that C f is differentiable in A, and by Theorem 4.65(i)
it follows that V (Cf) is continuous on A.
Step 3: Finally, assume that V f is locally Holder continuous with exponent
0 < a < 1 or locally Lipschitz in dom, f and let U be an open set compactly
contained in A. Find U cC D cC A. By the continuity of Cf and the
definition of the set A we may find s,

0 < s < liminf f (2),

|z|—o0

such that Cf (z) < s for all z € D. Fix

s <t <liminf f (2),
|z]—o00
and let g > 0 and L > 0 be as in (4.67) and (4.68). By the previous step,

for any z € D we may find zfz) € dom, f N B(0,L) and =5 < 6; < 1 such

that V (Cf) (2) = Vf (z§z)) and (4.70) and (4.71) hold. We claim that there

exists an open set U; compactly contained in dom, f such that ﬁ§z) € U; for

all z € D. Indeed, if not, then we may find a sequence {2z} C D converging
to some z € D such that z{**) — 21 € B(0, L) \ dom, f. But by (4.70),
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T (A7) <ef a) < s

Letting £ — oo and using the continuity of f we obtain a contradiction since
z1 ¢ dom, f. Hence the claim holds.
Let Uy CC Uy CC dom, f and by hypothesis let C = C (Usz) > 0 be such
that
Vf(2) = Vf ()] < Clz—wl® (4.72)

for all z, w € Us. Let r > 0 be so small that w + (m%ol)h € U, for all [h] < r
and all w € Uy.
If z € U, then by what we just proved, zl ) e Ui, and so z( s

e Uy
9< B)
for all |h| < r. By the mean value theorem and the fact that V (C f )(2) =
Vf( 2z ) we obtain

Cf(z+h)=Cf(2) =V (Cf)(2)-h
(=) =, h (2) ). _h
<o P(a +%@>f@1)erl)ﬁ9]
() (=) D )\ _h
yl [Vf( )~0§Z)—Vf(zl )'ek)]
14+«

(m+1)°
604

< C|h/|1+a

h
<07C |5
91

for some w§z’h) on the segment of endpoints z( ) and le) + 9%)7 and where
1

we have used (4.71), (4.72), and the fact that 01 € [Wf_?rl , 1]. Hence also by
Theorem 4.62,

LRSS
e

0<Cf(z+h)—Cf(2) =V (Cf)(2) - h < C [n|"

for all |h| < r. By Remark 4.37(iii) applied to the convex function
g(h)=Cf(z+h)=Cf(2) =V (Cf)(2) - h

we obtain that

IV(CF)(z+Nh) =V (Cf)(2)] (4.73)
= Vg (h)| < Lip(g: B (0,2])) < = (9”23'(}?,4%))
< 41”(’”2%@1)&@}1\“

0

for all |h| < ir.
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Fix z € U and let r® > 0 be so small that B (z,7¥)) C D and r®) < L.
We claim that V (Cf) is Hoélder continuous with exponent 0 < a < 1 or
Lipschitz in B (2,7“(5)). To see this, let z, w € B (Z,r(i)) and write

w=z+h,

where h := w — z is such that

|h\:\w—z|§\w—2|+|z—2\<2f<£.

By (4.73),

(m+1)°

IVES (w) =€) ()| 41

Clw—z|",
which proves the claim.

Since the family of balls {B (Z, r(f)) }2 T is an open cover for the compact
set U, we can find a finite number of balls that still cover U.

Hence VC f is locally Holder continuous with exponent 0 < o < 1 or locally
Lipschitz.

Example 4.105. The next two examples show the sharpness of the previous
theorem.

(i) The function f (z) = f (21,22) = \/exp (—z}) + z3 shows that the condi-

tion Cf (z) < liminf),|_ f (2) cannot be eliminated.

(ii) Note that in general one cannot go beyond the regularity stated in the
previous theorem. Indeed, any smooth function f : R — [0, 00) such that
Cf = f outside [—1,1], f~1 ({0}) = {—1,1}, and f” (£1) > 0 shows that
Cf may not be of class C? even if f is.

4.9 Star-Shaped Sets

Given a vector space V, a set £ C V is said to be star-shaped with respect
to a set I C E if FE is star-shaped with respect to each point of F, i.e., if
v+ (1—-0)we Eforallve F,we E,and 0 € (0,1).

If V=R" and E C R™ is star-shaped with respect to a point zg € R™,
the function ¢ : S™~1 — [0, 0c], defined by

o(z):=sup{s>0:2+sz€E} ze€8m™ !,

is called the radial function of the set E. In the next theorem, we assume,
without loss of generality, that zy = 0 and for any 21, zo € S™ ™! we define
d (21, 22) to be the measure of the angle formed by the vectors z; and 2.
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Exercise 4.106. Consider the ball B (0,7) C R™, let w ¢ B (0,7), and define
C:=co(B(0,r)U{w}).

Let ¢ be the radial function of C. Prove that

if z € Sm~1
r and d (21, z) > arccos ﬁ,
w
¢ (z) = , if ze S™1
T
r and d (z1, z) < arccos —.
oS (arccos Tl d (z1, z)) |w]
w

Theorem 4.107. Assume that C C R™ is a bounded closed set, star-shaped
with respect to a ball B(0,e) C C, and let B(0,R) D C. Then for all zy,
29 € Smil,

2
e -l = Ry (2) ~1)dG). (4.74)

We begin with a preliminary result that is of independent interest. Given
an arbitrary nonempty set £ C R™, a conver component of FE is a maximal
(in the sense of inclusion) convex subset of E. The kernel of E, denoted by
ker F/, is the set

kerE:={z€FE:0z+(1—0)we Eforallwe Fand e (0,1)}.

Lemma 4.108. Given an arbitrary nonempty set E C R™, the kernel of E is
the intersection of all convexr components of E.

Proof. Let {Cy},c; be the family of all convex components of E. Define
Co:=[)Ca

and let z € (. Since

E=]JCa,

a€cl
for all w € E there exists a € I such that w € C, and so

0z+(1-0)weC,CFE

for all # € (0, 1), which implies that z € ker F' and, in turn, that Cy C ker E.
Conversely, let z € ker F and let C,, be an arbitrary convex component of
E. Let
Ky ={0z+(1-0)w: 0€[0,1], weCy,}.
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Then C, C K, and, since z € ker F, K, C E. Also, K, is convex, since for
any wi, wg € Cy, and 0, 61, 65 € (0,1) we have
9(912 + (1 — 91) U)l) + (1 — 0) (022,’ =+ (1 — 92) ’LUQ)
=[0014+ (1 —0)0:)z+ (1 —1[00, + (1 —6)02))
6 (1—61) (1—06) (1 —6s)
T— 00+ (1-0)0]"" T T=[06, + (1—0)65] ]
which is still in K, since C, is convex. By the maximality of C, it follows

that C, = K, and so z € C,. Given the arbitrariness of C, we have that
z € Cp, which shows that ker E C Cy, and this completes the proof.

We are now ready to prove Theorem 4.107.

Proof (Theorem 4.107). Step 1: Assume first that C is convex. Let 21, 259 €
S™~1 and assume that ¢ (22) < ¢ (21) := s1. The point w; := s12; is in C,
and so the set

Cy, :==co(B(0,e) U{w})
is contained in C'. Hence, if ¢,,, denotes the radial function of C,, , then ¢,,, <
¢ and @, (21) = ¢ (21). Moreover, by Exercise 4.106, for any z € S™~ 1

. 9 if 6 (Z) 2 00,
Puy (2) = &) if 6 (2) < 6o,

_ e
cos(0p—0
where

0(z) :=d(z1,2), 6y:=arccos si
1

If d(z1,22) > 6y let 23 € S™ ! be a point between z; and 2o such that
d (z1,23) = by, while if d (z1,22) < 6y let z3 := 2z9. Then

g (zg) i L G1) — 0wy (28) 17 o0 0za))
d(z1,23) 0 (23)
_ spcos(fp —0(23)) — ¢
0 (23) cos (B — 0 (23))
Note that g (z3) increases as z3 tends to z;. Moreover, by Taylor’s formula, if
0 (z3) is small, then

s1

2
gcosf (z3) +s14/1— (i) sinf (z3) — ¢

g9(z3) = X
0 (z3) [851 cosf(z3) —4/1— (i) sin9(z3)]

51 1—(i)a1+oﬂn
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Hence
p(21) =9 (22) _ pun (21) = puy (22)
d(Zl,Zg) - d(Zl,ZQ)
> Pun (’21()2:1_’ Zu))l (ZS) =g (2’3)

2
<R (R> —1.
€

Step 2: Assume now that C' C R™ is as in the statement of the problem and

let {Cy},c; be the family of all convex components of C. Since C' is star-
shaped with respect to a ball B (0, ), we have that B (0,e) C ker C, and so in
view of the previous lemma, we may apply the previous step to each convex
component C, of C.

We claim that

v (2) = max pq (2), (4.75)

where ¢, is the radial function of C,,. Indeed, since C, C C for all a € I, we
have that ¢, < ¢. Conversely, if ¢ (2) = s, then w := sz € C, and so we may
find « € I such that sz € C,. Thus ¢, (2) > s, which, together with the fact
that ¢ > ¢, shows that ¢ (2) = ¢, (2), so that (4.75) holds.

We are now ready to conclude the proof. For any zj, zo € S™~! assume
that ¢ (z2) < ¢ (21) and let o € I be such that ¢ (21) = ¢ (21). Then by
(4.75),

p(21) —¢(22) _ valz1) —¢(22) _ ¥a(z1) — ¢a(22) R\*
e e e S e (D)

This completes the proof.

Exercise 4.109. Let C be as in Exercise 4.106 and let R := |w|. Prove that

for this set, the constant R4/ (?)2 —11in (4.74) is sharp.
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Integrands f = f (2)

Mathematics is the science which
draws necessary conclusions.

Benjamin Peirce (1809-1880)

We study necessary and sufficient conditions for the sequential lower semi-
continuity of functionals of the form

v e IP (B;R™) /E f(v (2)) da,

where 1 < p < oo and
f:R™ — [—o00,00].
We assume throughout this chapter that E is a Lebesgue measurable subset
of RN . In view of Proposition 1.68 note that without loss of generality we may
always assume that the domain of integration FE is a Borel set.
We are interested in the following types of convergence:

strong convergence in LP (E;R™) for 1 < p < oo;

weak convergence in LP (E;R™) for 1 < p < oc;

weak star convergence in L™ (E;R™);

weak star convergence in the sense of measures in L' (E;R™).

The reason why the last type of convergence is of interest is that for
1 < p < o0, bounded sequences in LP (E;R™) admit weakly convergent sub-
sequences (respectively weakly star if p = 00), but when p = 1, due to lack
of reflexivity of the space L!'(E;R™) one can conclude only that an energy-
bounded sequence {v,} C L'(E;R™) with

sup ||[vp || 1 < 00
n

admits a subsequence (not relabeled) such that v, LY | E S X in M (E;R™),
ie., if for all u € Cy (E),
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/uvndxe/ud)\
E E

(see Remark 2.51). In particular, we will provide conditions under which the
lower semicontinuity property

- dX
hnniloréf/Ef(vn) dz > /Ef (dLN> dx

holds whenever v,LY|E = X in M (E;R™) and A admits the Radon-
Nikodym decomposition

X

A= N

LY E+ A,

with A\; and £V LE mutually singular.
The proofs in the next sections use heavily the fact that the Lebesgue
measure is nonatomic (see Remark 1.161).

5.1 Well-Posedness

As mentioned in Section 1.1.1, measurability of functions with values in the
Euclidean space R™ or in the extended real line R := [—00, o] is understood
when these target spaces are endowed with the Borel o-algebras associated
to the respective usual topologies. Therefore if v € LP (E;R™) and f: R™ —
[—00, 0], then measurability of fov: E — [—o00, 0] is ensured provided f is
a Borel function.

Theorem 5.1. Let E be a Borel subset of RN with finite measure, let 1 <

p < oo, and let f: R™ — [—o00,00] be a Borel function. Then

/ (f (v (2)))" dz < 0o (5.1)
E

for every v € LP (E;R™) if and only if there exists a constant C > 0 such that

f(z)>—-C1+12") forallzeR™ if 1 <p < o0, (5.2)
f s locally bounded from below if p = oo.

The proof uses the following lemma.

Lemma 5.2. Let L > 0 and let a,, — oo. Then there exists b, > 0 such that

oo

anSL and ianbn:oo.

n=1 n=1
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Proof. Without loss of generality we may assume that L = 1. For every k € N
define
My, = min{n: a; > 2k for all [ > n}

Let {MkJ} be a strictly increasing subsequence of {My}, with k; > j, and
define

b 0 if n < Mk17
= 1 1 .
" Q’ijlfM’fj <n< Mg,
J+1 J
Then
[e's) 0o kit 1 oo oo
1 1 1 1
b, = = — < — =1
IIUEDS I~ 2 S 23
n=1 Jj=1 n:Mkj I+ J j=1 7=1
and
oo oo ij+1_1 1 a
anby = 2
D D D o v
n=1 j=1 n:Mkj + J
0o Mk]+1—1 1
3> ~o0
j=1 n=Mjy M,y — My,

This completes the proof.
We are now ready to prove Theorem 5.1.

Proof (Theorem 5.1). Note that (5.2) and (5.3) imply (5.1) for 1 < p < oo
and p = oo, respectively.

Conversely, assume that (5.1) is satisfied. By considering constant func-
tions, it follows that f cannot take the value —oo.

Step 1: Suppose first that 1 < p < oo. Assume by contradiction that (5.2)
does not hold. Then we can find a sequence {z,} C R™ such that

[ (2n)

lim ——— = —oc0.
By the previous lemma with L := |E| and
Ap ‘= —7‘]0 (Zn)p,
1+ |24

we can find b,, > 0 such that

Zb <|E| and Z f (zn) = —o0. (5.4)

1+|n|””
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By Corollary 1.21 we may construct a countable family {F,} of mutually
disjoint measurable subsets of E, with

bn
1+ |z,|”"

‘En| =
Setting
oo
- Z ZnXEy
n=1

it now follows from (5.4) that

/ |U\de—2|zn\P|E | < Zb < |E| < o0,

n=1

while

_ flzn)
/E<f Tdr > — Zfzn |E,| = Z1+|n|”"‘ .

Step 2: If p = oo, assume by contradiction that (5.3) does not hold. Then we

can find a bounded sequence {z,} C R™ such that

lim f(z,) = —oc.
By the previous lemma with L := |E| and a,, := —f (2,,), we can find b,, > 0

such that

an <|E| and Z f (zn) by = —00. (5.5)

n=1 n=1

By Corollary 1.21 we may construct a countable family {E,} of mutually
disjoint measurable subsets of E, with |E,,| = b,. Setting

oo
- E ZnXEn >
n=1

it now follows from (5.5) and the fact that {z,} is bounded that v €
L> (E;R™) and

J @) de =z =3 ) 1B = =3 f )by = o
n=1

n=1

This concludes the proof.
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Remark 5.8. Applying the previous proposition to f and —f, it follows that
if f:R™ — [—00,00] is a Borel function, then fov € L!'(E) for every
v € LP (E;R™) if and only if f does not take the values —oo and oo and,
moreover, there exists a constant C > 0 such that

lf(2)] <C(1+|2]P) forall z€e R™if 1 < p < oo,

f is locally bounded if p = oc.
Exercise 5.4. Prove that the previous proposition still holds if L? (E;R™)
is replaced by the space LP ((X, 9, u);R™), where (X,9, u) is a measure

space with g finite and nonatomic. What can you conclude if the measure p
has atoms (recall Proposition 1.22)?

Exercise 5.5. Let E be a Borel subset of RY with finite measure, let 1 < p <

00, and let f: R™ — [—00,00] be a Borel function. Prove that the integral
i dac is well- deﬁned for every v € LP (E;R™) (that is, the integrals
I ( “dx and [, (f (v(2)))" dx are not both infinite) if and only if f

or —f (or both) satisfies condltlon (5.2) if 1 <p < oo and (5.3) if p = oo.
Next we address the case that F has infinite measure.

Theorem 5.6. Let E be a Borel subset of RV with infinite measure, let 1 <
p < o0, and let f: R™ — [—o00,00] be a Borel function. Then

[ @) dr<o (5.6)
FE

for every v € L? (E;R™) if and only if there exists a constant C > 0 such that

f(z) > =Clz|’ forallzeR™ if1 <p < oo, (5.7)
f(z) >0 for all z € R™ if p = oo. (5.8)

Proof. Note that (5.7) and (5.8) imply (5.6) for 1 < p < oo and p = oo,
respectively.

Conversely, assume that (5.6) is satisfied. For p = co and taking constant
functions, we have that f cannot take negative values.

Consider now the case 1 < p < co. First note that f > —oo. Indeed, if
f(20) = —oo for some zy € R™, using the fact that the Lebesgue measure
is nonatomic, choose a measurable subset F1 C E, with 0 < |E;| < oo, and

define
v (@) = 2o if ¢ € Ey,
" 10 otherwise.

Then v € LP (E;R™) and still

/E (f (0)" dx > (f (20))" |Ea| = o
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which violates (5.6).
Assume by contradiction that (5.7) does not hold. Then we can find a
sequence {z,} C R™ such that

and thus »
" _
Extract a subsequence {z,, } such that
o0 p
Sl o
k=1 _f (an,)

By Proposition 1.20 we may construct a countable family {Fjy} of mutually
disjoint measurable subsets of E, with

|Ex| = —

Defining

0
V= § Zn XEy
k=1

it now follows that

OO

|Zm€‘
|v|p dzx = —— < 00,
—f (2ny)

while -
[ G dez =3 ) 1Bl = o

B k=1
Hence we have reached a contradiction, and so (5.7) holds.

Exercise 5.7. Prove that the previous proposition still holds if L? (E;R™) is
replaced by the space LP ((X, 9, 1) ; R™), where (X, 901, ;1) is a measure space
with g nonatomic. What can you conclude if the measure p has atoms (recall
Proposition 1.22)7

Exercise 5.8. Let I be a Borel subset of RY with infinite measure, let 1 <

p < oo and let f: R™ — [—00, 00| be a Borel function. Prove that the integral
i dx is well- deﬁned for every v € LP (E;R™) (that is, the integrals
I (f “dx and [, (f (v(2)))" da are not both infinite) if and only if f

or —f (or both) satisfies Condltlon (5.7)if 1 <p < oo and (5.8) if p = 0.



5.2 Sequential Lower Semicontinuity 331

5.2 Sequential Lower Semicontinuity

This section is dedicated to finding necessary and sufficient conditions for
sequential lower semicontinuity with respect to strong convergence in L?, 1 <
p < oo, weak convergence in LP, 1 < p < oo, weak star convergence in L°°,
and weak star convergence in the sense of measures.

5.2.1 Strong Convergence in LP

From now on we will assume that the integrand f satisfies the appropriate
growth conditions from below that are necessary and sufficient to guarantee
that (fov)” € L' (E) for all LP (E;R™), so that the functional

UGLP(E;Rm)H/Ef(v(x)) dx

is well-defined (see Theorems 5.1 and 5.6).

Theorem 5.9. Let E be a Borel subset of RN with finite measure, let 1 <
p < o0, and let f : R™ — (—o0,00] be a Borel function. Assume that there
ezists C' > 0 such that

f(z)>—=C 1+ |z|") forall ze R™ if 1 <p < oo, (5.9)
f 18 locally bounded from below if p = oco. (5.10)

Then the functional
v e LP(E;R™) — / f(v(x)) dx
E
is sequentially lower semicontinuous with respect to strong convergence in
LP (E;R™) if and only if f is lower semicontinuous.

Proof. Assume that
v e LP(E;R™) .—>/ f () dx
E

is sequentially lower semicontinuous with respect to strong convergence in
L? (E;R™). Let {z,} C R™ be such that z, — z, and set v, () = z,,
v (z) := z. Then v,, — v in L? (E;R™), and so

f(z)|;|/Ef( ) de < liminf |/f Up) dz = liminf f (z,),

n—oo | n—oo

i.e., f is lower semicontinuous.
Conversely, suppose that f is lower semicontinuous and let v, — v in
L? (E;R™). Consider first the case 1 < p < oc.
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Without loss of generality we may assume that

liminf [ f(v,)dz = lim f(vy) dz,

and, by extracting a further subsequence if necessary (see Theorem 2.20),
that v, — v pointwise LV a.e. in E. By (5.9) we can apply Fatou’s lemma to
conclude that

lim inf f (vn) dz +/ [C + C v|"] dz
B

n—oo
n—oo

=liminf [ [f(vn) +C + C|v,|"] da
B

n—oo

z/Ef(v) dx—i—/E[C—i—CMp] dx

and thus, since E has finite measure,

Z/Iiminf[f(Un)+C+C|Un‘p] dx
E

lim inf f (vn) d:c>/ f (v (5.11)

The case p = oo is similar. Let

M :=sup||vp ]| ;00 < 00.
n

By (5.10) there exists a constant C' > 0 such that
f(z) > =C for all z € R™ with |z| < M.

Hence, again by Fatou’s lemma, we have that

liminf/ f(vn) da:+C|E|_hm1nf/ [f (vn) + C] dx
E

n—oo n—o0

Z/EIiminf[f(vn)—i—C] dmz/Ef(v) dz + C |E|,

n—oo

and so (5.11) holds.

Remark 5.10. Applying the previous proposition to f and — f it follows that if
f:R™ — R is a Borel function satisfying (5.9) and (5.10), then the functional

UELP(E;Rm)H/Ef(U(J:)) dx

is continuous with respect to strong convergence in L? (E;R™) if and only if
f is continuous.
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Exercise 5.11. Prove that the previous proposition still holds if LP (E;R™)
is replaced by the space LP ((X, 9, u);R™), where (X,9, u) is a measure
space with p finite.

Next we consider the case that EF has infinite measure.

Theorem 5.12. Let E be a Borel subset of RN with infinite measure, let
1<p<oo,andlet f:R™ — (—o0,00] be a Borel function. Assume that
there exists C > 0 such that

f(z)>—=Clz’ forall ze R™ if 1 <p < oo,

f(z) >0 for all z € R™ if p = oo.
Then the functional

v e LP (E;R™) »—»/ fw(z)) dx
E
is sequentially lower semicontinuous with respect to strong convergence in
LP (E;R™) if and only if f is lower semicontinuous.
Proof. Without loss of generality we may assume that there exists vy €
L? (E;R™) such that
/ [ (v (x)) dx < oo. (5.12)
E

The proof of the sufficiency follows an argument entirely similar to that
of the previous theorem. As for the necessity, consider a Borel subset £; C E
with finite measure, and let z,, — z in R™. Define

v (2) 1= Zn if x € Eq,
T \ v (x) if € EN\ Ey.
Then v,, — v in LP (E;R™), where
v (@) : z if x € Eq,
"\ w(x)ifze EN\ E.
Hence

Bl S G)+ [

E\E;

f(vo) dz = /Ef (v) de <liminf [ f(v,) dz

n—oo E
— |Eatimint £ () + [ f(w0) do,
n—oo E\E;
and by (5.12) we conclude that

f(2) <liminf f (z,) .
n—oo
Thus the proof is complete.

Exercise 5.13. Prove that the previous proposition still holds if L? (E;R™)
is replaced by LP ((X, 9, u) ; R™), where (X,90, 1) is a measure space that
admits at least one measurable set of positive finite measure. What happens
if g 9 — {0,00}7
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5.2.2 Weak Convergence and Weak Star Convergence in LP

Since functionals that are sequentially lower semicontinuous with respect to
weak (respectively weak star when p = oo) convergence in LP (E;R™) are
sequentially lower semicontinuous also with respect to strong convergence in
LP (E;R™), without loss of generality we may assume in what follows that
the integrand f satisfies all the necessary conditions for strong convergence
in LP (E;R™).

Theorem 5.14. Let E be a Borel subset of RV with finite measure, let 1 <
p < 00, and let f : R™ — (—o0,00] be a lower semicontinuous function.
Assume that there exists C' > 0 such that

f()>-CA+|2P) forallze R™ if 1 < p < oo,
f s locally bounded from below if p = co.

Then the functional

veLP(E;R™) — / f(v(x)) do
E
is sequentially lower semicontinuous with respect to weak convergence in
LP (E;R™) (weak star if p = 00) if and only if f is convez.

Proof (Sufficiency). We consider only the case 1 < p < oo, since the case
p = oo can be treated in an entirely similar way. The proof of the sufficiency
part is based on the the blowup method. Assume that f is convex.

Step 1: Suppose first that f is nonnegative. Let {v,} C LP (E;R™) be a
sequence weakly converging to some v € LP (E;R™). Without loss of gene-
rality we may assume that

liminf/ flup)dz = lim [ f(v,)dz < 0.
E n—oo

n—oo E

By Remark 2.51, passing to a subsequence if necessary, there exists a (positive)
Radon measure p such that

fon()) LY E > p in M(E;R) (5.13)
as n — oo. We claim that

—(x0) > f(v(x0)) for £V a.e. zy € E. (5.14)

If (5.14) holds, then the conclusion of the theorem follows. Indeed, since by
the Radon—Nikodym and Lebesgue decomposition theorems

dp N
=N LY E + ps,
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where ps > 0, by Proposition 1.203(i) with X = E we have
Jm [ ) de > u(8) > dTN dz > / e

Thus, to conclude the proof of the theorem, it suffices to prove (5.14) for LV
a.e. g € E.

Take g € E a point of Lebesgue density one for E such that, in view of
Besicovitch’s derivation theorem and Corollary 1.159,

dp e H(Q(mo,e) N E)
o (@) = lim SEmAe— <o, (5.15)
1
lim—/ v(x) —v(xg)| dz = 0. 5.16
o [ @) eteo) (5.16)

Since f is convex and lower semicontinuous, by Proposition 4.77 we may write

f(z) =sup{a; +b; -z}, (5.17)
ieN
for some a; € R, b; € R™. By Proposition 1.15 we may choose ; \, 0 such
that 1(0Q(zo,er) N E) = 0. Using Proposition 1.203(iii), with X := E and
the (relatively) open set A := Q(zg,er) N E, by (5.15) for any fixed i € N we
have

d NnE
—'uN(xo) = lim ﬂ(Q(xO’]ik) ) = lim lim —N/ f(vp) dz
dc k=00 €k k—oon=0o0 &0 JQ(zo.ex)NE
1
> liminf lim inf — / (a; + b; - vy,) dx (5.18)
k—oo  n=eo € JQ(xo.ex)NE

1
= liminf — / (a; + b; -v) dz,
koo €1 JQ(zo,en)nE

where we have used the fact that v, — v in L? (E;R™). Since x¢ is a point
of density one for E, we have
. 1
lim — a; dr = a;,
k—oo € JQ(xo.er)NE

and by (5.16) we obtain

1
lim —N/ b - (v(x) —v(zp)) dx = 0.
k=00 € JQ(wo.er)NE

Hence from (5.18) it follows that

dp

m(xo) > a; + b -v(xo),
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and taking the supremum over all ¢ and using (5.17) we conclude (5.14).

Step 2: Since f(z) > a1 + by - z for all z € R™ (see (5.17)), we have that the
function f (z)— (a1 + by - 2) is convex, nonnegative, and lower semicontinuous.
By Step 1,

lim inf f (vp) dx —aq |E| — / ~vdx

n—oo

= lim inf (f (vn) — (a1 + b1 -vy,)) do

n—oo

/f d:c—a1|E\/ vz,

Since E has finite measure and v € L? (E;R™), the result follows.

Proof (Necessity). Let 21,z € R™, y € S¥=1 0 € (0,1), and for n € N and
x € R™ define
Uy (2) 1= 22 + x (n@ - y) (21 — 22),

where x is the characteristic function of the interval [0, 6] in [0, 1] extended
periodically to R with period one. In view of Example 2.86 we have that
Up = 29+ 0 (21 — 2z2) in L™ (E;Rd), hence weakly in L? (E;R™). Thus

f(z2+0(21 — 22) |E/f (z2+ 60 (21 — 22)) d

< lim inf |/f (z2+ x (nx - y) (21 — 22)) dzx

n—oo |

— lim inf — / (na ) £ (21) + (1= X (n - ) f (=) do

=0f(z1)+(1—-0) f(22).
Therefore f is convex.

Exercise 5.15. Show that the sufficiency part of the previous proof still
holds with the Lebesgue measure replaced by a (positive) finite Radon mea-
sure!. Prove also that the necessity part of the theorem continues to hold
for Lp ((X, 9, v) ; R™), where (X, 9, v) is a measure space with y finite and
nonatomic (recall Proposition 2.87).

In order to prove the analogous result for the case in which E has infinite
measure we present first an auxiliary result.

! More generally, using an argument different from the one offered here, the suffi-
ciency part may be extended to LP ((X, 9, v);R™), where (X, 9, v) is a measure
space with v finite (see [Bu89)).
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Proposition 5.16. Let f : R™ — (—o00,00] be a convex, lower semicontinu-
ous function such that

1
f(z)> > |z[P for all z € R™ and for some 1 < p < oco.
Then there exist a constant a > 0 and a vector b € R™ such that
1
f)>a+b-z2>——|z" for all z € R™. (5.19)
p

Moreover, |b| <1 forp =1, while forp > 1,

p
, 1 1
blP < . 5.20
= [(p’)”ﬁpl/f’(p—l)l/”/] ! (20

Proof. 1t suffices to consider the case that f is not identically co. The existence
of some a € R and a vector b € R™ satisfying (5.19) follows from Theorem
4.19 applied to the convex sets epi f and

1
A::{(z,t)GRmXR:t<—|zp}.
p

To see this, let (8,7) € (R™ x R) \ {(0,0)} and s € R be such that

B-z4~t > s for every (z,t) € epi f,
B-z+~t < sforevery (z,t) € A.

We claim that v > 0. If z € dom, f, then letting ¢ — oo in the first inequality
we obtain that v > 0. Assume by contradiction that v = 0. Then 3 # 0, and
so, taking z, := nf and t, < —% |2n|?, n € N, we have that (z,,t,) € A. It
follows that

n|B*<s

for all n € N, which is a contradiction. Hence v > 0, and so

B .vf(2) 2% forallzedom,/,
Y Y
1
S50l toranzerm,
v T
and in turn,
1
fezS-ls Ly
v p

for all z € R™. It suffices to define a := 2, b := —% to obtain (5.19).

Taking z = 0 in (5.19) we obtain that a > 0. Assume that b # 0 and in
(5.19) set
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z = —,um
with p > 0. We get
P
a—plbl > ——
p
for all u > 0, or, equivalently,
. a Pl 1 ifp=1,
bl < inf | — = / .
||_;1£0<u+ P ) {al/p {(p,)ll/p—i- ! ]1fp>1.

P (o= 1)1

This concludes the proof.
We are now ready to treat the case that E has infinite measure.

Theorem 5.17. Let E be a Borel subset of RN with infinite measure, let
1<p<oo, andlet f: R™ — (—o0,00] be a lower semicontinuous function.
Assume that there exists C' > 0 such that

f(z) > =Clz|" forallzeR™ if 1 <p < oo, (5.21)
f(z) >0 for all z € R™ if p = 0. (5.22)

Suppose that there exists vg € LP (E;R™) such that

/ f(vo (z)) do < 0.
E

Then the functional

UELP(E;Rm)H/Ef(U(w)) dx

is sequentially lower semicontinuous with respect to weak convergence in
LP (E;R™) (weak star if p = o0) if and only if

(i) [ is convez;

(i6) >0 if 1 < p < oo;
(iii) £ (0) =0 if 1 < p < oo;
(iv) min f =0 if p = co.

Proof. We begin by proving the necessity part. Using an argument similar to
that of Theorem 5.12 it can be shown that sequential lower semicontinuity of
the functional with respect to weak convergence in LP (E;R™) (weak star if
p = o0) yields sequential lower semicontinuity in LP (Eq;R™) for any Borel
subset Fy C FE with finite measure. Therefore, by the previous theorem we
conclude that f is convex.

In view of (5.22), we need to prove (ii) only for 1 < p < co. By Proposition
5.16 there exist a constant a > 0 and a vector b € R™ such that
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f(z)>a+b-2>—-C|z|P forall z€ R™.

If a = 0, then by (5.20), b = 0; hence f > 0. If a > 0, let € > 0 be such that
a —e|b| > 0. Since

1
Hzx e E: v (x)] >e}| < E—p/E\vo ()| do < oo,

the set
E.:={z€FE: |y (x)|] <e}

has infinite measure. Therefore
oo>/ f(vo)dxz/ (a+b-vg) dx > (a —elb]) |Ee| = o0,
E. E.

and we have reached a contradiction.
We now prove (iii), i.e., that f(0) =0 for all 1 < p < oo. By Proposition
4.77 we may write
f(z) =sup{a; +b; -z}
ieN

for all z € R™. If a; > 0 for some ¢ € N, then reasoning as above but now
with a; — € |b;| > 0, we obtain that

w>/<ﬂmﬁmz/<%+wwﬁmzmﬁuwmm:&

which is a contradiction. Hence a; < 0 for all ¢ € N, and so f(0) =
sup;en {a;} < 0, which, together with either (5.21) or (5.22), yields f (0) = 0.
Finally we prove (iv). Let R := ||vo[| ;o (p,gm)- Since f is lower semicon-

tinuous, by the Weierstrass theorem there exists zo € B (0, R) such that

min f = f(z) > 0.
B(0,R)

If f(20) > 0, then

oo>/Ef(vo)d:I:Zf(zo)|E|:oo7

which is a contradiction. Hence f(zp) = 0, and since f is nonnegative, it
follows that

win f = f (20) = 0.

This concludes the proof of the necessity part of the theorem.

Conversely, in the cases in which 1 < p < oo we have f > 0, and so
the same argument as in the proof of the previous theorem yields sequential
lower semicontinuity. If p = 1 and if f > 0, then similar reasoning will assert
sequential lower semicontinuity. If p = 1 and if f takes negative values, then
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using once more Proposition 5.16, and since a > 0, we have that g(z) =
f(2) —b- z is a nonnegative, convex, lower semicontinuous function. Hence if
v, — v in L', then

liminf/ f(vn) dzf/ b-vdx
:liminf/ g (vp) dxz/g(v) dx

:/Ef(v) dm—/Ebmdx,

lim inf f (vn) d:c>/ fv

and thus

n—oo

which gives the desired result.

Exercise 5.18. For which measures does the necessity part of the theorem
continue to hold? For which measures does the sufficiency part of the theorem
continue to hold?

5.2.3 Weak Star Convergence in the Sense of Measures

As we remarked in the beginning of this chapter, due to lack of reflexivity of
the space L'(E;R™), if {v,} C L*(E;R™) is such that

sup ||[vp| 1 < 00,
n

one can conclude only that {v,} admits a subsequence (not relabeled) such
that v, LY | E = X in M (E;R™). Thus we will also study sequential lower
semicontinuity under this natural notion of convergence. In particular, we will
address necessary and sufficient conditions under which the lower semiconti-

nuity property
dA
lléglgf/ f(vn) d:c>/ f(dEN) dz

holds, whenever v, LN | E XX in M (E;R™) and A admits the Radon—
Nikodym decomposition
dx N
A= LYLE+ A
with A\ and £V LE mutually singular.

Since functionals that are sequentially lower semicontinuous with respect
to weak star convergence in the sense of measures are in particular sequentially
lower semicontinuous also with respect to weak convergence in L' (E;R™),
without loss of generality we may assume in what follows that the integrand
f satisfies all the necessary conditions for weak convergence in L' (E;R™).

We will study the following cases:
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e The Borel set E has finite measure. We divide this case into two subcases:
— There exists a compact set K C E such that

|E\ K| =0. (5.23)
— For all compact sets K C F,
|[E\ K| > 0. (5.24)
e The Borel set E has infinite measure.

Note that (5.24) is satisfied if, e.g., E is open.
When (5.23) holds, then for every v € L' (E;R™) we have that

[ro@ = [ jew) a.

and thus there is no loss of generality in considering the functional
ve L' (K;R™) »—>/ f(v(x)) de.
K

This case will be treated in the next theorem.

Theorem 5.19. Let E be a compact subset of RY and let f : R™ — (—o0, o]
be a convezx, lower semicontinuous function. Then the functional

) HER™) — v (z i
e L' (B;R™) /Ef(())d

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures.
More generally, for any sequence {v,} C L*(E;R™) such that

v LY E SN in M (E;R™)

we have

d\ d\
lim inf ) de > d+/°°<)d)\s,
minf | f(0n) do /Ef<d£N) =+ 17 ) 4l

where f°° is the recession function of f.

Proof. Without loss of generality we may assume that f is not identically oo,
since otherwise there is nothing to prove.

Step 1: Assume that f is nonnegative. Let {v,} C L' (E;R™) be such that
v, LN | E = X in M (E;R™).

As in the sufficiency proof of Theorem 5.14, we use the blowup method.
Let the Radon measure p be as in (5.13). In view of Proposition A.57 we have
that
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sup/ |vn] do < oo,

n JE

and so by extracting a further subsequence if necessary, we may assume that
lun| LY E = v in M (E;R)

for some (positive) Radon measure v (see Remark 2.51).
We claim that for £V a.e. 2y € E,

etan) 2 f (o)) (5.29

and for || As]| a.e. g € E,

du dA
(xo) > <(x0)) . (5.26)
d[As]] d [ As
If (5.25) and (5.26) hold, then the conclusion of the theorem follows. Indeed,
since by Corollary 1.116,

dp

du
=— < LY E+ —— ||\l + s,

where y is a (positive) Radon measure singular with respect to £V | E+||A],
by Proposition 1.203(i) with X = E we have

. du dp
lim vp)dx > (E 2/ —dm—i—/ d | \s
d\

)
Z/J(dtN) e [ 5 (dnAsn) 1Al

Step 2: We prove (5.25). Take x¢g € E a point of Lebesgue density one of E
with respect to £ such that

1(Q(zo,€) N E)

dp .

g (@) = lim === < oo, (5:27)
d\ . AMQ(z0,6) NE)

ey (o) = lim =200, (5:28)

where we have used Theorem 1.155.
Since f is convex and lower semicontinuous, by Proposition 4.77 we may
write

f(z) =sup{a; +b;z}. (5.29)
ieN
By Proposition 1.15 we may choose ei, \, 0 such that pu(0Q(xo,er) N E) =0
and v(0Q(xo,er) N E) = 0. Invoking Corollary 1.204 with X := E and the
(relatively) open set A := Q(xg,er) N E, for all 4, k € N we have
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lim b; v, dr = / b; - dA, (5.30)
n—00 Q(Io,Ek)ﬁE Q(Io,Ek)mE
while by Proposition 1.203,
d E 1
—MN(CL’O) = lim M(Q(ﬂfo,;k) nE) = lim lim —N/ f(vy) dx
dL k—oo €} k—oon—00 €15 ) (z,e0)NE
1
> liminf lim inf — / (a; + b; - vy,) dz (5.31)

k—oo =00 €0 JQ(xo,ex)NE

1
= a; + liminf — / b; - dX,
k=oo €} JQ(zo,er)NE

where in the last identity we used the fact that g € E is a point of density
one of E. Using (5.28) we have that

1 dA
liminf—/ bi-dA=b;  —~ (x0),
k—o0 Eiv Q(zo,ex)NE ! ‘ dcy

which, together with (5.31), yields

du dA
m(l‘o) > a;+b; - LN (z0) -
The inequality (5.25) now follows from (5.29).

Step 3: We prove (5.26). Take x¢ € E such that (see Theorem 1.155)

dp oy Qo) NE)
dH)‘sH( 0) €LO+ IAs]| (Q(z0,e) N E) < 09, (5.32)
AN MQ(woe) N E)
dH)\g”( 0) 8L0+ H)\‘;” (Q(Io,é‘) OE)7 (533)
N
lim L (Q(Zo,E)QE) —o (5'34)

=0t [[As]| (Q(z0,€) N E)

Choosing e, \, 0 such that p(0Q(zg,er) N E) = 0 and v(0Q(x,ex) N E) =0
and reasoning as in the previous step we obtain

dp . MQ(zo,ex) N E)
=1
(o) = i A (@G, e0) 1 B)
1
= lim lim / f(vy) dx
A AT @@ e N E) Jowsens )
1

> lim inf lim inf / (a; +b; - vy,) dzx
koo n—oc [ As][ (Q(20,8k) N E) JQ(ao.cr)nE
(5.35)

1
= liminf / b; - d,
k—oo H)\SH (Q("’CO?E}C) m E) Q(:L’o,&‘k)ﬂE ’
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where in the last equality we have used (5.34) and (5.30). By (5.33) we have
that

1
lim inf / b; - d\ () (5.36)
koo [|As]| (Q(x0,€8) N E) Jq(uo,er)nE
dA
— b lim A(Q(Ioﬁk) N E) _ bz . (xo)’

koo Al (Q(z0,ex) N E)
which, together with (5.35), yields
du d\
o (T0) = bi - == (20).
d ||l d A

Taking the supremum over all ¢, it follows from (5.29) and Proposition 4.77

that J "
H 00
a0 =1 <d||As| (“)) '

Step 4: Here we remove the additional assumption that f > 0. By Proposition
4.75 there exist a € R and b € R™ such that f (2) > a+b- 2z (see (5.17)); we
have that the function g (z) := f (2) — (¢ + b - 2) is convex, nonnegative, and
lower semicontinuous. Using (for the first time) the fact that E is compact we
have that M (E) is the dual of Cy (E) = C} (E), and so

lim b vndx—/b dA.

n—oo

Hence, by Steps 1-3 applied to g,

liminf/f(vn) dzfa\E|f/ b- d)\*hrnlnf/ (vp) dx
B E

n—oo n—oo

d\ d\

2/ (dﬁN)d“/ (dnAsn)
d\ d\

_/Ef<d£1\’> dxfa|E|f/Eb~d/;—Nd;U
_/ dA - d\

= [ G 400= o i

d\ _/ dA

:/f(dﬁN>d“/f (dnA ||>d”A I=algl— [ beax

where we have used the fact that by Theorem 4.70, for every w € dom, f we
have

g(w+1tz) — g (w)

<(2) = Jim L2
:tlirgof(qutz)fbt.(tz)ff(w) () — b

Since E has finite measure and | g b+ d)\ is well-defined and finite, the result
follows.
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Exercise 5.20. Show that the previous theorem still holds if the Lebesgue
measure is replaced by a (positive) nonatomic finite Radon measure.

We now turn to the case in which (5.24) holds.

Theorem 5.21. Let E be a Borel subset of RV with finite measure for which
there is no compact set K C E such that LN (E\ K) =0, and let f : R™ —
(—00, 0] be a converx, lower semicontinuous function. Then the functional

ve L' (B;R™) — /Ef(v (x)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures if and only if

lim inf 1)

|z|] =00 |Z|

> 0. (5.37)

More generally, if f: R™ — (—o00,00] is a convex, lower semicontinuous
function satisfying (5.37), then for any sequence {v,} C L*(E;R™) such that

v LN E 2N in M(E;R™),

we have

. A [ dx
ILIE{Ef/f Un) dx>/f<d£N> das—!—/Ef (d)\ ||)d||/\s||

Remark 5.22. We note that in view of Theorem 4.73, condition (5.37) is equiv-
alent to f*° > 0.

Proof (Sufficiency). Without loss of generality we may assume that f is not
identically oo, since otherwise there is nothing to prove. By condition (5.37)
for € > 0, then there exists M > 0 such that

f(z)

2|

> —€

for all z € R™ with |z| > M. Since f is lower semicontinuous, by the Weier-
strass theorem f () + ¢|-| is bounded from below in B (0, M), and so there
exists a. € R such that

ge (2) = f(2)+¢elz|+a. >0

for all z € R™.
Let {v,} C L' (E;R™) be such that v,LY | E = X in M (E;R™). By
Proposition A.57 we have

sup ||vp || =: C' < 0.
n
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As we already remarked in the proof of the previous theorem, the hypothesis
that E is compact is not needed for nonnegative integrands. Hence we may
apply Steps 1-3 of the previous theorem to g. to obtain

n—oo n—oo

d\ . d\
Z/ng (dﬁN) d“/gE (dnA ||>
d\
:/f(d£N>d e /‘dﬁN
[ dx
*/Ef <d||AS||>d”AS””

where we have used the fact that by Theorem 4.70, for every w € dom, f we
have

liminf/ f(vp) de +eC+a. |E| > liminf/ ge (vp) dx
E E

dx + a. |E)|

Cdh
d{[Asl

g(w +1t2) — g (w)

97 (2) = lim n
:tli%of(w+tz)+e\w+tt2|*f(w)*slwl _ () el
Hence
11nr£101gf f(vn) dw+5C>/f<d(Z);v) dx +¢ ddL)J\V’ dx
+/Ef°° (i) @iml+e [ || ai,

and the result now follows by letting & — 0.

Proof (Necessity). Step 1: We claim that there exists a sequence {K,;} C E
of pairwise disjoint compact sets with positive Lebesgue measure such that
for any compact K C E we have that K; C E'\ K for all j sufficiently large.
Indeed, assume first that F is unbounded in the measure-theoretic sense,

that is
’E\B (O,r)’ >0 for all > 0. (5.38)

By the inner regularity of the Lebesgue measure there exists a compact set
K; C E with |K;| > 0. Let r; > 1 be so large that K; C B (0,r1). Since
’E \ B (0, rl)‘ > 0, again by the inner regularity of the Lebesgue measure we
may find a compact set Ko C E\ B(0,r1) with |K3| > 0. Find ro > r; +1
such that Ky C B (0,73). Inductively we can construct a sequence of pairwise
disjoint compact sets {K;} and a sequence of radii {r;} such that |K;| > 0,
K; C E\B(0,7rj_1),and r; > r;_1+1. The sequence { K} satisfies the claim.

Next assume that (5.38) fails, so that there exists R > 0 such that
’E \B (O,R)’ — 0. Define
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O {er; ‘Eﬂm‘ >0forallr>0}ﬁB(O,R).

We show that C is compact. Since C' is bounded it suffices to prove that C

is closed. Thus, let {z;} C C be such that z; — 2. Then x € EN B (0, R).
Fix r > 0 and let [ be so large that |z; — x| < §. Since ; € C' we have that

’EﬁB(ajl,%)’ > 0, and so

EﬂB(x,r)‘ > ‘EﬂB(ml,g)‘ >0,

where we have used the fact that B (z,r) D B (z;,%). Hence z € C.
Next we prove that |E\ C| = 0. Indeed,

E\CCEU(E\B(O,R)),
where

E, = {xEEﬂB(O,R): ‘EﬂB(x7r)’:Oforsomer>0},

and since ‘E \ B (07R)‘ = 0, it suffices to show that |E;| = 0. This follows

from the Vitali-Besicovitch covering theorem, since the family of closed balls

{B(w,r) rx € by,

Eﬂm‘:o}

is a fine Morse cover for E;. Hence we have shown that |E \ C| = 0. In view of
the hypothesis on E we cannot have that £ D C, and so there exists a point
x1 € C'\ E. By the definition of the set C' we have that ‘E NB(zy,7) >0
for all » > 0.

We are now ready to construct the sequence {K;} even in this case. By the
inner regularity of the Lebesgue measure, there exists a compact set Ky C £
with |K3| > 0. Since z; € E \ E we have that dist (x1, K7) > 0. Let r; <

1 be so small that K; C E\ B(z1,r1). Since }EﬁB(ml,ﬁ)‘ > 0, again
by the inner regularity of the Lebesgue measure, there exists a compact set
Ky € ENB(z1,r1) with |K3| > 0. Find 0 < ry < min{rl,%} such that
Ky C E\ B(x1,r2). Inductively we can construct a sequence of pairwise
disjoint compact sets {K;} C E and a sequence of radii {r;} such that |K,| >

0, K; € B(x1,7j-1) \ B(z1,7), and r; < min {T‘j_l,%}. Moreover, since

ry € E\ E, for any compact K C E we have that dist (x1, K) > 0, and so
there is jo € N such that K; C E\ K for all j > jo. Hence the claim is satisfied
also in this case.

Step 2: We prove that (5.37) holds. Suppose, without loss of generality, that
f is not identically co and let 2y € dom, f. Replacing f with the integrands
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9(2) = f(z—2) - f(2), zeR™,

and using the fact that E has finite measure, we have that the functional
ve L' (B;R™) / g (v(x)) dx
E

is still sequentially lower semicontinuous with respect to weak star convergence
in the sense of measures. Moreover, (5.37) holds for g if and only if it holds
for f. Thus, without loss of generality, we may assume that f (0) = 0. Assume
by contradiction that

f(z)

lim inf ——= < 0.

|z]—00 |Z|

Then we may find a sequence {z,} C R™ such that |z,| / co and
f(zn) < —clzy| for all n € N, (5.39)

for some constant ¢ > 0. Let {K;} C E be the sequence constructed in Step
1 and select a subsequence {z,, } such that
1
|Kj| > —.
|20

By Proposition 1.20 find a Borel set E; C K; such that

Define
Vj 1= Zn, XE; -

We claim that v;£N | E = 0 in M (E;R™). Indeed, fix ¢ € Cp (E). Given
e > 0 find a compact set K C E such that

lp(z)] <e ifzxeE\K. (5.40)

If j is sufficiently large, then E; C E'\ K, and so

’/ Qv dz| = |z, / pdz| < elz, | |Ej| =€ (5.41)
E E;
On the other hand, by (5.39) we have
1
[ £y do=f () oy <
2 |2n, |

Hence
liminf [ f(vj) dz < —c< / f(0) dz =0,
E

J—00 E

which is a contradiction and proves the theorem.
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Remark 5.23. Note that if f is lower semicontinuous, then condition (5.37) is
stronger than (5.2) with p = 1, although it still does not guarantee that f is
bounded from below, as confirmed by the function f : R — (—o0, o] defined

by
_ J —logzif z>0,
f(z)'{oo if 2 <0.

Exercise 5.24. Show that the sufficiency part of the previous theorem still
holds with the Lebesgue measure replaced by a (positive) finite Radon
measure, while the necessity part requires in addition the measure to be
nonatomic. What happens in the case of measures with atoms?

We consider next the case that E has infinite measure. In view of Theorems
5.6 and 5.17, it suffices to consider the case that f (0) = 0 and f (z) > —C'|z|
for all z € R™.

Theorem 5.25. Let E be a Borel subset of RN with infinite measure, and
let f:R™ — (—o00,00] be a convex, lower semicontinuous function such that
f£(0) = 0. Assume that there exists C > 0 such that

f(z)>=C|z| forall z € R™.

Then the functional

ve L' (B;R™) — /Ef(v (z)) dx

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures if and only if f > 0.

More generally, if f : R™ — [0,00] is a convex, lower semicontinuous
function such that f (0) = 0, then for any sequence {v,} C L'(E;R™) such
that v, LN | E = X in M (E;R™) we have

dA dA
lim inf Up, dacz/ — dm—i—/ °°<) dl|Ns]| -
mint [ 1) o= [ 7 (G0 ) aes [ (G0 ) i
Proof. Since f > 0, the proof of the sufficiency is identical to Steps 1-3 of the
proof of Theorem 5.19.
To prove the necessity we proceed somewhat as in Step 2 of the proof

of the necessity part of the previous theorem. Assume by contradiction that
there exists z € R™ such that f(z) < 0. Since E has infinite measure,

lim |ENB(0,R)| = |E| = oo,

R—o00

and so there is Ry > 1 such that |[EN B (0, Ry)| > ﬁ By Proposition 1.20
there exists a Borel set By C E N B(0,R;) such that |Ey| = ﬁ Since
|E\ B(0,R;)| = oo we may find Ry > Ry + 1 such that
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|EnmeM\B@Rnn>§

and then use Proposition 1.20 to obtain a Borel set
Es C EN (B (0, RQ) \B (0, Rl))

such that |Es| = ﬁ Recursively, we may construct a sequence R, / oo and

Borel sets {E,} C E such that

n—1
E, CB(0,R,)\ | J B(0,Ry) (5.42)
j=1
and )
E,|=—.
Bl =7

Note that by (5.42) and the fact that R, " oo for any compact set K C E
we have that F,, C E'\ K for all n sufficiently large. Therefore, if we define

Un ‘= ZXE,»
then we may proceed as in (5.40) and (5.41) to conclude that v, LN | E = 0
in M (E;R™). On the other hand, since f (0) = 0 we have

l/fm»m:fwri<a

Hence

liminf [ f(v,) dz = f(2) ﬁ < / f(0) dz =0,
E

n—oo E

contradicting the sequential lower semicontinuity. This concludes the proof of
the theorem.

Exercise 5.26. Prove that the sufficiency part of the previous theorem still
holds with the Lebesgue measure replaced by a (positive) Radon measure,
while the necessity part holds if in addition, the measure is nonatomic. What
can you conclude if the measure has atoms?

5.2.4 Weak Star Convergence in (Cb (E; ]Rm))/
In the previous theorems we identified L'(E;R™) with a subspace of
(Co (B;R™))" = M (E;R™),

as is usual in the literature. However, when E is not compact this choice
carries disadvantages. For example, linear functionals of the form
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v e L' (B;R™) / (a+b-v(x)) dx
E

are not sequentially lower continuous with respect to weak star convergence
in (Co (F))" unless b = 0 as required by (5.2).

Moreover, another drawback of weak star convergence in (Cy (E;R™))’
is that, unless the set is closed, it misses measures that concentrate at the
boundary (see Prohorov’s theorem). As an example, let N = 1, E = (0,1),
and

Unp = nX(o L)-

‘n

Then u,L'] (0,1) = 0 in M ((0,1);R), while u,,£! = & in M (R;R).

To overcome this, a possibility is to consider L'(E;R™) as a subspace of
(Cy (B;R™)).

The structure of the proof of the previous theorem used strongly Radon—
Nikodym type arguments that continue to hold if F is bounded, since in
this case (E; Rm) =Cy (E; Rm), and thus (C’b (E; Rm))/ is still the set of
signed Radon measures. If E is unbounded, then the dual of Cj (E; Rm) is
the space of regular finitely additive signed measures rba (E; Rm), where the
Radon-Nikodym theorem may fail (see Theorem 1.118).

Theorem 5.27. Let E be a bounded Borel subset of RV, and let f : R™ —

(—o00, 0] be convex and lower semicontinuous. Then the functional

ve L' (B;R™) — /Ef(v () dzx

is sequentially lower semicontinuous with respect to weak star convergence in
M (E; Rm).
More generally, for any sequence {v,} C L*(E;R™) such that

xevn LN [ E SN in M (E;R™)

we have
d\ d\
liminf/ vy,) dx 2/ <> dx+/ > <) dx 5.43
mint [ ) de> [ 7 (g5 o (543

[ dA
s (dw) Al

Proof. Step 1: Assume that f > 0 and let {v,} C L'(E;R™) be such that
XU LY | E = X in M (E;R™). The argument follows closely that of Step 1
of the proof of Theorem 5.19 with the following changes:

1. (5.13) is replaced by

as n — oo in M (E;R™).
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2. Inequalities (5.25) and (5.26) are complemented by

%(Jco) > foo (d‘?N(xo)) , (5.44)

for LN a.e. 2y € OE\ E. The proof of (5.44) follows closely that of (5.25),
namely take zog € OE \ E a point of density one for OF \ FE with respect
to LV such that

dy Q) N E)
— =1 _— < 0, 5.45
dLN (o) Py v |Q(:c0,6) A E} o0 ( )
2oy = lim 2@ NE) (5.46)
dL e—0+ |Q(x0, g)n E|
where we have used Theorem 1.155. Note that
|Q(w0,€) N E]| |Q(x0,6) N (R \ E)|
BRS — =1- N (5.47)

ase — 0. B
By Proposition 1.15 we may choose e ™\, 0 such that u(0Q(zo, ex)NE) =

0
and v(9Q(zo,ex) N E) = 0. Invoking Corollary 1.204 with X := E and
the (relatively) open set A := Q(zg,er) N E, for all 4, k € N we have

lim b; v, dr = lim b; - d\, (5.48)

n—oo Q(zo,ex)NE n—oo Q(zo,ex)NE

= / b; - dA,
Q(xo,ex)NE

where A\, := XEanNLE. As in (5.31) we have

- p(Q(xo,ex) N E)
dEN o k—o0 EN

1
> liminf lim inf —N/ (a; + b; - v, (x)) dx
Q(mo,sk)ﬁE

k—oo n—oo &

1
= lim inf —N/ b; - dX(z),
k=o€ JQ(zoen)nE

where in the last identity we used (5.47) and (5.48). By (5.46) we have
that

1 dA
hmlnf—/ bzd/\(l‘ :bi'i Z‘o),
k=00 e JQuo.er)nE ) Ly (
which yields
du dA
agw (70) 2 b g (o)

By taking the supremum over all i we obtain (5.44).
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3. The inequality (5.26) continues to hold for |[X]| a.e. 29 € E. To see this,
replace E by E in (5.32)—(5.34) and in (5.36), and replace (5.35) by

d NnE
1% (xO) — lim /J(Q(xo,é:k) )
d Al koo [ Xs]| (Q(z0, 1) N E)
1
= lim lim — / f(vp) dz
k—oo n—o0 ||>‘S|| (Q(l‘o,&k) N E) Q(zo,ex)NE
1
> lim inf lim inf — / (a; + b; - vy) dx
k—oo n—oo A (Q(z0, k) N E) JQ(wo,er)nE

1
=liminf 7/ b; - dA,
koo [|As][ (Q(z0,6x) N E) JQ(ao.c0)nE

where in the last inequality we have used (5.48) and (5.34) (with E re-
placed by E).

Step 2: Here we remove the additional assumption that f > 0. Since f is
convex and lower semicontinuous, there exist a € R and b € R™ such that

f)>a+b-z

for all z € R™. Setting g(z) := f(2) —a —b- z, since g is a nonnegative,
lower semicontinuous convex integrand, by Step 1, for any sequence {v,} C
LY(E;R™) such that xpv, LN | E = X in M (E;R™) we have

liminf/ f(vp) de —a|E| — /b d)\fhmmf/ (vp) dzx
E E

n—00 n—oo

d\ d\ d\
> -
K QMN>dm+A;wﬂ <E£N>d [ (wum)d'“”
—/f dxr —a|E| — /b —dﬂc—l—/ [ LS dx
- Ly LN opp’  \dLN

dA
— b-dm+/f°°< )d/\||—

Jros w2 o (ag) 1 Fiiv

where we have used the facts that since 1 € C, (E), we have
lim b~vnd:r:/b-d)\7

and that by Theorem 4.70, for every w € dom, f,

(0 = i S0 5) a0

tz) —b- (tz) —
=y L) 2D () 2 W) ooy,

t—o0 t
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It now suffices to observe that

dA d\ dA
b~d/\:/b-—das+/ b-—dx+/b-7d Asll
/E g ach OFE\E dLn E d”)\sH il

and so we obtain (5.43).

Exercise 5.28. Prove that the previous theorem still holds with the Lebesgue
measure replaced by a (positive) Radon measure.

5.3 Integral Representation

In the previous sections we have studied necessary and sufficient conditions
on the integrand f for the functional

UGLP(E;Rm)H/Ef(v(x)) dx

to be well-defined and lower semicontinuous with respect to various types
of convergence. As we will explain in more detail in the next section, when
these conditions are violated one looks for a relaxed or effective energy. The
next natural question is whether this relaxed energy still has an integral form
for some new integrand h and if so, what is the relation between h and the
original integrand f. As a first step in this direction, in this section we give
conditions under which the relaxation of an abstract functional admits an
integral representation. The main result is the following theorem.

Theorem 5.29. Let 2 C RY be an open set, 1 < p < oo, and let
I:LP(2;R™) x B(£2) — [0, 0]

satisfy the following properties:

(I1) I (v;-) is additive, that is,
I(v; By U By) = I(v; By) + I(v; B2)

for allv € LP(2;R™) and By, Bs € B(£2) such that By N By = (;
(I2) I (v;-) is local, that is,

I(v; B) = I(w; B)

for all v, w € LP(2;R™) such that v=w LY a.e. on B € B(0);
(I3) there exist vog € LP (£2;R™) and a finite Radon measure p absolutely
continuous with respect to the Lebesgue measure such that

I(vo; B) < p(B)

for all B € B(£2);
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(1) I (v; Q(xo,€)) = I (v (o + (- — y0)); Q(yo,€)) for allv € LP (2;R™), and
all cubes Q (x9,€), Q (yo,€) C £2.

For every B € B(£2) let T be either the weak or the strong topology in
LP (B;R™) and let &, (-; B) be the greatest functional below I (-, B) that is
sequentially lower semicontinuous with respect to 7. Then there exists a Borel
function h : R™ — [0,00] (depending on T) such that

Ep(v; B) :/Bh(v) dz (5.49)

for every B € B(§2) and v € LP (£2;R™).

In particular, if I is sequentially lower semicontinuous with respect to the
strong topology, then I admits an integral representation as in (5.49).
We begin with an auxiliary result on Yosida transforms.

Lemma 5.30. Let (V,d) be a metric space, let ¥ : V. — [0,00] be a lower
semicontinuous function, and let g : [0,00) — [0,00) be an increasing function
such that g (0) =0 and g (s) > 0 for s > 0. For every k € N and v € V define

U, (v) == inf {¥ (w) + kg (d (w,v)) : we V}.
Then

¥ = sup Y.
keN

Proof. Let v € V. Then for every k € N we have
Wy, (v) < W (v) + kg (d(v,0)) =¥ (v),

where we have used the fact that g (0) = 0. Taking the supremum over all
k € N implies that

sup ¥, (v) < V¥ (v).
keN

To prove the reverse inequality, let ¢t < ¥ (v). Since ¥ is lower semicontinuous
there exists r > 0 such that

t <inf{¥ (w): we B(v,r)}.

Since g (r) > 0 we may find ky € N such that kog (r) > ¢. Then for every
w € B (v,r) we have

¥ (w) + kog (d (w,v)) > ¥ (w) > t,
while for all w € V' \ B (v,r) we obtain

¥ (w) + kog (d (w,v)) = kog (1) > t,
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where we have used the fact that g is increasing. Combining the two previous
inequalities yields

itelgkpk (v) > W, (v) = inf {¥ (w) + kog (d (w,v)): we V} >t

It now suffices to let ¢t /¥ (v).
We now turn to the proof of Theorem 5.29.

Proof (Theorem 5.29). Step 1: We claim that &, satisfies conditions (I1)—(I4).
In view of Remark A.85, for every countable ordinal o we define a functional
H, as follows. For v € LP (2;R™) and B € B({2) set

Ho (v; B) :=I (v; B),
Hps1 (v; B) = inf {liminfﬂg (vn; B) : {vn} C LP(2;R™),

vp — v in LP(B; Rm)} if 8 is not a limit ordinal,
Hp (v; B) :=inf {H, (v; B) : @ < 3, @ not a limit ordinal}
if 8 is a limit ordinal. We recall that by Proposition 3.17,
Ep(v; B) = inf {Hg (v; B) : B countable ordinal}, (5.50)

and thus it suffices to show that each functional Hg satisfies conditions (I;)-
(I4). Properties (I3)—(14) hold. We prove (1) using Remark A.83. By assump-
tion, Hy satisfies (I1). Fix a countable ordinal 3 that is not a limit ordinal and
assume that Hg satisfies (I7). We claim that H 1 has the same property. Let
Bi1, By € B(£2) be such that By N By = . Fix € > 0 and find two sequences
{vn} C LP (£2;R™), {w,} C LP (£2;R™) T-converging to v in LP (By;R™) and
L? (By; R™), respectively, such that

lim Hg(v,; B1) < Hgt1(v; B1) + ¢,

n—oo

lim Hg(wp; B2) < Hp+1(v; Ba) + €.

n—oo

Define
(z) = vy, (2) for x € By,
Fn \E) = wy, (x) for x € 2\ By.
Then 2, — v in LP (By U Ba; R™) and hence by (I;) for Hg,
H5+1(U; B1 U BQ) S lim Hg (Zn, B1 U Bg)
= lim Hg (v,; B1) + lim Hg (wy; B2)

S Hﬁ+1(1); Bl) + H5+1(’U; BQ) + 26.

By letting ¢ — 0% we obtain
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Hg_H(’U; Bl U B2) S H@.H(’U; Bl) + H5+1(’L); BQ).

To prove the opposite inequality, fix e > 0 and let {v,} C LP (£2;R™) be a
sequence 7 converging in LP (B; U By; R™) to v and such that

lim Hg (vn; B1 UBsg) < H5+1(v; B1UBy) +e.

Then, by the definition of Hg41 and (I1) for Hg,
Hpt1(v; B1) + Hpt1(v; B2) < liminf Hg(vy; Br) + liminf Hg(vy; Ba)
< lim Hg (Un; B1UBsg) < H5+1(’U; BiUBs) +e.

T n—ooo

By letting ¢ — 0% we have proved the claim.
Finally, if 8 is a limit ordinal and H, satisfies condition (I;) for each
a < (3, a not a limit ordinal, then so does

Hp :=inf {H4 : @ < 3, @ not a limit ordinal} . (5.51)
To see this, note that for any o < 3, o not a limit ordinal, we have that
Ha(v; B U By) = Ho(v; By) + Ho (v; Ba),
and so taking the infimum over all such « yields
Hp(v; By U By) > Hg(v; Br) + Hg(v; Ba).

To prove the reverse inequality fix € > 0 and by (5.51) find a nonlimit ordinal
«a with a < 8 such that

Ho(v; B1 UBy) < Hg(v; By UBs) +¢.
Since property (1) holds for H, and using again (5.51), we get

Hg(v; B1) + Hp(v; B2) < Ho(v; B1) + Ha(v; B2)
= Ha(’U;Bl U Bg) < Hﬁ(U;Bl U Bg) +e.
It now suffices to let ¢ — 0.

Step 2: We claim that &, (v;-) is a measure, absolutely continuous with re-
spect to the Lebesgue measure. By (I;) and Proposition 1.9 it is enough to
prove that

Ep(v; By,) — &p(v; B) whenever B,, /' B.

Since &£, > 0 we have

limsup &,(v; By,) < &,(v; B).

n—oo

Setting
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 Jw(z) ifze B,
vn (2) '_{vo(x) ifx € 2\ B,,

since v, — v in LP by (I1)—(I3) for &, (see Step 1) and Proposition 1.7(ii)
(applied to the finite measure ©) we have that

Ep(v; B) < liminf &,(v,; B) = liminf [E,(v; By,) + Ey(vo; B\ By)]

<liminf &,(v; By,) + limsup p (B \ B,,) = liminf &,(v; By,).

Thus &, (v;-) is a measure. To prove that it is absolutely continuous with
respect to the Lebesgue measure, let B be a Borel set of zero measure. By
(I2) and (I3) for £, we have

0 < &,(v; B) = £,(v0; B) < (B) = 0.

At this point, for every v € LP (£2;R™) we are in a position to apply the
Radon-Nikodym theorem to represent &, (v;-) as

Ep(v;B):/Bhv (@) dv, B e BQ),

where the Radon-Nikodym derivative h, = % is a nonnegative measur-

able function. However, since in general there is no assurance that &, (v;-) is a
Radon measure, we cannot apply Besicovitch’s derivation theorem to obtain
an explicit formula of h,, in terms of &, (v;-). This is the reason why we need
to consider the Yosida transforms, and this leads us to Step 3.

Step 3: For every k € N, B € B({2), and v € LP (£2;R™) we introduce the
Yosida transform

V*(v; B) := inf {Ep(w;B) + k/ lw—v|” do: w e LP(Q;Rm)} . (5.52)
B
Then V¥ still satisfies (I;) and by Lemma 5.30 (with g(s) := s») for all
B e B(£2) and v € L? (£2;R™) we have

Ep(v;B) = 22}[\)[ V¥(v; B). (5.53)

Moreover, taking w = v in the definition of Y* yields

0 < Y*(v; B) gu(B)+k/ v — vo|? da (5.54)
B
for all k € N, B € B({2), and v € LP(£2;R™). Note that this implies in

particular that in the definition of }*(v; B) it is enough to consider those
w € LP(£2;R™) for which
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Ep(w; B) —I—k/ |lw—v|? dr < u(B) +k/ |v —vol? du,
B B
so that, since £, > 0 and k£ > 1,

/ |wl|? dm<C’<u(B)+/ [vf? dm+/ lvo[? dm). (5.55)
B B B
Fix k e N, B € B(2), and u, v, w € LP (2;R™), with

/ |w|? dx<C’<u(B)+/ [v|? dx—i—/ [ul? +/ [vol? dx).
B B B B

Using the inequality

<p (max{|z1\p71 , |zz\p71}> |z1 — 2o,

which holds for all z1, zo € R™, we obtain

|21 = |22

V¥ (v; B) §€p(w;B)—|—k/ |lw—v|” dx
B

§€p(w;B)+k/ |w —ul’ dz
B

+kp/ max { [w—v[P Jw —ulP L) ju— o] da
| (max {lo = ol =} o=l
§€p(w;B)—|—k/ |w —ul” dz

B

1/p’ 1/p
Tk (mB) + uf + faol + |v|”>dx) ( J d:c) ,
B B

where we have used Holder’s inequality and (5.55). Taking the infimum over
all admissible w € LP(£2;R™) yields

Y*(v; B) <Y*(u; B)

1/p' 1/p
+C’k<u(B) +/ (lul” + Jvol” + |v]”) d:v) </ lv—ul? dm) ,
B B

and in turn, by interchanging v and v, we get

V¥ (v; B) — Y¥(u; B)|

1/p' 1/p
<Ck (ﬂ (B) —|—/ (Ju|” + Jvol” + |v]) dm) (/ v —ul? dx) :
B B

(5.56)

forall k e N, B € B(f2) and u, v € LP (£2;R™).
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Substep 3 a: We claim that for every v € LP (£2;R™) the set function V¥ (v;-)
is a Radon measure absolutely continuous with respect to the Lebesgue mea-
sure. In view of (5.54) and by Proposition 1.60 it suffices to prove that

V¥ (v;-) is countably additive. Consider a sequence of pairwise disjoint sets
{B,} C B(£2), and let

B = B,,.

1C3

Given u € LP (2;R™), by Step 2 we have

o0

Ep(u;B)Jrk/ lu —ol? d:z::Z [Ep(u;Bn)Jrk/ lu —ol? dm]
B B

n=1 n
> Z yk ('U; Bn)
n=1
Taking the infimum over all such u, by (5.52) we deduce that
Vi B) =Y Y*(v; By).
n=1

Conversely, fix £ > 0 and for every n € N choose u,, € L? (£2;R™) such that
(see (5.52))

€, (un: B) + k/ i~ vf” dr < o VA0 By). (5.57)
B,

Fix [ € N and define
up () if x € By, 1 <n <,

— !
w (@) = vo (x) ifz € 2\ J By.

n=1
By (5.52), the fact that &, (wy;-) is a measure, (I2), (I3) for &, (see Step 1),
Proposition 1.7(ii) (applied to the finite measure u), and (5.57), in this order,
we obtain

V¥(v; B) <liminf {Sp(wl;B) + k:/ lw; — v|? dx}
B

l—o00

1
<limsup |p (vo;B\ U Bn> + k/ . lvg — v|? dx
l—o00 B

n=1 \'U Bn
n=1

!
. . . P
+11E£f; {Ep(un,Bn)—Fk/ [ty — v dx}

Bn

l oo

<lim inf [yk(v; B,) + i} =c+ Z V*(v; By).
n=1

l—o0 n
n=1
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It suffices now to let € — 0.

Substep 3b: Fix a cube @ (yo,70) C {2 and for every z € R™ set

1
fr(2) = liniéﬁf ﬁyk (%,Q (yo,7)) - (5.58)
We claim that
(v: B) / fi (v (5.59)

for every v € L? (£2;R™) and B € B({2
Since Y* (v;-) is a Radon measure absolutely continuous with respect to
the Lebesgue measure, by the Radon—Nikodym theorem we may write

yk(v;B) :/ hi v (z) dz,
B

where hy, = %. Take xg € {2 such that, by Besicovitch’s derivation
theorem and Corollary 1.159,

yk(v; Q(x()ag))

hiv (o) = €£%1+ — 8 <™ (5.60)

i, ei /Q@O o) ez = (5.61)
i K00 -

EI_I)I(IJI+ ELN /Q(zo,s) |vg(x) — vo(xo)|P dz = 0. (5.63)

Since by (5.56), for every € > 0 so small that Q (zg,€) C 2 we have

V(05 Q(wo,€)) = V¥ (v (20) ; Q(o, €))|

1/p
<Ck <u (Q(xo,e)H/Q( )(\v(xo)lp+|vo|”+lv\p) dw)

1/p
v(z) — v(xo)|’ dz ,
x(/@(w)m (20| )

it follows from (5.58), (5.60)—(5.63) that
V(03 Qe0,6)) _

fiko (w0) = sli]%{r eN 51i0+ eN
YR (w0);Q(yo, e
2613& it OgN (50,¢)) = fi (v(20))

where we have used (I;) for Y*, and this confirms (5.59).
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Since for k < n we have Y* (v; B) < Y™ (v; B), it follows that
fr (2) < fn (2)
for all z € R™. Define
h(2) = sup fi (2).

keN

y (5.53), (5.59), and the Lebesgue monotone convergence theorem, we have

Ep(v; B) = sup ))k (v;B) = sup/ fr
kEN kEN
= lim [ fx(v)dx= / h(v) dzx
k?—>(X> B B

for every v € LP (£2;R™) and B € B(£2).

In the case that p = oo, an integral representation analogous to the one
provided in the previous proposition still holds, where now the relevant topolo-
gies T are either the weak star topology or the Mackey topology in L? (B;R™).

Theorem 5.31. Let 2 C RY be an open set and let
I:L%(2;R™) x B(£2) — [0, 0]

satisfy properties (I1)—(14) of the previous theorem. For every B € B({2) let T
be either the weak star or the Mackey topology in L>° (B;R™) and let £ (+; B)
be the greatest functional below I (-, B) that is sequentially lower semicontin-
uous with respect to . Then there exists a Borel function h : R™ — [0, c0]
(depending on 7) such that

£lv: B) = /Bh(m do

for every B € B(£2) and v € L*>®(£2;R™).
If, in addition, I satisfies the growth condition

(I5) for every M > O there exists a nonnegative function vy € L' (£2) such
that for all B € B({2),

I(v:B) s/BwM (v) da

or all v € L®(2;R™) with |v(x)| < M for LY a.e. z € B,
f

then T can also be taken as the strong topology in L (B;R™).
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Proof. Exactly as in Step 1 of the previous proof it can be shown that £
satisfies properties (/1)—(14). Fix M > ||lvg||, and define a new functional

ve LY (2;R™) — Ty (v; B) i= Exo (Tar 003 B,

where 7/ is given by

z if |z| < M,
T (2) = ﬁM if [2] > M.
z

Then 7, satisfies (I1)—(I4), where to assert (I3) we use the fact that
Ty © vg = vg. We claim that 7j; is sequentially lower semicontinuous with
respect to strong convergence in L. Indeed, let {v,} C L' (£2;R™) be any
sequence converging strongly in L' (§2; R™) to some v € L! (£2;R™). Without
loss of generality we may assume that

liminf 7as (vy; B) = lim Ty (vy; B)

n—oo n—o0

and then extract a subsequence (not relabeled) of {v,} that converges to v
pointwise £V a.e. in §2. Then {7); o v,} converges to Ty o v with respect to
the Mackey topology, and so by (I;) we have

liminf 7ys (vy; B) = lim Eoo (Tar 0 v B) > Eoo (Tar 0 v; B) = Ty (v; B) .

n—oo

Since the functional 7j; satisfies all the hypotheses of the previous theorem
we may find a Borel function hjs : R™ — [0, 00| such that

Tu(v; B) :/BhM (v) dz

for all v € L' (2;R™) and B € B(2). This implies that

Eso(v; B) :/BhM (v) dx

for all v € L>(£;R™) with [|v|| o (.gm) < M and B € B(£2). We now repeat
the same reasoning for some L > M to conclude that

/BhL(v) dwz/BhM(v) dx

for all v € L (2;R™), with [|v]| e (;pm) < M, and for all B € B(£2), which
yields

hi (2) = har (2)
for all z € R™ with |z| < M. Take a sequence M}, /" oo and for each z € R™
define

B(2) = har, (2)
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if |z| < Mj,. We obtain that

Ep(v; B) :/Bh(v) dx

for all v € L*°(2;R™) and all B € B(2).

Suppose now that (I5) holds. To show that 73/ is sequentially lower semi-
continuous with respect to L! convergence, fix B € B(2) and consider a
sequence {v,} C L' (£2;R™) converging to v in L' (B;R™). For any fixed
€ > 0 find a compact set K C B such that

/ Yy (2) dx < g, (5.64)
B\K

and a number ¢ > 0 such that

/ Y (x) do < e (5.65)
E

for all E C B with |E| < 4.
By Egoroff’s theorem there exists a set £ C K such that |E| < § and v,
converges uniformly to v in K \ E. Define

S in K\ E,
"7 1 v otherwise.

Then the sequence {7y o w, } converges in L (B;R™) to Tprov € L (B; R™),
and by (1), (I2), and (I4),

liminf 7y (vp; B) = liminf Eo (Tas 0 vy B)

n—oo n—oo

> liminf y (Ta7 0 vp; K\ E)

n—oo

= liminf E (Tar o wp; K\ E)

> & (T ov; K\ E) (5.66)
ZSOO(TMOU;B)—/ Y dx
B\E

> Ty (v; B) — 2e,

where we have used (5.64) and (5.65). It suffices to let € — 0.

5.4 Relaxation

In this section we consider functionals of the form

veLP(E;R™) — I (v):= /Ef(v) dz,
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where E is a Borel subset of RV, 1 < p < 00, and f : R™ — (—o00,0q] is a
Borel function, f # oo.

As described in Chapter 3, if the functional I is not sequentially lower
semicontinuous with respect to a given topology 7, then it is of interest to
characterize the relaxed energy

E:LP(E;R™) — [—o0, 0]

of I, that is, the greatest functional £ below I that is sequentially lower
semicontinuous with respect to the topology 7. We will consider the following
types of convergence:

weak convergence in LP (E;R™) for 1 < p < o0;
weak star convergence in L™ (E;R™);
weak star convergence in the sense of measures in L' (E;R™).

By Propositions 3.16 and 3.18, when [ satisfies a suitable coercivity con-
dition, then & (v) coincides with

7 (v) := inf {limian (V) : {vn} C LP (E;R™) v, 5 v} .

n—oo

5.4.1 Weak Convergence and Weak Star Convergence in LP,
1<p< o

In this subsection we characterize the relazed energy
&y LP (E;R™) — [—o00, 0]

of T with respect to weak convergence in LP, 1 < p < oo (respectively weak
star convergence if p = 00), that is, the functional &, is the greatest func-
tional below I that is sequentially lower semicontinuous with respect to weak
(respectively weak star if p = oo) convergence in LP (E;R™).

For every v € LP(E;R™) define

T, (v) == inf { liminf I (vy) : {vn} C LP(E;R™),

v — v (2 if p=o0) in LP(E;]R’”)}.
Since &, < I, for every v € LP(E;R"™) we have

Ep(v) < Ip(v).

Theorem 5.32. Let E be a Borel subset of RY with finite measure, 1 < p <
oo, and let f: R™ — (—o00,00] be a Borel function, f # oo, such that

f(z)>a+b-z forall z€R™, (5.67)
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where a € R, b € R™. Then for every v € LP(E;R™) we have
E(v) = /Ef**(v) dz. (5.68)
Moreover, for every v € LP(E;R™) for which I,(v) < co we have
() = /E ¢ (Ise f) (v) da, (5.69)

where the function C (Isc f) is the convex envelope of the lower semicontinuous
envelope of f.

Remark 5.33. (i) We recall that by Propositions 3.16, 3.18 we have
&) =7,0) = [ /oW
for every v € LP(E;R™) provided f satisfies the coercivity condition

f(z) > Cv(lz]) — % for all z € R™,

where C' > 0 and where for t > 0,

y(t) =t if 1 <p<oo, (5.70)
0 if0<t<R, ..
v (t) = {oo if1> R, if p = oo, (5.71)

for some R > 0, and v : [0,00) — [0, 00| is an increasing function with

lim w =00
t—oo ¢

if p=1.

(ii) In view of Remark 4.93, if f : R™ — R satisfies (5.67), then f** =
lIsc (Cf) = C(lsc f) = Cf, and so by the previous theorem, for every v €
LP(E;R™) for which Z,(v) < co we have

&) =T,00) = [ 1w

We now turn to the proof of Theorem 5.32

Proof. Since the functional

UELP(E;Rm)H/ (a+b-v) de
B
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is continuous with respect to weak (respectively weak star if p = co) conver-
gence, replacing f(z) by f(z) — (a+b-z), we may assume, without loss of
generality, that f > 0.

Hence f** is convex, lower semicontinuous, and nonnegative. By Theorem
5.14 the functional

vELp(E;Rm)H/f**(v)dx
E

is sequentially weakly (respectively weakly star if p = oo) lower semicontinu-
ous in LP(E;R™), and since f** < f we deduce that for every v € LP(E;R™),

U)Z/Ef**(v)dm

To prove the reverse inequality, let 2 be an open subset of RN with finite
measure that contains E, and for every Borel set B € B({2) we define the
functional

veLP(2;R™)— I (v;B) ::/Bf(v) dx

Note that I satisfies (I1), (I2), (I4), while to prove (I3) it suffices to set vy = 2o,
where zg € R™ is such that f(zp) € R.
By Theorems 5.29 and 5.31 there exists a Borel function h : R™ — [0, 00]

such that
(v; B) / h (v

for every B € B(f2) and v € LP(2;R™).
Note that for every fixed z € R™, takmg v (x) := z and using the fact that
&y, < I, we obtain that
h(z)[02] < f(2)142],
which, since |2| < oo, implies that h < f.
Suppose now that v € LP(E;R™). Consider the extension

v Ju(x) ifz ek,
v (@) '_{vo(z) ifze 2\ E.

Then
Ep(v) =&,(TE) = /Eh(v) dx.

Since &, is sequentially lower semicontinuous and below I and since h > 0,
by Theorems 5.9 and 5.14 we conclude that h must be lower semicontinuous,
convex, and since h < f then h < f**.

This completes the proof of (5.68).

To prove (5.69) fix v € LP(E;R™) and € > 0. By the definition of Z,(v) we

may find {v,} C LP(E;R™), v, — v (= if p = o0) in LP(E;R™) such that
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lim I (vy; E) <Z,(v) +e. (5.72)

n—oo

If p = 1, then by Theorem 2.29 let v : [0,00) — [0,00) be an increasing
continuous function with

lim A, ®) =00
t—o00 t
and such that
sup/ v (Jvn]) dz =: ¢ < . (5.73)
n JE

If 1 < p < oo (respectively p = c0), then (5.73) continues to hold, provided

we define v as in (5.70) (respectively in (5.71) for an appropriate R > 0).
Although the sequence {v,}, and hence v, depends on ¢, for simplicity of

notation we do not indicate this dependence. For k£ € N and all z € R™ define

i (2) = f () + 2 (12l

with corresponding energy I*) and envelopes SI(,k) and Izgk). By Remark 5.33(i)
and (5.68) we have

&0 ) =70 = [ (1) (@)
Since the sequence { fx} is decreasing, the same is true for {(fk)** } By Propo-
sition 4.100,

C(Isc f) = inf (fi)™" .

inf
kEN
We claim that
— i (k)
Z,(v) éggl—p (v).
Since f < fi we have Z,(v) < infkeNZ,(,k) (v). On the other hand, by (5.73)
and (5.72),
IH (0) < lim I (v, E) < lim T (0,3 E) + = < Tp(v) 4+ -
Hence
: k
Ip(v) < érelgf,(, (1) <T,(v) +e,

and given the arbitrariness of ¢, the claim is proved.
If now Z,,(v) < oo, then by the Lebesgue monotone convergence theorem,

Zp(v) = f 70 (v) = m T (v) = lim | (fi)" (v) dz

:/C(lscf) (v) dx.
E

Thus (5.69) holds.
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Remark 5.34. In the case that E has infinite measure the previous theorem

still holds provided the constant a in (5.67) is zero, and we assume that there
exists vg € L' (E;R™) such that

/Ef(vo) dzx < oo.

When Z(v) = oo the inequality Zoo(v) = [}, C (Isc f) (v) dz may fail.

Exercise 5.35. Let N = m = 2 and consider the function

f(z)=f(z1,22) = L—ez’z 1f0<21 <e
0 if 21 >e -,
Prove that ;
_ Jooif 2 <0,
Ctsef) (ron) = { o7k 2 S0
while for any integer k € N,
o0 if 21 <O0orz >kor |20 >k,
(fi) (21,22) = 2—11 — ek if 0 < 2z, < e % and |zo| < K,
0 if e ¥ < 21 < k and |z2| < k.

Let E:=(0,1) x (—1,1) and v (z,y) := (z,0). Prove that

V) £ /E ¢ (lse f) (v) da

5.4.2 Weak Star Convergence in the Sense of Measures
In this subsection we consider functionals of the form
ve LY (2;R™) I (v / f(v
where 2 is an open subset of RV and f : R™ — (—o0, 00| is a Borel function,
f # o0. For any A € M (£2;R™) we define the functional
I(w)ifx=v LV| 2

H(A) = {oo otherwise,
and we characterize the relazed energy

H:M2;R™) — [—o0, ]

of H with respect to weak star convergence in M (£2;R™), that is, the func-
tional H is the greatest functional below H that is sequentially lower semi-
continuous with respect to weak star convergence in M (£2; R™).
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For every A € M (£2;R™) define
Z()\) := inf {linrriicgfl(vn) {on} C LY R™),
e LY 2 5 X in M (Q;Rm)}.
Since H < H, for every A € M (£2;R™) we have
H(N) < Z(N).

Theorem 5.36. Let 2 be an open subset of RN, and let f : R™ — [0, 00] be
a Borel function. Assume that there exists vo € L' (£2;R™) such that

/Qf(UO) dzr < oo.

Then for every A € M (£2;R™) we have

oy = [ 1 (g ) ot [0 (i) aind. 6

Moreover, for every A € M (£2;R™) for which T(\) < co we have

I(A)z/ (;?N> dm—i—/ h(dﬁl;\\ ”> dlnll, (5.75)
g:igf(fnt]ir)**, h:ir;f<<f+,1|-l)**>oo-

Remark 5.37. We recall that by Proposition 3.16 we have

=1 = [ 5 (o) e [ (fa) i

for every A € M (£2;R™) provided f satisfies the coercivity condition

where

f(z) > C|z| for all z € R™,
where C' > 0.
We are now ready to prove Theorem 5.36.

Proof. Since f** is convex, lower semicontinuous, and nonnegative, and f** <

f, by Theorems 5.19 and 5.25 we deduce that for every A € M (£2;R™),

n 2 [ 1 () dor [ 0= (7 ) dde Go)
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To prove the reverse inequality it suffices to consider the case that the right-
hand side in (5.76) is finite. We start by showing that if A\ = v £V ] 2 for
some L' (§2;R™), then

HN) = /Q £ (v) da

Indeed, setting &£ to be the greatest functional below H that is sequentially
lower semicontinuous with respect to L' weak convergence, then by Theorem

5.32 it follows that
HO) < & (1) = / £ () de
0

and equality follows by virtue of (5.76).
Consider now an arbitrary A € M (£2;R™) and a family of standard mol-
lifiers {pc}. Fix § > 0, let

Qs :={x e 2: dist (z,00) > §},

and define
/\575 = Ve,s ENLQ,

where

_J pexXin £25,
Ve, == Vg on 2\ Q5.

By Remark 2.80 it can be shown that for any ¢ € Cy (£2),

51_1)161+ 51_1>161+ /Q Ydhos = /Q Y d.
Moreover, since f** o d‘é—’\N € L' (92), it follows that

L ) B A
Jom, N, Qé%*f <d,cN> dv = /Qf <d£N) da.

Using a diagonalization argument we may find a sequence €, — 0 such that
A 2N in M (2;R™)

: e [ AN B d\
nlirr;o o e, * f <d£N> dx = /Qf <d£N> dz, (5.77)

where 6, := E and A\, := A Hence, with v, := v, 5, , we have

€ns0n*

n—oo

H(X; 2) <liminf H(\,; 2) = hmlnf/ I (vp) do

<lim sup/ £ (v) dz + liminf I (pe, * A) dx
2\ 25,

n—o00
n—oo
2s,,

dA
glimsup/ . (Lpgn ) dx
n—oo Jgy, acy

+ lim inf (F) (e, * As) d,

n—oo [
Sn
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where in the last inequality we have used the facts that f** ovg € L' (£2) and
(see, e.g., (4.33) with t = 1)

7 (a+b) < £ (a) + (£7) (b).

By Jensen’s inequality,

/an I (‘p‘s" i ddﬁ);\’> dr = /Q - (/ Pz, (z =) d% (%) dy> dx
/an/ Yo, (x—y) [ (cldﬁ);\’ (y)> dydx
= /an Pe, * [ <d(?N) dz,

and by (5.77) we deduce that
d\ dA

. ok < s’k )

hrrlrlsotcl)p/génf (@sn *d[,N) dx_/Qf (dﬁN) dx
Furthermore,
[oun e a0 ([ e - an ) do

Qs,, s, Q
00 dX [[Asl )
L, = ([ et 0N Gy ) sl @)

<[ [ oo (55 @) dinl o) ds

where we used Jensen’s inequality and the homogeneity of (f**)°°. By Fubini’s
theorem and using the fact that [,y e, dz =1 we deduce that

[ o s [ (G @) Ao,

‘We have proved that

o< [ 5 () aes [ o () ai,

To prove (5.75), for k € N and all z € R™ define

fielz) = £ (2)+ 1 1e

with corresponding energy I*) and envelopes Z(®) and H®*). By Remark
5.37(i) and (5.74) we have
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(k) ()\):H(k)()\):/n - (dil)f\\’> d:c+/9( 2 <d|c|li”> d[As]]-

Since the sequence { f,} is decreasing, the same is true for {(fx)""}. We claim
that

— inf 7R
) ]irelIfNI (N).

Since f < fi we have T (\) < infren Z) (A). On the other hand, by the defi-
nition of 7 (A) we may find {v,} C L'(£2;R™), v, LV 2 = X in M (;R™),
such that

lim I (v,) <Z(A\)+e.

n—oo

Without loss of generality we may assume that
sup/ |vp| dx =: ¢ < oo,
n Jo

and so

IM(A) < Tim Iy (vn) < lim I (o) + g ST\ +e+ -

n—oo n—oo k‘
Hence

< inf ) (\) <
()< érelfNI (N <IN +e¢,

and given the arbitrariness of ¢, the claim is established.
If now Z (\) < oo, then by the Lebesgue monotone convergence theorem,

—inf 73 () = 1 (k)
) éggz N hm W ()

Jlim (/Q - (;?N> dx—|—/n( a0 (d&”) d||/\s||>
/ (;ZV) dx+/9h(d|c|l:s”> d|As]| -

This proves (5.75).

5.5 Minimization

We conclude this chapter with a minimization problem. We begin with the
case that f is real-valued.

Theorem 5.38. Let E be a Borel subset of RV with finite measure, let 1 <
p < oo, and let f : R™ — R be a Borel function bounded from below by an
affine function. If zg € R™, then

inf{/Ef(U)da:: vELp(E;Rm),é_;/EvdI:ZO} = [ (20) |E],
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and the infimum is attained if and only if
zg € coM,,,

where

M,, = {z €R™: f(2) = f (20) +B- (2 — 20) for all B € If* (20)}.

Lemma 5.39. Let E be a Borel subset of R, let u be a (positive) finite Radon
measure on E, and let v € L' (E,B(E),p);R™). Then

1
7/ vdp € co{v(x): = € E, x is a Lebesgque point of v} .
w(E) Jg

Proof. The proof is by induction on m. Let

z0 1= L/ vdu, G:={v(z): x € E, z a Lebesgue point of v}.
1(E) Jg
For m = 1 it is not difficult to show that co G is the (possibly infinite) interval
of endpoints essinf g v and esssupg v. If 29 ¢ co G, then either zg > esssupg v
or zg < essinf g v. Assume that zg > esssupg v. Then zg — v (z) > 0 for p a.e.
x € F, and so since

L
w(E)

we deduce that v (x) = zo for g a.e. x € E. In turn, G = {2}, which con-
tradicts the fact that zg ¢ coG. The case zp < essinfgv is treated in an
analogous way.

Assume that the result is true for functions with values in R™~! and
let v € L*((E,B(E),u);R™). If zg ¢ coG, then by Theorem 4.19 (with
Cy = {20} and Cy = co G) we may find a half-space

/E (20 — v (2)) dp (2) = 0,

H={zeR":b-(2—2) >0}

through zg containing co G, where b € R™, b = 0. Then from the definition of
zp and G and since G C H,

0= /E b (v(x) —20) du(z) = /{yeE:b.(v(y)zo)>o} b (v(z)—20) du ()

—|—/ b (v(x)—20) du ().
{yeE: b-(v(y)—20)<0}

Hence

/E|b~<v<m>—zo>| du(w)=2/ b (v () — 20)| dp () = 0,

{y€E: b-(v(y)—20)<0}
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since v (x) € H for p a.e. x € E. This implies that
v(z)e{zeR™: b (z—2) =0}

for p a.e. x € E, and thus the function v takes values on an (m — 1)-
dimensional hyperplane. By the induction hypothesis we have that zy € co G,
which is a contradiction.

Proof (Theorem 5.38). We begin by observing that by Theorem 4.96,
1
inf {/ f(s)dx: s € L (E;R™), s simple, —/ sdr = zo}
i 7] s

n

:inf{ZHif(zi): neN, 0, €[0,1], z €R™ i=1,...,n,

i=1

> 0i=1,> iz = Zo} =Cf (20) |El,

i=1 i=1
and so

1
inf{/ fv)dz: ve LP (E;R™), —/ vdr = zo} <Cf(z0)|E|.
B \E| Jp

By Remark 4.93 and the fact that f is real-valued, the right-hand side of the

previous inequality coincides with f** (zg) |E|.
Conversely, by Jensen’s inequality,

[ f@ae= [ 1w)dn= £ o) B (5.78)
B B
and so

inf{/Ef(v)dx: v e L?(E;R™), llﬂ/Evd:E:zo} > (20) | E|.

Suppose now that the infimum is attained at some function v € LP (E;R™)
with

1
7] /Ev(x) dr = 2. (5.79)
By (5.78) we have
/ f() dz = / F* () da = £ (0) | (5.80)
E E

and so f(v(z)) = f**(v(x)) for LY ae. x € E.
Therefore, given any 5 € 9f** (29) (recall Theorem 4.53), it follows that

f(@)) = (@) = [ (20) + 8- (v(2) = 20),
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and the inequality must be an equality for £V a.e. € E or else, in view of
(5.79), (5.80) would be violated. We deduce that

v(z)e{zeR™: f(2)=f"(2) = [ (20) + B (2 — 20)}
for £V a.e. z € E, which, together with (5.79) and Lemma 5.39, yields

ecof{zeR™: f(z) =" (2) =" (20) + 8- (2= 20)}.
Conversely, assume that zp € co M, and write

m—+1

i=1
where 6; € [0,1], z; € M,,,i=1,...,m+1, and Z:’El ; = 1. By Corollary
1.21 we may find a partition of F into measurable subsets F; such that
|Ei| = 0 |EJ,
i=1,...,m+ 1, and define

m+1

V= g XE; %i-
i=1

By (5.81), v is admissible, and for a fixed § € f** (zp) we have

m—+1 m+1
/Ef(v) dx = Z |Es| f (21) = Z || (f* (20) + B+ (i — 20))
i=1 i=1
= |E| " (20)
where we have used (5.81) and the fact that z; € M,,.
Next we consider the case in which f takes the value co.

Theorem 5.40. Let E be a Borel subset of RV with finite measure, let 1 <
p < oo, and let f : R™ — (—o0,00] be a Borel function bounded from below
by an affine function. If zg € R™, then

inf{/Ef(v)dx: ve LP (B;R™), l;/Evdxzo}Cf(zO) E|. (5.82)

Moreover, if f (z0) > Cf (20), then the infimum is attained if and only if there
exists an affine space H of dimension £, £ =1,...,m, such that

zp € cON,,,

where

Ny ={z€H: f(2)=Cf(20)+ 8 (2—20) for all B€I(fly)™ (20)}
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Proof. Step 1: As in the previous proof we have that

inf{/Ef(v)dx: v e LP(E;R™), |;|/E11d96=2’0} <Cf(20)|E|.

In particular, if for every v € LP (E;R™) with average zp we have

/E F(v) do = o,

then the previous inequality implies that C f (z9) = oo and (5.82) holds. Hence
in what follows we always take for granted the existence of admissible functions
v € LP (E;R™) with finite energy.

Step 2: Assume that zg € riag (co (dom, f)). In this case we take H := R™.
By Corollary 4.97,

m+1

f**(Z()):Cf(ZO):lnf{Zezf(Zl) eiE[0,1],22‘€Rm7i:17...,m+1,
i=1

m—+1 m—+1
> 6i=1,> biz=z,
=1 =1

and so we can proceed as in the first part of the proof of the previous theorem
to conclude that (5.82) holds.

Moreover, by Theorem 4.53 we have that f** is subdifferentiable at zq,
and so, as in the second part of proof of the previous theorem, we can show
that the infimum is attained if and only if 2y € co IV,,.

Step 3: Assume that zg € co (dom, f) \ riug (co (dom, f)), and by Corollary
4.20 find a half-space

HY={2€R™:b-(2—2) >0}

through 2o containing co (dom, f), b # 0. Note that 2o € H := 0H™.
Given any admissible test function v € LP (E;R™) such that

/ f(v)dr < oo,

E

we have that v(z) € dom. f for LY ae. z € E, and so, reasoning as in
the proof of Lemma 5.39, we conclude that v (z) € H for LV ae. z € E.

With an abuse of notation we may identify H with R™~! and denote by
f1:R™ ! — (—o0, 0] the restriction of f to H. Then

inf {/E Fo)dz: v e LP (B;R™), ‘—;/Evdx _ 20} (5.83)

:inf{/ filv)dx: veLP (B;R™), |11§7|/ vdx:zo}.
E E
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If zg € riag (co (dom, f1)), then applying the previous step to f; yields

inf{/Efl(v)dx: ve Ll (E;R™, Llw/Evdx:zo} =Cfi(20)|E|,

(5.84)
and the infimum is realized if and only if

zo€cof{z €R™ 1 f1(2) = fi* (20) + B+ (2 — 20) for all B € Iff* (20)}.

Since f; is the restriction of f to H, by Theorem 4.96 we have Cf (z9) <
Cf1(20), and so by Step 1, (5.83), and (5.84) we conclude that

Cf(z0) =Cfi(20),

and in turn (5.82) follows.

If zp € co(dom, f1) \ riag (co (dom, f1)), then we repeat the first part of
this step to lower the dimension to R™~2.

Continuing in this way we either prove (5.82) or reduce to dimension m =
1, that is,

: : P (BR™) . _
mf{/Ef(v)dx.veL (E;R™), |E|/Evdac—zo}
—inf{/Efm_l(v)dx:UELP(E;R),|;|/Evd:c—zo}.

Note that the convex set co(dom, f,,—1) C R is an interval I. If z; belongs
to the interior of I, then we use Step 2 to obtain (5.82), while if 2z is one of
the endpoints of I, then as in the first part of this step we conclude that the
only admissible function v € LP (E;R) such that

/ fm-1(v)dx < 0o
E
is the function v (z) = 29, and so
inf{/ fm-o1(v)dx : v e LP (E;R), L/ vdr = zo} = f(20) |E|,
E [El /g

and (5.82) follows once again by Step 1.

Step 4: If 2y ¢ co(dom, f), then by Corollary 4.97 it follows that Cf (z9) =
f** (20) = o0, so that by (5.78),

inf{/Ef(v)dx:veLp(E;Rm),|;|/Evdx:z0}:oo,

and (5.82) follows.
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Integrands f = f (x, 2)

There are in this world optimists
who feel that any symbol that
starts off with an integral sign
must necessarily denote
something that will have every
property that they should like an
integral to possess. This of
course is quite annoying to us
rigorous mathematicians; what is
even more annoying is that by
doing so they often come up
with the right answer.

E. J. McShane, 1963

In this chapter we study well-posedness, lower semicontinuity, and relax-
ation for functionals

veLP(E;R™) — /Ef(x,v(x)) dzx.

Unless otherwise specified, in what follows, Cf (z,-), f*(z,-), f** (z,-), and
Isc f (z,-) stand for the convex envelope, polar, bipolar, and lower semicon-
tinuous envelope, respectively, of f (z, ).

Several results in the following chapters rely heavily on multifunctions.
Thus we begin with a preliminary section that provides an overview of their
definition and main properties.
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6.1 Multifunctions

6.1.1 Measurable Selections

In order to introduce the concept of multifunction we exhibit a simple example
in which a measurable selection criterion is needed.

Consider a bounded continuous function f : R? x K — R, with K C R™
compact, and let u : 2 € RY — R? be a measurable function, where {2 is
open. Define

f(z):=min f(u(x),y) =&

Aumann’s measurable selection theorem (that relies on the notion of mul-
tifunctions) will entail the existence of a measurable minimizing function
7 : 2 — K such that

f)=f(u(z),y(x))

for every x € (2.

Definition 6.1. Given two nonempty sets X, Y, a multifunction or corre-
spondence from X toY is a map from X to the family of nonempty subsets
of Y, namely

I X—PY)\{0}.

The graph of a multifunction I' is the set
Grln={(z,y) e X xY:yel(x)}.

A function v : X — Y is said to be a selection of the multifunction I" if
u(x) € I'(x) for every z € X.

We now study measurability properties of multifunctions.

Definition 6.2. Let (X,9M) be a measurable space, let Y be a topological
space, and let I' : X — P (Y) \ {0} be a multifunction.

(i) I' is measurable if for every closed set C C'Y the set
I (C)={zeX: TI'(x)NC#0}

belongs to M;
(i) I is weakly measurable if for every open set A C'Y the set

I''(A)={zeX: I'(x)NnA#£0}
belongs to M.

The relation between these two notions of measurability is explained in
the next proposition.
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Proposition 6.3. Let (X,9M) be a measurable space and let Y be a metric
space. If I' : X — P (Y)\ {0} is measurable, then it is weakly measurable.

Proof. Since Y is a metric space, every open set A C Y may be written as a
countable union of closed sets,

A:Ucn.

Hence

A ={zeX: I'a)nA#0}=J{zeX: I'(@)nC, #0} €M,

and the desired result follows.

Remark 6.4. If Y = R™ and I is closed-valued, then weak measurability im-
plies measurability. Indeed, let K C R™ be a compact set and for each n € N
define the open set

1
Ay, = {z eR™: dist (2, K) < }
n

Then A, is compact and A,, D Ay 1. Moreover, if z € X, then I' (x) N A,, # 0
for all n € N if and only if I"' (z) N A, # 0 for all n € N, and since I' () is
closed, the latter is equivalent by the compactness of K to

r)NK = m (I'(z)NA,) #0.
Therefore, by weak measurability,
= [ I (An) eM
n=1

Finally, if C C R™ is a closed set, write

C= D(CﬂBOn)

3
—

Then

since C' N B (0,n) is compact.

We now prove a selection theorem for closed-valued multifunctions.
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Theorem 6.5. Let (X,9N) be a measurable space, let Y be a complete separa-
ble metric space, and let I' be a multifunction from X to the nonempty closed
subsets of Y. Then the following properties are equivalent:

(i) ' is weakly measurable;
(ii) there exists a sequence of measurable selections u, : X — Y, n € N, such
that {uy, (z)},, is dense in I' (x) for every x € X;
(i) for every y € Y the map

x € X w—dist (y, I' (z))
is measurable.

The proof requires the following auxiliary result, which is of interest in
itself.

Lemma 6.6. Let (X,9M) be a measurable space and let Y be a metric space.
Then the pointwise limit of a sequence of measurable functions u, : X — Y,
n € N, is measurable.

Proof. Let {u,} be a sequence of measurable functions u, : X - Y, n € N,
and let uw : X — Y be its pointwise limit. In view of Remark 1.70 it suffices
to show that u=! (C) € M for any closed set C C Y. To see this, we write

oo
k=1

where )
Ap = {y e C: dist(y,C) < k}

is an open set. The proof will be completed once we show that

oo o0 oo

uw O = (VU un' () (6.1)

k=1l=1n=l

Indeed, 971 is closed under countable unions and intersections and u,, ! (4;) €
9 for all n, k € N. To prove (6.1) let z € u=! (C). Since u, (z) — u(z) € C
as n — o0, for any fixed k € N we have that u (z) € Ay, and so there exists
| € N such that u, (z) € Ay for all n > I. Hence z € (), u,, ' (Ax), which

implies that
x € U ﬂ u, t (Ay)
I=1n=l
for all k € N. It follows that € Nr—; U=y Mo un ' (Ax), which shows that

oo o0 o0

w O (VU un' ()

k=11=1n=l
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Conversely, assume that z € (7, Ufol ﬂzo Un (Ag). Then for all kK € N
there exists [ € N such that « € (2, u,, ' (Ax), or equivalently uy, (z) € Ay
for all n > [. This implies that v (z) = lim, 00 u, (z) € Ay, for all k € N, that
is,
1

dist (u (x),C) < Z
for all £k € N. Letting ¥ — oo and using the fact that C is closed yields
u(x) € C, and so

oo o0 o0

OO UMNua' (A

k=1l=1n=l

which completes the proof.
We now turn to the proof of Theorem 6.5

Proof (Theorem 6.5). Step 1: Assume that I'" (A) € 9 for every open set
A CY. We show that there exists a measurable selection of I". Let {y,}, be
a countable dense set in Y. For every z € X let n, be the smallest positive
integer such that I" (z) N B (yn,,1) # 0. Note that n, exists since I" (x) is
nonempty and {y,}, is a dense set in Y. Define vy (z) := y,,. Then by
definition of n,, for every n we have that

’UO_1 ({yn}) - yna \ U r- ij

j<n

We claim that v is measurable. Indeed, vg : X — {yn},,, and so for any open
set ACY,

vt (A) = [ vt {un}) (6.2)

yn€A
= U yna \ U I~ ij cm,
yneA j<n

where we have used the facts that I'~ (B (yn, 1)) € 9 for every n and that
9N is a o-algebra.

Assume next that vg,...,v; : X — {yn}, measurable functions have been
chosen such that

dist (v; (z), I (x)) < L

5 d(vi (@), v (2)) < (6.3)

i—1

for all x E X and for all i = 1,...,k. Since v : X — {yn},, the sets

E](k) =v;' ({y;}), j €N, form a partition of X. Moreover, if z € Ej(k), then
by (6.3)1, with ¢ = k,

P05 (1g0) 20,



384 6 Integrands f = f (z,2)

and so, again by the density of {y,}, in Y , there exists a smallest positive
integer n, such that

I'(z)NB (yj, 21,C> NB (yn 2,3“) # 0. (6.4)

Define vy11 (z) := yp, for all z € EJ(»}C). Reasoning as in (6.2) we have that
Uk41 : X — {yn}, is measurable, and by (6.4) for all z € E](k),

. 1
dist (Uk+1 ($) A (x)) < ok+1

and ) i i
d (vk (), vt () = d (Y5, Yn,) < oF T ort S 9T

Hence we have constructed a sequence {v; }j cn Of measurable functions satis-
fying (6.3). It follows from (6.3); that for each z € X the sequence {v; (z)},cy
is a Cauchy sequence in the complete metric space Y. Thus v; (z) — v (z)
as j — oo for all z € X, and since I' (z) is closed, by (6.3); we have that
v(z) € I' (z) for all z € X. By the previous lemma the function v is measur-
able.

Step 2: We prove that (i) implies (ii). Fix 4, n € N and for all x € X define

_ T (@) N B (yn, 57) if I'(x) N B (yn, 57) # 0,
Ly (2) == {F(a:) (o 2) otherwise. (e 31

Then I}, : X — P(Y)\ {0} (but I}, is not closed-valued in general). We

claim that for every open set A C Y the set (I5,,)" (A) belongs to M. Indeed,
we have

(Fo)™ (A) :{me X:I'(z)nB <yn21) mA;A(Z)}
U{xeX: F(x)ﬁB(yn,ZIZ) — 0, F(x)ﬂA;é(Z)}
(o))
U ((X\F (B <y21)>) mF(A)) em.

Define next the multifunction I'; ,, : X — {C' C Y, C closed, C # 0} as

fi,n (’JZ) = Fi,n (lL’)
Note that for every z € X and every open set A C Y we have that I, (z) N
A #if and only if I, (z) N A # 0, and so
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(Tin) (A)={zeX:T;,(x)NA#0}
= {.’E e X: Fi,n(m> NA 7& (Z)} = (Fi,n)_ (A) e M.
Eence by Step 1 there exists a measurable selection u; », : X — Y of fiyn. Since
I'in(z) C I'(z) for all x € X it follows that w;,, is a measurable selection of
I'. It remains to show that for each z € X the family {w;, (z)}, oy is dense

in I" (z). To see this, fix x € X and y € I' (z). For every i € N, by the density
of {yn}, in Y, we may find y,, such that

1
d(y y’ﬂ) — 21+1

Hence I" (2) N B (yn, 3) # 0, and so by the definition of I ,, (z) we have that

— 71
Ui (€) € Tip(x) =T ()N B (y 2)
It follows that

1 1
A, i (@) < d(G,90) +d (s i (0)) € 507 + 57

which, given the arbitrariness of i € N, implies that the family {u;,, (z)}
is dense in I" ().

i,neN

Step 3: We show that (ii) implies (i). Assume that there exists a sequence of
measurable selections u,, : X — Y such that {u, (x)}, is dense in I' (z) for

every x € X. Then for every open set A C Y and for every n we have that
u, ' (A) € M, and so

n

I (A)={zeX: I'(x )mA#@}{xeX U (@ }mAyéV)}

—{xGX: (U{un(z)}> ﬂA#@}—Uunl(A)Eim

n
Step 4: We prove that (i) is equivalent to (iii). Since Y is separable, every

open set A C Y is the countable union of countably many open balls, say
A= UB (Yn, Tn) -
n

Since

UF ynvrn )

it follows that (i) holds if and only if I'" (B (y,r)) € 9 for all y € Y and
r > 0. On the other hand,
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I'(B(y,r)={xeX: I'(x)NB(y,r)#0}
={re X : dist(y, ' (z)) <r},

and so (i) is equivalent to the measurability of the function
x € X w—dist (y, I' (z))
for all y € Y, which is (iii). This concludes the proof.

Any of the previous properties implies the measurability of the graph of
I'. Indeed, the following result holds.

Corollary 6.7. Let (X,9) be a measurable space, let Y be a complete sep-
arable metric space, and let I' be a multifunction from X to the nonempty
closed subsets of Y. If I' satisfies any of the conditions (i)—(iii) of the previ-
ous theorem, then Gr I belongs to M@ B(Y).

Proof. Since I' is closed-valued,

GrI'={(z,y) e X xY:yel(x)}
={(z,y) € X XY : dist (y, ' (z)) = 0},

and thus it suffices to show that the mapping
(z,y) € X XY — ¢ (z,y) := dist (y, I (2))

is M ® B (Y)-measurable. Let {y, },, be a countable dense set in Y. For every
y € Y and k € N let ny; be the smallest positive integer such that y €
B (Yn, .., 1)- Note that n,j exists since {y,},, is dense in Y. Define

’(/}k (l’,y) = w (xvyny’k) s (I,y) e X xY.

If K — oo, then y,, , — y for all y € Y, and so

Y (x,y) = (m,ynyyk) = dist (ynyyk, r (x)) — dist (y, I' (z)),

where we have used the continuity of the distance function. Since the pointwise
limit of M ® B (Y)-measurable functions is still MM @ B (Y)-measurable, it
remains to prove that each function ¢y, is M ® B (Y')-measurable. This follows
from the fact that on the set

1 1
X x B<yk> \ _UB(yj,k)
j<n
the function 1y coincides with the function

(z,y) € X XY — ¢, (z) := dist (yn, I (2)),
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and so for any open set A C R,

Yt (A) ={(z,y) € X x Y : gy (a,y) € A}

:D (z,y) € X x <yn )\U <yj> D (z,y) €A

n=1 jEN,
j<n

:G (z,y) € X x <yn,>\UB<yJ,) Dn(z) €A

n=1 jeN,
j<n

Ueit ) x | B @m)\UBQM) eMaB(Y),

n=1 JEN,
j<n

where we have used the fact that ¢, (A) € 99 by (iii). This completes the
proof.

We now turn to the case that I" is not necessarily closed-valued. We begin
by showing that NV := {f : N — N} is a complete separable metric space.

Proposition 6.8. The function d : NN x NN — [0, 00) defined as

i(f.g) =041 =9 6.5
(/:9) {ﬁhwmwknmweme¢gM} (6.5)
is a metric and (NN,d) is a complete separable metric space.

Proof. To prove that d is a metric it suffices to prove the triangle inequality.
We will actually prove more, namely that

d(f,g) <max{d(f,h),d(h,g)}
for all f, g, h € N, Let
ki=min{j e N: f(j) #h(j)}, ke=min{jeN:g(j)#h()},
with, say, k1 < k. Then g (j) = £ (j) = h (j) for all j = 1,... ki, and so
min{j € N: f(j) #g()} = k1,

which implies that

dmw§%=mwM@Mme}

We now show that (NN, d) is a complete metric space. Let {f,} C NY be a
Cauchy sequence. Then for all £ € N there exists ny € N such that
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A(fu f) < (66)

for all I, n > ng. Without loss of generality we may assume that ng > ng_1.
Taking | = ny, it follows from (6.5) and (6.6) that f, (j) = fn, (§) for all
j=1,...,k and all n > nj. Since the sequence {n;}, is increasing, for all
k € N we have that f,, (k) = fn, (k) for all [ > k. For all k& € N define

f (k) := fn, (k). Then
A(fuf) < 1

for all k¥ € N and n > ny. Hence {f,} converges to f, and so (NN,d) is a
complete metric space.
To show that (NN7d) is separable, for all n € N and all mq,...,m, € N
define,
N mjiflgjgn,
Frnaoim (3) = {O otherwise.

Note that for each fixed n € N the family
{fmrrmn M, ..., my € N}
is countable, and so is
{fomrrimn + M1, ...,my €N, n €N},
We show that this family is dense in (NN,d). Fix f € N¥ and k € N. Then
FU) = fray,...fo) (J) forall j =1,... k, and so

1
d(f, Iy, pm) < 7

Hence (NN,d) is separable.

Note that for every f € NY¥ and r > 0,

By (f, 1) = {gENN: g(j)=f@) forall j=1,..., “H (6.7)

In what follows, if (X,9, 1) is a measure space, we denote by 9, the
o-algebra of all p*-measurable subsets, where p* is the outer measure that
extends p given in Corollary 1.38. We recall that 91, D 9.

Theorem 6.9. Let (X,9M, 1) be a measure space and let Y be a complete
separable metric space. Let R be the class of all rectangles F x C, where
FeMand C CY is closed. Given any Suslin-R set E C X XY on X, there
exists a sequence {un} of M, -measurable functions u, : 7x (E) =Y, n €N,
such that (z,un, (z)) € E for all x € mx (E) and all n € N. Moreover, for all
(z,y) € E and € > 0 there ezists n € N such that dy (y, un (x)) < €.
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Proof. Since E is a Suslin-R set there exists a Suslin scheme £ : 7 — R such
that

E=AE) = ((Fs xCp,),
fENN k=1

where Fy| € 90 and Cf\k C Y is closed. The set E is the projection onto
X x Y of the set E* C X x Y x NN defined by

E*;:U ﬂ(FﬂkXCﬂkXIﬂk):U(focfx{f})7 (68)

fENN k=1 feNN

where (see (6.7))

Iy, = {QGNN5 gl = f|k}:BNN (ﬁ;)

and - -
k=1 k=1

Let R* be the class of all rectangles F' x C, where F € 9t and C C Y x NN
is closed. Rewriting E* as

E = ﬁ (Fpp, < Ky,

FENN k=1

where Ky = Cy x{f}isclosed in Y x NN we see that E* is a Suslin-R*
set. Consider the multifunction

I'inx (E) — P (Y x NY)\ {0}
defined by
I'(z):={(y,f)eY x NV : (z,y,f) € E*}.

Note that mx (E) belongs to 9, by Theorem 1.135. We claim that I' (z) is
closed in Y x NN for all 2 € mx (E), or equivalently that (Y x NY)\ I"(z) is
open. Fix z € nx (E) and (y, f) € (Y x N¥) \ I' (z). Then (z,y, ) ¢ E* by
definition of I', and so by (6.8) there exists k € N such that

(x.y, [) & Fyp, xCyp, x Iy,

that is, since f € Iy , (v,y) & Fy, x Cy| . There are now two cases. If x ¢
Fy| ,then Y x Iz is a neighborhood of (y, f) and (z,2,9) & Fy, XY x Iy
for all (2,9) € Y x I, . Hence

F@)n (Y xIyg,)=0.
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Ify ¢ Cy),, then, since Cy is closed in Y, there exists By (y,7) C Y such
that By (y,7) C Y \ Cy), . Then By (y,r) x I is a neighborhood of (y, f)
and (z,z,9) & Fy x Cp x Iy forall (z,9) € By (y,r) x Iy . Hence

I'(z) N (By (y,7) x Iflk-) = 0.
Thus we have proved that
I':7x (E)— {CCY xNY, C closed, C # 0} .

Next we claim that I'~ (U) € 9M,, for all open sets U C Y x NV, Indeed, fix
an open set U C Y x NV and note that

I~ (U)={zenx(E): I'(x)nU £0} =7x (B*N(X x U)),

where 7y : X x Y x N¥ — X is the usual projection. Since Y X NY is a metric
space, we can write U as a countable union of closed balls, and so X x U is a
Suslin-R* set. By Theorem 1.133, E*N (X x U) is a Suslin-R* set, and so by
Theorem 1.135 the set I'~ (U) = 7x (E* N (X x U)) belongs to M. Hence
we are now in a position to apply Theorem 6.5 to find a sequence {v,} of
9M,,-measurable selections v, : x (E) — Y x NN of I" such that {v,, (z)},, is
dense in I' (x) for every z € X. For all n € N define

Up (x) =7y (v, (v)), z€mx(E),

where 7y @ Y x N¥ — Y is the projection onto Y. If z € 7x (E), then
vp (z) € I' (x), and so (z,v, (z)) € E*. Hence (z,uy (x)) € E, since E is the
projection of E* onto X X Y.

Moreover, if A C Y is open, then

u,t(A) = {z € nx (BE) : 7y (v, (z)) € A}
={zenx(E): v,(z) € Ax N}
=v, ' (AxNY) e,

which shows that u,, is 97,-measurable for all n € N.

Finally, for all (z,y) € E and € > 0 we have that (z,y, f) € E* for any
fixed f € NY. Hence (y, f) € I' (z), and since {v,, (z)},, is dense in I' (z), there
exists n € N such that

dYXNN ((y7 f) y Un (ZE)) < g,
and so in particular,
dy (y,un () = dy (y, 7y (vn () < dy s (5, ) s vn (7)) < e
This completes the proof.

As a corollary of the previous theorem we obtain the following result.
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Theorem 6.10 (Aumann measurable selection). Let (X, 9, ;1) be a mea-
sure space, let' Y be a complete separable metric space, and let

r:x —7PY)\{0

be a multifunction. Assume that the graph of I' belongs to M B (Y) (or more
generally to M, @B (Y')). Then there exists a sequence {uy} of M, -measurable
selections u, : X —'Y such that {uy ()} is dense in I' (x) for every x € X.

Proof. As in the proof of the projection theorem we have that Grl is a
Suslin-R set. Hence by the previous theorem there exists a sequence {u,} of
9,,-measurable functions u,, : X — Y such that (z,u, (z)) € GrI" for all
x € X and n € N, where we have used the fact that 7x (GrI") = X. It follows
from the definition of GrI" that u, (z) € I' (x) for all x € X. Hence u,, is a
measurable selection of I'. Finally, if z € I' (z) and ¢ > 0, then we may find
y € I' (z) such that dy (y,z) < e. By the properties of the sequence {u,,} we
may find n € N such that dy (y,u, (z)) < €. Hence dy (z,uy (z)) < 2¢, and
the proof is complete.

Remark 6.11. In particular, if I" is closed-valued and 9, = 91, then by the
previous theorem and Corollary 6.7 the condition that GrI' € M @ B (Y) is
equivalent to any of the conditions (i)—(iii) in Theorem 6.5.

To apply Aumann selection theorem to the example at the beginning of
this subsection it suffices to define I": 2 — P (K) \ {0} as

F)y={yeK: f(x)=[(u(z),y)},

and to consider the restriction to {2 of the o-algebra of Lebesgue measurable
sets of RY. Recall that this o-algebra is the completion of the o-algebra of
Borel sets with respect to the Lebesgue measure.

Exercise 6.12. Let (X, 91) be a measurable space and let Y be a topological
space.

(i) Show that if
I'(z)={u(z)}, zeX, (6.9)

for some function v : X — Y, then I' is measurable if and only if u is
measurable.
(ii) Let Y = R and let

I'(z):=(—c0,u(x)], zeX. (6.10)
Prove that I' is measurable if and only if v is measurable.

Next we introduce the concept of the supremum of a family of multifunc-
tions.
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Theorem 6.13 (Essential supremum). Let (X, 9, 1) be a measure space,
with p a (positive) o-finite measure, and let Y be a separable metric space.
Let F = {Ia},cy be a nonempty family of closed-valued weakly measurable
multifunctions. Then there exists a countable set Iy C J such that the closed-
valued multifunction Iy defined by

(@)= |J Ta(2), z€X, (6.11)
a€ly
is weakly measurable and satisfies the following properties:

(i) for every a € J we have
I, (z)CIj(z)

forp ae xzeX;
(1) if I'" is a closed-valued weakly measurable multifunction such that

I, (z) cI'(x)
for u a.e. x € X and every o € J, then

Iy (z) c I (z)
forp ae zeX.

Proof. Let {yr} C Y be a dense set and consider the countable family of balls
{B (yk, %) c kL e N}. By Remark 1.107(ii), for every k, I € N, there exists a
countable set I, ; C J such that the set

(o)

acly;

is the essential union of the family of sets {(Fa)f (B (yk, %))} g This im-
aec

plies, in particular, that for every 8 € J, up to a set of ;1 measure zero,
_ 1 _ 1
(I'3) <B <ykl)> c U (1w (B (yk71)>. (6.12)
a€ly,

Set

and define Iy as in (6.11). In order to show that I} is a weakly measurable
multifunction, fix an open set A C Y and let 2z € X be such that Iy (z)NA # 0.
Since I (x) is closed and A is open, it follows that

<U1g@00A¢&

acly
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and this shows that

(L) (A) = |J ()™ (4) em.

a€cly

Property (ii) follows from the definition of Iy (see (6.11)). To prove (i) fix
B € J. Using (6.12) it follows that for every k, I € N, up to a set of p measure

T e e o) e
Hence the set

e (0 (o)) (50 1)

has measure zero. We claim that if @ ¢ Ejg, then Iz (x) C Iy (). Indeed,
fix one such = and let y € I's (x). Since the sequence {yx} is dense in Y, we
can find subsequences {y,} C {yx} and {lx,} C N such that I, — oo and

yeB (ykz, i) We deduce that

ceor (oo ) e (o).

where we have used (6.13) and the fact that © ¢ Eg. Therefore we may find
2y, € B (ykz, f) NIy (), and since z, — y and I (x) is closed, we conclude
that y € I'p (x) . This concludes the proof.

The multifunction Iy is called the essential supremum of the family F

with respect to the measure . We omit the reference to the dependence on
the measure p when it is clear from the context.

Remark 6.14. (i) Under the hypotheses of Theorem 1.108, the essential supre-
mum ug defined in (1.49) satisfies

ug (r) = sup y
y€lo(x)

for p a.e. x € X, where I 0 is the essential supremum of the family of
multifunctions I, : X — P ([—o0,00]) \ {0} given by

fa (z) == {ua ()} .

Indeed, setting

v(x) = sup y,
y€elo(z)



394 6 Integrands f = f (z,2)

then v (z) > uq () for every o € J and for p a.e. € X because Iy (z) D
{uq ()}, and so v(z) > wug(z) for p a.e. * € X by property (ii) of
Definition 1.106. Conversely, define I (x) := [—o0,ug (x)]. Then I (z) D
{uq ()} for every a € J and for p a.e. x € X by property (i) of Definition
1.106, and hence I" (z) D Iy (z) for p a.e. # € X. In particular, it follows
that v (z) < ug (x) for p a.e. z € X.

(ii) Under the hypotheses of the previous theorem, if F is a convex set of the
space of measurable functions, then I (z) is a convex set for p a.e. z € X.
Indeed, by (6.11) there exists a sequence {v,} C F such that

Ty (0) = J (o (0))

for 1 a.e. & € X. To prove that Iy () is a convex set for y a.c. z € X, we
consider 6 € [0,1] N Q and we show that

0T, (x) + (1 —6) I (z) C Ip (2) (6.14)
for all x € X \ Xy, where u (Xp) = 0. Setting
Xo= |J X
9€[0,1]NQ

it follows that 1 (Xo) = 0, and due to the closedness of Iy () we conclude
that (6.14) holds for every 6 € [0,1] and for all z € X \ Xj.
To establish (6.14), define

X, ::U{x €X: O, (x) +(1—0)u (z) ¢ fo(x)}.
n,l

Since F is convex, Ov, + (1 —0)v; € F for every n, | € N, and thus

w(Xp) =0. Fix z € X \ Xy, let y1, y2 € Iy (), and find {v,, }, {vn,} C

{vn} such that v, (£) — v, ¢ = 1, 2. Since z € X \ Xy, we have that

v, (2)+(1 = 0) v, (2) € Tp (2), and so0 Oy1+(1 — 0) y2 € T (x) = Ip (2).
(iii) Under the hypotheses of the previous theorem, if v is a (positive) o-finite

measure such that p is absolutely continuous with respect to v, then

Ly (x) = I}, (x)

for p a.e. x € X, where I, and I, are the essential suprema of the family
of multifunctions F with respect to v and u, respectively. Indeed, for every
a € J we have

I'n(z)C L, (z)

for v a.e. x € X, therefore for p a.e. x € X, and so by the definition of
essential supremum with respect to p, we conclude that

I,(z) c T, (x)
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for p a.e. x € X. Conversely, find a countable set Iy C J such that

I,(z)=|J In(z), z€X. (6.15)

a€ly
For every a € Iy there exists N, € 9 with p (N, ) = 0 such that
Io(z) C I, (2)

for all x € X \ N,. Hence setting

it follows that pu(Np) = 0 and for all z € X \ N,

U (@) c I (a).

acly
Since I', (z) is closed, in view of (6.15) we have I, () C I}, (z) for all
re X \ N().
6.1.2 Continuous Selections
We study next the existence of continuous selections.

Definition 6.15. Let X and Y be topological spaces. A multifunction I" from
X to the nonempty subsets of Y is said to be lower semicontinuous if for every
open set A CY the set

I'(A)={zeX: I'x)NA#£0}
is open in X.
Exercise 6.16. Let X, Y be topological spaces.
(i) Let v : Y — X be onto and define
I X—PY)\{0}

I'(z):=v'{x}), z€X.

Prove that I" is lower semicontinuous if and only if v is open, i.e., it maps
open sets into open sets. In this case a continuous selection v : X — Y is
a continuous “inverse”, in the sense that u (z) € v=! ({z}) for all z € X.
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(ii) Let Y := [—00, 0], and let w : X — [—00,00) and v : X — (—00, 0] be
such that w < v. Define

I: X —-PX)\{0}

I'z)={yeR:w(x)<y<v(r)}, zeclX.

Show that I is lower semicontinuous if and only if w is upper semicon-
tinuous and v lower semicontinuous. In this case a continuous selection
u: X — Y is a continuous function such that w < u < v.

It can be verified that lower semicontinuity of I" is equivalent to lower
semicontinuity of u when I' is of the form (6.10), while in the case (6.9) lower
semicontinuity of I' implies continuity of w. This follows from the theorem
below.

Theorem 6.17 (Michael continuous selection theorem). Let X be a
metric space and let Y be a Banach space. If the multifunction

I' X —>{CcCY: C convex, nonempty, closed}

is lower semicontinuous, then for every xg € X and every yo € I (xg) there
exists a continuous function u : X — Y such that u(xg) = yo and u(z) €
I' (z) for every x € X.

In order to prove the previous theorem we need some auxiliary results that
are of interest in themselves. We begin by showing that given any cover in an
open space there exists a locally finite partition of unity subordinated to it.

Theorem 6.18 (Partition of unity). Let X be a metric space and let
{Ua}per be an open cover of X. Then there exists a locally finite partition
of unity subordinated to it.

Proof. Step 1: We assume first that I is finite, say I = {1,...,n}. For each
i =1,...,n define the continuous function

u; (x) :=dist (¢, X \U;), z€X,

and set u := Z?:l u;. Note that v > 0, since Uy,...,U, is a cover of X and
u; >0in U;, i =1,...,n. Next, for each i = 1,...,n we define the continuous
function )

v (z) = max{ul- () — - 1u(m) ,0} , veX.

We claim that suppv; C U; for each i = 1,...,n. Indeed,

1
n+1

Suppvi:{meX:ui(m)> u(w)}c{xeX:ui(x)Z ! u(m)}.

n+1
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Since u > 0, the closed set sz € X : u; (x) > n%rlu (x)} is contained in U; =
{reX: u;(z) >0}
Next we show that >, v; > 0. For all z € X we have

n

sz(x) Z;(uz(x) n—li—lu(x)) :u(:z:)fnilu(x): n—li—lu(x) > 0.

=1

It now suffices to define for each i =1,...,n,
v; (z)

Xn: v; (@)
j=1

wi (x) = , zeX.

Step 2: Assume next that I = N. For each ¢ € N define the continuous

function u; : X — [0, %] by

1
u; (z) == min{dist(x,X\Ui),T.}, reX.

Then u; > 0 in U;, u; = 0 outside U;, and u; < % Hence the function
w =Y 5ru; is continuous and u > 0 since {U; }, is a cover of X. Next,
for i € N we define the continuous function v; : X — [0, 1] by

vi () = max {u () — éu (2) ,o} , zeX.

As in the previous step we have that suppv; C U;. We claim that {v;},cy is
locally finite. For any fixed # € X, since w is positive and continuous there
exist g, r > 0 such that u (y) > ¢ for all y € B(x,r). Let ig € N be so large
that 2}0 < 5. From the definition of v; and the fact that u; < % it follows
that v; (y) =0 for all y € B (z,r) and ¢ > 1.

Next we show that > °~; v; > 0. Fix z € X. Since u; () > 0 for some
i€ N and u, < 2% < % for all n > i, it follows that there exists ig € N such

that

Uiy () = supu; (),

€N

and so

=1 =1

w(@) = 3 sy (1) < iy (0) Y 5y = 2y (2)

=1 i=1

Hence
1 2 1
Vig (SU) > U, ((E) - gu (CE) > Ug, ((L‘) - guio (ZL’) gulo (SC) >0

It now suffices to define for each i € N,
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i (z) = 7001% (z) , e X.
2. i (x)
j=1
Step 3: Finally, if {Uy},; is an arbitrary open cover of X, note that for any
z e X,

X = [_le(x,n).

Since each closed ball B (z,n) is compact it may be covered by a finite number
of open sets in the cover. Thus we may select a countable subcover of X and
then apply Step 2 (defining ¢, = 0 if U, does not belong to the countable
subcover).

Remark 6.19. (i) Note that as a consequence of Step 3 in the above proof, all
but at most a countable number of ¢, are identically zero.

(ii) Given zp € X it is possible to construct the locally finite partition of
unity such that ¢, (z9) = 1 for some a and thus ¢g(x¢) = 0 for all
B # «. To see this, choose o € I such that zy € U, and let r > 0 be such

that B (zo,7) C U,. It suffices to apply the previous theorem to the open
cover {U 5} of X, where
pel

7. JUs\ B(zo,r) if B # o,
Uﬁ'{Ua ’ if = a.

As a consequence of the previous result we have the following.

Lemma 6.20. Let X be a metric space, let Y be a locally convex topological
vector space, and let

I' X —{CcY: C convex, nonempty}

be a lower semicontinuous multifunction. If g € X, yo € I'(z0), and if
A CY is a convex, balanced neighborhood of the origin, then there exists a
continuous function u : X — Y such that u (x0) = yo and u () € (I' (x) + A)
forallz € X.

Proof. For every x € X choose y, € I' (x), with y,, := yo. Since I" is lower
semicontinuous it follows that I"~ (y, + A) is open in X and thus the family
{I'"(yo + A)},cx is an open cover of X. By Remark 6.19 there exists a locally
finite partition of unity {¢,},. v subordinated to {I'~ (y, + A)}, . x such that
©zo (o) = 1 and ¢, (zg) = 0 for all x # . Note that if ¢, (z) > 0, then
z€ I (y. + A), and so y, € I' (z) + A, where we have used the fact that A
is balanced. Since I' (z) and A are convex sets, so is their sum I" (z) + A, and
since {¢g },cx is locally finite, the convex combination
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w(z) =Y 0o )y

zeX

belongs to I' (z) + A. The function u is continuous and

u(wo) = Z Pa (%0) Yz = Pao (20) Yoo = Yo-
z€X

This completes the proof.

Lemma 6.21. Let X be a metric space, let Y be a topological vector space,
and let
r: X —-PX)\{0}

be a lower semicontinuous multifunction. Let A C'Y be a neighborhood of the
origin and let u: X — 'Y be a continuous function such that

T(x)n(u(x)+A)#0
for all x € X. Then the multifunction I'" : X — P (Y) \ {0}, defined by
I'z):=T(z)N(u(z)+A4), z€X,
is lower semicontinuous.

Proof. Fix an open set W C Y. To prove that I’ is lower semicontinuous we
need to show that the set (I'")” (W) is open in X. Let zg € (I"V)” (W). If
yo € I'" (z9) N W, then in particular, by the definition of I, yo belongs to the
open set (u(zg) + A) N W, and thus we may find a balanced neighborhood
D C Y of the origin such that

Yo+ D+ D C (u(zo)+A)NW, (6.16)

where we have used the continuity of addition. Since w is continuous, the
set U := u=!(u(zo) + D) is a neighborhood of z in X. Also, since yo €
I (z0) N (yo + D), we have that x¢ belongs to the set I"~(yo + D), which is
open since I is lower semicontinuous.

We claim that the neighborhood Uy := U NI~ (yo + D) of xg is contained
in (I'")” (W). Given the arbitrariness of ¢ € (I"")” (W) this will prove that
(I'")” (W) is an open set in X, and in turn that I is lower semicontinuous.

To prove the claim we begin by showing that

yo+DCu(z)+A (6.17)

for all x € U. To see this, let x € U and y € D. By the definition of U and
the fact that D is balanced we have that (u (xz¢) — u (z)) € D, while by (6.16)
we may find z € A such that u (zg) + 2z € W and

yo + (u(zo) —u(x)) +y = u(xo) + 2.
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Hence
yo+ty=u(x)+z€u(zr)+ A4

and so (6.17) holds.

If x €Uy =UNTI"(yo+ D), then there exists y € I' (x) N (yo + D), and
so by (6.16) we have that y =y + 0 € yo + D + D C W. On the other hand,
by (6.17),

I')nW=T(zx)N(u(z) +ANW DT (2)N(yo+D)NW #0,

since y € I' () N (yo + D) N W. Hence I (z) N W #  for all z € Uy, which
shows that Uy C (1) (W).

We now turn to the proof of Michael’s continuous selection theorem.

Proof (Michael’s continuous selection theorem). By Lemma 6.20 there exists
a continuous function u; : X — Y such that uy (xg) = yo and

w () € (r (x) + B (0, ;))

for all z € X. Inductively, assume that continuous functions w1, ...,us : X —
Y have been constructed such that u, (zo) = o,

up (z) € (r (z)+B (0, ;)) , un(z) € (un—l (r) + B (07 2n12))

(6.18)
for all x € X and all n = 2,...,£. Define the multifunction

[ (@) = I ()N (W () + B (0, ;)) . (6.19)

Note that for all x € X the set I} (z) is nonempty by (6.18) and convex,
since it is the intersection of two convex sets. By Lemma 6.21, Iy is lower
semicontinuous, and so we may apply Lemma 6.20 to I, to find a continuous
function upy; : X — Y such that for all z € X,

e (z) € <n (¢) + B (0, 2€1+1>> .

Then, by (6.19), w1 (z) € (I' (z) + B (0, 54+ ) ), while

gy () € (w () + B (0, ;) +B (07 221“» Cuc(z)+B (0» 221_1>

for all z € X.
Hence we have constructed a sequence {u,} of continuous functions satis-
fying (6.18) for all positive integers n > 2. In particular, by (6.18)s,
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1
[unte (2) = un (@)[ly < o3

for all x € X and for all n > 2 and ¢ € N. Since Y is a Banach space it follows
that C' (X;Y) is also a Banach space and thus {u,} is a Cauchy sequence in
C (X;Y). Thus {uy} converges uniformly to a continuous function u: X — Y
such that u (zg) = yo. Since I (x) is a closed set, it follows from (6.18); that
u(z) € I'(x) for all x € X.

Remark 6.22. Note that the fact that X is a metric space has been used in
Lemma 6.20 only to guarantee the existence of a locally finite partition of
unity subordinated to an arbitrary cover of X. Thus Michael’s continuous
selection theorem continues to hold when X is a topological vector space for
which a locally finite partition of unity subordinated to an arbitrary cover of
X exists, namely for paracompact spaces. We refer to [Mi56] and [W04] for
more details.

As a corollary of the previous theorem we have the following result (see
also Example 6.16 above).

Corollary 6.23. Let X, Y be Banach spaces and let L : Y — X be linear,
continuous, and onto. Then there exists a continuous function v : X — Y
such that u(z) € L~ ({z}) for allx € X.

Proof. Define
. X —-P({Y)\{0}

as

[(2) =L ({a}), zeX.
By the open mapping theorem the function L sends open sets into open sets
and thus (see Example 6.16 above) I is lower semicontinuous. Since L is linear,
continuous, and onto, the set I' (x) is convex, closed, and nonempty for all
x € X. Hence we may apply the previous theorem to obtain a continuous
selection u: X — Y.

6.2 Integrands

In the remainder of this chapter, E C RY is a Lebesgue measurable set, and
as usual, B (F) is the class of Borel subsets of E.

6.2.1 Equivalent Integrands

Consider a function

fiEXR™ — [—00,00].
We say that f: E x R™ — [—o0, 00] is LY x B measurable if it is measurable
with respect to the o-algebra generated by products of Lebesgue measurable
subsets of E and Borel subsets of R™. Then for every measurable function
v: E — R™ the function f (-,v (-)) is Lebesgue measurable.
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Proposition 6.24. Let E C RY be a Lebesque measurable set and let f, g :
E x R™ — [—00,00] be LN x B measurable functions. Assume that for every
M > 0 there exists a nonnegative function vy € L' (E) such that

f(l’,Z) ’ g(x,z) 2 =M (‘T)

for LN a.e. x € E and all z € R™ with |z| < M. Then the following two
conditions are equivalent:

(i) for every v € L (E;R™) and every Lebesgue measurable set G C E,
[ fao@)de< [ goi) dn
G el

(ii) f (z,2) < g (x,2) for LN a.e. x € E and all z € R™.

Proof. Obviously (ii) implies (i). The proof of the converse implication is
established in two steps.
Step 1: Assume that E has finite measure. For k € N define fy := inf {f, k},
gr = inf {g, k} . It is enough to show that

T (2,2) < gi (z,2) for LY ae. x € F and all z € R™ with |z| < k.

For n € N define

o = {(x’Z)GEXR’”: |2 < k. fk<x,z>>gk<x,z>+i},

Sk (@) ={z€R™: (x,2) € Sy},
Hn,k = {a? SO Sn,k (’I) 7£ @} .

Since the set S, is LY x B measurable, we have that I, ., is Lebesgue
measurable by the projection theorem. We claim that |I,, ;| = 0. Indeed,
assume by contradiction that |II,, | > 0. Then by Aumann’s selection theorem
we may find measurable functions v, : II,, , — R™ such that v, (z) €
Sn.k (z) for every x € II, j. Hence |v, 1 (x)] < k. Extend v, j to be zero on
E\II, k. Then v, € L™ (E;R™), and so by hypothesis,

/H f(x,vn (x) de < /H g (z,vn i (2)) dx. (6.20)

By definition of S, ,, and fy,

B2 i (s () > g1 (0000 () + (6:21)

for all z € I, x, and so, since k > gy, (z,vn () = inf {g (z, vnk (x)), k}, we
have that
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900 (2)) = = g0 (2,00 () - < i v (2)) < F (0, 00 (2)

and upon integration over II,, j,

1
/ 9 (@, vnn (2)) d+ = [Tl g/ £ (@ vnr (2)) do
Hn,k n Hn,k

<[ gl de
Iy,

by (6.20). Since F is bounded, it follows by (6.21) that the right-hand side of
the previous inequality is finite, and thus |II,, | = 0. Define

Nk = U Hn,k-
n=1

Then |Ng| = 0 and hence

fi(x,2) < gk (z,2) for all z € E'\ Ny and all z € R™ with |z| < k.
Step 2: In the case that E has infinite measure it suffices to apply Step 1 to
E;:=ENB(0,j).
Remark 6.25. Since every Lebesgue measurable set G C E may be written as

the union of a Borel set and a set of Lebesgue measure zero, property (i) may
be equivalently stated for Borel sets G C E.

Similarly, we can prove the following result.

Proposition 6.26. Let E C RN be a Lebesgue measurable set and let f, g
E x R™ — [—00,00] be LN x B measurable functions such that

f(z,v(x)) =g(z,v(x) for LY ae z€E

for every v € Cy, (E;R™) . Then
f(z,2) =g (z,2) for LY a.e. z € E and all z € R™.

Proof. Let

Si={(m,2) EExR™: f(2,2) # g (s,2)},

S(x):={z€R™: (z,2) € S},

II'={ze€E: S(x)#0}.
Since the set S is £V x B measurable, by the projection theorem we have
that IT is a Lebesgue measurable set, and so by Aumann’s selection theorem
we may find measurable functions w : IT — R™ such that w (z) € S (x) for
every € II. Assume by contradiction that £~ (IT) > 0. Then by Lusin’s
theorem there exists a compact set K C II such that £V (K) > 0 and w is
continuous on K. By the Tietze extension theorem we may extend w outside

K as a function v € Cy, (E;R™) . Hence (z,v (z)) € S for all z € K, but this
contradicts the hypothesis.



404 6 Integrands f = f (z,2)

Motivated by the previous proposition, in what follows we say that two
functions f, g : EXR™ — [—00, 00| are equivalent integrands (in the LP sense)
if for every v € Cp (E;R™) we have

g(z,v(z)) = f(z,v(z)) for LY ae. z € E.

Note that for equivalent integrands,

| tao@) o= [ g@o@) s

whenever the integrals are defined. Since Lebesgue integration does not dis-
tinguish ¢ from f, for simplicity, and in analogy with Lebesgue spaces, we
identify equivalent integrands.

6.2.2 Normal and Carathéodory Integrands

In this subsection we introduce the notion of normal and Carathéodory inte-
grands.

Definition 6.27. Let E C RN be a Lebesgue measurable set and let B C R™
be a Borel set. A function f : E x B — [—00,00] is said to be a normal
integrand if:

(i) for LY a.e. x € E the function f (z,-) is lower semicontinuous on B;
(i) there exists a Borel function g : E x B — [—00, 0] such that

f(l‘,) :g(xv')
for LN a.e. x € E.

The next result can be regarded as a “uniform” Lusin theorem.

Theorem 6.28. Let E C RN be a Lebesque measurable set, let B C R™ be a
Borel set, and let f : E x B — [—00,0] be such that for LN a.e. x € E the
function f(x,-) is lower semicontinuous. Then the following conditions are
equivalent:

(i) f is a normal integrand.
(ii) For every ¢ > 0 there exists a closed set C. C E, with LN (E\ C;) < &,
such that the restriction of f to Ce x B is lower semicontinuous.

Proof. Step 1: We prove that (i) implies (ii). By eventually modifying f on
a subset of E of Lebesgue measure zero, we may assume that f (x,-) is lower
semicontinuous on B for all z € E and that f is a Borel function on F x B.
Moreover, after composing f with an isomorphism from [—oo, 00] to [0, 1], we
may assume that f: E x B — [0,1]. Let A be the countable family obtained
by taking all finite unions of open balls with rational radii centered at z € Q™
and
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F:={rxa:reQnlo,1], Ae A}.

Then F is a countable family of lower semicontinuous functions. For any lower
semicontinuous g : B — [0, 1] we have

g(z) =sup{¢(z): Y € F and ¢ < g} (6.22)

for all z € B. Indeed, the inequality > is immediate. To prove the reverse
inequality fix zg € B. If g(z9) = 0, then there is nothing to prove. Thus
assume that g (z9) > 0 and let » € Q be such that

g (z9) >r >0.

Since g is lower semicontinuous, there exists € > 0 such that

g(z)>r
for all z € B(zg,¢). Consider a ball B (z1,e1) € A such that
20 € B(z1,¢1) C B (20,¢).
Then

sup{v (20) : ¥ € F and ¥ < g} > rXB(zy ) (20) =7

It suffices to let r ' g (z0) to obtain (6.22).
Since F is countable, we may write F = {r,xa4, }, and set

G, ={x€E: f(zx,’) >rnxa, ()},
F,:={(z,2) € ExB: f(x,2) <rnpXxa, (2)}.

Using the facts that f is a Borel function and r,x 4, is a lower semicontinuous
function, we have that the set F, is £V x B measurable. The set G,, is the
complement of the projection of F,, and thus it is Lebesgue measurable by
the projection theorem.

Since f (x,-) is lower semicontinuous on B, for every z € E in view of
(6.22) we may write

f (@, 2) = supxa, (x) raxa, (2) (6.23)

for all (x, z) € E x B. By Remark 1.95 applied to each function x¢,, , for every
fixed € > 0 we may find a closed set C,, C E such that

£

N
LY (B\Cy) € 5oy

and the restriction of x¢, to C), is continuous. Let

C. = ﬁ Ch.

n=1
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Then C. is closed and £V (E\ C.) < ¢.

Since each function x¢, (z)rnxa, (2) restricted to C. x B is lower semi-
continuous, it follows that f, which is their pointwise supremum, is also lower
semicontinuous on C; x B by Proposition 3.5.

Step 2: We prove that (ii) implies (i). Taking & := %, keN,let Cp, C E be
the closed set given in (ii) and let

F .= [j Ck.
k=1

Then F is a Borel set, with LV (E\ F) =0, and f: F x B — [~00,] is a
Borel function. Setting

_J f(z,2z)ifxeF,
g(x,z).—{oo ifx ¢ F,

we have that g is a Borel function such that f(z,-) = g(z,-) for LV a.e.
x € E. Hence f is a normal integrand.

Remark 6.29. (i) Theorem 6.28 still holds if the Lebesgue measure £V is re-
placed by a (positive) Radon measure on a measurable set E.

(ii) It follows from the previous theorem that if f is a normal integrand, then
for every € > 0 and every compact set K C E there exists a compact
set K. C K such that £V (K \ K.) < ¢ for which the restriction of f to
K. x B is lower semicontinuous. To see this, it suffices to apply Theorem
6.28 to f restricted to K x B.

In the special case that f is nonnegative we obtain a stronger result.

Corollary 6.30. Let E C RY be a Lebesque measurable set, let B C R™ be
a Borel set, and let f : E x B — [0,00] be a normal integrand. Then there

exists a sequence {(En, vn)}, where E, C E has finite Lebesgue measure and
on € C. (R™), such that

[z, 2) = SUp X5, () on (2)

for every (z,z) € E x B.

Proof. We proceed as in the previous theorem, with the exception that
[—00,00] need not be replaced by [0,1] via an isomorphism because f is
bounded from below. Accordingly, the family F now is

F={rxa: r€Qnl0,00), Ac A}.
Then, as before, (6.23) holds, that is,

f(z,2)= SUp X, (z) rnxa, (2) (6.24)
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for every (x,z) € E x B. Since A,, C R™ is open, for each k € N the function
U (2) :=inf {1,k dist (2, R™ \ 4,,)}
is continuous and
X (2) = SUP Y g (2)
Thus for every (z,2) € E x B,

f(@,2) =sup xq, () rntonk (2) -

77/7

Let {F;} be an increasing sequence of Lebesgue sets with finite measure such
that

o0

UE=E,

j=1

and let {¢);} C C.(R™) be an increasing sequence of nonnegative functions
such that for every z € R™,

sup ; (2) =1.
j
Then for every (z,z) € E x B,

f (‘T7 Z) = Sup_ XGnﬂFj (1’) rn/wn,k (Z) %‘ (Z) .

n,k,j
This completes the proof.

In the next result we present conditions that are equivalent to normality
and may be easier to verify in applications.

We will also give an alternative proof to Theorem 6.28. For simplicity we
consider only the case B := R™.

Proposition 6.31. Let E C RY be a Lebesque measurable set and let f :
E x R™ — [—00,00] be such that for LN a.e. x € E the function f (z,-) is
lower semicontinuous. Then the following conditions are equivalent:

(i) f is a normal integrand;
(ii) f is LN x B measurable;
(i) the set

Ex:={zx € E: f(x,-) is lower semicontinuous and # oo}
is Lebesgue measurable and the multifunction
I':E, — {C’ C R™L . C nonempty, closed}
defined as
I'(z):=epif(z,:) ={(%1) e R"xR: f(z,2) <t}, z€ Ex,

is measurable.
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The proof is hinged on the following result, which is of interest in itself.

Lemma 6.32. Let G C RY be a Borel set endowed with the o-algebra of
Lebesgue measurable sets and let

I':G— {C CcR™: C nonempty, closed}

be a multifunction. Then the following conditions are equivalent:

(i) I' is measurable;
(ii) there exists a multifunction

I'": G — {C CR™: C nonempty, closed}

such that Gr I'" is a Borel set of G x R™, and I' (z) = I'" (x) for LN a.e
z € G,

(iii) for every e > 0 there exists a closed set C. C G, with LN (G\ C.) < ¢,
such that the graph of I' restricted to Ce, that is,

{(z,2) e C. xR™: z €' (2)},
is closed.

Proof. Step 1: We first prove that (i) implies (iii) under the additional as-
sumption that LV (G) < co. Let {C,} be the countable family of all closed
subsets of R™ that are complementary to open balls with center in Q™ and
positive rational radius. Write R™ \ C,, = By, (25, 7). We claim that for all
z € G,
= (] Cnu
n: Cp DI'(x)

Indeed, if z € G, then the set R™ \ I' (x) is open, and so it can be written
as the union of all open balls with center in Q™ and positive rational radius

that are contained in it. De Morgan’s law now establishes the claim. Let
G, := T (B, (zn,7,)) and set

F,=G\G,={zeG: I'(x)CC,}.
Then G,, and F;, are Lebesgue measurable by Proposition 6.3 and
GrI'={(z,2) e GXxR™: zeI'(x)} (6.25)

ﬁ G, xR™ U (F, x Cy)].

n=

—

To see the latter, fix (z,2) € GrI' and n € N. If I' (z) C Cy, then z € F,,
and so (x,z) € F, x Cy, while if I' (z) is not contained in C,,, then z € G,
and so
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GrI'C () [(Gn x R™) U (F, x Cp)].
n=1

Conversely, let (z,2) € ,o—; [(G,, x R™) U (F), x C,)] and assume by contra-
diction that z ¢ I' (x). Since I' (x) is closed we have that dist (z, " (z)) > 0,
and so by the density of the rationals in the reals we may find n € N such
that z € By, (zn,7n) and By, (25, 7) N I (z) = 0. This last condition implies
that ¢ ¢ Gy; therefore (z,z) € (F, x C,), which is a contradiction since
2 € By, (2n, 7). Thus (6.25) holds.

For every ¢ > 0 and n € N we may find compact sets K,, C G, and
K], C F, such that

Define

Then K. is compact,

n=1
which is a closed set.

Step 2: To prove that (i) implies (iii) in the general case, we write

G=Jae"W, ¢W={zeG:k-1<|z| <k},
k=1

and apply the previous step to I restricted to each G*) to find compact sets
K® c G® with

[W(dH\KW)Sgﬁ

such that the set
{(os,z) e KF xR™: z ¢ F(x)}

is closed. Let -
Ce = U K®,
k=1
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Then only finitely many K*) intersect any bounded region, and so C. is
closed. We claim that the set

{(z,2) € Cc xR™: z €' (z)}

is closed. Indeed, let {(z;,2;)} C C. x R™ be such that z; € I'(z;) for all
j € Nand (z;,2;) — (z,2) as j — oo, for some (z,z) € Cz x R™. Then the
sequence {z;} must be bounded by some positive integer ¢, and so

¢

(xj,25) € U {(x,z) e K® xR™: z ¢ F(x)}
k=1

for all j € N. Since it is a finite union of closed sets, this set is closed, and
thus it must contain (z, z), that is, z € I" (z). Thus the claim holds.

Step 3: Next we show that (iii) implies (ii). Taking ¢ := ¢, k € N, let C}, C G
be the closed set given in (iii) and let

F .= [j Ck.
k=1

Then F is a Borel set and £V (G \ F) = 0. Moreover, the set

s

{(z,2) EFxR™: ze'(x)} = {(z,2) e Cpy xR™: z € I'(x)}

k=1

is a Borel set since it is the union of closed sets. Define
I'": G — {C CR™: C nonempty, closed}

as
vy, | T'(z)ifxeF,
F(”_{Rm ifxeG\F

Then I' (x) = I" (z) for all z € F and
GrI"={(z,2) e FxR™: zeI'(x)} U((G\F)xR™),
which is a Borel set.

Step 4: Finally, we prove that (ii) implies (i). The equivalence of the fact that
GrI” is a Borel set with the weak measurability of the multifunction I is a
consequence of Remark 6.11 together with the completeness of the Lebesgue
measure on the o-algebra of Lebesgue measurable subsets. In turn, by Remark
6.4, I'" is measurable. Let C' C R™ be any closed set. Then (I")” (C) is
Lebesgue measurable. Since I" (z) = I (z) for LV a.e. x € G, we deduce that
'~ (C) differs from (I"")” (C) by at most a set of Lebesgue measure zero,
and so, again by the completeness of the Lebesgue measure, it is Lebesgue
measurable.
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We now turn to the proof of Proposition 6.31

Proof (Proposition 6.31). Let E; C E be the set of points € E such that
the function f (z,-) is lower semicontinuous. By hypothesis £V (E \ E;) = 0.

Step 1: We prove that (ii) implies (iii). Since f is LY x B measurable, then
so is the function
h:E; xR™ xR — [—00, x]

defined by
h(z,z,t) = f(x,2) —t.

In turn, the set
F:={(x,z,t) € By xR™ xR: h(z,zt) <0}

is LV x B(R™ x R) measurable. By the projection theorem, the projection of
F onto RY is Lebesgue measurable. Since mpn (F) = Eq, we have proved that
the set F, is Lebesgue measurable. It remains to show that I" is measurable.
Note that if x € E, then the function f (x,-) is lower semicontinuous, and
so the set epi f (z,) is closed in R™ x R by Proposition 3.4. Thus I is well-
defined. Moreover,

GrI'={(x,2,t) € Eoo x R™ xR : (2,t) e I'(2)} = F,

and so it is £V x B(R™ x R) measurable. Thus, by Remark 6.11 and the
completeness of the Lebesgue measure, I is weakly measurable, and actually
measurable by Remark 6.4. Thus (iii) holds.

Step 2: We show that (iii) implies (i). By Proposition 1.68 we may find a
Borel set G C E,, such that LY (E,, \ G) = 0. Since the restriction of I" to
G is still measurable, by Lemma 6.32, for every ¢ > 0 there exists a closed
set C. C G, with LY (G \ C.) < ¢, such that the graph of I" restricted to C,
that is,

{(z,2,t) € C. x R™ xR : (2,t) € ' ()}
={(z,2,t) € Cc xR™ xR: f(z,2) <t} =epi flo, ypm
is closed. It follows by Proposition 3.4 that the function
f:Ce xR™ — [—00, 0]

is lower semicontinuous. On the other hand, if € E;\ Fw, then f (z,2) = 00
for all z € R™. By the inner regularity of the Lebesgue measure we may find
a closed set C!. C E; \ Es such that £V ((E; \ Ex) \ C%) < ¢. Since C! is
closed, the function

[ (Coull) x R™ — [—00, 00]
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is still lower semicontinuous and LY (E \ (C. U C2)) < 2¢. It now follows from
Theorem 6.28 that f is a normal integrand.

Step 3: Finally, we prove that (i) implies (ii). Assume that f is a normal
integrand. Then there exist a measurable set Fy C E, with LV (E'\ Ey) = 0,
and a Borel function g : F x R™ — [—00, 00] such that

f($7) :g(l',-)

for all z € E,. This implies that f : Fo xR™ — [—o0, 0ol is £V x B measurable.
Since LY (E \ E3) = 0, by the completeness of the Lebesgue measure it follows
that f: E x R™ — [~00,00] is £V x B measurable.

Next we introduce the notion of Carathéodory function.

Definition 6.33. Let E C RN be a Lebesgue measurable set and let B C R™
be a Borel set. A function f : E x B — [—00, 0] is said to be a Carathéodory
function if

(i) for LN a.e. x € E the function f (x,-) is continuous on B;
(i) for all z € B the function f (-, z) is measurable on E.

The relation between normal integrands and Carathéodory functions is the
subject of the next theorem.

Theorem 6.34. Let E C RY be a Lebesque measurable set, let B C R™ be a
Borel set, and let f : E x B — [—00,0] be a Carathéodory function. Then f
is a normal integrand.

Proof. By eventually modifying f on a subset of E of Lebesgue measure zero,
we may assume that f (z,-) is continuous on B for all z € E and that for all
z € B the function f (-, z) is measurable on E. Moreover, after composing f
with an isomorphism from [—oo, 00] to [0, 1], we may assume that f : Ex B —
[0,1]. Let A and F = {rpxa, } be as in Theorem 6.28 and let {z;} be dense
in B. For each k, n € N, define

Grni={x€E: f(zx,zr) > rnxa, (z1)}.
Since f (-, 2x) is measurable on E it follows that the set Gy , is Lebesgue
measurable. In turn, the set
Gy, = m Gin={z € E: f(x,z1) > rnxa, (zx) for all k € N}
k=1

is Lebesgue measurable. We claim that

G,={xc€E: f(z,2) >rpxa, (z) forall z € B}.
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Indeed, if z € G,, and z € B, since {zx} is dense in B we may find a sub-
sequence {zk].} of {2} that converges to z. Since f (m,zk].) > TnXA, (zk].)
for all j € N, using the continuity of f (z,-) and the lower semicontinuity of
rnXa, we conclude that f (z,z) > r,xa, (2), and so the claim holds.

Since f (x,-) is continuous on B for every x € E, in view of (6.22) we may
write

f (I’Z) = sup xa, (gj) Tn XA, (Z)

for all (z,2) € E x B. By Proposition 1.68, for all n € N we may find Borel
sets H,, C G, such that £V (H,) = LV (G,,). Define the function

9 (x,2) = supxm, (€)rnxa, (2)
n

x € E, z € B. The function g is a Borel function since it is the supremum of
Borel functions. Moreover,

for LV a.e. x € E. Since f (,-) is continuous on B for every z € E it follows
that f is a normal integrand.

The analogous statement of Theorem 6.28 for Carathéodory functions is
Scorza-Dragoni’s theorem below.

Theorem 6.35 (Scorza-Dragoni). Let E C RN be a Lebesgue measurable
set, let B C R™ be a Borel set, and let f : E x B — [—00, 00| be a Carathéo-
dory function. Then for every e > 0 there exists a closed set C. C E, with
LN (E\ C.) <&, such that the restriction of f to C. x B is continuous.

Proof. Since f and — f are normal integrands in view of the previous theorem,
the result follows by applying Theorem 6.28 to both f and —f.

6.2.3 Convex Integrands

In this subsection we extend the results of Section 4.7 to functions f that
depend also on . We begin with the case that f is real-valued.

Theorem 6.36. Let E C RN be a Lebesque measurable set and let f : E x
R™ — R be an LN x B measurable function such that f (z,-) is convex in R™
for LN a.e. x € E. Then there exist measurable functions a; : E — R and
b; : E — R™ such that

f(w, z) = sup{ai (x) + bi (x) - 2}
i€EN

for LN a.e. x € E and for all z € R™.
Moreover, if f is nonnegative, then the functions a; and b; may be taken
to be bounded.
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Proof. By De Giorgi’s theorem, for £V a.e. 2 € E and for all z € R™ we may
write

f(z,z) =sup{a; (x) + b; (z) - 2},

ieN
where
a; (x) := - flz,2)(m+1)p; (2) + Vi (2) - 2) dz, (6.26)
b (x) := — f(x,2) Vo, (2) dz,
]Rm

and the functions ¢; are of the form
i (2) = ki"p (ki (¢ — 2)), z€R™,

for k; € N, ¢; € Q™, and some ¢ € C} (R™) (see (4.43)).

The measurability of a; and b; follows from Exercise 6.38 below.

To prove the second part of the theorem, assume that f > 0. By the first
part of the theorem, and since f is nonnegative, we may write

f(@;2) = sup{a; () + bi (z) - 2}

for £LN a.e. x € E and for all z € R™. For k € Ny define ¢ := 0 and

1 s<k-—1,
op(s):=¢ —s+kk—-1<s<k,
0 s>k,

and let
Gk () 1= o (la; (z)] + |b; (2)]) -
Since 0 < ¢; ,, < 1, it follows that

(ai (z) +b; () - 2)" = sup {#ik (%) a;i (z) + i (2) bi (x) - 2},

for LN ae. 2 € E and for all = € R™. Note that ¢;ra; € L>(E) and
¢i,kbi € L*>® (E;]Rm).

Remark 6.37. Note that if f is continuous in the x variable, then it follows
from formulas (6.26) that the functions a; and b; are continuous, and, in turn,
so are the functions ¢; .

Exercise 6.38. Under the hypotheses of Theorem 6.36, prove that the func-
tions a; and b; defined in (6.26) are measurable.

Next we show that the statement of the previous theorem continues to
hold when f takes the value oo, although there is no explicit representation
of the approximating functions.
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Theorem 6.39. Let E C RY be a Lebesgue measurable set and let f : E x
R™ — (—o00,00] be a normal integrand such that f(x,-) is convex in R™

for LN a.e. x € E. Then there exist measurable functions a; : E — R and
b; : E — R™ such that

f(2,2) =sup{a; (z) +b; (z) - 2}
1€N

for LN a.e. x € E and for all z € R™.
Moreover, if f is nonnegative, then the functions a; and b; may be taken
to be bounded.

Proof. Without loss of generality we may assume that f (z,-) is convex and
lower semicontinuous in R™ for all x € F.
Consider the multifunction

I':E— {C CRxR™, C closed, nonempty}
defined by
I'iz) ={(a,b) eRxR™: a+b-2< f(x,2) forall ze R}

for x € E. Note that I' (z) # () for all for x € E by Proposition 4.75, and next
we prove that the graph of I" belongs to M (E) @ B(R x R™), where 9 (F)
is the o-algebra of Lebesgue measurable subsets of E. Let A be the countable
family of all finite unions of open balls of R™ with rational radii centered at
z€Q™ For Ae A x € E, and (a,b) € R x R™ set

fa(z):= Zirelgf(x,z), ga (a,b) == zigg(a—&—b-z).

Then g4 : R x R™ — R is upper semicontinuous and f4 is measurable. To
check the latter statement we observe that the set

fit (oo = {a e Bs nf f (@) <}
={zx e E: f(z,2z) <t for some z € A}
is the projection onto E of the set
! ((moo,t))N(Ex A) ={(z,2) e EX A: f(x,z)<t},

so the measurability of the set f; ' ((—o0,)) follows from the projection the-
orem.
In particular, we have that the function

(x,a,0) € EXRXR™— fa(z) —ga(a,b) (6.27)

is M (F) ® B(R x R™) measurable. We claim that the graph of I" coincides
with
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G:= ﬂ {(z,a,b) e EXRxR™: fy(x)>ga(a,b)}.
AcA

Indeed, if (a,b) € I' (z) and if A € A, then for any w € A,

in£(a+b~z)§a+b~w§f(x,w).
zeE

Therefore, taking the infimum over all such w, we conclude that g4 (a,b) <
fa (z). Conversely, if (z,a,b) € G and if there exists zp € R™ such that

a+b-z> f(x,20),
then choose € > 0 so small that
a+b-zg > f(z,20) +e.

Let A € A be a neighborhood of z; for which

i L) > —

Zlgg(a+b z)>a+b-zg—¢
Then

= i . > i —
ga (a,b) inf (a+b-2)> f(z,20) > inf f (z,2) = fa(z),

and this contradicts the fact that (z,a,b) € G.

The claim together with (6.27) ensures that the graph of I" belongs to
M(E)® B (R x R™).

By Aumann’s measurable selection theorem there exists a sequence of
measurable functions a; : £ — R and b; : E — R™ such that

(@i (z),bi (x)) € I'(z)

for every x € E and {(a; (z),b; (x))} is dense in I'(z). We claim that for all
r € F and z € R™,

f(x,2) =sup{a; () + b; (x) - z}. (6.28)
€N

By the definition of I" we have that

flz,z)> 316111\3 {a; () +b; (z) - 2} .

To prove the reverse inequality, fix (z,2) € E' x R™ and let
fz,2) >t
By Proposition 4.75 (ii) we may find (a,b) € I'(x) such that

a+b-z>t
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Since {(a; (x),b; (v))},cy is dense in I'(x), for every e > 0 there exists i € N
such that

—a — b < .
la = a; ()] +[b bz(x)|71+|z|

Hence we deduce that

ilellN){aj () +b; (z) -2z} > a; (z) +b; (x) - 2>t — 2,

and by letting first ¢ — 07 and then t  f (2, 2), we obtain (6.28).
This concludes the first part of the proof. The second part follows exactly
as in the previous theorem. We omit the details.

Next we consider the case in which the function f is lower semicontinuous
in x uniformly with respect to z.

Proposition 6.40. Let 2 C RN be an open set and let f: 2 x R™ — [0, o0]
be such that f (x,-) is conver and lower semicontinuous in R™ for all x € E.
Assume that for every xg € 2 and € > 0 there exists § > 0 such that

f(x,2) =2 (1 =&)f (w0, 2) (6.29)

for all x € 2, with |z — xo| < 3§, and for all z € R™. Then

f(z,z) =sup {cpi(m) (a; + b; - z)+}
ieN
for all (x,z) € 2 x R™, where p; € CX (2), ¢; >0, a; € R, and b; € R™,
1€ N.
Proof. Let G be the class of all functions g : 2 x R™ — [0, 00) of the form
g(z,2) =) (a+b-2)", (z,2) € 2 xR™,

where p € C (£2), ¢ > 0,a € R, and b € R™, and such that g(z, z) < f(z,2)
for all (x,z) € 2 x R™. Note that G # () because 0 € G.
We claim that

f(z,2) =supg(z,2) forall (z,2) € 2 x R™. (6.30)
geSG

By definition of G, it follows that

[ >supg.
9eg
Conversely, fix zo € §2, ¢ > 0, and let § be such that (6.29) is satisfied.
Consider a cutoff function ¢ € C°(£2), with 0 < ¢ <1, ¢ =1 on B(x,0/2),
¢ = 0 outside B(xg, ). Using Proposition 4.77 we can write
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f(zo,2) = sup (a; + b; - z)+ ,
ieN

for some a; € R and b; € R™. Consider
fi(@,2) = (1= e)p(x) (ai +bi - 2)" .
By (6.29) it follows that ff € G, and we get

(1 —¢)f(xo,2) = sup f; (x0, 2) < supg(zo, 2);
i€N 9€eG
hence the claim (6.30) follows by letting e — 0F.

By Proposition 4.78 and (6.30) there exists a sequence f; in G such that
fz, z) = sup;ey fi(z, z) for all (x,2) in 2 x R™.

Remark 6.41. (i) By further specializing the class G, we may also assume the
functions ¢; to have the form

0i(@) = ¢ (1) @3 (22) ... 0N (xn),

where ¢} € O (2), ¢4 >0,i=1,...,N,jeN.

(ii) In the case in which (2 is replaced by a measurable set E, the statement of
the proposition still holds, provided the functions ¢; are required only to
be continuous and bounded, and the proof is similar with obvious adap-
tations.

We are now ready to prove the general case.

Proposition 6.42. Let E C RY be a Lebesque measurable set and let f :
E xR™ — (—o00,00] be a lower semicontinuous function such that f (x,-) is
convex in R™ for all x € E. Assume that one of the following two conditions
is satisfied:

(i) there exists a continuous function vy : E — R™ with
(f(00())" € L2(B); (6.31)
(i) the set E is closed and there exists a function vy : [0,00) — [0, 00), with

lim 7 (9) =

s—oo 8

such that
[z, 2) > v(|2])

forallx € E and z € R™.
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Then there exist two sequences of continuous functions
a; - E— R, b;: E —R™,
such that

f(z,2) = sup{ai(z) + bi(x) - 2}
€N

forallz € E and z € R™.

Moreover, if f is nonnegative, then the functions a; and b; may be taken
to be bounded and condition (i) may be weakened to

(f(v0()) " € Lise(E). (6.32)
Proof. Step 1: Assume first that condition (i) is satisfied and define
9(z,z) == f(x,2 +vo(z)) — Co,

where Cj := H(f(, vo(-)))+H . Then g satisfies the same hypotheses of

Lo (E;R)
f and
—00 < ¢g(x,0) = f(z,v0(z)) — Cy < 0. (6.33)

Consider the multifunction
' E—{CCRxR™: C#, convex, closed}
defined by
I'(z) :={(a,b) e RxR™: g(x,2) >a+0b-z forall ze€R™}.

By Proposition 4.75 we have that I'(x) is well-defined. We claim that I is
lower semicontinuous. Fix an open set A C R x R"”. We need to show that

I~(A):={zeE: Ix)NA#0}

is relatively open in E. Assume that I'~ (A4) # 0 and fix g € '~ (A4), (ag,bo) €
A, and € > 0 such that

g(x0,2) > ap+ by-z forall zeR™, (6.34)
{(a;0) e RxR™ : |a —ag| + |b—by| < 4e} C A. (6.35)

We claim that there exists an open ball B in RY containing x such that
g(x,z) > ag+byg-z—e(l+1z]) forallz € BNE and z € R™.  (6.36)

Assume that (6.36) is false. Then there exist a sequence {z,,} C E converging
to zg and a sequence {z,} C R™ such that

9(Tn,2n) < ag+ by -z, —e(l+|2,|) forallneN. (6.37)
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If sup,, |zn| < oo, then we can assume that z, converges to some z; € R™,
and due to the lower semicontinuity of g, letting n — oo in (6.37) we get

9(z0,20) <ao+ bo-20 —e(1l+ [z0]),
which contradicts (6.34). Therefore sup,, |z,| = 00, and without loss of gener-
ality we can assume that |z,| — oo, with

Wy, = o, wo
M

for some wy € R™ as n — oo. Fix 7 > 0 and let n be so large that |z,|y > 1.
By the convexity of g(z,-) and (6.37),

Wn Wnp
g\ @n,— | —ao—bo- —
Y Y

1
7‘Z | [g(xnazn) — Qg _bO'Zn} + (1 -

el (o L),

Y|znl B ¥zl

1
Y|znl

) 060, a0

where we have used the fact that g(x,,0) < 0 by (6.33). Letting n — oo and
using the lower semicontinuity of g and (6.34) gives

w w €
0<9($07O>—a0—50'0 < ———ap <0,
Y Y v

provided -~ is taken sufficiently small. We arrive at a contradiction, and this
proves (6.36).
Next we claim that BNE C I'"(A). Fix x € BN E and define

h(z):=g(z,z) —(ao+bo-2), ze€R™

By (6.36) and Theorem 4.19 applied to the convex sets epih and
C:={(z,t) ER™ xR : t+2+¢|z| <0}

we may find (', a9) € (R™ x R) \ {(0,0)} and a number o € R such that

b -2+ agt > a forall (2,t) € epih, (6.38)
b z+apt <a forall (2,t) € C.

Let z € domg h. Then for any ¢t > h(z),
b -z + oot > a,

and so, letting ¢ — oo we obtain that oy > 0. If ag = 0, then, since for every
s > 0 the point (sb/, —2¢ — es|b’|) is in C, we obtain
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siV)? < o

for all s > 0, which can hold only if ¥ = 0. Since this would contradict the
fact that (b, ag) # (0,0), we have that ap > 0, and so from (6.38) we obtain

b/
h(z) > g——-22—25—<€|z\ for all z € R™.
(%)) (%))
Setting a := O% and b := —;’—;, we have proved that

glx,z) —ag—bop-z>a+b-z>—2 —¢|z| forall zeR™
Consequently, a > —2¢ and |b| < e. Let w := inf{a, 2¢}. Then
g(z,2) > ag+w+ (bg +b) -z forall z € R™,

and thus by (6.35) it follows that x € I'~(A), and the claim is proved.
Next we show that for every (z,2) € E x R™,

g(x,z) =sup{a(x)+ b(z)-z: a€ C(E),be C(E;R™), (6.39)
9(5,€) > aly) + bly)-& for all y € E and € € R™}.

One inequality is immediate. To prove the reverse inequality fix (zg,z9) €
E xR™ and let

g(xo,20) > t.
Since
g(xo,20) =sup{a+ b-2p: (a,b) € I'(x0)},
there exists (ag,bo) € I' (zo) such that

ag + bg-zg >t.

Since I' is lower semicontinuous, by the Micheal continuous selection theorem
we may find a € C(E), b € C(F;R™) such that (a(z),b(x)) € I' (x) for
every x € F and

(a(z0),b(w0)) = (ao,bo) -

Therefore the supremum in the right-hand side of (6.39) at the point (xo, 29)
is bigger than t, and letting ¢ /" g(x¢, 20) we conclude (6.39).
By Proposition 4.78 we get the desired result for the function g, say,

g(x, z) = sup{a;(z) + bi(z) - z}
€N
for all z € F and z € R™, and some a; € C (F), b; € C (E;R™). We conclude
that

f(w,z) = sup{ai(x) + bi(x) - 2}
i€N

for all z € E and z € R™, where
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a;(z) := a;(x) — by(x) - vo(x) + Cp.

We recall that vy is a continuous function.

Finally, if f is nonnegative and (6.32) holds, for each n € N let ¢, €
C2° (RN), 0 < 4, <1, be a cutoff function such that ¢, (z) = 1 for |z] <n
and ¥, (z) = 0 for |x| > n + 1. Define

fo(z,2) =0, (2) f(2,2), (2,2) € EXR™,

Then f satisfies the same hypotheses of f and also (6.31). Thus, we can apply
the first part of the proof to f,, to find two sequences of continuous functions

ain: E— R, bin:E—R™,

such that
fu(z,2) = sup{a;n(x) + bin(z) - 2} (6.40)
i€N
forallz € E, 2 € R™, and n € N. Since f > 0, we have that f = sup,,cy fn,
and so by (6.40) we obtain

f(z,2z) = sup {a;n(x) +bin(z)- 2}
i,neN
for all z € E, z € R™. As in the final part of the proof of Theorem 6.36 we
may take the functions a;, and b;, to be bounded. Note that the trunca-
tion function oy (s) is Lipschitz continuous. This completes the proof of the
proposition in the case that (i) holds.

Step 2: Next we assume that condition (ii) holds, and without loss of gener-
ality, we suppose that f > 1 and v > 1 (if not, carry out the proof with f + 1
and v+ 1 in place of f and =, respectively).

Define the Yosida transform

fo(z,z) =it {f (y,2) +n|lz—y|: y € E},
r € FE, z€ R™. For each n € N,
f(x,2) > fat1(2,2) > fo (2,2) > 7 (|2])

for all x € F, z € R™. We claim that

f(x,z) = S%pfn (SL’,Z), (641)

x € E, z € R™. This follows from the previous inequality if sup,, f,, (z,2) = oo,
so fix (z,z) € E x R™ such that sup,, f, (#,2) < oo. By the definition of
fn (z,2) we may find a sequence {z,} C E such that for each n € N,

fn(-’l%Z) Zf($n,z)+n|x—xn|_2in
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Since sup,, f (z,2) < oo, it follows that x,, — x, and thus, using the lower
semicontinuity of f, we obtain that

lim f, (z,2) > liminf (f(:cn,z) +nlz—xz,| - L )

n—oo n—oo on

> liminf f (z,, 2) > f (z, 2),

n—oo

and the claim is proved.

Next we show that for each n € N the function f,(z,-) is lower semi-
continuous. Indeed, let z; — z. Without loss of generality we may assume
that

liminf f, (x,2;) = lim f, (z, 2x) < o0
k—oo k—oo
(since otherwise there is nothing to prove), and so there exists a bounded
sequence {zy} C E such that
1
Fr (@, 20) 2 f (2, 20) + 0z —an] = o

By extracting a subsequence if necessary, and since F is closed, we may assume
that xp — x¢ € E. Letting k — oo in the previous inequality, and using once
again the lower semicontinuity of f, we get

1
liminf f,, (x, zx) > Uminf | f (2, 2x) + n|x — 2] — =
k—oo k—oo 2k
> f(w0,2) +nlzx —x0| > fr(z,2).

Thus we are in a position to apply Proposition 4.102, and in view of the
convexity of f(z,-) we have

£(2,2) = sup (2, 2). (6.42)
We claim that condition (6.29) is satisfied. Indeed, fix € > 0 and let 0 < § <
g/n. If |r — x| < d and x € E, since f* > 1, then
efn (0,2) Z nlw — zol,

and using the fact that

frr(z,2) + nlx — x| > 2" (x0,2) (6.43)
for every z € E' and z € R™, we conclude that

fo(@,2) 2 f37 (@0, 2) =z — x| = (1 —€) 37 (20, 2)

for all |z — zo| < § and z € R™.
We may now apply Remark 6.41(ii) to approximate each function f*(z, 2).
If f is nonnegative, then as in the final part of the proof of Theorem 6.36
we may take the functions a; and b; to be bounded. Note that the truncation
function oy, (s) is Lipschitz continuous.
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The convex envelope of an £V x B measurable integrand is normal. This
property follows from the proposition below.

Proposition 6.43. Let E C RY be a Lebesgue measurable set and let f :
E xR™ — [—00,00] be LN x B measurable. Then f*, and therefore also f**,
is a normal integrand.

Proof. Since f is LN x B measurable, then so is the function
h:ExR™ xR — [—00, ]

defined by
h(x,z,t) = f(z,2) —t.

In turn, the set
F:={(z,2,t) e EXR™ xR : h(z,zt) <0}

is LV x B(R™ x R) measurable. By the projection theorem, the projection of
F onto RY, denoted by E, is Lebesgue measurable.
Define the multifunction

I':Ex — P (R™)\ {0}
I'(z):=epif(z,:) ={(2t) e R" xR: f(x,2) <t}, =€ Fu.
Since

GrI'={(z,2,t) € Exc x R" xR : (2,t) € I' (z)}
={(z,2,t) EEx xR xR : f(x,2) <t} =F,

it follows that GrI" is £V x B(R™ x R) measurable, and so by Aumann’s
measurable selection theorem there exists a sequence of Lebesgue measurable
functions {(vpn, ¥n)}, vn 1 Esxw — R™, ¥y, : Eso — R, n € N, such that for each
T € Eoo the set {(vy (), (7))}, is dense in epi f (z, -).

We claim that for all (z,w) € E,, x R™,

f(z,w) = sup {z - w—t}.
(z,t)€epi f(z,°)

Indeed, if (z,w) € Ex XxR™, then f (x,-) # oo, and so epi f (z, -) is nonempty.
Let (2/,t) € epi f (z,-). Then

f(z,w)=sup {z-w—f(x,2)} > 2 -w—f(x,20) > 2 -w—t
zER™

and so
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fr@w) > sup  {z-w-—t}.
(z,t)€epi f(x,)

The reverse inequality follows from the facts that
[ (@ w) =sup{z-w— f(x,2): z €dome f(x,-)}
and that (z, f (z,2)) € epi f (x,-) for all z € dom, f (z, ).

Thus the claim holds, and so, since for each x € E,, the set

is dense in epi f (z,-), we have that for all (z,w) € Es x R™,

fr (CC,IU) = Sup {Un (.Z‘) W — Py (.’L’)}

neN

For each n € N define the Carathéodory function
gn (T, w) = vy () - w =y (), (r,w) € Ex x R™.
Then we have proved that for all (z,w) € Es X R™,

[ (@, w) = sup g, (z,w).
neN
Since Carathéodory functions are normal integrands, it follows that f* : F., X
R™ — [—00,00] is a normal integrand. On the other hand, if z ¢ E., then
f(z,+) = o0, and so

ff(z,:) = —o0.

Since the set E'\ Eo is measurable, it follows that f* : E x R™ — [—00, 0]
is a normal integrand.

The next proposition will be used in the proof of Theorems 6.49 and 7.13.

Proposition 6.44. Let E C RN be a Lebesque measurable set with finite
measure and let s : E x R™ — [0,00] be such that for LY a.e. x € E the
function s (z,-) is lower semicontinuous on R™. Then there exists a normal
integrand g : E x R™ — [0, 00] such that

(i) s (z,2) < g(x,2) for LN a.e. x € E and for all z € R™;
(ii) if h : B x R™ — [0,00] is LY x B measurable and s (z,z) < h(z,z) for
LY a.e. x € E and for all z € R™, then g(z,2) < h(x,2) for LN a.e.
x € E and for all z € R™;
(iii) for every v € L' (E;R™) and for every Borel set G C E,

/Gg (z,v(z)) de = inf { /G Y (z) dx: ¢ : G — [0,00] measurable,

Y (x) > s (z,v(x)) for LY ae z€ G}.
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Moreover, if m = d +1 with d, | € N, and if for LY a.e. x € E and for all
u € RY the function s (z,u,-) is convex in R', then the same holds for g.

Proof. By Proposition 1.68 the set E is the union of a Borel set with a set of
Lebesgue measure zero. Therefore, without loss of generality we may assume
that E is a Borel set.

Using the same notation as in the proof of Corollary 6.30, by (6.24) we
can write

s(x,z) =supxa, () rnxa, (2)
for every (z,z) € E x R™, where
G, :={x€E:s(x,-)>raxa, ()}.

Since the Lebesgue outer measure is a Radon outer measure, it follows by
Remark 1.51 that for every n € N there exists a Borel set B,, D G,, such that

LN (G, =N (B,). (6.44)
Note that since F is Borel and G,, C E, we can assume that B,, C E. Define

g(x,2) = SUp X5, (z) rnxa, (2) (6.45)

for every (z,z) € E x R™. The function g is a Borel function with s < g, and
this proves (i).

To verify (ii) let h : E x R™ — [0,00] be an £V x B measurable function
such that s(z,2) < h(x,2) for LV ae. z € E and for all z € R™, and let
v: E — R™ be a Lebesgue measurable function.

For n € N set

F,:={z € E: h(z,v(z)) > xB, ()rnxa, (v(z))}.
The set F}, is Lebesgue measurable and
LN (G, \ F,) =0. (6.46)

Indeed, let E}, be a Lebesgue measurable set in E, with £V (E \ Ej,) = 0, and
such that s < h in B, x R™. If x € G, N B}, then, since B,, D G,

h(z,v (@) = s (2,0 () 2 raxa, (v(2) = xB, (&) raxa, (v (2)),
and thus = € F,,. This proves (6.46). In particular, by (6.44),
LY (B, \ F,) =0,

and so
h(z,v(z)) = XB, () TnXxa, (v (2))
for LY a.e. z € E and for all n € N. Consequently, by (6.45),
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h(z,v(z)) = g (2,0 (x))

for £N a.e. z € E, and so

/Gh(x,v(x)) de/g(ac,v(x)) dx

G

for every Lebesgue measurable set G C E and for all Lebesgue measurable
functions v : E — R™. By Proposition 6.24 we obtain (ii).

Now we prove (iii). Fix v € L' (E;R™) and a Borel set G C E. Setting
1 (z) = g (z,v (x)), it follows that

/ g(z,v(z)) doe = / Y1 (x) dx
G €]
> inf { /G’l/J () dx: ¢ : G — [0, 00] measurable,

Y (x) > s (2,0 (x)) for LY ae. x € G}.
Conversely, if ¥ is admissible for the right-hand side of the above inequal-

ity, then an argument similar to that used to establish (ii), where now ¥ ()
replaces h (x,v (x)), yields

¥ (z) = g (z,v(2))

for LN ae. z € G.
Finally, assume that m = d 4+ with d, [ € N, and that for £V a.e. z € E,
and for all u € R? the function s (z,u, ) is convex in R!. For every Borel set

G C E and for every Lebesgue measurable function u : G — R%, v : G — R!
define

/* s(z,u(z),v(x)) de:=inf {/ ¥ () dz: v : G — [0, 00] measurable,
G G
Y (z) > s(x,u(x),v(x)) for LY ae. z € G}.
Note that the map
v /*s(x,u(x),v(x)) dx
a

is convex, and by (iii) so is

v /Gg(;mu(x) , v (x)) de.

Hence for any fixed 6 € [0,1] N Q and v, w € L™ (E;R') we have
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/Gg(x,u(:c),(l—9)1}($)—|—9w(x)) dx
< (1 —9)/Gg(:z:,u(z),v(x)) dx+¢9/Gg(:c,u(:c),w(x)) dx.

Since this is true for all G € B(E), u € L™ (E; Rd), and v, w € L™ (E; Rl),
it follows from Proposition 6.24 that there exists a set Ny C E, with |Np| = 0,
such that

for all z € E\ Ny, u € R, and ¢, w € R'. Let
No= |J N
6€[0,1]NQ

Then |No| = 0 and (6.47) holds for all 6 € [0,1]NQ, z € E\ Ny, u € R%, and
all ¢, w € R!. Now fix 6 € [0,1] and let 6,, € [0,1] N Q be such that 6,, — 6.
By (6.47),

g (‘rau7 (1 - en) C + enw) < (1 - en) g ($7’u, C) + eng ($>u7w)

foralln € N, . € E\ Ny, u € R? and all ¢, w € R'. By letting n — oo and
using the fact that g (z,u,-) is lower semicontinuous in R’ for LV a.e. z € E,
we establish that for £V a.e. z € E the function g (x,u,-) is convex. This
concludes the proof.

6.3 Well-Posedness

Throughout this section we assume that the set E has finite measure. Let f :
E xR™ — [—00,00] be an LN x B measurable function. For every measurable
function v : E — R™ consider the superposition operator

v fu ()

In this section we study necessary and sufficient conditions for the super-
position operator to map LP (E;R™) into L' (E). We begin with the case
1<p<oo.

6.3.1 Well-Posedness, 1 < p < oo

In this subsection we characterize the class of £V x B measurable integrands
f for which

/ (f (2,0 (2))" da < oo
E
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for every v € LP (E;R™). The main result of this subsection is given by the
following theorem. Note that although its proof its somewhat involved, the
main novelty with respect to similar results available in the literature (see,
e.g., [Bu89], [Kr76]) is that no regularity assumptions (e.g., continuity or lower
semicontinuity) are made on f (z, ).

Theorem 6.45. Let E C RY be a Lebesque measurable set with finite mea-
sure, let 1 < p < oo, and let f: E x R™ — [—00,00] be LN x B measurable.
Then

/ (f(z,v(x))) dz < oo (6.48)
B

for every v € LP (E;R™) if and only if there exist a nonnegative function
v € LY (E) and a constant C > 0 such that

f(z,2) > —C|z[° —~(z) for LY a.e. x € E and for all z € R™.  (6.49)
Proof. If (6.49) holds, then
(f (@,2))” < Clzl" + v (x)

for LN a.e. z € F and for all z € R™, and therefore (6.48) is satisfied.
To prove the converse implication, we observe that replacing f by —f—,
we may assume without loss of generality that f < 0.

Step 1: Fix a Borel function g : F — [1,00] and for every v € LP (E;R™)
define the function g, : E — [—00,0] as

9o (z) = {f (z,v(2)) if [v(z)] < g (), (6.50)

0 otherwise.
Let J(g) : E — [—00,0] be the essential infimum of the family
{gv :v € LP(E;R™)}.

By Remark 1.107(i) it follows that if g1, g2 : E — [1, 00] are two measurable
functions such that g; = go £V a.e. in some Borel set B € B(FE), then

J(91) = J (g2) LN a.e.in B. (6.51)

Step 2: For each z € E and n € N define

h(xz,n) :=J(n)(z).

We claim that there exist a function v € L! (F) and a constant C' > 0 such
that

h(z,n) > —CnP? —~(z) for LY a.e. 2 € E and for all n € N. (6.52)
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Assuming that the claim holds, in the remainder of this step we prove that
(6.49) is satisfied. For any v € LP (E;R™) construct a function g € L? (E;N)
such that

(@) <g(2) <fo(z)]+1 (6.53)

for £LN ae. xz € E.
We show that

h(z,g(x)) = J(9)(x) (6.54)
for LN a.e. x € E. Indeed, since ¢ is integer-valued, for each n € N let
E,={x€E: g(z)=n}.
By the locality property (6.51), for all n € N and for £V a.e. z € E,, we have
h(w,g(2)) = h(2,n) = J (n) (2) = T (9) ().

which proves (6.54).
In turn, also by (6.50), (6.53), and (6.54), for every Borel set B and for
LN ae. x € B we have

f a0 (@) = g0 () = T (9) (x) = h (2,9 (z)),
and so by (6.52) and (6.53),

| tav@) ez [ heo@) oz - [ (©a@) @) d
> [ (@l + 17+ @) de
> —/ [C (2 o (@)" +2°1) 1~ (x)] da.
B

Since this inequality holds for all v € L? (E;R™) and for every Borel set
B, we may apply Proposition 6.24 to deduce

f(@,2) > =C (2P 2P +2271) — y (2)

for LV a.e. z € E and for all z € R™.
The remainder of the proof is devoted to proving claim (6.52).

Step 3: Let g € LP(F;[l,00)) and let ¢ € R be any number such that
t> [ J(g9) (z) dz. We claim that there exists v € L? (E;R™) such that

/f 20 (@) dr <t [0l o < 20900 s

Since t > [, J(g) (z) dz, by Proposition 1. 92 we may find a nonpositive
simple function w € L' (E) such that ¢t > [, w (z) dz and w > J (g) LV a.e.
in E with strict inequality whenever J (g) < O
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By Theorem 1.108 there exists a sequence {v,} C LP (E;R™) such that

J(9) (z) = inf gu, (2) (6.55)

for LN a.e. in E. Let E be the set of points of density one of E at which
(6.55) holds. Let Ey be the set of all points 2 € E such that w (z) < 0, z is
a Lebesgue point of w, a p-Lebesgue point for g and all v,, and a point of
approximate continuity for all g,,, where all the functions in question have
been extended by zero outside F.

Let A be the measure defined for B € B (E) by

A(B) = /B w (z) da. (6.56)

Then A (E\ Ey) = 0.
If x € Ep, then J (g) () < w (z) <0, and so J (g) (x) < w (x). In particu-
lar, there exists n, € N such that

0>w(x) > gp,, (), (6.57)
and since g,,, (r) <0, it follows from (6.50) that
o, (@) = [ (z,0n, (2)),

and in turn, we deduce that

g(x) = [on, (z)]. (6.58)

Fix € > 0 so small that

(I—e)A(E) <t (6.59)

and find 7, > 0 such that for all 0 < r < r, we have

lvn, 1o (B2,rynERm) < 21900 (B2 )EY » (6-60)
{y e BENNE: |gu, )~ g, @] 2] _ _

B (x,r) 0 E] (6.61)
/ w(y) dy > |B (x.r) N E| (w () —e).

B(z,r)NE
(6.62)

Note that to obtain (6.60) we have used the fact that x is a p-Lebesgue point
for g and v,,, (6.58), and the fact that g (x) > 1 (this is the first and only
time that we use the fact that g is bounded away from zero).

We observe that for all 0 < r < r,,

/ Go, W) dy < (1= &) [B(5,1) N E| (o, (1) +¢).  (6.63)
B(z,r)NE
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Indeed, since g,,, < 0if gy, (z)+e > 0 then the inequality holds. If g,,, (z)+
€ < 0, then

[ awas< e, () dy
B(z,r)NE B(z,r) ﬂEﬂ{|gvnI )— gunz(w)|§€}

< (Gon, (@) +e) {y € B(a,r) N E: |gu,, (¥) = Gu,, (2)] < e}
< (9o, (2) +¢) (L =€) [B (z,r) N E],

where we have used (6.61).
Set G :={B(z,r): x € Ey, 0 < r < r,}. By the Vitali-Besicovitch cover-

ing theorem there exist disjoint balls B (z1,71),..., B (zk,7x) such that
k
A (EO \ U B (xi,ri)> > —€. (664)
i=1
Define

v(z) = 0 otherwise.

{vnzi (x)ifxe B(x,ri)NEji=1,...k,
By (6.60) we have
k

p
oo mmmy < D llon.,

P p
LP(B(zi,r: ) NE;R™) < 2 HgHLp(E) .
i=1

Moreover, by (6.50), (6.56), (6.57), (6.58), (6.62), (6.63), and (6.64), since
A(E) =A(Ey) <tand f <0, we have

/fxv dsc<2/ I :cvnT(ac))dx
<Z/ v, () dy

(4,75 )OE

i:l
k

<(1=2) ) |B(xsrs) N E| (w(x;) +e)
i=1

(1- 2¢) dy

c Z/(Jﬂ,n)ﬂE )+ E)
<(1—-e)A (UB xi7ri)ﬂE>+2E|E|
i=1

<(Q—e)A(E)+e+2e|E| <t,
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provided ¢ is sufficiently small and where we have used (6.59).

Step 4: Let g € L? (E;[1,00)). We claim that

/ J(g) () dx > —o0.
E

Indeed, assume by contradiction that [, J(g)(z) dv = —oo. By Corollary
1.90 we may find a sequence of disjoint sets E,, such that

/E J (9) (z) dz = oo,

Applying Step 3 to each E, we may find functions v,, € LP (E,;R™) such
that

5 f(x7vn) dr < -1, HURHLP(ETL;RM) < 2CH9HLP(E,1) :

Defining

[e%S)
V= E UnXE,
n=1

then v € L? (E;R™) and

o< [ f@) szZ:l/Enf(x,vn) R

which is a contradiction.

Step 5: We claim that there exists an integer £ € N such that the function
Y B — NU{oo} defined by

Y () :=sup{n € N: h(z,n) < —knP}, z€E, (6.65)

belongs to L? (E). Indeed, assume by contradiction that [ (¢x)” dz = oo for
all k£ € N. By Corollary 1.90 there exist pairwise disjoint Borel sets By, € B (F)
such that

/ (¢1)F dx = oo for all k € N. (6.66)
By

By the definition of ¢, we may find measurable functions wy, : By — N such
that

1
h(z,wg (z)) < —k (wg, (x))? for all x € By, and (wg)? dx > =k (6.67)
By
Indeed, set
Cr :={x € By : ¢, (x) = c0}. (6.68)

If |Cx| = 0, we can simply take wy, := 1)y, while if |Cg| > 0, then since (6.66)
continues to hold on Cf, without loss of generality we can replace By with
Cy. For each x € C), we define
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1
Wk (33) = mln{nEN h(a:,n) S _knpv ’I’LZ 21}
ke |Ck"’

Note that in view of (6.65) and (6.68), wy, is measurable and well-defined, and
that (6.67) holds.
Find Borel sets E), C By, such that

1
/Ek (w)? dx = =

_ Jwg(z)ifz € By, k €N,
w (@) = { 1 otherwise.

Then w € LP (E), since

/ dx—Z/ (wg)? dz + E\plE

while (6.67) and the fact that h < 0 yields

/J dx—/Eh(x,w(x)) dx<§:/ h(z,w (x))

and define

k=1"Er
> [ K@y =-3 1=
k=17 Er k=1 k ’

which contradicts Step 4. Note that we have used the fact that w (E) C N, so
that h (z,w (x)) := J (w) (z) for LV a.e. * € E. Hence the claim holds and
there exists k € N such that ¢y, € LP (E).

By the definition of 1, we have that

h(x,n) > —knP (6.69)

for all z € E and all integers n > vy, (). Since 1 < 1, (z) < oo for LV a.e.
x € E, we may find a measurable function ¥ : E — N that is everywhere less
than or equal to ¢, and such that

h(z,9 (z)) = min{h (z,n) : n <y (2)} for LY ae. z € E.

Set v () := —h(z,¢ (x)). Since 0 < ¢ < ¢ € LP(FE), by Step 4 we de-
duce that v € L' (E) (where again we have used the fact that h (z,9 (z)) =
J (¥) (x)), which, together with (6.69), yields (6.52).

By applying the previous theorem to f and —jf we obtain necessary
and sufficient conditions for a superposition operator v +— f (-,v(:)) to map
L? (E;R™) into L' (E). Note that, in contrast to classical results in the liter-
ature (see Lemma 17.6 in [Kr76]), no continuity assumptions are made on f
in the z variable.
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Corollary 6.46 (Integral operators). Let E C RN be a Lebesgue measur-
able set with finite measure, let 1 < p < 0o, and let f : E x R™ — [—00, 00| be
LN x B measurable. Then the superposition operator v — f(-,v(-)) maps
L? (E;R™) into L' (E) if and only if there exist a nonnegative function
v € L' (E) and a constant C' > 0 such that

|f (z,2)] < C 2P +7(x) for LY a.e. x € E and for all z € R™.

6.3.2 Well-Posedness, p = oo

The proof for the case p = oo follows from the results in the previous subsec-
tion.

Theorem 6.47. Let E C RY be a Lebesque measurable set with finite mea-
sure, and let f : E x R™ — [—00, 00| be LN x B measurable. Then

/ (f(z,v(x))) dr< oo
E

for every v € L (E;R™) if and only if for every M > 0 there exists a
nonnegative function vy € L' (E) such that

f(x,2) = =y (2) (6.70)
for LN a.e. x € E and all z € R™ with |z| < M.
Proof. Fix M > 0 and define the functions

z if |z| < M,
T (2) = |i|M it |2 > M, (6.71)
z
and

fa (2, 2) = f(z,700 (2)) . (6.72)

We claim that the functional
vel' (B;R™) — / fur (2,0 () do (6.73)

B

is well-defined and does not take the value —oo. Indeed, this follows from the
fact that if v € L' (E;R™), then 15y o v € L (E;R™) and

/fM(II?U d:c—/f (Tar 0 v) (z)) da.

By Theorem 6.45 there exist a function a; € Lt (F) and a constant Cpy > 0
such that

far (z,2) > —Car 2| — ap (z) for LY ae. x € E and for all z € R™.

In particular,
fx,2) > —CyM —aps (x)

for LN ae. z € F and for all z € R™ with |z| < M.
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As in the previous subsection, by applying the previous theorem to f
and —f we can characterize the class of operators v — f (-,v(:)) that map
L> (E;R™) into L' (E).

Corollary 6.48 (Integral operators). Let E C RY be a Lebesgue mea-
surable set with finite measure, and let f : E x R™ — [—o0,00] be LN x B
measurable. Then the superposition operator v — f (-, v (-)) maps L (E;R™)
into L' (E) if and only if for every M > 0 there exists a nonnegative function
yu € LY (E) such that

1 (2,2)] < 7 (2)

for LN a.e. z € E and all z € R™ with |z| < M.

6.4 Sequential Lower Semicontinuity

In this section we study necessary and sufficient conditions for the sequential
lower semicontinuity of functionals of the form

veLP(E;R™) — /Ef(:z:,v (z)) de, (6.74)

where 1 < p < oo and
f:EXR™ — [—00, 0]

is LN x B measurable.
We are interested in the following types of convergence:

strong convergence in LP (E;R™) for 1 < p < oo;

weak convergence in LP (E;R™) for 1 < p < o0;

weak star convergence in L™ (E;R™);

weak star convergence in the sense of measures in L' (E;R™).

From now on we will assume that the integrand f satisfies the appropriate
growth conditions from below that are necessary and sufficient to guarantee
that (fov)” € L' (E) for all v € LP (E;R™), so that the functional

vELp(E;]Rm)H/Ef(x,v(x)) dz

is well-defined (see Theorems 6.45 and 6.47).

6.4.1 Strong Convergence in L?, 1 < p < oo

In this subsection we study necessary and sufficient conditions for the se-
quential lower semicontinuity of the functional (6.74) with respect to strong
convergence in LP.
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Theorem 6.49. Let E C RY be a Lebesque measurable set, let 1 < p < oo,
and let f : E x R™ — (—o0,00] be LN x B measurable. Assume that there
exist a nonnegative function v € L' (E) and a constant C > 0 such that

f(x,2) > —C|z[° =~ (z) for LY a.e. x € E and for all z € R™.  (6.75)

Then the functional
veL?(E;R™) — / f(z,v(x)) dx
E

is sequentially lower semicontinuous with respect to strong convergence in
LP (E;R™) if and only if (up to equivalent integrands) f (x,-) is lower semi-
continuous in R™ for LN a.e. x € E.

Proof. Without loss of generality we may assume that there exists vy €
LP (E;R™) such that

/ f(z,v0 (2)) dz < . (6.76)
B

The proof of the sufficiency part is very similar to that of Theorem 5.9, and
therefore we omit it.
We divide the proof of the necessity part into four steps.

Step 1: We claim that for every B € B(E) the functional
veLP(E;R™) — / f(z,v(x)) dz
B

is sequentially lower semicontinuous with respect to strong convergence in
L? (E;R™). Indeed, let {v,} C LP (E;R™) be a sequence strongly converging
to some v € LP (E;R™). Define

__ Jup(z)ifx e B, __Juv(z) ifzeB,
w"(x)'_{vo(x)ifmeE\B, w(x)'_{vo(m)ifxEE\B.

Then w, — w in L? (E;R™) and thus
/f(x,v) dx + f (z,v0) dx:/f(x,w) dx
B E\B E

< liminf/ f(x,wy,) dz
E

n—oo

= liminf/ fx,v,) do+ f(x,v9) dx.
B

n— oo E\B

Hence

/f( d:v<hm1nf/fxvn x,
B n—oo
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where we have used the fact that f (-,vo (+)) € L' (E) by (6.75) and (6.76).

Step 2: Assume that E has finite measure and that f(z,2) > 0 for £V
a.e. x € E and all z € R™. Fix any countable set Y of L? (E;R™) and for
(x,2) € EXR™ define

f(z,w (x)) if there is w € Y such that w (z) = z,

00 otherwise. (6.77)

hy (@, z) := {

By Exercise 6.50, hy is £ x B measurable. Hence by Proposition 6.44(i) and
(i), where the roles of the functions s and h there are played here by the
functions

sy (x,z) := liminf hy (z,w), (z,2) € ExR™, (6.78)

w—2z

and hy, respectively, there exists a normal integrand gy : ExR™ — [0, o]
such that
sy (x,2) < gy (z,2) < hy (x,2) (6.79)

for LV a.e. x € F and all z € R™. By (6.77), (6.78), and (6.79), we have that
fzw(x) 2 gy (z,w(x)) (6.80)
for LN ae.z€ FandallweY.
Step 3: For every v € LP (E;R™) let B C E be any Borel set such that
Bc{zeE: gy (z,v(z)) e R}.

We claim that for every € > 0 there exists w € LP (E;R™), with [|w]| 1, p.gm) <
e, and a Borel set By C F, with |B\ By| < ¢, such that

gy (z,v(x)) > f (v (x) +w(zx)) — e for LY ae. z € By. (6.81)

Let By be the set of all points of B for which (6.79) holds for all z € R™
and that are points of density one for E, p-Lebesgue points for v and for
all functions w € Y, and points of approximate continuity for gy (z,w (x))
and f (z,w (x)) for all w € Y, where all the functions in question have been
extended by zero outside of E. Note that |B \ By| = 0.

Fix 6 > 0. For every x € By we have gy (x,v (x)) < oo, and by (6.77),
(6.78), and (6.79), there exists v, € Y such that

[v(z) =g (2)] <6, gv (z,v(z)) > f (2,0, () = 0.
Since x € By, we may find r, > 0 such that for all 0 < r < r, we have

1 = Vel o (B mymmm) < 20 |B (@) VE[YP,(6.82)

1B (z,r)N{y € E: gy (y,v () = f (¥, vz (y)) — 26} (6.83)
> (1-06)|B(z,r)N B
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Set G := {B(z,r): x € By, 0 < r < rg}. By the Vitali-Besicovitch covering
theorem there exist disjoint balls B (z1,71), ..., B (zk, ;) such that

k
Bo\ |J B (zi,m:)

i=1

< 4. (6.84)

Define

Sy () —v(x)ifz € B(z,m)NE, i=1,...,k,
w (@) = {0 otherwise.

By (6.82) we have
k
10l (gmmy < D 102 = 0N (B oy ronmzm)
i=1

k
<2°67 Y B (wi,m5) N E| < 2707 | B

=1

Let
By:={z € E: gy (z,v(z)) > f(z,v(z) +w(z)) —25}.

Since f (z,v(z) +w(z)) = f(z,vs, (x)) for LY ae. z € B(x;,r;) N E, by
(6.83) we have

and by (6.84),

k k
|B\ Bi| =By \ Bi| < |Bo \ | B (wi,m:)| + >_ (B (wi,r:) N E) \ By
i=1 i=1
k
S5+Z|B($i,ri)mE\5§5(1+|E|)-
i=1
Hence (6.81) holds.
Step 4: We claim that
gy (x,2) > f(x,2) (6.85)

for LN a.e. x € E and all z € R™. In view of Proposition 6.24 it suffices to
show that

/Bgy (2,v) d:z:Z/Bf(x,v) dzw (6.86)

for any fixed Borel set B C E and v € L? (E;R™). If the left-hand side of
(6.86) is infinite there is nothing to prove. Thus, since gy > 0, it suffices to
consider the case that gy (-,v (-)) € L (B). Define
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T:={zxeB: gy (z,v(r)) € R}.
Then |B\ T| = 0. By Step 3 (see (6.81)), for every n € N there exists w,, €

LP (E;R™), with [[wal| o ggm) < 5=, and a Borel set B,, C E, with [T\ B,| <

%, such that

gy (z,v(x)) > f(x,v(x) +w, (x)) — 2% for LY a.e. z € B,,.

For any fixed integer k € N set
Cr = ﬂ B,,.

Then v + w,, converges to v in L? (E;R™) and

1

gy (@,0(2)) 2 f (2,0 (@) +wn () = 55

for LN a.e. x € C}, for all n > k. Hence by Step 1,

1
/gy(gc,v) d:UZ/ gy (z,v) dx > liminf {f(m,v—&—wn)—k dx
B Cr n=oo oy 2

1 1
> f(z,v) de — — |Cg Z/ f(z,v) de — — |E|,
[ rewde- iz [ e de g im)

where we have used the fact that gy > 0. Since |B \ T'| = 0 we have

1 1
B\ Ci| =|T\Ck| <Y _|T\ By| < =50
n>k n>k
as k — oo, and so letting k — oo and using the Lebesgue dominated conver-

gence theorem we conclude (6.86).

Step 5: For each k € N define the functional
ve L7 (BsR™) v I (05 B) = / fo (@0 (2)) da,
E

where ;
kif s>k,
o) = Do) D= {AH0Z0

We claim that for every B € B (E) the functional I}, (-; B) is sequentially lower
semicontinuous with respect to strong convergence in LP (F;R™) . Indeed, let
{vn} C L? (E;R™) be a sequence strongly converging to some v € LP (E;R™)
and set

Y :={v,: neN}yU{v}.

By (6.80) and (6.85) we have that
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f (@00 (7)) = gy (2, v, (7))

for LN a.e. 2 € E and all n € N, and hence

fi (@, 00 (%)) = gk (2, 0n (7))

for £V a.e. z € E and all n € N and where gy,k = I 0 gy. Since the function
gy.k (x,+) is lower semicontinuous, by Fatou’s lemma it follows that

lim inf/ fi (v, (2)) dz = lim inf/ gy (z,v, (2)) dz
B B

> [ oo do= [ f@o@) dn

and the claim is proved.

Step 6: Consider B(E) as a subset of L' (E). Since L! (E) is separable we
may find a countable set S (E) of B (F) that is dense in B (F).

Since Iy, (-; B) is sequentially lower semicontinuous with respect to strong
convergence in LP (E;R™), by Proposition 3.7 we may find a countable set
Yy of L? (E;R™) such that for every v € L (E;R™), B S(F), and k € N,

I (v;B) = liminf I (w; B). (6.87)

wWEYy, w—v

Hence for every v € LP (E;R™), B€ S(E), and k € N, by (6.87), (6.80), and
(6.85), and again using Fatou’s lemma we have

/Bfk (z,v(z)) de = liminf /Bfk (z,w(x)) dx

weYy, w—v

= liminf /gyoyk(x,w(x)) dx

weYo,w—v Jp
> [ a0 @) do.
B

Since 0 < fi, gvy.x < k and S (FE) is dense in B (FE), the previous inequality
holds for every B € B(FE) and thus by Proposition 6.24 we have that

Tk ($7 Z) > 9Yo.k (CC, Z)

for LNV a.e. x € E and all z € R™ and k € N. By letting k — oo we conclude
that

f (:L'MZ) 2 gy, (LL‘,Z)
for £V a.e. x € E and all z € R™, which, together with (6.85), establishes

the necessity part of the theorem in the case that E has finite measure and
f=o0.

Step 7: In the case that E has finite measure but f can take negative values,
by (6.75) we have that the function
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g(x,2) = f(2,2) + Clef" + v (2)

is nonnegative, £V x B measurable, and the functional
H (v;B) := / f(z,0)+C W’ +v () dz
B

is sequentially lower semicontinuous with respect to strong convergence in
L? (E;R™). Hence, by Steps 1-6, f (z,-) + C|-|” + 7 (x) is lower semicontin-
uous, and in turn, f (z,-) is lower semicontinuous.

Step 8: Finally, if E has infinite measure, then by Step 1 we can apply Steps
2-7 to the set E N B(0,7) for each j € N. This completes the proof of the
necessity part.

Exercise 6.50. Prove that the function hy defined in Step 2 of the previous
proof is £V x B measurable.

As in the previous subsection, by applying the previous theorem to f and
—f we can characterize the class of all continuous operators v — f (-, v (+))
that map L (E;R™) into L' (E).

Corollary 6.51 (Continuity of integral operators). Let E C RY be a
Lebesgue measurable set, let 1 < p < oo, and let f : E x R™ — [—o00,00] be
LN x B measurable. Assume that there exist a nonnegative functiony € L' (E)
and a constant C' > 0 such that

|f (z,2)| < C 2P +7(z) for LY a.e. x € E and for all z € R™.

Then the functional
v € LP(E;R™) — / fz,v(x)) dx
E

is continuous with respect to strong convergence in LP (E;R™) if and only if
(up to equivalent integrands) f (z,-) is continuous in R™ for LN a.e. x € E.

6.4.2 Strong Convergence in L

When p = oo we have an analogous result.

Theorem 6.52. Let E C RY be a Lebesque measurable set, and let f : E x
R™ — (—o00,00] be LN x B measurable. Assume that for every M > 0 there
exists a nonnegative function vy € L' (E) such that

f(z,2) > —yur (@) (6.88)

for LN a.e. x € E and all 2 € R™ with |z| < M. Then the functional
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v e L®(E;R™) — / f(z,v(x)) dx
E

is sequentially lower semicontinuous with respect to strong convergence in
L> (E;R™) if and only if (up to equivalent integrands) f (x,-) is lower semi-
continuous in R™ for LN a.e. x € E.

Proof. Without loss of generality we may assume that there exists vy €
L*> (E;R™) such that

/ f(z,v0 (2)) dz < oco.
E

The sufficiency part of the theorem follows from Fatou’s lemma. To prove
the necessity part, we start by observing that as in Step 1 of the proof of the
previous theorem, we may assume, without loss of generality, that for every
B € B (F) the functional

UGLOO(E;Rm)H/Bf(I7U(I)) dx

is sequentially lower semicontinuous with respect to strong convergence in
L*> (E;R™). Also, by Step 8 it is enough to consider the case that E has
finite measure.

Fix M > 0 and consider the function fa; defined in (6.72) and the cor-
responding functional defined in (6.73). By (6.88) the function fjs satisfies
(6.75) with p = 1. We claim that the functional

ve L' (B;R™) H/ fur (z,v () da (6.89)
E

is sequentially lower semicontinuous with respect to strong convergence in
L' (E;R™). Indeed, let {v,} C L'(E;R™) be any a sequence converging
strongly in L* (E;R™) to some v € L' (E;R™). Without loss of generality we
may assume that

liminf | far (2,0, (2)) de = lim [ fu (2,0, (2)) do
and then extract a subsequence (not relabeled) of {v,} that converges to v
pointwise £V a.e. in E.

Fix ¢ > 0. By Egoroff’s theorem there exists a set B C E such that
|B:| < € and v,, converges uniformly to v in E \ B.. Define

v, on E\ B,
Wn = {v on B,.

Then the sequence {7ps o w,} converges in L™ (E;R™) to 7y o v, where 7
is the function defined as in (6.71). By hypothesis it follows that
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liminf/ [far (z,00) + ym] dz > liminf/ [far (z,0n) +yur (2)] doe
E E\B.

n—oo n—oo

n—oo

= liminf /E\BE [f (z,7ar o wp) + vy ()] do
> /E @)+ @) da
= /E\B [far (2,0) +yar (2)] de.

Letting € — 0T we conclude that

n—oo

liminf/EfM (z,v,) dx > /EfM (x,v) dzx

and the claim is proved. Since the functional (6.89) satisfies all the hypotheses
of the previous theorem, we have that f; (x,-) is lower semicontinuous in R™
for LN a.e. z € E.

Choose M}, := k and let N, C E with |Nj| = 0 be such that fy, (z,-) is
lower semicontinuous in R™ for all x € E'\ Nj. Define

Ny = U Np.
k=1

Then |Nyg| = 0. We claim that f (z,-) is lower semicontinuous in R™ for all
x € E\ Ny. Indeed, fix x € E\ Ny and let {z,} C R™ be such that z, — z
and take My, > |z, for all n. Then

liminf f (z, 2,) = lminf far, (z,2,) > fur, (2,2) = f (2, 2).
n—oo n—oo

This completes the proof.
The analogue of Corollary 6.51 is the following result.

Corollary 6.53 (Continuity of integral operators). Let E C RN be a
Lebesgue measurable set and let f : ExR™ — [—o0, 00] be LN x B measurable.
Assume that for every M > 0 there exists a nonnegative function vy € L' (E)
such that

f (2, 2)] <y (@)
for LN a.e. x € E and all z € R™ with |z| < M. Then the functional

ve L™ (E;Rm)H/Ef(x,v(x)) dx

is continuous with respect to strong convergence in L (E;R™) if and only if
(up to equivalent integrands) f (z,-) is continuous in R™ for LN a.e. x € E.
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6.4.3 Weak Convergence in LP, 1 < p < o0

We study necessary and sufficient conditions for sequential lower semicontinu-
ity with respect to weak convergence in L? (E;R™), 1 < p < oo, and weak star
convergence in L™ (E; R™). Since functionals that are sequentially lower semi-
continuous with respect to weak convergence in LP (E; R™) (respectively weak
star when p = 00) are also sequentially lower semicontinuous with respect to
strong convergence in L? (E;R™), without loss of generality, in what follows
we may assume that the integrand f satisfies all the necessary conditions for
strong convergence in L? (E;R™) obtained in the previous subsections.

Theorem 6.54. Let E C RY be a Lebesque measurable set, let 1 < p < oo,
and let f : E x R™ — (—o0,00] be LN x B measurable. Assume that f (z,-)
is lower semicontinuous in R™ for LN a.e. x € E and that there exist a
nonnegative function v € L' (E) and a constant C' > 0 such that

fx,2) > —C|z|’ —~(z) for LY a.e. 2 € E and for all z € R™.

Then the functional
veLP(E;R™) — / fz,v(x)) dx
E

is sequentially lower semicontinuous with respect to weak convergence in
L? (E;R™) if and only if

(i) f (x,-) is convex in R™ for LN a.e. x € E;
(ii) there exist two functions a € L' (E) and b € L¥' (E;R™) such that
f(z,2) >a(z)+b(x) 2
for LN a.e. x € E and all z € R™.

Proof (Sufficiency). Without loss of generality we may assume that there
exists vy € LP (E;R™) such that

/ [z, v (x)) do < oc.
E

The proof is very similar to the sufficiency proof of Theorem 5.14 and we
only indicate the main changes. As in Step 2 we can assume, without loss of
generality, that f(x,2z) > 0 for LY a.e. 2 € E and all z € R™. Using the
blowup method as in Step 1 of the sufficiency proof of Theorem 5.14 we need
to show only that

du (20) = lim w(Q(zg,e) N E)

N im, N > f(zo,v(z0)) for LN a.e. zy € E.

By Theorem 6.39 there exist two sequences of bounded measurable functions
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a;: E—R, b:E—R",

such that
f(x,2) = sup {ai(z) + bi(x) - 2}
€N
for LN ae. 2 € F and all z € R™.
Fix a point zy € E of density one for E that satisfies (5.15) and is a
Lebesgue point of all the Ll = functions a; (-) xg (-) and (b;(-) - v (-)) x& ().
Then as in (5.18) we can conclude that

. .1
= lim lim —N/ flz, v, () dx
Q(I(},Ek)ﬂE

k—o00 n—00 €

1
> Jim inf lim inf - / (a; (2) + by () - vn (2)) da
Q(zo,ex)NE

k—oo mn—oo 5k

1
= lim inf — / (a; (z) +b; (x) - v () do
k—oo & JQ(o,ex)NE

= a; (1’0) + bz (IO) "v (IO) )

where we have used the fact that v,, — v in LP (E;R™). By taking the supre-
mum over all ¢ we conclude that

dp

dﬁiN(xO) > f(z0,v(z0))

as desired.
Proof (Necessity). Without loss of generality, we may assume that there exists

vo € LP (E;R™) such that

/ I (z,v0 (2)) dz < oo, (6.90)
E

and, replacing f (z,z) with f (x,z — vg (2)), that vy = 0. As in the proof of
Step 1 of Theorem 6.49, we can show that for every B € B (E) the functional

veLP(E;R™) — /Bf (z,v(x)) dzx (6.91)

is sequentially lower semicontinuous with respect to weak convergence in
Lr (E;R™).

Step 1: We claim that f (z,-) is convex in R™ for LV a.e. z € E. We consider
first the case that |E| < co. Fix 6 € [0,1] N Q and let v, w € L>® (E;R™).
Let {hy} be a sequence of functions in L*> (E; {0,1}) such that (see Example
2.86)
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hy =6 in L™ (E).
For x € E define
Up () = (1 = hp () v (x) + by () w ().
Then u, = u in L>® (E;R™), where
u(z):=(1-0)v(z)+6w(x),

and so by the sequential lower semicontinuity of the energy (6.91), for every
B € B(FE) we have

/f (1—-6)v(z)+ 6w (x)) d:c<hm1nf/fxun

n—oo

= hmmf/ (1= hyp(2) f(z,v(2)) + Ay (2) f (z,w(2)) do

(1-6 /fxv )dm—i—ﬂ/Bf(x,w(x))dx.

Since this is true for all B € B(F) and v, w € L™ (E;R™), it follows from
Proposition 6.24 that there exists a set Ny C E, with |Ny| = 0, such that

fl,(1=0)z4+0w) < (1—-0)f(z,2)+0f (z,w) (6.92)

for all x € E\ Ny and all z, w € R™. Let

Ny = U Ng.
0€[0,1]NQ

Then |Np| = 0 and (6.92) holds for all 8 € [0,1]NQ, x € E'\ Ny, and all z,
w € R™. Now fix § € [0,1] and let 6,, € [0,1] N Q be such that 6,, — 6. By
(6.92),

fl,(1=0,)z+0,w) < (1—=0,) f(x,2) 4+ 0,f (z,w)

foralln € N,z € E'\ Ny, and all z, w € R™. By letting n — oo and using the
fact that f (z,-) is lower semicontinuous in R™ for LV a.e. z € E we prove
the claim in the case |E| < oo. If |E| = 0o and in view of the sequential lower
semicontinuity of the energy (6.91) it suffices to apply the first part of this
step to |[EN B (0, j)| for each j € N.

Step 2: Replacing f (z, z) with % (f (z,z) — v (z)), we may assume, without
loss of generality, that

1
flx,z)> > |z|” for £V a.e. x € E and for all z € R™.

Thus for £V a.e. x € E we may apply Proposition 5.16 to define two functions
a:FE —[0,00), b: E— R™ such that



448 6 Integrands f = f (z,2)
1
flx,2) > a(x)+b(x)z > > |z|P for LY a.e. z € F and all z € R™. (6.93)

By Aumann’s selection theorem we may assume that a and b are measurable.
Moreover, if p = 1, then |b(z)| < 1, while for p > 1,

b(z)” < C(p)a(x) (6.94)

for some constant C (p) > 0. It remains to show that a € L! (E), which by
(6.94) will entail b € LP (E;R™). Taking z = 0 in (6.93), it follows that

f(z,0) > a(z) >0,
which, by (6.90), implies that a € L' (E) .

Remark 6.55. Note that the proof of the sufficiency still holds under L*° weak
star convergence for nonnegative £V x B measurable integrands f : ExR™ —
[0, 00] such that f (x,) is lower semicontinuous and convex in R™ for LV a.e.
z e k.

6.4.4 Weak Star Convergence in L*°
The case p = oo follows from the results in the previous subsections.

Theorem 6.56. Let E C RY be a Lebesque measurable set, and let f :
E x R™ — (—o00,00] be LN x B measurable. Assume that f(z,-) is lower
semicontinuous in R™ for LN a.e. x € E and that for every M > 0 there
exzists a monnegative function ap € LY (E) such that

f(2,2) 2 —awm (2)

for LN a.e. x € E and all 2 € R™ with |z| < M. Then the functional

v e L™ (E;Rm)H/Ef(z,v(x)) dz

is sequentially lower semicontinuous with respect to weak star convergence in
L (E;R™) if and only if f (x,-) is convex in R™ for LN a.e. x € E.

Proof. To prove sufficiency, let v,, — v in L™ (F;R™). Then
sup ||UnHLoo(Q;Rm) =M
n
for some M > 0, and so

f (2,0 (2)) 2 —an ()

for LN a.e. z € E and all n € N. Define
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far (2, 2) := max {f (z,2), —an (z)} .
Note that
[ on (@) = fur (2,00 (2))  and - f (2,0 (2) = fur (2,0 (7))
for LN a.e. z € E,all n €N, and
I (7, 2) +an (2)

is a nonnegative £V x B measurable function, convex and lower semicontinuous
in the z variable. By Remark 6.55 we have

liminf | f(z,v,) dz =liminf [ [far (z,v,) 4+ apr (2)] do— / M (x) dx

>/ [f]y[(l‘ U)-I—aM dx—/EaM

/fxv

The proof of the necessity condition is entirely identical to that of Theorem
6.54.

6.4.5 Weak Star Convergence in the Sense of Measures

In this subsection we consider only the case in which the domain of integration
is an open subset 2 C RV. As we remarked in Section 5.2.3, due to lack of
reflexivity of the space L'(2;R™), if {v,,} C L*(£2;R™) is such that

sup ||[vp| 1 < 00,
n

then one can conclude only that {v,} admits a subsequence (not relabeled)
such that v, L[ 2 = Xin M (2;R™), i.e., if for all u € Cy (£2),

/uvndxﬁ/ud)\.
Q o}

This subsection is devoted to the study of sequential lower semicontinuity un-
der this natural notion of convergence. In particular, we will address necessary
and sufficient conditions under which the lower semicontinuity property

dA
. . >
hnnilorgf Qf(ac,vn) dm_/nf( dEN> dxz

holds whenever v,LV| 2 = X in M (£2;R™) and A admits the Radon-
Nikodym decomposition
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A= d‘?N LN 2+ ),
with Ay and £V mutually singular.

Since functionals that are sequentially lower semicontinuous with respect
to this type of convergence are also sequentially lower semicontinuous with
respect to weak convergence in L' (§2; R™), without loss of generality we may
assume in what follows that the integrand f satisfies all the necessary condi-
tions for weak convergence in L! (£2;R™) (see the previous subsection).

In what follows, to each function v : {2 — R™ we associate the multifunc-
tion Iy : 2 — P (R™) \ {0} defined by

Ly (2) = {¢ (@)}, ze.

Theorem 6.57. Let 2 C RY be an open set and let f : 2 x R™ — [—o0, 00]
be Borel measurable. Assume that f (x,-) is convex and lower semicontinuous
in R™ for LN a.e. z € 2 and that there exist a function a € L' (2) and a
constant C' > 0 such that

fx,2) >a(z)+C|z| (6.95)
for LN a.e. x € £2 and all z € R™. Then the functional

v L2 R™) — z,v(x T
e L' (2;R™) /qu (2)) d

is sequentially lower semicontinuous with respect to weak star convergence in
the sense of measures if and only if

f(z,2) = f(x,2) (6.96)
for LN a.e. x € 2 and all z € R™, where
f@,z)= sup [£-2—f"(2,0)], (x,2)€ (2,R™), (6.97)

g€l ()

and I' is the essential supremum of the family of multifunctions F :=
{Ly : ¥ € X} (with respect to the Lebesgue measure), where

Xi={ e Co(R™): f* (0 () € L' (D)},

and f* (x,-) is the polar function of f (x,-).
More generally, if (6.96) holds, then for any sequence {v,} C L'(£2;R™)
such that v, LV | 2 = X in M (£;R™) we have

.. dA d\
hnrrilcgf/gf(x,vn) de/Qf< d£N> der/gfs( Iy ||> Al

(6.98)
where

fs(x,z) :==sup{y(z)-z: ¢ € X} (6.99)

for all z € 2 and all z € R™.
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Remark 6.58. Often in the literature

dX dX
. . > o0
llylnigf/(lf(x,vn) dz > /Qf (x,d£N> dﬂ«“+/ﬁf (3: d”AS”) d A

is written in place of (6.98). A word of caution is needed here: although

[ f@o@)do= [ Fao@) d
17 2
for every v € L (§2;R™), it may happen that
(@) # fs (2,9) (6.100)

on a set of Lebesgue measure zero E for which || As|| (E) > 0 for some measure
A
See the next exercise.

Exercise 6.59. An example of (6.100) is given by
[l if |2]y/]z] <1,
fla,z) = {2|z — i el Vil > 1,
for z € (—1,1) and 2z € R. Prove that f, # f*°.
To prove Theorem 6.57 we need some preliminary results.

Proposition 6.60. Let 2 C RY be an open set, let g : 2 x R™ — (—o0, 00]
be Borel measurable, and let v : M (2) — [0,00) be a positive finite Radon
measure. Assume that there ewist two functions a € L' (£2,v) and b €

L' (2,v;R™) such that
g(x,2) >a(x)+b(z) 2 (6.101)

forv a.e. x € 2 and all z € R™. Suppose further that g (x,-) is conver and
lower semicontinuous in R™ for v a.e. x € £2, and let

Xy = {1 €Co(2): g( () € L (2,1)}. (6.102)
If X,, #0, then

inf g (z, ¢ (x)) dv = /Q g (z) dv, (6.103)

PYeXy e}

where

g(x):= inf x,
§(@)= _inf g(r.9)

and I, is the essential supremum of the family of multifunctions F :=
{Ly: € Xy} with respect to v. In addition,



452 6 Integrands f = f (z,2)
§(@) = inf g (x, v (2)) (6.104)

for v a.e. x € {2 whenever

Iy (x) = {thn ()}
forv a.e. x € 0.

Proof. Note that the convexity of g (z,-) together with (6.101) implies that
the family X , is convex. Hence by Remark 6.14, I', (z) is convex and there
exists a sequence {9, } C &j, such that

L, (z) = {¢n (z)} (6.105)
for v a.e. x € §2. Define

No =02\ U{xe!): g (z,9, (z)) € R}.

n=1

By (6.102) the set Ny has v measure zero, and by Proposition 4.41 and (6.105),

§(z) = inf g (z,9n () (6.106)

for LN a.e. x € 2. It follows that the function § is measurable. Moreover, for
any 1 € Xy, we have that ¢ (x) € I, (x) for v a.e. x € {2, and so

g (@, ¢ (x) = g (x)
for v a.e. x € £2. By (6.102) it follows that (§)" € L' (£2,v); thus

in /Q g (@0 (@) dv > / 3 () dv,

heXy 2

where the right-hand side is well-defined. To prove the reverse inequality let

t € R be such that
t> / g (x) dv.
Q

[ @ @dr> [ @F @ -t

and so by applying Proposition 1.92 to the function (§)~ we may find a simple
function s € L' (£2,v) such that 0 < s < (§)~ in {2 with

/Qs(:c) du>/9(g)+(x) dv —t.

Then the function o := (§)* — s belongs to L' (2,v), a(z) > § (z) for v a.e.
r € §2, and

Then
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t> /Qoz(sc) dv. (6.107)

By the Vitali-Carathéodory theorem we may assume that « is lower semicon-
tinuous.

Fix wg € X,,,,. By (6.102), for any fixed € > 0 there exists a compact set
K C 2\ Ny such that

/ lg (z,wo (x))] + | (x)] dv < &, (6.108)
K
and a number ¢ > 0 such that
/ lg (z,wo (z))]| + |a(z)] dv < & (6.109)
E

for all E C {2 with v (E) < ¢. By Lusin’s theorem for each n € N there exists

a compact set K" c K with v (K\K(")) < 2% such that g (-, %y (+)) is

continuous on K. Let -
Ko=) K™,
n=1

Then v (K \ K.) < ¢ and g (-,%y (+)) is continuous on K, for all n € N. Let
7 > 0 be small enough that nv (K) < ¢, and for every n € N set

En:={r e Ke: g(x,¢n (1)) <alz)+n}. (6.110)

Since each function g (-, ¥, (-)) — a(+) is upper semicontinuous in K, the set
E, is relatively open in K., and by (6.106) and the fact that a > g, we have

By compactness there exists £ € N such that

¢
K. = U E,.
n=1
Let A. CC {2 be an open set such that A, D K, and
/ (g (2,90 (2)))F dv < S (6.111)
AN\K. ¢

for all n = 1,...,£. Since the sets F,, are relatively open in K. we may find
open sets A, Cil6 such that A, N K. = E,. Construct a partition of unity
00y -, € C(Q) with

I
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such that suppe, C A, for all n = 1,... ¢, and suppye C 2\ K.. Since
%o = 1 on A, we may define ¢y continuously to be identically equal to one
in 2\ A.. Hence now

J4
Zapnzlinﬂ

n=0

and
¢

¢ = powo + Z <Pn¢n € Xg,u

n=1

by the convexity of g (z,-), (6.101), and (6.102). Moreover, again by the con-
vexity of g (x,-) we have

/Qg(x,¢(x)) dVS/ﬂ@o( Vg (x, wo(x dy+z/ o () (2. 0m() d
</Q\K lg (, wo(x))| dz/+n§_:1/Ks on(2)g (2, ¥ (x)) dv
+Z/ ZE djn ))) dv

§25+/ (a(z) +n) dv + e <t + 6¢,
where we have used (6.107), (6.108), (6.109), (6.110), and (6.111). Hence

inf /g(x,w(x)) dv <t + 6e.
Q

weXy,

By letting first ¢ — 0" and then ¢ \ [, § (z) dv we conclude that

inf /Qg(x,w(x)) dyg/g(x) .

PYEXg, 9]
This completes the proof.

Remark 6.61. The analogue of (6.103) holds for supremum in place of infimum
provided there exist two functions a € L' (£2,v) and b € L* (£2,v;R™) such

that
g(@z)<a(x)+b()- 2z

for v a.e. x € 2 and all z € R™, and that g (z,-) is concave and upper
semicontinuous in R™ for v a.e. z € {2. In this case,

swp [ glai@) o= [ 3(@) dr,

YEXy L 0
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where

g(x):= sup g(z,8)
ﬁeFu(‘T)

and I, is still the essential supremum of the family of multifunctions F :=
{Iy : ¥ € X, } with respect to v. In addition,

g(z) = Sup g (z,¢n (x)) (6.112)

for v a.e. x € {2 whenever

L, (z) = {¢n ()}
for v a.e. ¢ € (2.

The next exercise illustrates the fact that in the previous theorem X,
cannot be taken to be the entire space Cy (£2).

Exercise 6.62. Let 2 =R, m = 1.

(i) Construct a compact set K C R with empty interior and such that |K| >
0.

(ii) Define

z ifre K,

L0y (2) otherwise,

(o.2) = {

where Iy is the indicator function of {0}, namely

0 if z=0,
Tty (2) = { 0o otherwise.

Prove that
inf / g (z, ¢ (z)) dv =0.
2

peCo(R)

(iii) Prove that the essential supremum of the family of multifunctions F :=
{Iy: ¥ € Cy (R)} is the multifunction

for x € R.
(iv) Prove that (6.103) fails.

Proof (Necessity of Theorem 6.57). Without loss of generality we may assume
that there exists vg € L' (£2;R™) such that

/ [ (z,v0 (2)) do < o0, (6.113)
2
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Since L'(§2;R™) may be identified with a subspace of M (£2;R™) that is the
dual of the separable space Cy (£2;R™), by (6.95) we are in a position to apply
Proposition 3.16 to conclude that the functional

I(v):= /Qf(z,v) dr, ve L'(2;R™),

is lower semicontinuous with respect to weak star convergence.
Consider now the duality pair (L* (2;R™), Cp (£2;R™)) under the duality

<uv¢>L1(Q;Rm)7CO(Q;Rm) = /Qu -pdx

for w € L' (£2;R™) and Cp (£2;R™). Then the functional I is convex and
lower semicontinuous with respect to the topology o (Ll, CO). It follows from
Proposition 4.92; taking as V' the topological vector space

(L' ($;R™) 0 (L', Cy)),

that I = I**.
Since by Theorem A.72 the topological dual of (L1 (2;R™) o (Ll, Co)) is
Co (2;R™), if v € L} (£2;R™), then

IT(w)y=I"(v)=  sup )[/Qw-vdx—l*(@b) . (6.114)

PeCy(§2;R™

Step 1: We claim that for ¢ € Cp (§2;R™),

I () :/ I (z,¢ (2)) dz. (6.115)
I7)
Note that by (6.95) and (6.113) the function

v (@) = —f (z,v0 (2)) (6.116)

belongs to L!(§2) and since

[ (@,8) = & vo (x) + 7 (2) (6.117)

for LV a.e. € 2 and all £ € R™, by Proposition 6.43 the right-hand side of
(6.115) is well-defined.
By Definition 4.86 we have

I"(¢)=  sup / (W -v—f(x,v)) de. (6.118)
veLl (2R™) J 0

Since

f* (3776) = Ssup [f-w—f(azw)],

weR™
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< /Qf* (2,0 (x)) do

To prove the reverse inequality, let ¢ € R be such that

then

| £ @) do>
Q
and fix € > 0. Let
Bo = {z € 2: (2,0 () = oo}
and consider first the case |E| > 0. Let K C E. be any compact set with

positive measure, and using Aumann’s selection theorem and the definition of
f* select a measurable function w : K — R™ such that

v w@) - @)z (o0 [wsala) 6

for LN a.e. x € K. By Lusin’s theorem there exists a compact set K. C K
with |K\ K| < |2£| such that w is continuous on K. Define

w(x) if z € K,

ve (7) 1= {vo (x)ifz € 2\ K. (6.120)
Then v, € L*(£2;R™), and by (6.116) and (6.119),
2K,
[ wroe= gy o225 (14 [ ol )
2 \Kl
_/ ¥ -vo + ] dx > 1,
QK.
and so
I (¢) = sup [/dwwda:—/f(x,w)dx}zt
weL(2;R™) LJ 2 N
Given the arbitrariness of ¢ we conclude that
> / f(z,¢ () de. (6.121)
Q
If |Es| = 0, then find a compact set K C {2 such that
/ f( ) dz > t, / |- vo +| dzx <e, (6.122)
Q\K

and a number § = 6 (¢) > 0 such that
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/ |V -vg + 7| de < e (6.123)
E

for all E C 2 with |E| < §. The function ¢ may be assumed to be increasing
with € > 0.
As before, let w : K — R™ be a measurable function such that

€

f* (¢ (7)) §¢($)'w(I)—f($,W(I))+m

(6.124)

for LN a.e. x € K, and by Lusin’s theorem find a compact set K, C K with
|K \ K| < ¢ such that w is continuous on K. Choose K, in such a way that
if e < €', then K. D K.. Define v, as in (6.120). Then v. € L'(2;R™), and
by (6.116) and (6.124),

/Q(w've_f(wﬂjs)) dx
> [ rwede—en [ el e

€

— [ @i [ (@) i

€ K.

—s—/ [ vo + 7| da
2\ K.

> / (F* (o))t d— /K F* (2,0))" de
E/Q\K%/J'UoJrﬂdI

* + * —
> /K (F* () da — /K (" ()™ der — 3e,

€

where we have used (6.122) and (6.123).
By (6.118) we deduce that

I () > /K (f* ()" dee /K (" ()™ dar — 3c,

€

and so letting ¢ — 0 and using the Lebesgue monotone convergence theorem
we obtain

Iz [ 5 dezt

K

by (6.122), and thus (6.121) follows.

Step 2: By (6.114) and Step 1 we have that for every v € L1 (2;R™),

I(v)= sup /Q (@) v (@) - 1 (20 () de.

PeCH(2;R™)
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Fix v € L'(2;R™) and for z € 2 and £ € R™ define

g (2,8) =& -v(x) — f*(,8).

Note that for ¢ € Cp (£2;R™) we have that g, (-, (-)) € L (£2) if and only if
1 € X. Hence we invoke Remark 6.61 to deduce that

1) = s | @@= [ b @ s
where

ho () = sup [€-v(x) — f* (2,8)] = [ (2,0 (x)).

§Er(z)

Thus we have shown that

/f(x,v(x)) dxz/f(x,v(m)) do (6.125)
(P 2

for all v € L' (£2;R™). Since f > f this implies in particular that f (z,v (z)) =
f(z,v(z)) for LN a.e. z € 2, whenever f (-, v(-)) € L' ().
Fix w € L>*(£2;R™) and B € B ({2) bounded, and define

_ Jw(z) ifzxeB,
v(@) '_{vo(x) ifxe 2\ B.

By (6.125),

/ f(z,w(z))de + f(z,v0 (x)) dx
B

2\B

/ f(z,v(x)) dz+ f(z,v0 (x)) da.
O\B

Since f (-, v (+)) € L1 (£2;R™) it follows

/ f(z,v9 () de = f(x,vo (2)) dx < oo,
2\B 2\B

/fﬂcw )dm:/Bf(x,U(x))dx

for all w € L*(2;R™) and B € B ({2) bounded. We may now apply Theorem
6.24 to conclude that ~
f(@,2) = f(x,2)

for £N a.e. x € 2 and all z € R™.

and so
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Proof (Sufficiency of Theorem 6.57). Let {v,} C L'(£2;R™) be such that
v LN 2 2 X in M (;R™) and set v = LV 2 + [A;|. Let I, be the
essential supremum of the family of multifunctions F := {Iy, : ¢ € X} with
respect to v.

Step 1: We claim that

fs(x,z) =sup{&-z: £, (a)} (6.126)

for v a.e. x € 2 and all z € R™. By Remark 6.14(ii) there exists a sequence
{b;} C X such that

Ly () = {bi (z)} (6.127)
for v a.e. © € £2. Let {¢,} be a countable dense subset of X'. Then
Ly () = {bi (2)} U {hn (2)}

for v a.e. x € (2. Therefore, without loss of generality, in (6.127) we may
assume that sequence {b;} is dense in X, and thus for every x € {2 and all
z € R™,

fo(@,2) =sup{¢ (x) - z: ¢ € X} = sup{b; (z) - 2},

ieN
and the claim (6.126) follows from (6.127).
Step 2: We claim that
fx,z) =sup{b; (z) -z — f*(z,b; (z))} (6.128)

€N

for LV a.e. x € 2 and all z € R™.
The equality (6.128) follows from (6.96), the fact that

I,(x)=1T(x)

for LN a.e. x € 2 (see Remark 6.14(iii)), and (6.112).

Step 3: The remainder of the proof follows closely that of Theorem 5.19. We
indicate only the main changes. Define

a; (x) == —f* (z,b; (x)) .

By replacing f (x, z) with f (z,2) — a (z) we can assume, without loss of gen-
erality, that f > 0.
We choose a point xg € {2 that satisfies (6.128), (5.27)—(5.28),

i IN(@Go,2))

i N 00, (6.129)

and is a Lebesgue point for all functions a;, i € N. Choosing € \, 0 such that
w(0Q(xg,er)) = 0 and ||| (OQ(x0,ex)) = 0, in place of (5.31) we have
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dp 1
—~(x0) = lim lim —/ f(z, v (x)) dz
dLn k=00 n—=00 1 J(z0.21)

1
> lim sup lim sup — / [a; () + b; (2) - v, (z)] dz
Q(wo,ek)

k—oo n—oo &f

1
= a; (zo) + limsup — / b; (z) - dX (x),
Q(zo.ek)

k—oo &

where we have used Proposition 1.203(iii) and the fact that x¢ is a Lebesgue
point for a;. Write

1 1
g ~/Q(a:o,€k) " (x) - (x) :g /Q(:vo78k) (bi (x) b ($O)) 9 (x)

)\(Q(wo,&‘k))

N

+ bi (zo) - .
k

and use the continuity of b; and (6.129) to conclude that

hm%/ bi () - dA (2) = by o) - lim 2LLE00)
k—oo g k—oo I
E < Q(zo,ek) %

dA

by (5.28). Hence

I (20) > a; (w0) + b (x0) -

dEN (‘/'EO) k)

dA
acyN
and taking the supremum over all ¢ € N, by (6.128) we get
du d\
e (a0) > £ (0. 357 ().

It remains to show that for ||As| a.e. zp € E,

dy A
dwm””>ﬁG“me“Q'

Take xg € {2 that satisfies (6.126), (5.32)—(5.34), and

1
hm;——————f/ |ag| dz =0, (6.130)
Q(wo,¢e)

=0t [|As][ (@0, €))
for all ¢ € N.
Choosing e \, 0 such that pu(0Q(zo,ex)) = 0 and ||A|| (0Q(zo,ex)) = 0,
then
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dp
o)
Ay

1(Q(zo,ek))

= lim ———F7——
k—oo [|As]| (Q(z0,€x))
1
k—oo n—0o0 | As|| (Q(Z0,€k)) JQ(wo,en) ( )

. . 1
> lim sup lim sup

k—oo n—oo m /Q(mo,ek) [ai (l‘) +bi (m) " Un (x)] dz

(6.131)

. 1
= lim sup

S b (z) - dA (x),
k—o00 ||>‘S|| (Q(x07€k)) /Q(xg,ak)
where in the last equality we have used (6.130). Write
Aggnggf/ bi () - dA (z)
X1 (@G0 1) Jowoen)

1
EuNeiemenrl NI R ACIREYE
A (Q(zo,r))

[Nl (@Co, )

and use the continuity of b; and (5.33) to conclude that

+ bi (wo) -

hmg——;L———/ bi (2) - d (x)
Q(Io,Ek)

k—oo [ As]| (Q(z0,ek))
o) 1 A@@oer) A
= bi (x0) AMH&WQ@m%»

Hence by (6.131) we obtain

dp A
d”)\sH (Io) Z fs <I05 (‘TO)> .

This completes the proof.

Remark 6.63. Condition (6.95) has been used only in the necessity part of the
proof to conclude that the sequentially lower semicontinuous functional I is
actually lower semicontinuous with respect to weak star convergence. In the
sufficiency part of the proof we need only a much weaker condition, namely
that there exist functions a € L' (£2) and b € C (£2;R™) such that
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f@,2) 2 a(z)+b(x)- 2

for LN ae. z € 2 and all z € R™. Indeed, since b € Cy ({2), it suffices to
replace f (x,z) with f(x,2) — (a(x) +b(x) - 2) in Step 3 of the sufficiency
proof.

Note that under the hypotheses of Theorem 6.57, since f (x,-) is convex
and lower semicontinuous in R™ for £V a.e. z € £ and (6.95) holds, by
Theorem 4.92(iii) we have that f (x,-) = f** (z,-) for LY a.e. x € 2 . Hence
by (6.97) and the definition of f** (x,-) the inequality

f(w,)zf**(.%',)ZfN(l',)

is satisfied for £V a.e. z € £2. To our knowledge, it is still an open problem
to characterize the class of integrands f for which the opposite inequality
holds. By the sufficiency and the necessity parts and by (6.128), sequential
lower semicontinuity holds if and only if f can be written (up to equivalent
integrands) as

flz,z) = ?gg {a; () +b; (x) -z}, (x,2) € 2 xR™, (6.132)

for some a; € L] . (2) and b; € C (£2;R™) (with at least one a; € L' (£2) and

b; € Cp (£2;R™)). In particular, if f > 0, then we can set a; := 0 and by := 0.
Note that by Proposition 4.77, if (6.132) holds, then

F<(@,2) = sup{bi () - 2}, (2,2) € 2 x R™,
ieN
and so the recession function f°° must be lower semicontinuous in (x, z) (up to

equivalent integrands). Next we present two easily verifiable conditions under
which (6.132) holds.

Corollary 6.64. Let f: 2 x R™ — [0,00] be Borel measurable. Assume that
f (z,-) is conver and lower semicontinuous in R™ for LN a.e. x € 2. Then
(6.96) holds if either of the two following conditions is satisfied:

(i) [ is lower semicontinuous in 2 X R™ and there exists a continuous func-
tion vg : £2 — R™ with f(-,v9(+)) € LS.(2;R);

loc

(i1) f: 2 xR™ — [0,00) is locally bounded, and V. f exists for all x € 2 and
for L™ a.e. z € R™, with V. f (-, 2) continuous.

Proof. By Proposition 6.42 it follows that condition (i) implies (6.132), while
if (ii) is satisfied, then by De Giorgi’s theorem 6.36, for LV a.e. € §2 and all
z € R™ we may write

flz,2) = sup {a; (z) +b; (z) - 2},

where
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a; (z) := - f(@,2) (m+1) i (2) + Vi (2) - 2) dz,

@)= | f@2) Vo) d

and ¢; € C} (R™) are nonnegative and [;,, ; (z) dz = 1. Since f is locally
bounded, a; € Li _ (£2). Integrating by parts, we have that

loc

b; (‘r) = V.f (ZC, Z) Pi (Z) dz,

Rm™

and so the continuity of b; follows by the Lebesgue dominated convergence
theorem using also Theorem 4.36.

6.5 Integral Representation in L?

Throughout this section we assume that £ C RY is a Lebesgue measurable
set, and we find sufficient conditions for a functional

E:LP(E;R™) — (—o00, 0]

to have an integral representation of the type

E(v) :/ h(z,v(x)) dx
E
for all v € LP(E;R™) and for some integrand h. We start with the case that
1<p<oo.

Theorem 6.65. Let E C RN be a Lebesque measurable set, let 1 < p < oo,
and let
I:LP(E;R™) x B(E) — (—00, ]

satisfy the following properties:
(1) I(v;-) is additive, that is,
I(v; By U By) = I(v; By) + I(v; B2)

for allv € LP(E;R™) and all By, By € B(E) such that By N By = {);
(I2) I(-; B) is local, that is, for all B € B(E),

I(v; B) = I(w; B)
for all v, w € LP(E;R™) such that v=w LY a.e. on B € B(E).

For every B € B(E) let T be either the weak or the strong topology in
L? (B;R™) and let &, (-; B) be the greatest functional below I (-,B) that is
sequentially lower semicontinuous with respect to 7. Assume that
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(Is) &, is proper, that is, &, > —oo, and there exists vg € LP(E;R™) such
that
Sp(’Uo; B) eR

for every B € B(E).

Then there exists a normal integrand h : EXR™ — (—o00, 00] that satisfies

the condition
h(z,z) > —C|z|P —a(x)

for LN a.e. x € E and for all z € R™, for some nonnegative function a €
L' (E) and some constant C > 0, and such that

Ep(v; B) = Ey(vo; B) + /B h(z,v(z)) dx

for allv € LP(E;R™) and B € B(E).

Proof. Step 1: As in Step 1 of the proof of Theorem 5.29 we can show that
&, satisfies conditions (1) and (I2). Note that here we use heavily the fact
that, by (I3), the functional &, and, in view of (5.50), all the functionals
Hp defined in Step 1 of Theorem 5.29 never take the value —oo, so that
Hp(v; B1) + Hp(v; B2) and &, (v; B1) + &E,(v; By) are always well-defined.

Step 2: By replacing the functional &, (; B) with &,(- + vo; B) — &,(vo; B),
where vg is the function given in (I3), in the remainder of the proof we assume

that
&y (0; B) =0 for each B € B(E). (6.133)

We claim that for every fixed € > 0 there exists ¢ = ¢ (¢) > 0 such that
& (i B) + = / ol d > —e (6.134)
B

for every v € LP(E;R™) and B € B(E). Since &, (-; E) is sequentially lower
semicontinuous with respect to strong convergence in L? (E;R™), by (6.133)
this implies that for every fixed & > 0 there exists 6 = 0 (¢) > 0 such that

& (v;E) > —¢ for all v € LP (E;R™) with / [v]P dz < 6. (6.135)
E

For B € B(E) and v € L? (E;R™) we may find k € N and n € [0, 1) such that

/ ol da = (k+n)6 (6.136)
B

and, by Propositions 1.89 and 1.20, k + 1 pairwise disjoint subsets of B such

that
k+1

B=JB, / | de <6 foralli=1,....k+1.
B;

=1
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Indeed, let By C B, By € B(E), be such that

k
/ [v|P dx = ﬂd
By k+1

Recursively, having found disjoint Borel sets By, ..., B; C B with ¢ < k and

kE+n
p
LﬁW|d s,

and since

k k
/‘1 WP do = (k+n)6 — 205> 205
B

- bt 1—i
U B, R 2t e,
j=1

we may find B;y; C B\ U;Zl Bj, Biy1 € B(E), such that

/ ol do = EE15
- 1

By Step 1, (6.133), and (6.135) we have
Ep(v;By) =&y (vxp,; E) > —eforalli=1,... . k+1,
which implies that, again by Step 1,

k+1
B) = ng(v;Bi) >—(k+1)e.
In turn, by (6.136) this yields
& (v; B) + /|v|pdgc> (k+ 1 e+ (k+n)e>—¢

foralle >0, B € B(FE), and v € LP (E;R™), and the claim is proved.

Next we show that £,(v; -) is a measure, absolutely continuous with respect
to the Lebesgue measure. By Proposition 1.168 and (1), to prove that &,(v; -)
is a signed measure it is enough to verify that

Ep(v; By) — &,(v; B) whenever B,, /' B, B,,, B€ B(E).
By (Il)7 (IQ)a and (6133)7

Ep(v; B) = Ey(vxp; E) < liminf E,(vyp,; E) = liminf &,(v; B,).

n—oo n—oo

To obtain the opposite inequality, by (6.134) for every € > 0 we have that
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&,(v; B) + 6/|U|de =&, (v; By) + g/B|v\de

n

—|—€p(v;B\Bn)—|—§/ [v|P dx
0 JB\B,

+§/Bn|vp dr —e.

+§/ |v|P dx > limsup €(v; By,) / [v|P dx — e,
B

n—oo

Hence

or, equivalently,
Ep(v; B) > limsup &y (v; By) — ¢,

n—oo

and we may now let ¢ — 0.
Thus &,(v;-) is a measure, and by (I2) and (6.133) it is absolutely contin-
uous with respect to the Lebesgue measure.

Step 3: For every € > 0, B € B(FE), and v € LP (E;R™) we define

&, (v;B) == —&,(v; B) — %/B | du,

where § = ¢ (¢) > 0 is the constant given in the previous step. For every ¢ > 0
and B € B(FE) we also set

pe (B) :=sup{®. (v;B'): B'€ B(E), B'C B,v e LP(E;R™)}.

We claim that p. is a (positive) Borel measure. Note that u. > 0 by (6.133),
while p. < e by (6.134).

If By, By € B(F), with B; C B, then every Borel subset of B; is a
Borel subset of By, and so p. (B1) < pe (B2), that is, p. is an increasing set
function.

If By, By € B(E), with By N By = 0, then for any B’ € B(FE), with
B’ C B1 U By, and any v € L? (E;R™) we have

&b, (v; B') = b, (v; B'N By) + & (v; B'N By)
< pe (B1) + pe (B2),

where we have used the fact that @, (v;-) is a signed measure. Taking the
supremum over all admissible B’ and v gives

pe (B1 U Ba) < pie (B1) + pe (B2) - (6.137)

To prove the reverse inequality fix real numbers t; < pc (B;), i = 1, 2, and
find B] € B(E), B} C B;, and v; € L? (E;R™) such that
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t; < @, (vi; By),
i =1, 2. Define

_Juvi(z)ifx € By,
v(@) '_{UQ(J:) if z € E\ By.

Then v € LP (E;R™), and so
t1 +ta < D (v1; BY) + Pe (vo; By) = b (v; BY) + P (v; BY)
=@, (v; B UB3) < pe (B1U By),

where we have used the locality of @, (+; Bf), i = 1, 2, and again the fact that
@, (v;+) is a signed measure. Letting t; /' pe (B;), i = 1, 2, gives, also by
(6.137),

pe (Br U B2) = e (By) + pie (Bz2) -

Since e () = 0 it follows that p. is a finitely additive measure. Hence by
Proposition 1.9, to prove that p is a measure it is enough to verify that

te(By) — pe(B) whenever B, / B, B,,, B€ B(E).
Using the fact that p. is an increasing set function, we have that

sup fie(Br) < pie(B).
neN

To prove the reverse inequality fix a real number ¢ < u. (B) and find B’ €
B(E), with B’ C B;, and v € L? (E;R™) such that

t <& (v;B').
Since @, (v;-) is a signed measure, we have that

t<®.(v;B')= lim &, (v; B'NB,) < sup p.(By),

and so letting t  p1. (B) we obtain

pe (B) < sup pe(By).
neN
Hence p. is a (positive) finite Borel measure. Moreover, if B € B(FE) has
Lebesgue measure zero, then p. (B) = 0 by (6.133). Hence p. is absolutely
continuous with respect to the Lebesgue measure and thus by the Radon-
Nikodym theorem there exists a function a. € L'(E) such that

e (B) = [ ac (@) da

for all B € B(FE). By the definition of u. and @, (v; B) and by (6.134) we
obtain that
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@ (0:B) =&, (i B) = 5 [ ol do < o (B) = [ () da

for all B € B(F) and v € LP (E;R™), or equivalently,

& (v;B) > 7/3 (ae () + % Ivl”) dx

for all B € B(E) and v € LP (E;R™). Take ¢ = 1 and let a := a; and

C .= ﬁ Then

& :8) = = [ (ala)+Clof’) ds

for all B € B(FE) and v € LP (E;R™).

As in the proof of Theorem 5.29, since £,(v;-) may not be a Radon mea-
sure, next we consider the Yosida transforms. In what follows we replace the
functional &, (v; B) with

£, (v; B) +/ (a () + C [v]?) do
B
and thus the new functional, still denoted by &,, is nonnegative and
&,(0; B) :/ a(z) dx
B

for all B € B(E).
Step 4: For every k € N, B € B(E), and v € LP(E;R™) define

V*(v; B) := inf {sp(u;B) + k/B lw (z) — v (z)]P do: we Lp(E;Rm)} .

Exactly as in Substep 3a of the proof of Theorem 5.29, for v € LP(E;R™) we
have that Y*(v;-) is a (positive) finite Radon measure absolutely continuous
with respect to the Lebesgue measure, that

&, (v; B) = sup Y*(v; B) (6.138)
k
for every B € B(E), that
VE(w: B) < &, (0 B) + k/ WP do = / (a+ ko] dz (6.139)
B B

for all k € N, B € B(E), and that
V¥ (v; B) = V*(u; B)|

1/p' 1/p
<Ck (/ (a+ u’ +|v?) dm) </ lv —ul? dx) (6.140)
B B
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forall k e N, B € B(E), and u € LP(E;R™).
Let
M:={B e B(E): |B|l <o}.

By (6.139), for every z € R™ the set function
BeM— Y*(z;B)

is nonnegative, countably additive, and bounded from above by a measure
that is finite on 9 and absolutely continuous with respect to the Lebesgue
measure. By Corollary 1.38 we may extend Y*(z;-) to a measure py, . defined
on B(E). Since puy, . (B) = Y*(2; B) for all B € 9M, it follows that uy . is still
absolutely continuous with respect to the Lebesgue measure and it is o-finite.
Thus by the Radon—-Nikodym theorem we may find a nonnegative measurable
function fi , : E — [0, 00| such that

i (B) = /B Juo (&) da

for all B € B(E), and so

V(2 B) = /Bfk,z (z) d (6.141)

for all B € M.
In particular, if j € N and 2z, w € Q™ are such that |z|, |w| < j, then by
(6.140) and Young inequality,

1/p’
V4(23 B) — V(s B)| < Ok ( [ @+ dx) BIY7 |z —
B
gokU (a+27) dx+|B|]|z—w|
B

for all B € 9.
Thus, also by (6.139), (6.141), and Proposition 1.87 there exists a measur-
able set N1 C E, with |N7| = 0, such that

0< frz(z) <a(z)+kl|z|" (6.142)
for every x € E'\ Ny and every z € Q™, and
oz (@) = frw (@) < Ck(a(z) + 257 + 1) |z — w| (6.143)

for every x € E\ N1, j € N, and every z, w € Q™, with |z|, |w| < 5.

Fix « € E'\ N;. Since the function z — f , (x) is locally Lipschitz contin-
uous on Q™. using the density of Q™ we may uniquely extend it to a locally
Lipschitz continuous function on R™ that still satisfies (6.142) and (6.143).
For every x € E and z € R™ define
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fula) = { e TERA N

Then by (6.142) and (6.143) the function f (z, z) is a Carathéodory function
and
0< fi(2,2) <a(x)+ kel

for every z € E and z € R™.
Since Y*(v;-) is a measure, it follows from (6.141) that

VH(s; B) = /B fu @5 (2)) da

for all B € B(FE) and for every simple function s that takes values on Q™ and
such that

Hzx € E: s(x) # 0} < oo.
Using the continuity with respect to strong convergence in L?(E; R™) of both
sides of the previous identity (see (6.140), (6.142), (6.143), and Corollary 6.51)
we conclude that for every v € LP(E;R™),

Vo (u; B) = /B fi (@0 (2) da

Since for k < n we have yk(v;B) < Y™(v; B), we may find a set Ny with
|N2| = 0 such that

fk (.%‘,Z) < fn (.’L‘,Z)
for all z € E\ Ny and z € R™. Define

h(x,z):= {?elgfk (@,2)z € EANa,

0 T € No.

By Theorem 6.34, each fi is a normal integrand, and thus h, being the supre-
mum of an increasing sequence of normal integrands, is still normal. Hence
by (6.138) and the Lebesgue monotone convergence theorem we have

»(v; B) /hxv

for every v € LP(E;R™) and B € B(E

Exercise 6.66. Let £2 = (0,1), let m = 1, and for every v € L'(2) and z € 2
let

1if fye 2:v(y)=v(x)} =0,

0 otherwise.

7(0)(a) = {

For every v € L'(£2) and B € B({2) define
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(i) For every v € L'(£2) and B € B(2) define
N(@w;B):={teR: {ye 2:v(x)=t} #0}

and prove that N (v; B) is at most countable and that if w € LP(£2) is
such that v = w £! a.e. on B, then N (v; B) = N (w; B).
(i) For every v € L1(2), B € B(£2), and = € 2 let

lifv(x) ¢ N (v; B),
0 otherwise.

77 (1) (a) = {

Prove that T (v) (z) = T? (v) (z) for £! a.e. x € B.
(iii) Prove that the functional I satisfies conditions (I), (I2), and (I3).
(iv) Prove that for every B € B({2) and ¢ € R,

I(ve; B) = | B,

where v, (z) :=z + ¢ for x € 2.
(v) Prove that there is no integrand h : 2 x R — [0, co] such that

I(U;B):/Bh(:mv(x)) dx

for every v € L*(£2) and B € B(£2).
Next we address the case that p = oo.
Theorem 6.67. Let E C RY be a Lebesque measurable set and let
I:L>®(E;R™) x B(E) — (—00, ]

satisfy properties (Iy)—(I2) of the previous theorem. For every B € B(E) let T
be either the weak star or the Mackey topology in L>° (B;R™) and let £ (+; B)
be the greatest functional below I (-, B) that is sequentially lower semicontinu-
ous with respect to T. Assume that E satisfies assumption (I3) of the previous
theorem. Then there exists a normal integrand h : E x R™ — (—o00,00] (de-
pending on T) that satisfies condition (6.70) such that

Ex(V; B) = Eo(vg; B) —l—/Bh(:mv(m)) dx

for allv e L>*(E;R™) and B € B(E).
If, in addition, I satisfies the growth condition

(I5)" for every M > 0 there exists yar € L (E) such that for all B € B(E),
[T (v;B)| < / v (x) dx
B

for all v € L= (E;R™) with v (x)| < M for LV a.e. x € B,
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then T can also be taken as the strong topology in L*°(B;R™).

Proof. The proof is almost identical to that of Theorem 5.31. The only slight
difference concerns the case in which 7 is the strong topology. Note that in
this case, by (I5) the functional

v e L' (B;R™) — Ty (v; B) +/ Y dx
B

is nonnegative, and so applying to this functional the reasoning in (5.66), once
again we deduce that 7, is sequentially lower semicontinuous with respect to
strong convergence in L.

6.6 Relaxation in LP

In this section we treat relaxation properties of functionals of the form
ve Ll (E;R™) — I (v) :=/ [ (z,v) du,
E

where E is a Borel subset of RV, 1 < p < oo, and f: E x R™ — (—o00, ] is
an LN x B measurable function.
As in Section 5.4 we consider the relazed energy

E:LP(E;R™) — [—o0, 0]

of I, that is, the greatest functional £ below I that is sequentially lower
semicontinuous with respect to the topology 7. We will address the following
types of convergence:

weak convergence in LP (E;R™) for 1 < p < o0;
weak star convergence in L™ (E;R™);
weak star convergence in the sense of measures L' (E;R™).

By Propositions 3.16 and 3.18, when [ satisfies a suitable coercivity con-
dition we have that & (v) coincides with

I(m::dnf{hnnanQM;E):{vn}C:Lp(E;Rm),vnlév}

n—oo

for all v € LP (E;R™).

6.6.1 Weak Convergence and Weak Star Convergence in LP,
1<p<oo

In this subsection we characterize the relazed energy
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Ep: LP (E;R™) — [—o00, 0]

of I with respect to weak convergence in LP, 1 < p < oo, that is, the functional
&y is the greatest functional below I that is sequentially lower semicontinu-

ous with respect to weak (respectively weak star if p = oo) convergence in
L? (E;R™).
For every v € LP(FE;R™) define

T,(v) := inf {linrr_lgff(vn) {v,} C LP(E;R™),
vp = v (2 if p=o0) in LP(E;Rm)}.
Since &, < I, for every v € LP(E;R™) we have
Ep(v) < I, (v). (6.144)

Note that the functional 7, may fail to be sequentially lower semicontinuous,
and thus in general we may have strict inequality in (6.144). Indeed, we have
the following theorem.

Theorem 6.68. Let E be a Borel subset of RN, let 1 < p < oo, and let
f:EXR™ — (—o0,00] be an LN x B measurable function satisfying

flr,z)>a(z)+b(x) 2 (6.145)

for LN a.e. x € E and for all z € R™, where a € L* (E), b € ¥ (E;R™),
and C > 0. Then for every v € LP(E;R™) we have

&, (v) = /E F (@0 (2)) de,

where for every fized x € E the function f**(x,-) is the bipolar of f(z,-). In
addition, for every v € LP(E;R™) for which Z,(v) < co we have

I, (v) = /E ¢ (Ise f) (z,v (2)) do,

where for every fized x € E the function C (Isc f) (x,-) is the convex envelope
of the lower semicontinuous envelope of f(x,-).

Remark 6.69. (i) We recall that by Propositions 3.16, 3.18, we have

&,(v) =T, (v) = [E (@, v) de

for every v € LP(F; R™) provided the function f in Theorem 6.68 satisfies
the additional coercivity condition

f(z,2) = Cy(lz]) — ¥ (z)
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for LV a.e. z € E and for all z € R™, where C > 0, ¢ € L' (E), and
where for t > 0,

y(t) =t if 1 <p<oo,

0 if0<t<R,
v(t)i{ iy

o ift > R, ifp = oo,

for some R > 0, and v : [0,00) — [0, 00| is an increasing function with

lim BAUA (*) =00
t—oo

if p=1.
(ii) In view of Remark 4.93, if the function f in Theorem 6.68 is real-valued,
that is, f : E x R™ — R, then for £V a.e. z € E,

A ($,) - ISC(Cf) (.I,) - C(lSCf) (’JI,) =Cf (xa)a

and so by the previous theorem, for every v € LP(E; R™) for which Z,,(v) <
oo we have

&(0) =T, (0) = [ (@) de

Proof. Without loss of generality we may assume that there exists vy €
LP(E;R™) such that

/ f(z,v0 (v)) do < 0. (6.146)
E

Since the functional
ve LP(E;R™) — / (a(z)+b(z) v(x)) dx
E

is continuous with respect to weak (respectively weak star if p = oco) con-
vergence, replacing f (z,z) by f(z,z) — (a(z) +b(x)-2), we may assume
without loss of generality that f > 0. For every Borel set B € B(E) we define
the functional

ve P (E;R™) — I (v;B) = /Bf(x,v) dz.

Since I satisfies the hypotheses (I1)—(I2) in Theorems 6.65, 6.67 and &,
satisfies hypothesis (I3), using these results we deduce the existence of a nor-
mal function h : E x R™ — [0, 0o] such that

Ep(v; B) = E(vo; B) +/Bh(x,v) dx (6.147)

for every B € B(F) and v € LP(E;R™).
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We claim that &,(vo;-) is a Radon measure. By Step 1 of Theorem 6.65
and by (6.146), £,(vo; -) is nonnegative, finite, and finitely additive, and so in
view of Propositions 1.60 and 1.9 it suffices to prove that

Ep <v0; U En> = nhm Ep(vo; Ey)

n=1

for every increasing sequence {E,} of Lebesgue measurable sets F,, C E.
Consider one such sequence {E,}. Then

&p (’Uo; U En) =& (vo; Ex) + & <vo; <U En) \Ek>

> & (vo; E) -
Therefore .
Ep (Uo; nL,JI En> > 1ikm_)sol<1>p Ep(vo; Ek).
Conversely,

gp (’U();Ek) —‘y—gp (’Uo; <G En> \Ek>

< & (vo; Ey) + /<G En)\Ek

S
VR
S
2.

3
s
5
N——
I

By (6.146) we have

Ep (vo; U En> < 1ikn_1)gf5p(vo;Ek).

n=1

Having concluded that &,(vo;-) is a Radon measure, we observe that since

007 /fiﬂvo

for every Borel set B C F, by the Radon-Nikodym theorem there exists a
function ¢ € L' (E) such that

p(vo; B / Y (z

for every Borel set B C E.
Hence (6.147) reduces to

Ep(v; B) :/3(1/1 () + h(x,v)) dx
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for every B € B(E) and v € LP(E;R™). Observe that the function h : E x
R™ — [0, o0] defined by

hz,z) =9 (x)+ h(z,2)

for z € F and z € R™ is a normal integrand, and that the functional
v e LP(E;R™) n—>/ h(z,v) dz
E

satisfies the hypotheses of Theorem 6.54. Therefore h (z,-) is convex in R™
for LV a.e. z € E.

Moreover, in view of Proposition 6.43, f** is a nonnegative normal inte-
grand. By Theorems 6.54 and 6.56, for every B € B(FE) the functional

veLP(E;R™) — / f(x,v)dx
B

is sequentially weakly (respectively weakly star if p = c0) lower semicontinu-
ous in LP(E;R™), and since f** < f, we deduce that for every v € LP(E; R™),

g,,(v,B):/BiL(x,u) dmz/Bf**(x,u)dx.

Hence for every Borel subset B C E and for every v € L>®(E;R™),

/Bf**(x,v)dxg/Bﬁ(x,v) dxg/Bf(x,v) dz,

and thus by Proposition 6.24,

F*(@2) < h(e,2) < [ (x,2)

for LN a.e. x € E and for all z € R™. Since h (z,-) is convex in R™ for £N
a.e. ¢ € F, it follows that

f**(w,2) = h(z,2)

for £V a.e. z € F and for all z € R™.

The last statement in the theorem can be proved following an argument
entirely identical to that used in the proof of Theorem 5.32 starting from
(5.72). We observe that C (Isc f) is a Borel function, since it can be written as

C(Isc f) (x,2) = inf (fi)™" (2, 2)

inf
keN

and the functions (f;)*" are normal integrands by Proposition 6.43.
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6.6.2 Weak Star Convergence in the Sense of Measures in L?!

In this subsection we consider only the case in which the domain of integration
is an open set £2 C RY. We study the relaxation of functionals of the type

ve LN (2 R™) o T (0) i / (20 (2)) da, (6.148)
(9]
where
f:2xR™ — (—o0, 0],

with respect to weak star convergence in the sense of measures.
For any A € M (£2;R™) we define the functional

: _ N 1 .Tpm
H(\) = I(U)lf)\—’l.) LN | 02 for some v € L' (£2;R™),
oo otherwise,
and we characterize the relazed energy
H:M2;R™) — [—o0, ]

of H with respect to weak star convergence in M (§2;R™), that is, the func-
tional H is the greatest functional below H that is sequentially lower semi-
continuous with respect to weak star convergence in M (£2;R™).

For every A € M (£2;R™) define

Z()) := inf {linnliogfl(vn) :{on} © LY R™), (6.149)
vy LN 25 X in M (Q;R’”)}.
Since H < H, for every A € M (£2;R™) we have
HN) < Z().

Theorem 6.70. Let 2 C RY be an open set and let f: 2 x R™ — (—o00, o0]
be Borel measurable. Assume that there exist a function a € L' (§2) and a
constant C' > 0 such that

fz,z) > a(z)+ C|z| (6.150)
for LN a.e. x € 2 and all z € R™. Then for every X\ € M (£2;R™),

x X i
HA) =TI(N) :/Qf (x, d,CN> dx+/9f5 <x, d||/\s||> d||Asll,

where for x € {2 and z € R™,

f(z,z) =sup{€ 2 — f"(2,§): £ € ()}, (6.151)
fs(z,2) :i=sup{¢(z)-z: Y € X},
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I' is the essential supremum of the family of multifunctions {I'y : ¢ € X'},
with
X = {eCo(BR™) : f* (4 () € L' ()},

and for every fixed x € (2 the function f* (x,-) is the polar function of f (x,-).

Proof. Without loss of generality we may assume that there exists vy €
L(£2;R™) such that

/ f(z, v (2)) dx < occ.
2

Step 1: We show that, without loss of generality, we may assume that

f(z,) = f**(x,-), and hence in what follows f (x,-) is convex and lower
semicontinuous. Applying Proposition 6.43 we deduce that f** is a normal
integrand.

For any A € M (2;R™) we define the functional

Jo [ (v (2)) do if A =v LN] 2 for some v € L' (;R™),
J(A) =478 .
00 otherwise,

and let J be the greatest functional below J that is sequentially lower semi-
continuous with respect to weak star convergence in M (£2; R™).
Since J < H, we have
J<H.

Moreover, if & is the greatest functional below I that is sequentially lower
semicontinuous with respect to weak convergence in L (£2; R™), then by The-
orem 6.68,

H(v LV 02) <& (v) :/ [ (z,v(z)) de
o)
for every v € L' (£2;R™). Therefore
HA) < TN

for all A € M (§2;R™), and by relaxing with respect to weak star convergence
in M (£2;R™), we conclude that

HA) ST

Thus we have proved that J = H. In turn, the integrand f may be replaced
by the normal integrand f**, and with an abuse of notation, in the sequel we
write f in place of f**. Therefore below, when we write f* this should be read
as f*** but in view of Proposition 4.88, f* and f*** coincide; hence there is
no ambiguity.

Step 2: We claim that the functional Z defined in (6.149) is convex. Let
A, A2 € M(£2;R™) and let 6 € (0,1). It suffices to consider the case in
which Z (A1) and Z (\2) are both finite. Hence for any fixed € > 0 we may
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find {v,}, {wn} C L' (£2;R™) such that v, LV 2 5 Ay, w, LY 2 2 X2 in
M (£2;R™), and

lim [ f (2,0, (x) de <T (M) +e,

n—oo 0

lim [ f(z,w,(z)) de<Z(\)+e.

n—oo N

Let {hy} be a sequence of functions in L™ (£2;{0,1}) such that hy — 6 in
L (£2) (see Example 2.86). For x € {2 define

Uk (2) = (1 — hg (2)) v (2) + by () wp ()

Since

= lim lim (1= hg) f(x,v,) + hef (z,wy,) dz

n—oo k—oo [

=(1-0) lim | f(x,v,) dz+6 lim / f(x,wy) dx
n—oo N

n—oo 0

< (]_ — 9)1()\1) + 67 ()\2) +¢g,

and since

lim lm [ wyptpde = ((1—0) A1+ 0X2,9) ¢,

n—oo k—oo [

for a countable dense family of functions ¢ in Cy (£2), using a diagonalization
argument we may find an increasing sequence {k,} of positive integers such
that

Un g, LN 22 (1= 0) A\ + 0Xs

and
lim [ f(z,unk,) de < (1—=0)T(A\1)+60Z(N2)+e.

We deduce that !
T((A=0)A+0X)<(1—=0)T(A\)+060T(X2)+e,

and the convexity of 7 follows by letting ¢ — 0.

Step 3: In view of (6.150), for every A € M (§2;R™),

HON 2/ adz +CIA|,
2

which shows that H is coercive. By Proposition 3.16 we conclude that H =7
and that H is lower semicontinuous with respect to weak star convergence in

M (£2;R™).
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Consider now the duality pair (M (£2;R™), Cy (£2;R™)) under the duality
<’LL ¢> M(£2;R™),Co(2;R™) = Q¢ - dA

for A € M (£2;R™) and Cy (£2;R™). Then the functional H is convex and
lower semicontinuous with respect to the topology o (M, Cy). It follows from
Proposition 4.92; taking as V' the topological vector space

(./\/l (2;R™) o (Ll7 C’o)) ,

that

Conversely, by Theorem 4.92, H** is sequentially lower semicontinuous and
below H, and therefore H** > H**. Since by Theorem A.72 the topological
dual of (/\/l (;R™) o (Ll, CO)) is Cp (£2;R™), for each A € M (£2;R™),

H(A) =H™ ()

" pecn(mm) U vie *(1/’)} (6.152)
¢eco(mw [/ vz )_/Qf* (z,9 (x)) dm],

where in the last identity we have used Step 1 of the necessity part of the
proof of Theorem 6.57.
Fix A € M (2;R™) and let E C §2 be a Borel set such that

LY(B) = 0=\ (2\ E). (6.153)

Set v:= LN | 22+ ||A;]|. Then A < v and

A .

dA() dﬁN() lfl'E.Q\fa7
7B\

dv ifxeFE,
g @

with 2 € L' (22,v). Define

_Jff(x,z)ifze 2\ E,
v = {7 VIR w130

Then for ¢ € Co (£2;R™),

| v@ i /fd

:/Q[q/;(x).di\(x)—h(x,w(x)) dv.
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Hence by (6.152),

H= s | |p@- % @ = @) d

’L/JGC(](.Q;R"”

‘We show that

= [ [mw A (x)—h(x,wx))} .

PEX dV

Indeed, if ¢ ¢ X, then since by (6.117),

/ £ (0 (2)) da > —o0,
(9]

we have /Q h(z, 9 () dv = /Q £ (0 () dar = oo,
and thus o

/o {w (@) 5, @) —h(z.¢ (w>>} dv = —o0.
Define

dA
and note that by (6.153) and (6.154), if ¢ € Cy (£2;R™), then

. LA v
[ o) av=—[ @@ o+ [ v@- 3@

and so g (-, (-)) € L' (£2,v) if and only if p € X. Hence we may apply
Remark 6.61 to deduce that

where
g dX
g(x) ‘= Ssup gdi(x)_h(xvf) ’
¢er, (x) v
where I, is the essential supremum of the family of multifunctions F :=
{Iy : ¥ € X} with respect to v.
Since LV | 2 < v, by Remark 6.14(iii),

Ly (x) = I'(z)
for LN a.e. z € 2, and so for LV a.e. x € 2\ E we have
dA 5 dA
9@ = s (& (@)= 1 (0.0)) = F (= 57w )

§el(x
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On the other hand, by Step 1 of the sufficiency proof of Theorem 6.57, for
IAs]| a.e. z € E,

0= o (€377 @) = (=g @)

This concludes the proof.

Remark 6.71. (i) Without the growth condition (6.150) for nonnegative inte-
grands f it is possible to prove that

dA . dA
Hm_éhGﬂﬂ>m+Lh<%dMOMm

for each A € M (£2;R™), where h : 2xR™ — [0, 00] is a normal integrand,
with h(z,-) convex and h* lower semicontinuous in 2 x R™. We refer to
[AmBu88]| for the precise statement, which holds without any measura-
bility hypotheses on f (provided the integral in (6.148) is replaced by the
Lebesgue upper integral). However, in this case we are not aware of any
explicit formula relating h to f.

(ii) If in place of the growth condition (6.150) we assume that there exist
functions a € L (£2) and b € Cp (£2; R™) such that

f(z,2) 2 a(x)+b(x)- 2

for LN a.e. x € 2 and all z € R™, then the previous theorem can be
applied to show that for every A € M (£2;R™),

N dX d\
f00= [, (n ) 2o+ [ 4 (maag) 0

where £ is the greatest functional below H that is lower semicontinu-
ous with respect to weak star convergence in M (£2;R™) (we refer to
[BouVag88] for more details). Note that in general we can conclude only
that & < H.

Exercise 6.72. Let 2 C RY be an open set, let a : 2 — [0,00] be a locally
integrable function bounded away from zero, and let

fla,z) = a(z)|z
for x € 2 and z € R™. Prove that for every A € M (£2;R™),

"W = [ aG@) Al
[0
where @ is the lower semicontinuous envelope of the function

1
a(z) :=limsup — a(y)dy, x € §2.
e—0+ & JQ(ze)
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Exercise 6.73. Let 2 C RY be an open set, let a : 2 — [0, 00] be a measur-
able function bounded away from zero, and let

f (,2) = 5o (@) ol

for x € 2 and z € R™. Let £’ be the largest open set on which % is integrable.
Prove that for every A € M (£2;R™),

2 .
no = { Hlon @Il it Il () =
00 i s > 0.
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Integrands f = f (x, u, 2)

But just as much as it is easy to
find the differential of a given
quantity, so it is difficult to find
the integral of a given
differential. Moreover, sometimes
we cannot say with certainty
whether the integral of a given
quantity can be found or not.

Johann Bernoulli

In this chapter we consider functionals of the type
(u,v) € LT (E;RY) x LP (B;R™) v I (u,v) := / flz,u(x),v(x)) de, (7.1)
E

where 1 < p, ¢ < oo, E is a Lebesgue measurable subset of RV, and f :
ExRIxR™ — [~o0,00] is an LV x B measurable function that is measurable
with respect to the o-algebra generated by products of Lebesgue measurable
subsets of E and Borel subsets of R? x R™.

In what follows, normal and Carathéodory integrands should be under-
stood in the sense of Definitions 6.27, 6.33 with respect to the variables

(@, (u, 2)).

7.1 Convex Integrands

In this section we prove approximation results for normal integrands under
some convexity assumptions. We begin with the case that f is real-valued.

Theorem 7.1. Let E be a Lebesgue measurable subset of RN and let f : E x
RYxXR™ — R be a Carathéodory function such that f (z,-,-) € LS, (R* x R™)

loc
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for LN a.e. x € E and f (x,u,-) is convex in R™ for LN a.e. x € E and all
u € R, Then there exist two sequences of Carathéodory functions

a;: ExR! =R, b :ExR?—R™,

such that
f(xaua Z) = sup {ai(xvu) + bZ(CC,U) : Z}
ieN
for LN a.e. x € E and all u € R? and z € R™.
Moreover, if f is nonnegative, then the functions a; and b; may be taken
to be bounded.

Proof. By De Giorgi’s theorem (Theorem 4.79) for LN a.e. € E and all
v € R? and z € R™ we may write

f(z,u, z) =sup{a; (z,u) + b; (z,u) - 2},

ieN
where
a; (z,u) :== fz,u,z) (m+1)p; (2) + Vi (2) - 2) dz,
]Rm
bi (x,u) := — f(z,u,2) Vo, (2) dz,
]Rm

and the functions ¢; are of the form
@i (2) == k"¢ (ki (¢ — 2)), z€R™,

for k; € N, ¢; € Q™, and some ¢ € C! (R™) (see (4.43)).

Since f(x,-,-) € L, (Rd X Rm) for LN ae. z € E, it follows by the
Lebesgue dominated convergence theorem that the functions a; and b; are
Carathéodory.

If, in addition, f is nonnegative, then for k € Ny define g := 0 and

1 0<s<k—1,
op(s) =<8 —s+kk—-1<s<k,
0 s>k,

if £k > 1. We claim that

(ai (x,u) +b; (x,u) - 2)*
— sup o (Jas (2, )| + 1bs (2, w)]) (a: (@, 0) + bs (2,0) - 2)
keNy
for LN a.e. 2 € Eand allu € R? and 2 € R™. Indeed, if a; (z,u)+b; (z,u)-z <
0, then since o > 0, the supremum on the right-hand side is reached for & = 0.
If a; (z,u) + b; (z,u) - z > 0, then since 0 < o, < 1 for all k > 0, it follows
that
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a; (z,u) + b; (x,u) - 2z
>0t (Jai (z,u)| + |b; (,w)]) (a; (x,u) + b; (z,u) - 2).

It suffices to take k € N so large that |a; (z,u)| + |b; (x,u)| < k — 1, so that
ok (lai (z,u)| + |b; (z, u)[) = 1.
Then the functions

a; i (z,u) := ok (la; (z,u)| + |b; (z,w)]) a; (z,u),
bik (2, u) == o (Ja; (z,w)| + [b; (z,u)|) b; (z,u),

where 2 € E and u € R?, are bounded Carathéodory functions.

A similar result holds if f is allowed to take the value co, but in this case
there is no explicit formula for the functions a; and b;.

Theorem 7.2. Let E be a Lebesque measurable subset of RN and let f :
E xR x R™ — (—00,00] be a normal integrand such that f (z,u,-) is convex
in R™ for LN a.e. x € E and all u € R%. Assume also that f satisfies one of
the following two conditions:

(i) there ezists a continuous function vy : R* — R™ such that

(f(z, - v0(-)" € LX(RY)
for LN a.e. x € E;
(i) there exists a function 7y : [0,00) — [0,00), with

lim M—

J
s—oo 8§

such that
flauz) = (2
for LN a.e. x € E and for all u € R? and z € R™.

Then there exist two sequences of Carathéodory functions
a;: ExR* SR, b:ExR!—R™,

such that
f(z,u, 2z) = sup{a;(z,u) + b;i(z,u) - 2} (7.2)
ieN
for LN a.e. x € E and all u € RY and z € R™.

Moreover, if f is nonnegative, then the functions a; and b; may be taken
to be bounded.
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Proof. Assume first that (i) holds. Then for £V a.e. v € E,

esssup (f(z, -, vo(-))) " < o0,
and due to the lower semicontinuity of the function

uwe R — (f(z,u,vo(uw)T, (7.3)
we conclude that for £V a.e. z € E,

Sélﬂg)d (f(x,u,vo(u)))" < 0. (7.4)

Define g : E — [0, 0] as

g(x) = seué)d (f(z,u,vo(w))t, zeE.

Then g is measurable and by (7.4) real-valued for LV a.e. z € E. By applying
Lusin’s theorem to g and Theorem 6.28 to the normal integrand f, we may
find a sequence of increasing compact sets {K,} C E, with

_

n=1

=0, (7.5)

such that g : K,, — [0, 00) is continuous and f : K, x RY x R™ — (—o0, o0] is
lower semicontinuous for each n € N. Hence for each fixed n € N the function
g is bounded on K, by some constant M, > 0. Using once again the lower
semicontinuity of the function (7.3) we obtain

0< (f(‘r7uav0(u)>)+ < M,

for all (x,u) € K, x R% Thus we may apply Theorem 6.42(i) (where the role
of x in that theorem is now played by the variables (x,u), and E there is
K,, x R here) to write

f(z,u, z) =sup{ain (x,u) + b (z,u) - 2} (7.6)
ieN

for all x € K,, u € R, and z € R™, where a; € C(Kn X Rd) and b; €
C (Kn X Rd;Rm).

Moreover, since K, C K, 11, by replacing a; , and b; ,, with ai’n+1|K”de
and b; 41 K,y xRS respectively, we can assume that

i (T,0) = Qg1 (T,u), bip(x,u) = by (2, 0)

for all z € K,, and v € R%. Hence the functions

(oo} (oo}
ai:UKn—HR, bi:UKn—ﬂRm
n=1

n=1
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defined by

ai (r,u) == a; , (v,u) if z € K,, and u € RY,
bi (v, u) == bip, (2,u) if r € K,, and u € R?,
are Carathéodory and, in view of (7.5), satisfy (7.2).

When condition (ii) is satisfied, then one can proceed as in the first part
of the theorem to find an increasing sequence of compact sets {K,, } C E such
that (7.5) holds and f : K, x R? x R™ — (—o00, 0] is lower semicontinuous
for each n € N. Thus we may apply Theorem 6.42(ii) (where the role of x in
that theorem is now played by the variables (x,u), and the closed set E there
is K,, x R? here) and then continue as in (7.6).

The second part of the proof follows as in the proof of the previous theorem.
‘We omit the details.

7.2 Well-Posedness

In this section we characterize the class of £V x B measurable integrands f
for which

[ @) o) de < o0
for every u € L? (E;R?) and v € LP (E;R™).

Theorem 7.3. Let E C RN be a Lebesque measurable set with finite measure,
1<p, g< oo, andlet f: ExRIxR™ — [—00,00] be LY x B measurable.
Then

| 0 @ute) v@) e < o0 (77)
for every u € L1 (E; Rd) and v € LP (E;R™) if and only if

(i) when 1 < p, q < oo, there exist a nonnegative function w € L* (E) and a
constant C' > 0 such that

f@uz) 2 =C(Jul” +[2") —w (2)

for LN a.e. x € E and for all (u,z) € R% x R™;
(ii) when p = q = oo, for every M > 0 there exists a nonnegative function
wy € LY (E) such that

f(l.vuaz) > —wMm (:L')

for LN a.e. x € E and for all (u,z) € R x R™ with |ul, |2| < M;
(iii) when 1 < p < oo and g = oo, for every M > 0 there exist a nonnegative
function wyr € L' (E) and a constant Cyy > 0 such that

fzu,z) > —Car |2|” — wi (2)

for LN a.e. x € E and for all (u,z) € R x R™ with |u| < M;



490 7 Integrands f = f (z,u, 2)
(iv) when p = 0o and 1 < g < o0, for every M > 0 there exist a nonnegative
function wyr € L' (E) and a constant Cyy > 0 such that
f(I,U,Z) > *OM |u|q — WM (I)
for LY a.e. x € E and for all (u,z) € R x R™ with |z| < M.

Proof. Step 1: We prove (i). Without loss of generality, we may assume that
p > q. Define the integrand

g(z,w,z):=f (ac,w|w|§_1 ,z) .

Note that if w € LP (E;Rd), then w |w|§71 e LY (E;Rd), and hence by (7.7)
we have that

/ (9 (2w () 0 (2))” de < o0
E

for every (w,v) € LP (E;Rd+m). By Theorem 6.45, this implies that there
exist a nonnegative function w € L' (F) and a constant C' > 0 such that

f(mwhli™2) = =C (ol + o) - w ()
for LN a.e. 2 € FE and for all (w,z) € R? x R™, or, equivalently,
fayu,2) 2 =C(jul” +[2") —w (2)
for LN a.e. z € E and for all (u, z) € RY x R™.
Step 2: Case (ii) follows from Theorem 6.47, where the variable z there is
now replaced by the pair (u, 2).
Step 3: We treat only the case (iii), since the case (iv) may be obtained from
(iii) by interchanging u and z.
As in the proof of Theorem 6.47, fix M > 0 and define the functions
u if |ul < M,
™ (W)= e ) > M,
|ul
and
fu(@yu, 2) = f(x, 70 (u), 2).
Note that if u € LP (E; Rd), then 77 (u) € LY (E; Rd). Since the functional

(u,v) € LP (E;Rd+m) — /EfM (z,u(z),v(x)) dx

is well-defined and does not take the value —oo, by Theorem 6.45 there exist
a function ap; € L' (E) and a constant Cjy > 0 such that if u € R?, [u| < M,
then

> —Cu (Ju]” +12) — anr (2)
> —Cu |2|" = (CuMP + an (x))

for £N a.e. z € F and for all z € R™.

f(CE,’U,,Z) = f]VI (iL’,U,Z)
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7.3 Sequential Lower Semicontinuity

In this section we study necessary and sufficient conditions for the sequential
lower semicontinuity of functionals of the form

(u,v) € L1 (E;Rd) x LP (E;R™) — /Ef (z,u(z),v(x)) dz,

where 1 < p, ¢ < oo and
f:ExRIxR™ — [—00, 0]

is LN x B measurable.
We are interested in the following types of convergence:

e strong convergence in L9 (E;Rd) x LP (E;R™) for 1 < p, ¢ < o0;
e strong-weak convergence in L? (E;R?) x L? (E;R™) for 1 < p, ¢ < c.

From now on we will assume that the integrand f satisfies the appropriate
growth conditions from below that are necessary and sufficient to guarantee
that (fo (u,v))” € L'(E) for all (u,v) € L7 (E;R?) x LP (E;R™), so that
the functional

(u,v) € L9 (E;Rd) X LP (E;R™) +— /Ef (z,u(x),v(x)) dz

is well-defined (see Theorem 7.3).

7.3.1 Strong—Strong Convergence

In this subsection we study necessary and sufficient conditions for the se-
quential lower semicontinuity of the functional (6.74) with respect to strong
convergence L4 (E;]Rd) x LP (E;R™) for 1 < p, ¢ < oo. The next theorem
follows from Theorem 7.4.

Theorem 7.4. Let E C RY be a Lebesque measurable set with finite measure,
1<p,qg< oo, andlet f: ExRYxR™ — (—o0,00] be an LY x B measurable
function that satisfies conditions (i)-(iv) of Theorem 7.3. Then the functional

(o) € L1 (BR) x 17 (BR™) = [ (@) v@)de (78)
E
is sequentially lower semicontinuous with respect to strong convergence in

L1 (E;RY) x LP (E;R™) if and only if (up to equivalent integrands) f (z,-,-)
is lower semicontinuous in R¢ x R™ for LN a.e. x € E.
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Proof. Suppose first that the functional (7.8) is sequentially lower semicontin-
uous with respect to strong convergence in L? (E; Rd) x LP (E;R™). Without
loss of generality we may assume that ¢ > p. Since E has finite measure,
we have that L4 (E;Rd) is continuously embedded in LP (E;]Rd), and so by
hypothesis it follows that the functional

(u,v) € LY (E;Rd+m) — /Ef(ac,u(;v) ,u () do

is sequentially lower semicontinuous with respect to strong convergence in
L1 (E; R‘”m). The result now follows from Theorems 6.49 and 6.52.

The converse follows by applying Fatou’s lemma to the modified integrand
obtained by adding to f the lower bound provided by (i)—(iv).

7.3.2 Strong—Weak Convergence 1 < p, g < o0

We study necessary and sufficient conditions for sequential lower semicontinu-
ity of the functional (7.8) with respect to strong convergence in L4, 1 < ¢ < oo,
and weak convergence in LP, 1 < p < oo. Since functionals that are sequen-
tially lower semicontinuous with respect to this kind of convergence are also
sequentially lower semicontinuous with respect to strong convergence, with-
out loss of generality, in what follows we may assume that the integrand f
satisfies all the necessary conditions for strong convergence obtained in the
previous subsections.

Theorem 7.5. Let E C RN be a Lebesque measurable set with finite measure,
1<p,qg<oo,andlet f: ExRIxR™ — (—00,00] be an LN x B measurable
function such that

flouz) = =C(lul" +[2") —w () (7.9)

for LN a.e. x € E and for all (u,z) € R* x R™, for some w € L' (E) and
C > 0. Assume that f (z,-,-) is lower semicontinuous in R x R™ for LN a.e.
x € E. Then the functional

(u,0) € L9 (B;RY) x LP (B;R™) s /Ef(x,u(x),v(x)) do

is sequentially lower semicontinuous with respect to strong convergence in
L1 (E; Rd) and to weak convergence in LP (E;R™) if and only if (up to equiv-
alent integrands)

(i) f (z,u,-) is conver in R™ for LN a.e. x € E and for all u € RY;
(i) for LN a.e. x € E and all (u, z) € RY x R™,

fauz)>a(@) + 8@ u)- 2= Clul’,

where o € L' (E), B: E x R — R™ is an LN x B measurable function,
and C' > 0;
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(#ii) if p =1, then there exists a constant M > 0 such that
|6 (z,u)| < M

for LN a.e. x € E and all w € RY, while if p > 1, and if {u,} C
L1 (E;RY) and {v,} C LP(E;R™) are any two sequences, with u,
strongly convergent in L1 (E; Rd), and v, weakly convergent in LP (E;R™),
and such that

sup /E f (@t () 00 (2)) di < 00,

then the sequence {|B (-, up ())|p/} is equi-integrable.

Proof (Sufficiency). Let {u,} C L7 (E;R?) be a sequence converging strongly
tou € L7 (E;R?) and let {v,} C LP (E;R™) be a sequence weakly converging
to v € LP (E;R™). We assume that

liminf [ f(z,un,v,)dz < 0o
n—oo E

or else there is nothing to prove.

Step 1: Suppose that f is bounded from below by a constant that, without
loss of generality, we take to be zero. Let n > 0 and consider the perturbation
of f,

f7] (Iauaz) = f (I,U,Z) +/777 (|Z|)7

s ifp>1,
T (8) = {W(S) if p=1,

with 7y : [0,00) — [0, 00) an increasing continuous convex function provided by
Theorem 2.29 and Remark 4.99 for the L! (E; R™) weakly converging sequence
{vn}, satisfying

where for s > 0,

lim M

s—oo 8§

=00 and Sup/'y(|vn|) dzx < oo.
n JE

We use the blowup method. Extracting a subsequence if necessary, we may
assume that

liminf/ Jo(@, Up,vy) do = lim / I (@, Uy, vp) do < 00,
E

n—oo n—o0

that u, () — wu(z) for LY ae. z € E, and that there exists a (positive)
Radon measure 1 such that

fn(xvun (x) ,Un(m)) ['NLE o w
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as n — 00, weakly star in the sense of measures. We claim that

lim / fn(x, tn, vy) dz > / fn(z,u,v) de. (7.10)
As in the proof of Theorem 6.54, to prove (7.10) it is enough to establish that

du . (Q(xo,6) N E)
arv (o) = lim, N

> fn(2o, u(z0),v(20))

for £LN ae. zg € E.
By Theorem 7.2 there exist two sequences of bounded Carathéodory func-
tions
a;: ExRY =R, b:ExR!—>R™,
such that
fo(z,u, z) = sup{a;(z,u) + bi(z,u) - 2}
ieN
for LN ae. z € F and all (u,2) € RY x R™.
Take xg € E a point of density one of F such that
1(Q(zo,e) N E)

dp .
W(xo) = e <

and such that z is a Lebesgue point of all the functions a; (-,u (-)) xg (+) an
bi(,u () - v () xe (+). Choosing e \, 0 such that p(9Q(x,ex) N E) =0, fo
any fixed < € N we have

du Qw0 e) N E)
ay o) = i T

1
= lim lim —N/ I (@, up,vy,) da
Q(Zo,Ek)ﬁE

k—o00 n—00 €1

k—oo n—oo Ek

1
> limsup lim sup — / [a; (,un) + b; (z,up) - vy] d.
Q(Io,ak)ﬁE

By Proposition 2.61 we have b;(x,u,) - v, — bi(z,u) - v weakly in L' (E),
while by the Lebesgue dominated convergence theorem,

lim a; (x,uy,) de = / a; (z,u) dx.
n—oo Q(mg,sk)ﬂE Q(Io,sk)mE

Hence

du 1
——~ (x0) > lim sup lim sup —/ [a; (,un) + b; (z,uy) - vy] dz
L hmoo  n—oo €k JQ(ao.e)nE

1
= limsup — [a; (x,u) + b; (x,u) - v] dz
k—oo €k JQ(mo,er)NE

= a; (zo,u (0)) + bi (zo, u (20)) - v (o),
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where in the last equality we have used the fact that z( is a Lebesgue point
of a; (,u () xe () and b;(-,u(-)) - v (-) xg (+). Taking the supremum over all
1 we have that

%(1’0) > fn(an u(xO)v ’U(l’o)),

and so (7.10) holds. Since

sup/ v (|vn]) doz =1 M < oo,
n JE

from (7.10) we have that

n—oo

liminf/ fz,up,vy)de +nM > lim / fo(@, up, vy,) da
E n—oJE
> [ feuwoydoz [ fa)ds,
E E

where we used the fact that f,, > f. It suffices now to let n — 0.

Step 2: In the general case, without loss of generality we may assume that

sup/ f(z up,v,) de < co.
n JE

We claim that {f~ (z,un,vn)} is weakly compact in L (E). Indeed, bound-
edness of {f~ (z,upn,v,)} in L' (E) follows from the fact that by (7.9),

0 < 7 (z,un,vn) < C(|un|” + |va]”) + w ()

for LN ae. o € E and for all n € N. This inequality entails the equi-
integrability of {f~ (z,un,v,)} when p = 1 (due to the strong convergence
of {un} in L? and the equi-integrability of {v,}), and for p > 1 it suffices to
note that in view of (ii) and Holder’s inequality,

/ f(x,un,v,) do S/ [la| + C |un|?) dx
E E

, 1/p’ 1/p
p p
(ot ae) 7 (f o)

where the quantity of the right-hand side is uniformly small for small sets due
to the boundedness of {v,} in L, the strong convergence of {u,} in L?, and

the equi-integrability of {|ﬁ (-, un (-))\pl }
Hence for any fixed € > 0 there exists M > 0 such that
/ (@, up,v,) dr <, (7.11)
{z€E: f~(z,un,v,)>M}

and so, with
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Sy (2w, 2) == max {f (z,u,z), —M},

we have

/ f(zyun,v,) de+ e
E

:/ fM (x7unavn) dx
{z€E: f(z,un,vn)>—M}

—/ f~ (xyup,v,) de + €
{z€E: f(z,un,v,)<—M}

Z/ far (@ up,vp) de+ M{x € E: f (z,un,v,) < —M}|
E

—/ I (zyup,v,) de + €
{z€E: f(z,Un,vn)<—M}

Z/fM(l‘zunaU'rJ dx_/ f_(l‘?unavn) dx+€
E {z€E: f~(z,un,v,)>M}

2/ v ($7un7vn) dz,
E

where we used (7.11) in the last inequality. Since fp; satisfies conditions (i)—
(iii) and is bounded from below, by Step 1 it follows that

liminf | f(z,upn,vn) de+e > liminf | fur (2, upn,v,) dz

> [ fu@ue)doz [ f@uo) do
E E

and by letting € — 07 we obtain the desired result.

Remark 7.6. From Step 1 in the previous proof it follows that if f is bounded
from below, then the sufficiency part of the previous theorem continues to
hold if we assume only that {u,} is a sequence of measurable functions such
that u,, — u in measure to some measurable function u.

The necessity proof of Theorem 7.5 relies on the following auxiliary lemma.

Lemma 7.7. Let g : R™ — (—00, 00] be a proper convezx, lower semicontinu-
ous function such that

1
g(z) > > |z|P for all z € R™ and for some 1 < p < cc.
Let Dy be the set of vectors B € R™ for which there exists a > 0 such that

1
g(z)>a+p-2>—=|z|" forall z € R™. (7.12)
p
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Then D, is nonempty, convex, and compact and there exists a unique 3y € Dy
such that

|Bo| = min{|5] : B € Dy} .
Moreover, if By # 0, then there exists zo € R™ \ {0} such that

1 . /
g(20) < - |20l |Bo] and |20|” > |Bol” . (7.13)

Proof. Step 1: The fact that D, is nonempty has been proved in Proposition
5.16. We recall that if («, 3) satisfies (7.12), then « > 0 and

1B < C(p)a. (7.14)

Then D, is convex and closed. To prove compactness, fix wy € dom. g. Then
by Young’s inequality (see Exercise 4.24),

6 /
OSaSg(wo)—ﬁ'woSg(w0)+]§|5\p+ |wo "

ep—1p

€
gg(w0)+}?6’(p)a+ |wol” .

er~lp
Therefore, choosing € = £ (p) > 0 so small that >C (p) <1, it follows that
0 < a<Ci(p)(g(wo)+ |wol”) (7.15)

for some constant C; (p). This, together with (7.14), implies that admissible
pairs (a, 3) satisfying (7.12) remain on a bounded set of R x R™, and the
closedness of D, entails its compactness.

Since D, is convex we deduce that there exists a unique 8y € Dy such that

|Bo] =min{|B] : B € Dgy}.

Step 2: We consider the case fy # 0. We claim that 5 € D, if and only if

() = 7} B + " (8) <0, (7.16)

where g* is the conjugate (or polar) function of g. Indeed, if 8 € Dy, then for
some a > 0,

1
g(z)>a+p-2>—=|z|" forall z € R™.
p

Since 1
h(z) ::a+ﬁ-z+];|z|p20f0rallz€]Rm,

then necessarily
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_ _ 1 /
h (Zmin) = h (_ |ﬁ|(2 p)/(p—1) 5) —a— p Iﬁlp >0,
and, in turn,
1 ’
Brz—g(2)<-a< —17|5|p for all z € R™.

Hence

g"(8) = sup (B2 —g(2)} < —% Ll

zER™
Conversely, if 3 satisfies (7.16), then

1.
B-z—g(z) <—=|8|" forall zeR™,
p

and so (7.12) holds with
o= 1ol
Step 3: Let
Ci={BeR™: ¢ (8) < 0}.
By the previous step we may write
1Bo] = min{|8] : B C}. (7.17)
If g € C, then by convexity,
Y (Bo+t(B—0F0) <0
for all 0 <t < 1, and thus By +t (8 — Bp) € C for all 0 < t < 1. Setting

o (t) =6 +t(B—Bo)*, telo1],

and using the fact that ¢ has a minimum at ¢ = 0, we have that ¢’ (0) > 0,
ie.,

—Bo- (Bo—B) >0 (7.18)
forall g € C.
Step 4: Consider the case that ¢ is not subdifferentiable at 3y or ¥ (5p) < 0.

Substep 4a: We claim that

~Bo+ (Bo—B) =0 (7.19)

for all 8 € dom, g*.
Indeed, if ¢ is not subdifferentiable at 3y, then by Remark 4.54,

SRRV, iy Y. B0+t (8 —Bo)) = (bo) _
(8 — Po)

(Bo)

t—0t t
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for all 8 € riyg dom, ¢. Hence if 8 € riag dom, v, then ¢ (Gy + ¢t (6 — By)) <0
for all ¢ > 0 sufficiently small, and so o+t (8 — By) € C. By Step 3 we obtain

—Bo - (Bo— ) >0

for all 8 € riyg dom, 1 = riug dom, g*. In view of Proposition 4.7,

dom, g* = ri,g dom, g*,

and so (7.19) holds.
Next we consider the case

¥ (Bo) <O0.
If there were 3 € dom g* such that
18] <1Bol
then for 6 € (0,1) we would have |3y| < |5y, where
Bo =08+ (1—0) 5o € domg",

and by convexity,
]% 1Bal” + 9" (Bo)
<0 (5 " 9 0)) + (1= 0) (18 + 57 (30)) <0

for 0 sufficiently close to 0. This contradicts (7.17), and so, reasoning as in
Step 3 but with dom ¢g* in place of C, we conclude that (7.19) holds.

Substep 4b: We claim that
Zo := —tBy + wo

satisfies (7.13), where wg € dom, g and ¢ > 0 is sufficiently large. Indeed, by
Proposition 4.92,

9 (20) = g™ (20) =sup{z0-B—g" (B): B €domg™}
=sup{wy-B—9g"(B)—tBo-B: B €domg"}
<sup{wg- B —g"(B): ﬁedomg*}—t\ﬂo|2
= g™ (wo) — t|o|* = g (wo) — t 6ol

where we have used (7.19). Since p > 1 if ¢ is large enough, then

1 1
gmw—ﬂ%fé—gkwmﬂmWM=—§MM%h
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and |z0]” > |Bo|” .

Step 5: It remains to consider the case that

¥ (Bo) =0 and 9y (By) # 0. (7.20)

Substep 5a: We show that if ¢ does not attain a minimum at gy, then

—0o -z <0 for all z € R™ satisfying z-& <0 forall £ € Y (8y). (7.21)

Let

()= (3), zemm
We begin by showing that
—0Bo -z <0 for all z € R™ such that ¢ (z) <O0. (7.22)
Indeed, if
0> p(2) = 22 () = tim LOEE),

then ¥ (Bp 4+ tz) < 0 for all ¢ > 0 sufficiently small, and so Gy + tz € C for
those values of t. It now follows from (7.18) that —fy - tz < 0, and so (7.22)
holds.

Next we prove that

Dy:={2eR™: p(2) <0} ={z€R™: Iscp(z) <0} =: Ds. (7.23)

Indeed, if z € Dy, then there exists a sequence {z,} converging to z and such
that ¢ (z,) < 0 for all n € N, which implies that

Isc p (2) < liminflscp (z,) < liminf ¢ (z,) <0,
n—oo n—oo
and thus z € Ds.

Conversely, let z € Ds. There are now two cases. If there exists z, — z
such that Isc ¢ (2,) < 0 for all n, then by a simple diagonalization argument
we get z € Dj. If not, then there exists » > 0 such that for all w € B (z,r) we
have

Isc o (w) > 0.

Therefore z is a local minimum of the convex function lsc yp, and so it must
be its absolute minimum. We conclude that lsc ¢ > 0 for all w € R™. On the
other hand, since by assumption ? does not attain a minimum at Jy, there
must exist 5 € R™ such that ¢ (3) < 0. Hence

oty

Iscp (8 — Bo) < m(ﬁo) <Y (B)<0

by Proposition 4.34, which is a contradiction. This shows that D = Ds.
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Next we claim that
©* (&) =0 if and only if £ € ¢ (Bp) - (7.24)

Note that since ¢ is positively homogeneous and ¢ # oo, by Remark 4.90 ¢*
takes only the values 0 and oo.
If o* (§) = 0, then
p(2)=22-¢ (7.25)

for all z € R™, and by Proposition 4.34,

Y (Bo+tz) =Y (Bo) Oty
t T 0z

¢(50+Z)—1/1(ﬂ0)2g£ (Bo) > z-¢&

for all z € R™. But this implies that & € 9v (). Conversely, if & € 9y (5o),
then

t>0 t

22'57

and so ¢* () < 0. This proves (7.24) (since ¢* takes values only in {0, c0}).

Since 9v (Bp) # ( this implies in particular that ¢* (£) < 0 for some
¢ € R", and so by (7.25) we are in a position to apply Theorem 4.92 to
conclude that ¢** =lsc¢. In turn, by (7.23) we have

{zeR™: p(2)<0}={z€R™: ™ (2) <0}. (7.26)

Using once more the fact that ¢* takes only the values 0 and oo, for every
z € R™ we have

e (2) =sup{z-§: ¢" (§) =0} =sup{z-: €Y (Fo)}, (7.27)

where we have used (7.24).
It now follows from (7.26) and (7.27) that

{zeR™: ¢p(2) <0} ={z€eR™: z-£<0forall £ €Y (b},
and in turn, from (7.22) we obtain (7.21).
Substep 5b: We claim that either there exists ¢ > 0 such that
~th0 — o Bol” % € D" (Bo) (7.28)
or for every w € dg* (fp) and for every t > 0,
—tBo +w € dg* (Bo) - (7.29)

If ¢ attains a minimum at (o, then by (4.22), 0 € 9y (5y), and so, since

Bo # 0, by Proposition 4.59 we have that —gg |5o|p/72 € 9g* (0o) and this
proves (7.28) with ¢ = 0.
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Suppose now that ¢ does not attain a minimum at By. Then by (7.21),
—fBy € (K*)", where K is the convex cone generated by 0v (3y) and K* is
the polar of K.

By Proposition 4.13 we have that (K*)* = K, and so we are in a position
to apply Theorem 4.15 to conclude that —f3y belongs to the set

{tB:t>0,8€ 0V (L) U{B: t8+ 0 (By) C O (L) for all t > 0}.
Therefore either there exists ¢ > 0 such that
—tfo € 0 (Bo) ,
and so, by Proposition 4.59, (7.28) holds, or for any w € 9 (5y) we have
—tfo +w € O (By) forallt >0,

and so, again by Proposition 4.59, (7.29) is satisfied with wy any arbitrary
element of 0y (Gy).

Substep 5c: Suppose first that (7.28) holds. We claim that

20 1= —tfo — Bo |Bo[”
satisfies (7.13). Since

20l = 1ol (£ -+ 180" ) > 8ol ™" = || 7"

we have that |zo|" > |ﬁ0\pl. Moreover,

20+ fo = — |20l 8o = —t|Bo|” — [Bo|” - (7.30)
Since zg € dg* (Bo), by Theorem 4.91, (7.20), and (7.30), we have
* 1 !
9(20) = 20 - Bo — g" (Bo) 220'50+H|50|p
1 2 p =
= ~leol 160l + —; (120l 1ol t160f%) < -
Next consider the case in which (7.29) is satisfied and let

1
|z0] |Bol -

20 1= —tf0 — Bo |Bo[” ~* + wo,
where ¢ > 0 is to be chosen below. If ¢ is large enough, then |zo|” > |ﬁ0|p/.
Moreover, by (7.20) we get

1 ' 1 ’
g(20) =20 PBo + v 1Gol” = —t|Bo|” - v 1Bl + wo - Bo.
Since p > 1 and

1 1 Bo 1
Lol 0] = —tlﬂol2(
P P

1Bol %170

for ¢ large enough, we have g (z9) < —% |20 80|

)

(ﬁo |50\pl72 - wo)
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Proof (Necessity of Theorem 7.5). Step 1: To prove (i) we adapt the argument
used in Theorem 6.54 to arrive at the inequality

/Bf(x,u(x),(l—0)v(x)+0w(m)) dx
<(1-0) [ f@u@. @) d+o [ fau@.w@)dn

which holds for all B € B(E) and (u,v,w) € L> (E;R*?™). The rest of the
proof is now entirely similar.

Step 2: By Proposition 5.16 applied to

1 q
g(x,u,z) = ]TC (f (CL’JI,,Z) +C|u| +w($))

(note that the functional
(u,v) € L9 (E;RY) x L? (E;R™) H/ g (@ u(z),v (@) do
E

is still sequentially lower semicontinuous with respect to strong convergence
in L7 (E;R?) and to weak convergence in L? (E;R™)) we obtain

1
g (z,u,2) > a(z,u) + B (z,u) 2z > - |z|? (7.31)
for LV ae. x € E and all (u, z) € R? x R™, where a (z,u) > 0 and 3 (z,u) is
the unique vector in R™ that is a solution of (see (7.17))

1 ,
18 (z,u)| :min{|w| : 1? lw|? + g* (z,u,w) < O}.

Since g* is LN x B measurable by Proposition 6.43, it follows that 3 is still
LN x B measurable.
Hence

g (x,u,2) > B (x,u) -2
for LN a.e. z € E and all (u,2) € R? x R™, and this yields (ii).
Step 3: If p = 1, then by Proposition 5.16, |3 (z,u)] < 1, and so there is
nothing to prove.
If p > 1, let {u,} converge to u strongly in L9 (E; Rd), v, — v weakly in
LP (E;R™), and assume that

sup/Eg (x, up (x) 0, () dr < 0.

n

In view of (7.31) we have
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Sup/ lg (z,upn () v, ()| de < L < 0 (7.32)
n JE

for some L > 0. By lower semicontinuity, (7.31), and by taking L larger if
necessary, we can assume, without loss of generality, that

/E|g(x,u(ac),v(x))| dxr < L < 0. (7.33)

We claim that {|B (-, up (-))|p/} is equi-integrable.

We begin by showing that {\6 (-, un (-))|p/} is bounded in L' (E). By (7.14)
and (7.15) we have

18 (z,w)|” < C(p)a(w,u) < C(p)Ci(p)(g(xu,2)+]|z") (7.34)

for LN a.e. z € F and all (u, z) € R? x R™. Hence from (7.32) and the weak
convergence of {v,} in L? it follows that

sup /E 18 (2, un (@))” dz < C (p) Cs (p) L+ sup /E o ()P d < oo,

Assume by contradiction that {|ﬁ (yun ()P /} is not equi-integrable. Then
we may find ¢ > 0 and measurable sets B,, C E, with |B,| — 0, such that

/ 16 (@, tn ()7 da > 6. (7.35)
By,

Without loss of generality we may assume that 3 (x,u, (z)) # 0 on B,. By
the previous lemma, for any n and any « € B,, the set

meg(z,un (x), 2 ! T, Uy ()| |2
Dy ()= {2 €R™: g (@ un (2),2) < 18 (00 (@) |2,

o1 2 18 (@, un ()" |

is nonempty and closed, and thus by Aumann’s selection theorem we may find
a measurable function &, : E — R™ such that for £V a.e. z € B,,,

g (z,un (x),&n (2)) < —% |18 (2, up ()| &0 (2)] 5 (7.36)
€0 @7 > 18 (2, un ().
For k, n € N define
B, = {x € By : |60 ()P < k|5 (2, un (a:))|p'} ., BY :=B,\B,. (7.37)

There are now three cases.
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Case 1: If

k—oo n—oo

lim inf lim inf [/ |€n (ac)\pdac—i-k/+ 18 (z, un (2))” da| < oo,

Bnk Bnk
then without loss of generality, we may assume that

/7 €0 (m)|pd:r+k/B+ 18 (z, un, (x))|p, dx < M for all k, n € N,

nk nk

for some constant M > 0. Fix k € N so that M/k < 6/2. Then by the previous
inequality and (7.35),

/ & (2)|P dz < M, / 18 (2, un () dz > g for all n € N.  (7.38)
Bk Bk

For x € E and n € N define

Un (@) = (1= xp, @) u (@) + X, (8)un (@),

Va (@) = (1= xp-, (8)) 0 (@) + X, (@) (@),

Then U, — u in L7 (E;R?). By (7.38) and since |B,,| — 0 as n — oo we
have that V,, € L? (E;R™) and the V,, converge weakly to v in L? (E;R™).
Indeed, we have that

sup/ [Vo|? dz < oo,
n JE

and for every Borel set B C E,

/B\vn—m d“/Bn (I&al + o)) de

k
& 1
<CIBL[7 (M? +lell, ) =0

as n — Q.

By the definition of U,,, V,,, (7.36), and (7.38), we have

/g(a:,Un (z),V, (2)) d:zzf/ g(x,u(x),v(x)) dx
E

E

- /B 19 (2, n (2) €0 (2)) — g (2,0 (2) v (2))] da

nk

1
</ 1 @) (@) o~ / gl v @) de
<— [ @l da- [ geu@.ow)
2 [ s @) de— -2
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as n — 00, which contradicts the sequential lower semicontinuity of the func-
tional. Note that here we used the fact that in view of (7.33), g (,u (-),v (+)) €
L' (E).

Case 2: If

Jim inf lim inf / I (x)|pdx+/~c/ 18 (@, un (@) dz| = oo
k—oo mn—oo B, B:er
and
lim inf lim inf/ 18 (2, up (2))|P dx =0,
B+

k—oo mn—oo
nk

then
lim sup lim sup/ |8 (z,un (:z:))|p, dx >4,
B

k—oo n—oo -
nk

and in turn,

lim sup lim supk/ 18 (2, up (l‘))|p/ dr = oo.

k—oco n—oo Bnk

Fix k € N and a subsequence of {u,} (not relabeled) so that

k| 18z un(2)” de>1forall n €N,
Bk

and by Proposition 1.20 find measurable sets E, C B, such that
k/ 18 (2, un (z))F dz =1 for all n € N,
Enk
and so by (7.37),

/ €, (2)|P dz < 1 for all n € N.
Enk

These last two relations are analogous to (7.38) and thus lead to a contradic-
tion as in Case 1.

Case 3: Finally, if

lim inf lim inf l/ & ()P do + k/ 18 (z, un (z))” dx] = oo,
B, B}

k—oo n—oo
nk

likminf lim inf 18 (z, un (m))\p/ dx =:T € (0,00)

(note that the sequence {|ﬂ (-, un (~))|p/} is bounded in L* (E)), then fix k € N
so large that
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T1
kYR > 1420
2p

and T
liminf/ 18 (@, un (@) dz > =
B, 2

Select ng = ng (k) € N so large that for all n > ny,

/ 1B (@ un (2 dz > L,
B+ 2

nk

and so

1
fkl/p/ 18 (2, un (2))]” dm> kl/P S142L
p BF

nk

for all n > ng. By Proposition 1.20 we may find E,; C Bnk measurable such
that

1 /
- kl/p/ |8 (z,up, (2))]” dz =1+ 2L for all n € N large. (7.39)
p Enk

Without loss of generality we may assume that G (x,u,) # 0 on E,j. Con-
struct measurable functions ay, : E,r — [0,00) such that

la (2) &, (2)]7 = k| (2, up (2))]7 . (7.40)

Note that in view of (7.37), 0 < a,, (z) < 1 for LY a.e. € E,;, and for all
n € N large. For z € F and for all n € N large define

Un = (1 - XEnk) U+ XEni Uns
Vi = (1 - XEnk) U+ XE., (Oénfn + (1 - Oén) ’Un) ’

By (7.39) and (7.40),

[ x<0(/ (o +lonl?) dz+ [ |ansn|pdx)
Epnk

:c(/E(|u|p+vn|p) da:—i—/ kk|ﬂ(m,un(x))|p,dx)

n

E p

and this shows that the sequence {V,,} is bounded in L? (E;R™) (recall that
k has been fixed). On the other hand, by Ho6lder’s inequality,

/ |Vi, — ] dxg/ v dx—i—/ lanén + (1 — ap) v, | de
E Enk Enk
g/ v| dz + C | Eni| 7.
Enk
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Since |Eni| — 0 as n — oo, it follows that {V},} converges weakly to v in
L? (E;R™). Moreover, by the convexity of g (z,u,-),

/g(m,Un,Vn)dm—/g(x,u,v) dx
B

E

:/ g(xaun7an5n + (1 - an) Un) dr — / g ($7U,U) dx
Enk,

Enk

S/ Qng (x»unagn) dx +/ (1 - O‘n)g(xaunavn) dzx
Enk

Enk
- / g (x,u,v) dx
Enk

1
b Enk

1 /
:—71&/73/ |ﬂ(x,un)|p dr +2L = —1,
p Enk

where in the last inequality we used (7.36), (7.32), and (7.33), and the latter
two equalities used (7.40) and (7.39) in this order.
This contradicts the sequential lower semicontinuity of the functional.

The proof of part (iii) in the previous theorem can be significantly simpli-
fied under an additional, mildly restrictive assumption.

Corollary 7.8. Assume that in addition to the hypotheses of the previous
theorem

/ flz,u(x),v (x)) de < o0 (7.41)
B

for some vy € LP (E;R™) and all u € LY (E;RY). Then condition (iii) can be
replaced by the condition that

18 (z,u)[”" < Cy |ul? + by (2) (7.42)
for LN a.e. v € E and all uw € R, for some constant C1 > 0, and some

function by € L' (E).

Proof. In the sufficiency part of the previous proof all that was required
from (3 was that {| B (un ()P } be equi-integrable whenever {u,, } converges

strongly in L7 (E;R%), which here is satisfied in view of (7.42).
Conversely, in the necessity part of the proof, by (7.34) and (7.41),

/E\ﬁ(x,u(x)ﬂpl di
<C()Ci (p) /E (9 (2 () 00 (2)) + [0 (2)]7) dar < 00

for all w € L9 (E ; ]Rd). The conclusion now follows from Corollary 6.46.
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As corollaries of Theorem 7.5 we have the following:

Corollary 7.9. Let E C RY be a Lebesgue measurable set with finite measure
and let f : E xR x R™ — [0, 0] be an LN x B measurable function. Assume
that for LN a.e. x € E the function f(x,-,-) is lower semicontinuous in
R? x R™ and for LY a.e. x € E and for all u € R? the function f (x,u,-) is
convex. Then for any sequence {un} of measurable functions such that u, — u
in measure for some function u, and for any sequence {v,} C L* (E;R™) such

that v, > v (in the biting sense) for some function v € L' (E;R™) we have

n—oo

/ f(zou(x),v(z)) de < liminf/ f(zun (2) 0, (2)) do.
E E

Proof. Since v, 2y there exists a decreasing sequence {Ey} C E of measur-
able sets, with |Ey| — 0 as k — oo, such that

vp — v weakly in L' (E\ E;R™) for every k.

Applying Theorem 7.5 and Remark 7.6 to the function x g\ g, (%) f (z,u, 2)
we conclude that

/ f(z,u,v) dx < 1iminf/ f(z,up,v,) do
E\Ej E\Ey

n—oo

< 1iminf/ f(z,un,vy,) da.
E

n—oo
The result now follows by Lebesgue’s monotone convergence theorem.
From the previous corollary we may obtain the following result.

Corollary 7.10. Let E C RY be a Lebesque measurable set with finite mea-
sure, let {u,} be a sequence of nonnegative, measurable functions such that
un — u in measure for some function u, and let {v,} C L' (E;R™) be a
sequence of nonnegative functions bounded in L* (E;R™) and such that

/vdxgliminf/vndm
F n—ee Jg

for every measurable set F C E and for some monnegative function v €
LY (E;R™). Then

/uvd:z: Sliminf/ Uy Uy, AT (7.43)
E E

n—oo

Proof. Without loss of generality we may assume that

lim inf / UpVp dr = lim Up Uy dx < 00
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and that v, = w for some function w € L (E;R™). Let {Ex} C E be a

decreasing sequence of measurable sets, with |Ex| — 0 as k — oo, such that
v, — w weakly in L' (E'\ E;R™) for every k.

Then by hypothesis,

/ vdxgliminf/ ’UndlL‘:/ w dx
F\E} n—=o0 JE\E F\Ej

for every measurable set F' C E, and so letting k — oo we deduce that

/vd:vg/wd:v.
F F

By Proposition 1.87 we conclude that v () < w () for LV a.e. x € E. Setting
f(z,u,2) = (uz)" by Corollary 7.9 we have

/ v dx < / wwdr < liminf [ wu,v, dx.
E E

n—oo E
This concludes the proof.

In the next two exercises we show that in general, we cannot weaken any
further the modes of convergence of {u,} and {v,}.

Exercise 7.11. (i) For 0 € (0,1) let x be the characteristic function of the
interval (0,6) extended periodically to R with period 1. Fix v € SN-1
0 < a < b, and define

Up () :=x (v -2), v, (z):=u, (x) a+ (1 —uy(x)) 0.

Prove that u, — 0, v, — fa + (1 —0)b in L™ (E) but (7.43) fails.
(i) Define
(@)= { P2 €0 G UG o sa] U U o 5]
Un )= 0 otherwise.

Prove that v, — 1, that

Un, = X(0,1)\(supp v,) — 1 strongly in L' (0,1),

and that (7.43) fails. Note that {v,} does not satisfy the hypotheses of
Corollary 7.10 if

B:=(0,1)\ | (suppv:)
=0
for some subsequence {v;} such that Y1 =6 < 1, then £'(B) =1 —
> 1=1-6>0,and so

/Jl(B):/de>liminf/vndxzo.
B B

n—oo
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Exercise 7.12. State and prove an analogue of Theorem 7.5 in the following
cases:

(i) p=q = o3
(ii) 1 < p < 0o and ¢ = oc;
(iii) 1 < ¢ < o0 and p = oo.

7.4 Relaxation

Consider the relazed energy
Eqp i LY (E;RY) x LP (E;R™) — [—00, o]

of the functional I defined in (7.1), that is, the functional &, , is the greatest
functional that is sequentially lower semicontinuous with respect to strong
convergence in L? (E;R?) and weak convergence in LP (E;R™) and less than
or equal to I.

Theorem 7.13. Let E C RY be a Lebesgue measurable set with finite mea-

sure, let 1 < p, ¢ < oo, and let f : E x R? x R™ — (—o0,00] be an LN x B
measurable function such that

flx,u,2) > a(z,u)+ 6 (x,u) - 2z
for LN a.e. x € E and for all (u,z) € R? x R™, where
a:ExRY—R, B:ExR! S R”
are Carathéodory functions, with
o (@ W)l < a@) +Cll, |8 w)| <b)+Cul?

for LY a.e. x € E and for all u € R?, and for some a € L' (E), b € ¥ (E),
and C > 0. Then

E0p((u,0): B) = /B S fla,u(x) v (2)) de,

where for every fived v €

Sf(x,u, Z) = Sup{g (ua Z) : g('7 ) < f (.Z‘, E ) ’
g s lower semicontinuous,

g (w,-) is convex in R™ for all w € ]Rd}

for all (u, z) € R4 x R™.
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Proof. Without loss of generality we may assume that there exists (ug,vg) €
LY(E;RY) x LP(E;R™) such that

/ fzyug (2),v0 (x)) de < co.
B
We claim that the functional

(u,v) € L? (E;R?) x L? (E;R™) /E (a(z,u) + B (z,u) - v) dx

is continuous with respect to strong convergence in L? (E;R?) and weak con-
vergence in LP (E;R™).
By Corollary 6.51 the functional

ue L7 (E;Rd) +—>/ a(z,u) dx
E

is continuous with respect to strong convergence in L4 (E ; Rd), and so, in view
of (2.47), it remains to establish the continuity of

we L (E;RY) — B (x,u) € L¥ (E;R™). (7.44)

By Corollary 6.51 the functional
ue L (E;RY) '—>/ 18 (z,w)|P dx
E

is continuous with respect to strong convergence in L? (E;]Rd), and so the
continuity of (7.44) follows from the Vitali convergence theorem.
Since

S(f(z,u,2) —a(x,u) — B (z,u) - 2)
:S(f(x,u,z))—a(x,u)—ﬂ(m,u)-z,

replacing f (z,u,z) by f(x,u,z) — (a(z,u)+ 5 (x,u) - z), we may assume
without loss of generality that f > 0.

Let £2 be an open subset of RV with finite measure that contains E, and
for every Borel set B € B({2) we define the functional

(u,v) € LY (E;Rd) x LP (E;R™) — I (u,v; B) := / f(z,u,v) de,
B

where we have extended f to (2\ E) x RY x R™ and ug, vg to (2\ E) by
zZero.

As in the proof of Theorem 6.65, it can be shown that &, , satisfies (I7)—
(I3) (where here 7 is the strong-weak topology in L? (E;R?) x L? (E;R™)).
Hence we deduce the existence of a normal function
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h:2xRYxR™ — (—o0, ]

such that

Eqp(u,v; B) = &g p(uo, vo; B) +/ h(z,u,v) dx (7.45)
B

for every B € B(£2), u € L7 (E;R?), and v € LP(£2;R™).
As in the proof of Theorem 6.68 we can show that & ,(ug, vo; -) is a Radon
measure and that there exists a function ¢ € L' (£2) such that

Eq.p(ug,vo; B) = /sz(x) dz

for every Borel set B C {2.
Hence (7.45) reduces to

Egp(u,v;B) = / (% (z) + h(z,u,v)) dz

B
for every B € B(£2), u € L? (E;R?), and v € LP(£2;R™). Observe that the
function h : 2 x R x R™ — [0, 00| defined by

h(z,u,z) =9 (x)+h(x,u,z2)

for z € 2, v € R%, and z € R™ is a normal integrand, and that the functional
(u,v) € LY (E;RY) x LP (E;R™) v / h(z,u,v) d
0

satisfies the hypotheses of Theorem 7.5. Therefore h (z,u,-) is convex in R™
for LN a.e. x € £2 and for all u € R%. Moreover, since

Eqp(u,v; B) :/ h(z,u,v) de < /Bf(x,u,v) dx

B

for every B € B({2), u € L4 (E;Rd), and v € LP(2;R™), by Proposition 6.24,

h(z,u,z) < f(z,u,z2)

for £V a.e. x € 2 and for all (u,2) € R* x R™.
In particular, for LV a.e. x € §2 the function h (z,-,-) is admissible in the
definition of S f (z, -, -), and so

h(xz,u,z) <Sf(x,u,z) (7.46)

for LN a.e. z € 2 and for all (u,2) € R x R™,

To prove the reverse inequality, we apply Proposition 6.44 with S f in
place of s to find a normal integrand g : 2 x R? x R™ — [0, 00| satisfying
properties (i)-(iii) and such that for LV a.e. z € 2 and for all u € R, the
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function g (z,u, -) is convex in R™. Since S f < f and f is £V x B measurable,
by (i) (with h := f) we deduce that g (z,u,z) < f(x,u,z) for LV a.e. x €
E and for all (u,z) € R? x R™. Tt follows from the definition of S f that
g(z,u,2) <Sf(z,u,z2) for LY ae. x € F and for all (u,z) € R x R™, which
together with (i), yields g (z,u,2) =S f (z,u, z) for LY a.e. z € E and for all
(u,2) € R4 x R™,

Thus S f satisfies all the hypotheses of Theorem 7.5, and so for every
B € B(£2) the functional

(u,v) € L9 (E;]Rd) x LP (E;R™) — / S f(x,u,v)dx
B

is sequentially weakly lower semicontinuous, and since S f < f we deduce that
for every (u,v) € L7 (E;R?) x LP (E;R™),

Ep(u,v,B):/ h(z,u,v) de/BSf(x,u,v)dx.

B

Using once more Proposition 6.24, we conclude that
S f(z,u,v) < h(z,u, z)

for LN a.e. v € 2 and for all (u,z) € R? x R™. This, together with (7.46),
completes the proof.

We observe that by Theorem 4.92(iii),
S f(2,u,2) < [ (2,0, 2), (7.47)
where f**(z,u, z) is the polar of f (z,u,-) evaluated at z, and the strict in-
equality is possible.

Exercise 7.14. Let d = m = 1 and consider the function f: R x R — [0, c0)
defined by

flu,2) = (o] + 1)
for (u, z) € R. Prove that for (u,z) € R,
ey oy — (D fu] > 1,
77w, 2) {1 if Jul < 1,

while

(2 + DM ] > 1,
Sf(“’z)_{1 if Ju| < 1.

Prove also that f**and S f are not equivalent integrands.

However, under some relatively mild coercivity hypotheses on the inte-
grand f it can be shown that f** =S f.
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Proposition 7.15. Let E C RN be a Lebesque measurable set with finite
measure, and let f : E x RY x R™ — [0, 00] be an LN x B measurable function
such that
f (@yu,2) = 7 (12]) (7.48)
for LN a.e. x € E and for all (u,z) € RY x R™, where v : [0,00) — [0, 00)
satisfies
i 18) _

s—oo 8

Assume that f (z,-,-) is lower semicontinuous in R x R™ for LN a.e. v € E.
Then

[ (@u,2) =8 f(z,u,2)

for LN a.e. x € E and for all (u,z) € R x R™.
Proof. In view of (7.47) it remains to show that f** < S f. By the definition
of S f this will be a consequence of the lower semicontinuity of f**(z,,-) for
LN a.e. x € E, which will be established next. The proof follows closely that
of Proposition 6.42.

Fix « € E for which (7.48) holds and f (z, -, -) is lower semicontinuous. We
define the Yosida transforms

fn (yu,2) = inf{f(ac,y,z)—&—n\u—y\ : yERd}

u € R4 z € R™. Asin (6.41), (6.42), and (6.43), we can show that for all u,
Ug € Rd, A Rm,

f(ﬂf,U,Z) = Sup fTL (x,u,z), f**(CC,’U;, Z) = Supf;*(x,u,z),
neN n

and
frr(zyu, z) + nju —ug| > [ (x, ug, 2). (7.49)

Therefore, to prove the lower semicontinuity of f**(z,-,-) it suffices to prove
it for each f}*. Hence fix n € N and let (ux, zx) — (uo, 20) as k — oo. Using
the lower semicontinuity of f*(z,uo, ) together with (7.49), we have

frr(x, ug, 20) < hknigf o (x, ug, 21)
< likrriioléf (g — wol + £ (@, uk, 21))
= liknigf fr(z, g, 2x),
and this concludes the proof.

Exercise 7.16. State and prove an analogue of Theorem 7.13 in the following
cases:

(i) p = g = oo;
(ii) 1 < p < oo and g = o0
(iii) 1 < g < 0o and p = 0.
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Young Measures

Nature laughs at the difficulties
of integration.

Pierre-Simon de Laplace
(1749-1827)

Often in applications we deal with energies of the type

v »—>/ f(z,v(x)) dx, (8.1)
E

where f (z,-) is nonconvex. The study of equilibria leads to the search for
minimizers of the energy, possibly subject to constraints, and the nonconvexity
of the energy density may prevent the existence of solutions. One way to
“resolve” this issue is to relax the energy and, under appropriate hypotheses,
use the direct method to obtain a minimizer for

vH/Ef** (2,0 () da.

A major setback in this approach has to do with the fact that the relaxed
energy density f** may be far below f, and in this way, qualitative properties
of the equilibrium energy may be lost.

A compromise between the nonexistence of the minimizers of the original
problem and working with the convexified energy can be reached using the
notion of Young measures. Here minimizers are obtained for an energy with
energy density the original f and where the class of admissible fields is en-
larged to include certain probability measures that are intrinsically related to
minimizing sequences for (8.1).
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8.1 The Fundamental Theorem for Young Measures

Let E C RY be a Lebesgue measurable set with finite measure. By the Riesz
representation theorem in LP and in Cy (see Theorems 2.112 and 1.200), the
dual of the space L' (E;Cy(R™)) is L (E; M (R™;R)). We recall that a
function A : E — M (R™;R) belongs to LY (E; M (R™;R)) if and only if for
all ¢ € Cy (R™) the map

r e FEw— ¢ (v) d\; (v) is measurable
R"YL
and
M35 ) 1= esssup s | (R™) < oo,

where for simplicity we write A, in place of A (x) and ||A\;|| (R™) is the total
variation of the signed Radon measure A,.

In what follows, Pr (R™) is the family of all (positive) Radon measures
that are also probability measures, that is, the family of all (positive) Radon
measures with measure one.

Definition 8.1. A Young measure v : E — M (R™;R) is an element of the
space L (E; M (R™;R)) such that v, € Pr(R™) for LN a.e. z € E.

Theorem 8.2. Let E C RY be a Lebesgue measurable set with finite measure
and let {v,} be a sequence of measurable functions, with v, : E — R™. Then
there exist a subsequence {v,, } of {vn} and a map v € LY (E; M (R™;R))
such that

(i) vy >0, I/I(Rm)<1for[,N ae x€LE;

(i) © (Uny) = (Vs @Y M.Cy = Jom ©(2) dvg(2) in L (E) for all ¢ € Co (R™);
(i) for any normal integrand f : E x R™ — (—o00, 00] bounded from below,

lim inf/ fz,v,, (x)) de > / f(z)dz
k—oo Jp E
where for x € E,

fl@) = | flz,2)dva(2).

R’"l
Moreover, the map v € LY (E; M (R™;R)) is a Young measure if and only
if the subsequence {vy, } satisfies

lim limsup {z € E : |v,, (z)| >t} =0. (8.2)

t—00 k0o

Proof. Define v, : E — M (R™;R) as v, () := d,, () for € E. Then

v @) (R™) = / Ay, = 1,

m
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and for any ¢ € Cp (R™) the map
reE— A @ (2) iy, (2) (2) = @ (vn (x))

is measurable. Thus v, € LY (E; M (R™;R)) and

||Vn||L@o(E;M(Rm;R)) =1

for all n. Since L° (E; M (R™;R)) is the dual of L (E; Cy (R™)), by Corollary
A.55 there exists a subsequence {vy, } of {v,} and amap v € LY (E; M (R™; R))
such that

. —vin L (E; M (R™;R)),

i.e., for all ¥ € L' (E;Cy (R™)) we have

Un

/E O, vm, (2)) di = /E (e () 9, ) pt,cp A — [E <um,w<x,->>M,co(dx)
8.3

:/ Y(x, z) dvg(z) dx.
E Jrm
In particular, if h € L (E) and ¢ € Co (R™), then the function

U(x,2) = h(x) v (2),

where z € E and z € R™, belongs to L' (E; Cy (R™)) by Theorem 2.108, since
the function | ()| ||¢|| ., is in L! (E), and thus

[E h (@) @ (vn, (2)) da — /E h(z) / (2 dun(2) . (8.4)

This proves (ii). Moreover, taking h, ¢ > 0 we obtain that v, > 0 for LV a.e.
x € E, and the lower semicontinuity of the norm implies that

<1

||V||Lg?(E;M(R7”;R))

so that (i) holds.

To prove (iii) note first that since |E| < oo, without loss of generality we
may assume that f > 0. We use Corollary 6.30 to find a sequence {(E;, ¢;)},
where E; C E has finite Lebesgue measure and ¢; € C. (R™), such that

f(@,2) = supx, (2) ¢; (2)
j
for every (z,z) € E x R™. For each j € N let

£ (x,2) = sup xp, () 91 (2)
1<j
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for every (z,z) € E x R™. We claim that f; € L' (E;Cy (R™)). Indeed, this
follows from Theorem 2.108 and the facts that for fixed x € E the function
fj(z,-)isin C. (R™) and

175 (@ 2)] < xr, (@) max il € L' (B)

for every (z,z) € E x R™, where

y (8.3) for each fixed j € N we have

hmmf/ fz v, (x)) de > khm fi(z, v, (z)) dz

z/ fi(z, z) dvg (%) dz.
EJrm

By the Lebesgue monotone convergence theorem, and using the fact that
f >0, letting j — oo in the previous inequality yields

hmlnf/ fz v, (x dac>/ f(z,2) dvg(2) dx
RHL

To prove the last part of the statement of the theorem, assume that (8.2)
holds. Then for any fixed € > 0 there exists ¢ > 0 such that

limsup [{z € E: |v,, (z)] >t} <e. (8.5)

k—o0

Let ¢y : [0,00) — [0,1] be defined by

1 if s <t,
pr(s)i=¢ 1—s+tift<s<t+1,
0 if s<t—+1.

Then the function
Y(x,2) = xe (@) ¢ (|2]),  (2,2) € ExR™,
belongs to L' (E; Cy (R™)), and
Bl =z € E: |on, (2)] <t} +[{z € E: |on, ()] > t}]

g/ ot ([my (@)]) dz+ {2 € E : fomy (2)] > t}].
E

Taking the limit superior in the previous inequality and using (8.3) and (8.5)
we obtain
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|E| S/ / cpt(|z\)dyx(z)dz+€§/ v,(R™)dx + ¢ < |E|+e¢,
E m E

where we have used the facts that ¢; < 1, v, > 0, and v, (R™) < 1 for LN
a.e. ¢ € . Letting ¢ — 0% we obtain that

/ v, (R™) dx = |E|,
B

which, recalling again that v, (R™) < 1 for LY a.e. 2 € E, implies that
vy (R™) =1 for LN a.e. z € E, and we conclude that v is a Young measure.
Conversely, assume that v is a Young measure. Then

Bl =Kz e E: fon [ >t+ 1} = {z € E: |on, | <t +1}

> [ (o @) e

Taking the limit inferior in the previous inequality and using (8.3) we obtain

|| — limsup|{z € E : |vnk|>t+1}|2// or(|2]) dvs (2) da.
k—oo E JR™

Since 0 < ¢y < 1 and ¢ 1, letting t — oo in the previous inequality and
using the Lebesgue monotone convergence theorem, we obtain

|E| —limsuplimsup |{z € E: |v,, | >t + 1} > / / dv.(2)dz = |E|,
t—oo k—o0 E m

where we have used the fact that v, (R™) = 1 for LV a.e. z € E. Hence

lim limsup |{z € E: |v,, | >t} =0.
=00 koo

This concludes the proof.

In view of (8.2) and (8.4) we now introduce the concept of Young measure
v generated by a sequence {v,}.

Definition 8.3. Let E C RN be a Lebesque measurable set with finite mea-
sure. A sequence {v,} of measurable functions vy, : E — R™ satisfying

lim limsup |[{z € E: |v,| >t} =0 (8.6)

t—0 pnoco

is said to generate a Young measure v € LS (E; M (R™;R)) if for every
h e L' (E) and ¢ € Co (R™) we have

lim [ h(x)e (v, (2)) de = /

h () /m ©(2) dv,(2) dx.
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The next proposition is similar to de la Vallée Poussin’s theorem.

Proposition 8.4. Let E C RY be a Lebesque measurable set with finite mea-
sure and let {v,} be a sequence of measurable functions v, : E — R™. Then
condition (8.6) is satisfied if and only if there exists a continuous, nondecreas-
ing function g : [0,00) — [0, 00| such that g (t) — oo ast — oo and

limsup/Eg(|vn(x)|)da: < 00, (8.7)

n—oo

Proof. Suppose that (8.7) holds. Since g is nondecreasing, for any ¢ > 0 we
have

g {z € B Jon (@)] > 1} s/Egavn(mmdm,

and so

n—oo n—oo

limsupg (t) {z € E: |v, (2)] >t} < limsup/ g(|vn(2)]) d < oo.
E

Since g (t) — oo as t — oo we obtain (8.6).
Conversely, assume that (8.6) holds. Then we may choose 0 < t; < tj41,
j €N, with t; — oo as j — oo, such that

1
limsup [{z € E: |v, (2)] > t;}] < 7
Define [ )
[0ifte0,t),
h(t) = {j iftelt;tir1),jeN
Then -
/Ehﬂvn(ff)\)dm =Y iz e Bty <lon (@) <tj4},
j=1
and so

n—o00 k—oo

limsup/ h(|vn(z)]) dz < Zjlimsup|{m €EE:t; <|vp(x)| <tjyr}]
E =

1

< 00.
1]2

o

<.
I

It now suffices to replace the function h with a continuous, nondecreasing
function, 0 < g < h, such that g (t) — oo as t — oc.

Remark 8.5. In applications we will be particularly interested in the cases in
which ¢ (¢) :=t?, 1 < p < 00, and for p = o0,
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t 0<t<
- a,
gt):=qa—-t ~
00 t>a,

corresponding to Young measures generated by sequences bounded in
LP (E;R™), 1 < p < oo, with

sup [[val ~ < @
n

if p = oo. Precisely, in view of Theorem 8.2 and Proposition 8.4, any bounded
sequence in L? (E;R™), 1 < p < oo, admits a subsequence that generates a
Young measure v € LS (E; M (R™;R)) such that

/E/mgﬂz\)dvx(z) dz < oo.

We are now ready to prove the first main result of this chapter.

Theorem 8.6 (Fundamental theorem for Young measures). Let E C
RY be a Lebesque measurable set with finite measure and consider a sequence
{vn} of measurable functions v, : E — R™ that generates a Young measure
ve LY (E; M(R™R)). Then

(i) for any normal integrand f : E x R™ — [—o00, 00] such that {f~(-,v,(-))}
1s equi-integrable,

liminf/Ef(mmn(w))de/Ef(x) dx;

n—oo

(ii) for any Carathéodory function f : E x R™ — [—o00,00] such that
{f(,vn(-))} C L* (E) one has

fCva()) = fin L' (E)

if and only if {f(-,vn(:))} is equi-integrable;
(i) if K C R™ is a compact set, then

suppvy C K for LY a.e. x € F
if and only if dist (v, K) — 0 in measure.

Proof. (i) Since {f~(-,v,(-))} is equi-integrable, by Theorem 2.29, for any
fixed € > 0 we may find a constant M > 0 such that

/ f(zyvp)de <e
{f~(z,v,)>M}

for all n € N. Let fj; := max {f, —M}, which is a normal integrand bounded
from below. By Theorem 8.2(iii),
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liminf/ flz,v,) dx
E

= lim inf [/ fu(z,vp) de — / f(z,vn) dx
e [ f (@) >— M} {f=(zvn)2M}

zliminf/ fu(z, v, (z))de — e
E

n—oo

> / fu(z, z)dvy(2)doe — €
E JRm
> / flx,2)dve(2) dx — €,
where in the last inequality we used the fact that fy; > f, and we may now

let ¢ — 0t.

(ii) Assume that {f(-,v,(-))} is equi-integrable and fix h € L (E). Then
the function +h (z) f(z, 2) is a normal integrand, {+h (-) f(-,v,(-))} is equi-
integrable, and so by (i) we get

lim inf <j:/Eh(m)f(:c,vn(x))dz> > i[Eh(z)m) dz,

that is,
lim [ B (@) (@ vn(z)) do = /E h (@) Fx) da.

n—oo E

Conversely, if f(-,v,(-)) = f in L' (E), then {f(-,v.(-))} is equi-integrable
by the Dunford—Pettis theorem.

(iii) Assume that dist (v,, K) — 0 in measure and let ¢ € Cp (R™ \ K). Then
for every € > 0 there exists a compact set K1 C R™ \ K such that

lo(2)] < e forall z ¢ K. (8.8)
Thus we may find a constant C. > 0 such that
lo(2)] < e+ C.dist (2, K) for all z€ R™\ K.
Indeed, if not, there exists a sequence {z;} C R™ \ K such that
lo(z5)] > e+ jdist (25, K) . (8.9)

By (8.8) it follows that z; € K7 and up to the extraction of a subsequence if
necessary, z; — z € Kj. In particular, dist (z, K) > 0, and so letting j — oo
in (8.9) we reach a contradiction.

Hence (|¢ (v,)| — €)™ — 0 in measure, and since ¢ is bounded we apply
(ii) to conclude that

(Va, (Jo (1) = €)+>M,CO =0 for LY ae. z € E.
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Letting € — 0T we have that
(v, ) m,co = 0 for all p € Co (R™\ K).

Hence supp v, C K for LV a.e. 2 € E.
Conversely, assume that supp v, C K for LV a.e. x € E. Let

f(z,z) := xg () min{dist (z, K),1} .

Then f is a bounded Carathéodory function and thus {f(-,v,(-))} is equi-
integrable. By part (ii) we obtain that

lim [ min{dist (v,(x),K),1} dz

n—oo E

:/ min {dist (z, K),1} dv,(z)dz =0,
EJrm

since suppv, C K for LV a.e. x € E. By Vitali’s convergence theorem we
conclude that dist (v,, K') — 0 in measure.

We now present several important applications of the fundamental theorem
for Young measures.

Corollary 8.7. Let E C RY be a Lebesgue measurable set with finite measure
and let {v,}, {w,} be two sequences of measurable functions, vy, wy, : E —
R™. If {v,} generates a Young measure v and {w,} converges in measure to
a measurable function w : E — R™, then {v, + w,} generates the translated
Young measure I, (v), where (I'qv, ©) pm,co = (Vs (- + a)) m,c, for a € R™,
p € Co (R™). In particular, if w, — 0 in measure, then {v, +w,} generates
the Young measure v.

Proof. In view of Definition 8.3, we first prove that {v, + w,} satisfies (8.6).
Fix € > 0 and, in view of (8.6) for {v,}, choose ¢ > 0 large enough such that

lim sup

n—oo

t t
{zeE: |vn(x)>3}‘ <§, erE: |w(a:)|>3H <§,

where for the latter inequality we used the fact that
oo
ﬂ{er: lw (z)] > k} = 0. (8.10)
k=1

Since

n—oo 3

lim erE: () — w ()] > t}‘ 0,

we have



526 8 Young Measures

limsup |[{z € E: |v, (z) + w, ()| > t}|

n—oo

t 4
Slimsup‘{xEE: v (z)| > 3}‘+HLE€E: |w (x)] > 3}‘

+ lim HxEE: |wn(x)—w(x)>;}‘

<E.

Thus {v, + w,} satisfies (8.6).
Now let h € L' (E) and ¢ € Cy (R™). Fix ¢ > 0. Since ¢ is uniformly
continuous there exists 6 > 0 such that

lp(2) —p ()] <e

for all z, 2/ € R™ with |z — 2’| < §. We have

| @) e @)+ wn @) do = [ 1@ @) + 0 (@) do

E

< 2|\so|\oo/ h (2)] dz+e/ Ih ()] dr,
En{|w,—w|>d6} En{|w, —w|<d}

and thus
limsup /E h () @ (v (2) +wn (2)) dz — /E h (@) @ (v (2) +w (2) do

ge/ﬁhundx
E
Given the arbitrariness of €, we deduce that

lim h(x) ¢ (vy () + wy (x)) de = lim | h(x) e (v, () +w(z)) de

= [ h@) G+ w @) do = [ 1@ (Puuypn ) da,
where we applied Theorem 8.6 to the Carathéodory function
(@, y) = h(z)p(y+w(x)).
This concludes the proof.

The next result shows that if a sequence {v, } generates a Young measure
v, then there exists a sequence {w,} that still generates v but has better
integrability properties.

Corollary 8.8. Let E C RY be a Lebesgue measurable set with finite measure
and let {v,} be a sequence of measurable functions v, : E — R™ that generates
a Young measure v and such that
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limsup/ g(Jon(z)]) dz < oo,
E

n—oo

for some continuous nondecreasing function g : [0,00) — [0, 00] with g (t) —
00 ast — o0o. Then there exists a sequence {wy} of measurable functions w,, :
E — R™ that generates the same Young measure v and such that {g(Jw,(-)|)}
is equi-integrable. Moreover,

[ sthan e <.

Proof. By Theorem 8.6(i) we have

// (|2]) dvz(z) dx < oo.

By extracting a subsequence if necessary, we may assume that

limsup/Eg(\vn(x)Ddx: lim Eg(|vn(x)|)dx.

n—oo n—oo

By the decomposition lemma there exists a subsequence of {v,} (not rela-
beled) and an increasing sequence of numbers r, — oo such that {7, og
(lvn()])} is equi-integrable and

{z € E: g(lon(2)]) # 7, 0 g (Jon (@)} — 0, (8.11)

where for > 0 the truncation 7, : R — R is defined by
s if |s|<r
Tr(s) =4 2, if |s|>r

_ Jon(@) if g (jop(z)]) < o,
wn (2) = {zo if g (Jop(z)]) > ra,
1

|
|
where zy € R™ is such that g(]zo|) € R. By (8.11),

{z € E: va(2) # wn(x)}| — 0,

Define

and so by Corollary 8.7, {w, } generates the same Young measure v. Observe
that

9 (lwn(@)]) <7, 0 g (lon(2)]) + 9(|20]),

and equi-integrability follows.

The following corollary is particularly useful in applications (see, e.g.,
[FoTa89]).
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Corollary 8.9. Let E C RY be a Lebesque measurable set with finite mea-
sure and let {v,}, v, : E — R™, be a sequence of measurable functions that
generates a Young measure v. Then {v,} converges in measure to a function
v:E — R™ if and only if vy = 0,y for LN ae x € E.

Proof. Assume first that {v,} converges to v in measure. Let w,, := v for all
n. Then by Corollary 8.7, {v,} and {w, } generate the same Young measure.
Since {w, } generates the Young measure d,, it follows that v, = 0, for N
ae rc k.

Conversely, assume that v, = 0§, for LN ae. x € E. Since v €
LY (E; M (R™)), the function v is measurable. Fix €, n > 0. By Lusin’s
theorem choose K C E compact such that |[E\ K| <nand v: K — R™ is
uniformly continuous. Find p > 0 such that

v () — v (a)] < % (8.12)
for all z, ' € K, with | — 2’| < p. Since K is compact there exist x1,...,xp €
K, ¢ € N, such that

¢
K C U B (x4, p) .
i=1
Let E; := B* (z;,p) N K, where
i—i
B* (zi,p) := B (xi,p)\ | B (xj.p),
j=1
and define
w(x) =Y () xe, ().
i=1
Note that by (8.12),
HxEE: |v(x)7w(x)\>g}’§n. (8.13)

Let
¢

! (3:7 Z) = ZXEq‘, (:L‘) P (|Z —-v (‘TZ)D )
i=1
where ¢ : [0,00) — [0,1] is a continuous function such that ¢ = 0 on [0, £]

and ¢ = 1 on [g,00). Then f is a bounded Carathéodory function, and thus
{f(-,;vn(*))} is equi-integrable. Then
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V4
Hz€E: jvn—w[>e}| <> Hz € Eit jun—v(x)| >e}|+1
=1

¢
<3 [ et - o)) det
i=1 7/ Ei
— [ £ vala)) da o
E
and so by Theorem 8.6(ii) we obtain that
limsup|{z € E : |v, —w| > e}| < lim / f(z,op(x)) de+n
n—oo E

n—oo

:/ f (.2) dcsv(m)(z)dwn:/ f (@0 (2)) dz + 7
E JR™ E

14
=3 [ #be) et de

<

5
{JJEKZ v —w| > 5}’+77§277,
where we have used (8.13) and the fact that ¢ < 1. Hence

limsup {z € E: |v, —v| > 2¢}|

n—oo

<limsup{z € E: |v, —w|>e}|+|{x € E: |v—w| > e}

n—00

< 2.
It now suffices to let n — 0.
The next result deals with pairs of sequences.

Corollary 8.10. Let E C RY be a Lebesque measurable set with finite mea-
sure and let {un}, {vn} be two sequences of measurable functions, with
U, : B — R% and v, : E — R™. If {v,} generates the Young measure
v € L® (E; M (R™;R)) and u,, converges pointwise LV a.e. in E to a func-
tion u : E — R?, then the sequence {(u,,v,)} generates the Young measure

T = Oy(z) ® Va-

Proof. In view of Definition 8.3, we first prove that {(u,,v,)} satisfies (8.6).
For t > 0,
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{z € B [(un, vn) ()] > t}]

{er lun ( )|>\;§}’+‘{er; |vn(x)|>\;§}’

{zEE lun ( )—u(a:)>2\t/§}‘+‘{z€E: |u(x)|>2\t/§}'

+erE oy (2 )|>\j§}’.

Due to property (8.6) for {v,}, using an argument analogous to that of
(8.10), and since u,, converges pointwise, and hence in measure, to u we deduce
that (8.6) is satisfied by {(un,vn)}

Let h € L' (E), ¢ € Cy (R?), and ¢ € C (R™). Then

[ () 9 (un)| < (|9l [P ()]

and so by the Lebesgue dominated convergence theorem, ht) (u,) — h (u)
strongly in L! (E). Since {v,} generates the Young measure v, we have that
¢ (v,) = in L™ (E), and so

<

<

i [ 1@ ) o) do= [ n@v ([ elan) o

n—oo E

that is,
(1 @ @) (Un,vn) = (Su() @ V., ¥ @ PYMm,c, in L (EB).

Since tensors of the form ¢ ® ¢ are dense in Cj (Rd X Rm), the proof is
complete.

Next we study the relation between biting convergence and Young mea-
sures.

Theorem 8.11. Let E C RY be a Lebesgue measurable set with finite mea-
sure and let {v,} be a sequence of measurable functions v, : E — R™
that generates a Young measure v. Then for any Carathéodory function
[+ EXR™ — [—00,00] such that {f(-,vn(-))} is bounded in L' (E), there
exists a subsequence {v,, } of {vn} such that

FCvn () 2 F in L' (E) .

Proof. By the biting lemma there exist a function g € L' (F), a subsequence
{vn, } of {v,}, and a decreasing sequence of Lebesgue measurable sets {E;} C
E, with |E;| — 0, such that

f(vn, (1)) = gin L' (E\ E;) for every j € N.

By Theorem 8.6(ii) we have that g = ffor LN ae. v € E\ E; for every j € N.
Since |E;| — 0 it follows that g = f for £V a.e. z € E.
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Remark 8.12. As a consequence of the previous theorem, if {v, } is bounded in
L' (E;R™), then by taking as f a projection, that is, f (2) 1= 2z, i = 1,...,m,
where z = (21,. .., 2m) € R™, we obtain that there exists a subsequence {vy, }
of {v,} such that

Ung (-) 2 v in LY (B),

where for LN a.e. x € E,

v(z) = /m z2dvg(z).

Using the techniques developed in this chapter we next give a proof of the
decomposition lemma stated and proved in Chapter 2, where here the domain
of integration is a Lebesgue measurable set of RV with finite measure.

Lemma 8.13 (Decomposition lemma, II). Let E C RY be a Lebesgue
measurable set with finite measure and let {u,} be a sequence of functions
uniformly bounded in LP (E), 1 < p < co. For r > 0 consider the truncation
7 : R — R defined by

T(z) =0 2, if |z > r.

|2
Then there exists a subsequence of {un} (not relabeled) and an increasing
sequence of numbers r, — 0o such that the truncated sequence {7, oun} is
p-equi-integrable, and

{Z iflz] <,

{x € E: uy (x) # (7, ouy,) ()} — 0. (8.14)

Proof. Without loss of generality, by Theorem 8.2 we may assume that the
sequence {u,} generates a Young measure v € L° (E; M (R;R)) and by The-

orem 8.6 (i),
/ / |z[? dvy (2) do < . (8.15)
BJR

Using Theorem 8.6(ii) we obtain
lim lim [ |7 ou,|’ dz = lim / / |7 (2)|P dvy (2) dx
T—00 N—00 E T—00 EJR

= [ [1el dve (2) as,

where the last equality has been obtained via the Lebesgue monotone con-
vergence theorem. Therefore we may find an increasing sequence of numbers
r, — oo such that

lim [ |7, ou,l? dx:/ / |2|P dv, (2) da. (8.16)
E EJR

n—oo
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Property (8.14) follows directly from the boundedness of the sequence {u, }
in LP. By Corollary 8.7 the sequence {7, ow,} generates the same Young
measure v € LY (E; M (R;R)), and in view of (8.15), (8.16), and Theorem
8.6(ii) the sequence {7, owuy} is p-equi-integrable.

8.2 Characterization of Young Measures

In this section we prove that every Young measure is generated by a sequence
of measurable functions.

Theorem 8.14. Let E C RY be a Lebesgue measurable set with finite measure
and let v € LY (E; M (R™;R)) be a Young measure. Then there exists a
continuous, nondecreasing function g : [0,00) — [0,00] such that g (t) — oo
as t — oo and

/E/m 9(|2]) dvy (2) da < 0. (8.17)

Proof. We claim that

lim// dv,(z)dz = 0. (8.18)
=0 Jp J{zeRm: |z|>t}

Indeed, since v, € Pr(R™) for LV a.e. z € E, by Proposition 1.7(ii) we have
that

lim dvg(z) =0,
t=00 JizeRm: 2>t}

and since

0< / dv,(z)dx < dvg(z) =1,
{zeR™: |z|>t} R™

(8.18) follows by the Lebesgue dominated convergence theorem. We can now
proceed as in the proof of Proposition 8.4 to show that (8.18) implies (8.17).
Precisely, choose 0 < t; < t;11, j € N, with t; — oo as j — o0, such that

1
/ / dvg(z) dr < —,
E J{zeR™: |z|>t;} J

and define ; : )
C(0ifte0,t),
h(t) = {jifte[tj,tj+1),j€N.

Then
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/ / h(|z|) dvg(z) dz
E J{zeR™: |z|<ty}

k—1

/Z/ h(|z]) dvy(z) da
B3 {zeR™: t;<|z|<tjy1}

k

1

J / / dv,(z) dz
1 E J{zeRm: t;<|z|<tjt1}
1 1
7 S Z <
By the Lebesgue monotone convergence theorem, letting k& — co we obtain

// (|z]) dva (= Si%

It now suffices to replace the function h with a continuous, nondecreasing
function 0 < g < h.

J

INA
-

Next we show that the condition (8.17) is equivalent to the existence of a
sequence {vy, } of measurable functions v,, : E — R™ that generates v and such
that {g(Jvn(-)])} is equi-integrable. We begin with the case of a homogeneous
Young measure.

Definition 8.15. Let E C RY be a Lebesgue measurable set with finite mea-
sure. A Young measure v € L (E; M (R™;R)) is said to be homogeneous if
there exists a probability measure p € Pr(R™) such that v, = pu for LV a.e.
reKL.

Exercise 8.16. Let a, b € R™ and 0 € (0, 1), and consider the function

_ Jaifz€(0,0),
”(“”)'_{bifxe(a,l).

Extend v periodically to all of R with period 1 and let v, (z) := v (nx). Prove
that the sequence {v,} generates the homogeneous Young measure

Ve = 05, + (1 —0) 6.

8.2.1 The Homogeneous Case

Theorem 8.17. Let E C RN be a Lebesque measurable set with finite mea-
sure, let v € P (R™), and let g : [0,00) — [0,00] be a continuous, nondecreas-
ing function such that g (t) — oo ast — oco. Then the following two conditions
are equivalent:
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@ [ a(:hdvl) <o

(i) there exists a sequence {v,} of measurable functions v, : E — R™ that
generates v and such that {g(|v,(-)])} is equi-integrable.

Proof. That (ii) implies (i) follows from Theorem 8.6(ii). In the remainder of

the proof we show that (i) implies (ii).

Step 1: Fix R > 0 and define D := B, (0, R) and

Hp := {,u € Pr(R™) : supp i C Dg, i is generated by a sequence {v,}
with [[on]] e () < R}

We claim that Hg is convex. Indeed, fix p1, ps € Hg and 6 € (0,1). Let
{vn}, {wn} be two sequences of measurable functions v,,, w, : E — Dpg that
generate py and ug, respectively. By Proposition 2.87 there exists a sequence
{EL} of Lebesgue measurable sets, with E, C E, such that xp, — 6 in
L*> (E). For n, k € N define

() if z € Ey,
Wy () = {wn(x) if v € £\ Ey.

Let h € L' (E) and ¢ € Cp (R™). Then
[ h@) o (@) da
E
- / X (@) () @ (vn (2)) da + / (1= x5, (@) B (&) @ (wn (2)) de
E E
ee/Ehm o (vn (2)) dx+<1—e>/Eh<x>ga<wn<x>> dz
as k — oo, and so

lim lim [ h(z) ¢ (wnk(z)) dz

n—oo k—oo E

- /E h () d (B(ur. @) a.co + (1 — 6) iz, @) amcn)

where we have used Theorem 8.6(ii). Since L' (E) and Cy (R™) are separable,
we may extract a diagonal sequence {wy, x,, } for which the previous limit exists
for each h and ¢ in a dense set of L! (E) and C (R™), respectively (and hence
by density for all h € L' (E) and ¢ € Cp (R™)). Since the sequence {w,, k, }
generates the Young measure 01 + (1 — 6) o, we have that Oy + (1 — 6) us €
Hz and the claim is proved.

Step 2: We claim that Hp is relatively closed in Pr (R™) with respect to the
weak star topology o (M (R™;R),Cy (R™)) (o (M, Cy) for simplicity), i.e.,
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77— (M,Co) A

HR Pr (Rm) :HR.

Indeed, let p € ]HTRU(M’CO) N Pr(R™) and let {h;} and {¢;} be dense in
L' (E) and Cy (R™), respectively. By the definition of weak star topology in
M (R™;R), for every n € N there exists u,, € Hg such that

1

, 7=1,...,n. (8.19)
20 max (14 il )

‘<,u - Mm‘Pj>M7CO <

By the definition of Hp, the homogeneous Young measure pu,, is generated by

a sequence {vfzk) } with
keN

<R (8.20)

e o]
kEN Lo (E;]R'm)

Choose k = k (n) € N sufficiently large that with v, := o) we have

1
<—, 4, j=1,...,n,
2n J

’<M”’¢j>M,CO/ hld.’I}—/ hi(ﬂj (’Un) dx
E E

so that by (8.19),

r
<—, 4, j=1,...,n. (8.21)
n

’<Ma<pj>M7CO/ hidl’—/ hzgpj (Un) dx
E E

By (8.20), Proposition 8.4, and Theorem 8.6(iii), a subsequence {vy, } of {v,}
generates a Young measure v with supp 4 C Dg. From (8.21) and the density
properties of {h;} and {¢;} it follows that u = v. Hence p € Hp.

Step 3: Let
Mpg :={u € Pr (R™) : suppp C Dr}.

Note that Hr C Mp. We claim that Hr D M. Assume by contradiction that
there exists 1 € Mg such that p ¢ Hg. By Steps 1 and 2,

,LL ¢ HTRU(M,CO) _ CO]H[RG(M7CO)7

and therefore by the Hahn—Banach theorem there exist a linear functional L :
M (R™;R) — R, continuous with respect to the weak star topology o (M, Cp),
and « € R such that

L(v)>aforallveHr, a>L(y).

By Theorem A.72 there exists ¢ € Cy (R™) such that

L) = (. ohmcn = / oy

m
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for all v € M (R™;R), and so

W, o) m,co > aforall v € Hp, o > (1, 9) m.cq- (8.22)
Define ()it |
_Jel(z)if 2| <R,
vr(2) = {oo otherwise.

Since supp p C Dgr we have that

o> pbme, = [ en@au) > [ GG > o @, (529

m

by Jensen’s inequality and where a := [,,, zdu(z). Note that |a| < R. Since
@R is lower semicontinuous, it follows by Theorem 4.98 that

m—+1 m—+1 m—+1
¢r (a) = inf { Y bior(z): > 0i=1, > 6izi=a,0; >0,z ¢ Rm}
i=1

i=1 i=1

m—+1 m—+1 m—+1
1nf{291@(21) ZelzL Zﬁizi:a, 9120, ZZGDR}
=1

i=1 i=1

Fix ¢ > 0 and write
m+1

PR (@) +e> D 0 (z),

i=1
where 6; > 0,2z, € Dgp,i=1,....,m+1,

m—+1 m—+1
ZG,»:L Zﬁizi:a.
i=1 i=1
Observe that since 6, € Hg for all i = 1,...,m + 1, and Hp is convex (see
Step 1), we have
m—+1

vi=Y 0,0, €Hpg.

i=1
Therefore by (8.22) and (8.23),

m4+1
o (a)+e> ) i (z) = (v, 0)mc, = a > @i (a),
=1

and letting ¢ — 0™ we obtain a contradiction.

Step 4: We are now ready to prove the general case. Since the set E has finite
measure, by rescaling, we may assume that |E| = 1. Let v € Pr (R™) be such
that (i) holds. Since v € Pr (R™), by Proposition 1.7(ii) we have that

tlim v({zeR™:|z| >t})=0.
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Hence for all k € N sufficiently large, say k > ko, we have that
v({zeR™:|z| <k})>0.
For k > kg consider the probability measure vy, defined by
v (F):=cv(FNDy) FeB[RM),

where

= Dy .= B, (0,k).
FT oy T 0.5

Note that v, € My, where
My, :=={p € Pr(R™) : supppu C Dy} .

By Step 3, for each fixed k > ko there exists a sequence {v,, ;} of measurable
functions v, : E — Dy, that generates vg. Let {h;} and {¢;} be dense in
L' (E) and Cp (R™), respectively. Since {v, } generates v and v, : E —
Dy, by Theorem 8.6(ii) for all 7, j € N, we have

Jm [ 0@ s @) do = [ hi@ de [ g@dnl)

—o [ hita) dx/Dk ei(2)dv (),

and

im [ g (|onk (2)]) do = |E] | g(|z]) dvi(2)

n—oo E Rm

c /D oD@ ),

where we have used the facts that |E| = 1 and that for each fixed k¥ € N
the sequences {¢; (vnk (-))} and {g(|vnk (-)])} are equi-integrable, since
lvm, k]l Loo(m:rm) < k. By virtue of the Lebesgue dominated convergence theo-
rem, we obtain that

lim tim [ By (@) o) (o (2)) do = /

k—ocon—oo |p E

h; (x) d:L'/m ©;(z)dv(z)

and

tim i [ g (o (@) do = [ gzl o),

k—o0 n—00
Extract a diagonal sequence {vy} of {v, r} such that

lim [ hi(z) ¢;(ve(2)) do = /Ehi (x) dm/ @;(z)dv(z),

t—oo | B m

tim [ g(oe()) o= [ gz vl

{—00
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for all 4, j € N. By the density properties of {h;} and {¢;} and Theorem
8.6(ii), it follows that {ws} generates v and {g(|ve(-)|)} is equi-integrable in
L' (E).

Exercise 8.18. Prove that if the measurable set £ C RY is bounded, then
in Step 1 it is possible to use the Riemann—Lebesgue lemma and thus avoid
Proposition 2.87.

8.2.2 The Inhomogeneous Case
We are now ready to consider the inhomogeneous case.

Theorem 8.19. Let E C RY be a Lebesque measurable set with finite mea-
sure, let v € L (E; M (R™;R)) be a Young measure, and let g : [0,00) —
[0, 00] be a continuous, nondecreasing function such that g (t) — 0o ast — oo.
Then the following two conditions are equivalent:

(1) fE f]Rm 9(|2]) dvz(2) dz < oo;
(1) there exists a sequence {v,} of measurable functions v, : E — R™ that

generates v and such that {g(|v,()|)} is equi-integrable in L' (E).

Proof. That (ii) implies (i) follows from Theorem 8.6(ii).

Step 1: To prove that (i) implies (ii) we first claim that, without loss of
generality, we may consider the case that the set E is an open set with finite
measure. Indeed, condition (i) implies that

[ st dnz) < oo

for LV a.e. € E. Select any zy € E for which the previous integral is finite
and v, € Pr(R™). Fix an open set {2 C RY of finite measure that contains

FE and define
_ Juvy ifzeE,
Ha = v, itz € 2\ E.

Then p € L (2; M (R™;R)) is a Young measure and (i) is satisfied. Thus
if we show that there exists a sequence {v,} of measurable functions v, :
2 — R™ that generates p and such that {g(Jv,(-)|)} is equi-integrable in
L' (2), then the sequence {v, } restricted to E generates v. Also, without loss
of generality we may assume that

0

/m 9(]z]) dv.(z) < o0 (8.24)

for all x € E.

Step 2: In view of the previous step we may assume that F is an open set
with finite measure. Let {h;}, .y C C.(E) and {;},  be dense in L' (E)
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and Cp (R™), respectively. Set hg = 1 and ¢g = g. For j € Ny and = € E
define

W (z) = /m ©;(2) dvy(2) (8.25)

and let
= ﬂ {z € E : = Lebesgue point for ¢;},
J€Ng
where we used the fact that in view of (8.24), ¢; € L' (F) for all j € Ny.
Then |E \ F| = 0. For each k € N set

1
gk;:{Q(x,g)CE: xEF’0<€§E’
1 1 .
o )~ @y < =0,k

By Vitali’s covering theorem and Lebesgue’s differentiation theorem we may
write

E=JQ (xre,ere) UNg,  [Ni| =0,
4

for some mutually disjoint cubes Q (zgs,exe) € Gi. For each i, j € Ny let
k > j. Then

‘/ hi (z)1; (x Z% The / hi (z) dx

Q(xke,ere)

<Y / 2) (4 (@) — ¥ (20))] de

zk@ Ekl’
<Ihiley / 05 () = v (o) d
¢ JQ(@kerEre)
1 1
< hill o T Z 1Q (Tkes ere)| = [|hill oo T |E]|.
14

Hence

/ hi (z) ¢ (x) dv = lim Y (zx0) / hi (z) dx (8.26)
E k—oo & Q(zke re)
for every i, j € Ny.
By the previous theorem and (8.24), for each fixed k,f € N there exists
a sequence {v,g¢} of measurable functions vuke @ Q (Tge,exe) — R™ that
generates vy, and such that {g(|vnke(-)])} is equi-integrable in Q (zxe, exe)-
Fix k, £ € N. Since {vni¢},, generates vg,,, we may choose nye such that

Si

/ i (2) @3 (moke (2)) d — b (k) / hi () de
Q(xke,Ere)

Q(Tre,ene)
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forall ¢, j =0,...,k. Set

 vngre (2) if 2 € Q (Tke,ee) for some £,
o () '{o if 2 € Ny

We claim that {vy} generates v. Indeed, fix i, j € Ny and let k& > max {3, j}.
By (8.26), (8.27), and the fact that |Nj| = 0 we have

lim hi (z) ¢ (vg (z)) dz = lim Z /Q( ) hi (2) @;(Uny, ke (2)) da

k—oo J g k—o0 Z

Q(Tre,ene)

_ /E hi () 5 () do
_ /E hi () / y(2) dva () de,

where in the last identity we have used (8.25). In particular, taking i = j = 0,

we get
klirn g (vg) d:z:—// 2) dvg(2) dz,

and so by Theorem 8.6(11) we conclude that {g(Juk(-)|)} is equi-integrable.
This concludes the proof.

8.3 Relaxation

In this section we consider functionals of the form
v € LP (E;R™) / f(z,v) dx,

where E C R¥ is a Lebesgue measurable set with finite measure, 1 < p < oo,
and f : E X R™ — (—00,00] is a normal integrand. We recall that &, is
the greatest functional below I that is sequentially lower semicontinuous with
respect to weak (respectively weak star if p = oo) convergence in L? (E;R™),
and it coincides with Z,,, where

T,(v) := inf { liminf I (vy) : {vn} C LP(E;R™),

vp — v (2 if p=o0) in LP(E;Rm)},

provided f satisfies suitable coercivity conditions (see Remark 6.69(i)).
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Theorem 8.20. Let E C RY be a Lebesgue measurable set with finite mea-
sure, 1 < p < o0, and let f : E x R™ — (—o0,00] be a normal integrand
satisfying

f(z,2) > ! |z|p -C (8.28)

for LN a.e. x € E and for all z € Rm, and for some C' > 0. Then for every
v € LP(E;R™),

£,(v) = T,(v) = /E (@0 (@) da (8.29)
:Vienjgu - flx, 2)dv,(z) dz

where

Yy = {V € Ly (BE;M(R™;R)), v is a Young measure,

// |2|P dv,(2) dz < oo,

(x):/Rmzdux( 2) for LN a.e. mGE}

Moreover, if
/ £ (@0 (2)) da < o (8.30)
E

then the infimum is realized by some Young measure 1° € Y, such that

frav@)= [ floz)di(z)

]Rm
for LN a.e. x € E.

Proof. We observe that the first two equalities in (8.29) follow by Remark
6'69152‘5. {vn} C LP(E;R™) be such that v, — v in LP(F;R™) and, without
loss of generality, and in view of Remark 8.5, assume that

linrriicgff (vp) = nler;oI (vn)
and {v,} generates a Young measure v. By Remarks 8.12 and 8.5 it follows

that v € Y,. By the fundamental theorem for Young measures (i) we have
that

liminf/Ef(x,vn(x))de/E - f(z, 2) dvg(2) dx

n—oo

and given the arbitrariness of {v,} we deduce that

veYy

Zlnf/ flx, 2) dve(2) dx
Rnl
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To prove the reverse inequality fix any v € )),,. By Jensen’s inequality,

flz,2)dve(z) > (e, 2)dvg (2) > [ (z,0 (2)) (8.31)

Rm™m RrRmM

for LV a.e. € E, where we have used the fact that v (z) = [g,. 2dvy(2)
for LN a.e. © € E. Integrating over F and then taking the infimum over all
v € ),, we conclude that

inf/E Rmf(x,z)dum(z)dxz/Ef**(a:,v(x))dx. (8.32)

vEYy

By Theorem 6.68, (8.29) follows.

To prove the second part of the theorem, in view of (8.28), by replacing f
with f 4+ C we can assume, without loss of generality, that f > 0. Due to the
coercivity condition (8.28) it is possible to find a sequence {v,} C LP(E;R™)
converging weakly to v in L?(E;R™) and such that

/Ef**(x,v (x))dz =Z,(v) = lim | f(z,v.(x))de < oco.

n—oo E

By Remark 8.12, up to a subsequence (not relabeled), {v, } generates a Young
measure v and by the fundamental theorem for Young measures and the first
part of the theorem we have

inf / f(z,2)dvy(2)de =T,(v) = lim [ f(z,v,(x))dz
EJrm

veY, n—oo [p
2/ f(z,2)di2(2) da,
EJrm

which shows that the infimum is attained. Hence by (8.30) and (8.29),

/E [ - fz,2)d2(2) — f**(x,v(x))} da — 0.

Since by (8.31) the expression in square brackets is nonnegative, it follows
that

fla,2)dvy(z) = f**(z,v (2))

R™

for LN a.e. € E. This concludes the proof.

Exercise 8.21. Prove that the previous theorem continues to hold in the
cases p = 1 and p = oo provided

(a) the coercivity condition (8.28) is replaced by
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for LN ae. x € E and for all z € R™, for some C > 0, and where
g :[0,00) — [0,00) is a continuous, nondecreasing function such that

for p =1, and

for some a > 0, for p = oo;
(b) Y, is given by

YV, = {1/ € Ly (E; M (R™;R)), v is a Young measure,

// (|z) dvs(z) dx < oo,

(x):/ zdv,(2) for LY a.e. xEE}
forp=1, and
YV, = {y e LY (E; M (R™;R)), v is a Young measure,

suppv, C K for £V a.e. z € E and for some compact

set K C R™, v (x) :/ zdv,(2) for LN ae. x € E}

for p = oo.

Recalling the observation made at the beginning of this chapter, the next
result illustrates a situation in which the minimum of a certain constraint
energy functional does not exist as an LP function but may be attained at a
“generalized” function, namely the Young measure generated by a minimizing
sequence.

Theorem 8.22. Let E C RN be a Lebesgue measurable set with finite mea-
sure, let 1 < p < o0, and let f : R™ — R be a continuous function bounded
from below by an affine function. If a € R™, then

mf{/ fv(x))dz: ve LP (E;R™) |E\/ dx—a} (8.33)
= nf{/E - f(2)dvy(2)dx: v e y”‘} =" (a) |E|,

where
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Y= {y e LY (E;M(R™;R)), v is a Young measure,

1
zpdumzdx<oo,—// zdvg(2)dr = a'},
J L e <o [ [ sz ar=a}

and the infimum is attained in any of the first two expressions if and only if
« € coM,,, where

My:={zeR™: f(z)=f"(a)+ 0 -(z—a) forall p€df*™ (a)}.

Moreover, if f satisfies the growth condition

LGN (8.34)

?

then any minimizing sequence {v,} C LP (E;R™) admits a subsequence gen-
erating a Young measure v € Y such that suppv, C M, for LV a.e. x € E

and
1nf{/f ))dx : v e LP(E;R™) |E|/ dm:a}

- / f(2) dvg(2) do = f** () |E].
E JR™

Proof. In view of Theorem 5.38, to prove (8.33) it suffices to show that

mf{/f ))dx : ve LP (E;R™), E|/ dxa}

> inf{/E [ e ve ya} > 7 (a) |

The latter inequality follows from Jensen’s inequality as in (8.31) and (8.32),
while to prove the first it suffices to observe that to each function v €
L? (E;R™) we can associate the Young measure v € Y* defined by

Vg 1= Oy(y) for z € E.

[ to@nae= [ [ )i

> inf{/E . F(2) divg(2) dz - f/ey“}.

Then

Hence (8.33) holds.
Next we show that the infimum is attained in (8.33) if and only if « €
coM,. Again by Theorem 5.38 it suffices to show that the infimum
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inf {/E - f(z)dvy(z)dx: v e ya} = " («) |E| (8.35)

is attained if and only if a € coM,,. Suppose now that the infimum is attained
at some Young measure 10 € Y*. Given any 3 € 9f** (a) (recall Theorem
4.53) it follows that

f@) 2 @) 2 (@) + 8- (2—a), (8.36)

for all z € R™, and so

/ f(z) dl/g(z) d:rZ/ f**(z)dug(z) dx

E JrRm Rm

> [ [ @8 - o) d(e)de
=" (o) |E],

\

where in the last identity we have used the fact that

ﬁ /E /m 2d0(2) dr = a. (8.37)

It now follows from (8.35) that all the inequalities must be identities. From
(8.36) we deduce that

fR)dv(z) = | [(2)dvi(z) = / [f** (@) + B (2 — )] dig(2)
R R m
for LV a.e. z € E and, in turn,
suppr, C {z €R™: f(2) = [ (2) = [ () + B (2 — )} (8.38)
for LN a.e. x € E. Define

v(z) = /m zdv2(z), =€ E.

Since for £V a.e. z € E the measure 12

from Lemma 5.39 and (8.38) that
v(z)€co{z €R™: f(2)=f"(2)=[" () + 8- (z—a)}
for LN a.e. x € E, which, together with (8.37), yields
accof{zeR": f(z)=f" () =" () + 6 (z—a)}.

The final part of the theorem follows exactly as in the proof of the previous
theorem using Remark 8.21.

is a probability measure, it follows

Remark 8.23. As a consequence of the previous theorem, it follows in partic-
ular that condition (8.34) implies a € coM,. We are not aware of a direct
proof of this fact.
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A

Functional Analysis and Set Theory

One should always generalize.
(Man muss immer generalisieren)

Carl Jacobi

In order to keep this book as self-contained as possible, in this appendix we
collect without proofs several results from functional analysis that have been
used throughout the book. This part is intended mostly for graduate students.
Most proofs will be omitted. Basic references are [AliBo99], [Bre83], [DuSc88],
[Ru91], [Yo95]. The reader should be warned that in [DuSc88] and [Ru91] the
definitions of normal spaces and topological vector spaces are different from
the standard ones.

A.1 Some Results from Functional Analysis

A.1.1 Topological Spaces

Definition A.1. Let X be a nonempty set. A collection 7 C P (X) is a topol-
ogy if

()0, X € 7;
(i) if Uper fori=1,...,M, then Uy N...NUpy € T;

(ii1) if {Ua} oy @8 an arbitrary collection of elements of T then J,c; Ua € 7.

acl

FEzample A.2. Given a nonempty set X, the smallest topology consists of
{0, X}, while the largest topology contains all subsets as open sets, and is
called the discrete topology.

The pair (X, 7) is called topological space and the elements of T open sets.
For simplicity, we often apply the term topological space only to X. A set

C C X is closed if its complement X \ C is open. The closure E of a set
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E C X is the smallest closed set that contains E. The interior E of a set
E C X is the union of all its open subsets.

A subset E of a topological space X is said to be dense if its closure is
the entire space, i.e., E = X. We say that a topological space is separable if
it contains a countable dense subset.

Given a point € X, a neighborhood!' of z is any open set U € 7 that
contains z. Given a set £ C X, a neighborhood of E is any open set U € T
that contains E. A topological space is a Hausdorff space if for any z, y € X
with x # y we may find two disjoint neighborhoods of = and y.

Given a topological space X and a sequence {z,}, we say that {z,} con-
verges to a point x € X if for every neighborhood U of x we have that z,, € U
for all n sufficiently large. Note that unless the space is Hausdorff, the limit
may not be unique.

A topological space is a normal space if for every pair of disjoint closed
sets C1, Co C X we may find two disjoint neighborhoods of C and Cs.

Definition A.3. Let X, Y be two topological spaces and let f : X — Y be a
function from X into Y. We say that f is continuous if f=1(U) is open for
every open set U C Y.

The space of all continuous functions f : X — Y is denoted by C (X;Y).
The next two theorems give important characterizations of normal spaces.

Theorem A.4 (Urysohn). A topological space X is normal if and only if
for any two disjoint closed sets C, Co C X there exists a continuous function

f:X —10,1] such that f =1 in Cy and f =0 in Cs.

Theorem A.5 (Tietze extension). A topological space X is normal if and
only for any closed set C' C X and any continuous function f: C — R there
exists a continuous function F' : X — R such that F (z) = f (x) for all x € C.
Moreover, if f(C) C [a,b] then F may be constructed so that

F(C)C[a,b].

We now introduce the notion of a base for a topology. Let (X, 7) be a
topological space. A family 8 of open sets of X is a base for the topology 7
if every open set U € 7 may be written as union of elements of 8. Given a
point € X, a family (5, of neighborhoods of = is a local base at z if every
neighborhood of = contains an element of (3.

Proposition A.6. Let X be a nonempty set and let § C P (X) be a family
of sets such that

(i) for every x € X there exists B € 3 such that x € B;

! The reader should be warned that in some texts (e.g., [DuSc88] and [Ru91]) the
definition of neighborhood is different.
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(1) for every By, Bs € 3, with B1 N By # 0, and for every x € By N By there
exists By € 3 such that x € Bs and Bs C B1 N Bs.

Then the collection T C P (X) of arbitrary unions of members of 3 is a
topology for which 3 is a base.

As we will see later on, the metrizability and the normability of a given
topology depend on the properties of a base (see Theorems A.17 and A.40
below).

Definition A.7. Let (X, 7) be a topological space.

(i) The space X satisfies the first axiom of countability if every x € X admits
a countable base of open sets.

(7i) The space X satisfies the second axiom of countability if it has a countable
base.

The following result is used in Chapter 4.

Theorem A.8 (Lindel6f). Let (X, 7) be a topological space satisfying the
second axiom of countability. Then every family F C T contains a countable
subfamily {U,} C F such that

U v=Uu..

UeF
In the text we use several notions of compactness.
Definition A.9. Let X be a topological space.

(i) A set K C X 1is compact if given any open cover of K, i.e., any collection
{Ua} of elements of T such that |J, Uy O K, then we may find a finite
subcover (i.e., a finite subcollection of {U,} whose union still contains K);

(ii) a set E C X is relatively compact (or precompact) if its closure E is
compact;

(iii) a set E C X is o-compact if it can be written as a countable union of
compact sets;

(iv) the topological space X is locally compact if every point x € X has a
neighborhood whose closure is compact.

Remark A.10. A closed subset of a compact topological space is compact. On
the other hand, a compact set of a Hausdorff space is closed.

Note that if the topology is not Hausdorff then compact sets may not be
closed.

Example A.11. Given a nonempty set X endowed with the smallest topology,
any nonempty set strictly contained in X is compact but not closed.
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The next theorem is used to construct cutoff functions and partitions of
unity. These two notions will play a central role in [FoLel0].

Theorem A.12. If X is a locally compact Hausdorff space and K C U C X,
with K compact and U open, then there exists W open such that W is compact
and KCW cCcW cCU.

Corollary A.13. If X is a locally compact Hausdorff space and K C U C X,
with K compact and U open, then there exists a function ¢ € C.(X) such
that 0 < o<1, 9o=1on K, and p=0 on X \U.

The function ¢ is usually referred to as a cutoff function. To introduce
partitions of unity we need the notion of a locally finite family.

Definition A.14. Let X be a topological space and let F be a collection of
subsets of X. Then

(i) F is locally finite if every € X has a neighborhood meeting only finitely
many U € F.
(ii) F is o-locally finite if
F=J 7.

n=1

where each F,, is a locally finite collection in X.

We are now ready to introduce partitions of unity. Their existence is proved
in Theorems 2.77 and 6.18.

Definition A.15. If X is a topological space, a partition of unity on X is a
family {pa},c; of continuous functions o : X — [0,1] such that

Z‘Pa(x)zl

acl

for all x € X. A partition of unity is locally finite if for every x € X there
exists a neighborhood U of x such that the set {a € I : U Nsupp p, # 0} is
finite. If {Ua} ;s an open cover of X, a partition of unity subordinated to
the cover {Ua},c; is a partition of unity {¢a},c; such that supp po C U,
for each a € 1.

A.1.2 Metric Spaces

Definition A.16. A metric on a set X is a map d : X x X — [0,00) such
that

(i) d(z,y) < d(z,2) +d(zy) forall z, y, z € X;
(i) d(x,y) = d(y,z) for allz,y € X;
(iii) d (z,y) = 0 if and only if x = y.
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A metric space (X,d) is a set X endowed with a metric d. When there is
no possibility of confusion we abbreviate by saying that X is a metric space.
If r > 0, the (open) ball of center xo € X and radius r is the set

B (zg,r):={r € X : d(xg,x) <r}.
If x € X and E C X, the distance of x from the set F is defined by
dist (z, E) := inf {d (z,y) : y € E},
while the distance between two sets Fq, Fo C X is defined by
dist (Eq, E2) :=inf{d(z,y): © € E1, y € Ea}.

A metric space (X,d) can always be rendered into a topological space
(X, 7) by taking as a base for the topology 7 the family of all open balls. We
then say that 7 is determined by d. Note that (X, 7) is a Hausdorff normal

space. Indeed, if 2 # y then B (x, w) and B (y, w) are disjoint neigh-
borhoods of x and y, respectively, while if C;, Co C X are disjoint and closed,
then the open sets

Up:={z € X : dist (z,C1) < dist (z,C2)},
Us :={x € X : dist (z,Cy) > dist (z,Cs)},
are two disjoint neighborhoods of C; and C5, respectively.

A topological space X is metrizable if its topology can be determined by
a metric.

Theorem A.17. A topological space is metrizable if and only if

(i) singletons are closed;
(i) for any closed set C C X and for any x ¢ C there exist disjoint open
neighborhoods of C' and x;
(iii) it has a o-locally finite base.

A sequence {z,} C X converges (strongly) to x € X if

lim d(zp,z0) =0.

n—oo

A Cauchy sequence in a metric space is a sequence {x,} C X such that

lim d(xn,zm) =0.
n, m— oo
A metric space X is said to be complete if every Cauchy sequence is conver-
gent.

Theorem A.18 (Baire category theorem). Let (X, d) be a complete met-
ric space. Then the intersection of a countable family of open dense sets in X
is still dense in X.
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A.1.3 Topological Vector Spaces

Let X be a vector space over R and let E C X. The set E is said to be balanced
ifte € E for all x € E and t € [—1,1]. We say that E C X is absorbing if for
every x € X there exists ¢ > 0 such that sz € F for all 0 < s <.

Definition A.19. Given a vector space X over R endowed with a topology T,
the pair (X, 1) is called a topological vector space if the functions

XxX—-X, d RxX— X,
(@,y)—z+y, " ()t

are continuous with respect to T.

Remark A.20. (i) In a topological vector space a set U is open if and only if
x + U is open for all x € X. Hence to give a base it is enough to give a
local base at the origin.

(ii) Using the continuity of addition and scalar multiplication it is possible to
show that each neighborhood U of the origin is absorbing and it contains
a neighborhood of zero W such that W + W C U and W C U, as well as
a balanced neighborhood of zero.

As a corollary of Theorem A.17 we have the following:
Corollary A.21. A topological vector space is metrizable if and only if

(i) singletons are closed;
(ii) it has a countable base.

Definition A.22. Let X be a topological vector space. A set E C X is said
to be topologically bounded if for each neighborhood U of O there exists t > 0
such that E C tU.

Note that when the topology 7 is generated by a metric d, sets bounded
in the topological sense and in the metric sense may be different. To see this,
it suffices to observe that the metric d; := ﬁ generates the same topology
as d, but since d; < 1, every set in X is bounded with respect to d.

We now define Cauchy sequences in a topological vector space.

Definition A.23. Let X be a topological vector space. A sequence {x,} C X
is called a Cauchy sequence if for every neighborhood U of the origin there
exists an integer m € N such that

T, —xp €U

for all k,n > m. The space X is complete if every Cauchy sequence is conver-
gent.

Note that Cauchy (and hence convergent) sequences are bounded in the
topological sense.
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Proposition A.24. Let X be a topological vector space and let {x,} C X be
a Cauchy sequence. Then the set {x, : n € N} is topologically bounded.

Proof. Let U be a neighborhood of the origin. Using the continuity of addition,
construct a balanced neighborhood of the origin W such that W + W C U.
Since {z,} C X is a Cauchy sequence there exists @ € N such that z,—x, € W
for all k, n > 7. In particular, z,, € xm+ W for all n > 7. Since W is absorbing
we may find t > 1 so large that z, € tW C tU for all k =1,..., m. Moreover,
for n > m,

Tp Exg+W CtW +W CtW +tW C tU,

which shows that x,, € tU for all n € N.

Topologically bounded sets play an important role in the normability of
locally convex topological vector spaces (see Theorem A.40 below):

Definition A.25. A topological vector space X is locally convex if every point
x € X has a neighborhood that is convex.

Proposition A.26. A locally convex topological vector space admits a local
base at the origin consisting of balanced convex neighborhoods of zero.

Let X be a vector space over R and let £ C X. The function pg : X — R
defined by
pe(z):=inf{t >0: 2z €tFE}, z€X,

is called the gauge or Minkowski functional of E.

Definition A.27. Let X be a vector space over R. A function p: X — R is
called a seminorm if

p(z+y) <p(x)+p(y)
forallxz, y € X and p(tz) = |t|p(z) for allz € X and t € R.

Remark A.28. Let X be a vector space over R and let £ C X. The gauge pg
of set F is a seminorm if and only if E is balanced, absorbing, and convex.

Theorem A.29. If F is a balanced, convex local base of 0 for a locally convex
topological vector space X, then the family {py : U € F} is a family of con-
tinuous seminorms. Conversely, given a family P of seminorms on a vector
space X, the collection of all finite intersections of sets of the form

1
V(p,n)::{xeX:p(x)<n}, peP,neN,

is a balanced, convex local base of 0 for a topology T that turns X into a locally
convex topological vector space such that each p is continuous with respect to
T.
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We now give some necessary and sufficient conditions for the topology 7
given in the previous theorem to be Hausdorff and for a set to be topologically
bounded.

Corollary A.30. Let P be a family of seminorms on a vector space X and
let T be the locally convex topology generated by P. Then

(i) 7 is Hausdorff if and only if p (x) =0 for all p € P implies that x = 0;
(i) a set E C X is topologically bounded if and only if the set p (E) is bounded
m R for allp € P.

We now introduce the notion of dual space.

Definition A.31. Let X and Y be two vector spaces. A map L : X — Y is
called a linear operator if

(i) L(x+y) =L (x)+ L(y) forall z, y € X;
(i) L (tx) =t L (z) for allz € X and t € R.

If X and Y are topological vector spaces, then the vector space of all
continuous linear operators from X to Y is denoted by £ (X;Y") . In the special
case Y = R, the space L (X;R) is called the dual space of X and it is denoted
by X’. The elements of X’ are also called continuous linear functionals.

The bilinear (i.e., linear in each variable) mapping

<'7'>X/,X :X/XXHR, (Al)
(L,z) — L(z),
is called the duality pairing.

The dual space £ (X’;R) of X is called bidual space of X and it is denoted
by X”.

Definition A.32. Let X, Y be topological vector spaces. An operator L : X —
Y is bounded if it sends bounded sets of X into bounded sets of Y .

Theorem A.33. Let X, Y be topological vector spaces and let L : X —'Y be
linear and continuous. Then L is bounded.

Proof. Let E C X be a bounded set and let W C Y be a neighborhood of
zero. Since L is continuous and L (0) = 0, there exists a neighborhood U C X
of zero such that L (U) C W. By the boundedness of E there exists ¢ > 0 such
that £ C tU. Hence

L(E)CL({tU)=tL(U) CtW.

This shows that L (E) is bounded in Y.
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Exercise A.34. On the vector space C (]0,1]) consider two topologies, the
first, 7, given by the metric

[ @y )
a0 = | LA fogec (o).

and the second, 7,, given by the family of seminorms {pw}me[o,lp where

Px (f) = ‘f($)|, IS C([Ovl])
Prove that

1. the identity I : (C([0,1]),7,) — (C'[0,1],7) maps bounded sets into
bounded sets;

2. the identity I : (C ([0,1]),7,) — (C[0,1],7) is sequentially continuous
but not continuous.

3. Deduce that the topology 7, is not compatible with any metric.

We now present several versions of the Hahn—Banach theorem. These are
heavily used in the second part of the text, starting from Chapter 4.

Theorem A.35 (Hahn—Banach, analytic form). Let X be a vector space,
let' Y be a subspace of X, and let p: X — R be a convex function. Then for
any linear functional L :' Y — R such that

L(z)<p(z) foralzeY
there exists a linear functional Ly : X — R such that
Li(x)=L(x) foralzxeY

and

L(x)<p(z) foralzeX.

The finite-dimensional version of the next theorem may be found in Chap-
ter 4.

Theorem A.36 (Hahn—Banach, first geometric form). Let X be a topo-
logical vector space, and let E, F C X be nonempty disjoint convexr sets.
Assume that E has an interior point. Then there exist a continuous linear
functional L : X — R, L # 0, and a number o € R such that

L(z)>a foralzeE and L(x)<a forallx€F.

As a corollary of Hahn—Banach theorem one can prove the following result
(see also Exercise 2.43).

Corollary A.37. Let X be a topological vector space. Then the dual X' of X
is not the null space if and only if X has a convex neighborhood of the origin
strictly contained in X .
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In view of the previous corollary it is natural to restrict attention to locally
convex topological vector spaces.

Theorem A.38 (Hahn—Banach, second geometric form). Let X be a
locally convex topological vector space, and let C, K C X be nonempty disjoint
convez sets, with C' closed and K compact. Then there exist a continuous linear
functional L : X — R and two numbers o € R and € > 0 such that

Lz)<a—¢ forallzeC and L(z) >a+e foralzeK.

A.1.4 Normed Spaces

Definition A.39. A norm on a vector space X is a map
I X — [0,00)

such that

(1) o +yll <zl + [yl for all x, y € X;
(i) ||tx|| = |t] ||lz|| for allz € X and t € R;
(iii) ||z|| = 0 implies x = 0.

A normed space (X, ||-||) is a vector space X endowed with a norm ||-||.
For simplicity, we often say that X is a normed space.
If for every x, y € X we define

d(z,y) = |z =y,

then (X, d) is a metric space. We say that a normed space X is a Banach
space if it is complete as a metric space.

A topological vector space is normable if its topology can be determined
by a norm.

Theorem A.40. A topological vector space X is normable if and only if it is
locally convex and it has a topologically bounded neighborhood of 0.

Two norms ||-||; and ||-||, are equivalent if there exists a positive constant
C > 0 such that

1
= Nzl < llally < Clally for allw e X.

Equivalent norms induce the same topology on X.

Proposition A.41. Let X and Y be normed spaces with norms H||X and
IIly» respectively.

(i) A linear operator L : X — 'Y is continuous if and only if

1L (@)
ILllz(x.vy == sup Y < oo;
z€X\{0} =]l x
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(it) the mapping L € L(X;Y) = ||L[|z(x,y is a norm;
(ii) if Y is a Banach space then so is L(X;Y); conversely, if X # {0} and
L(X;Y) is a Banach space then so isY.

As a corollary of the Hahn-Banach theorem one has the following result.
Corollary A.42. Let X be a normed space. Then for all x € X,

_ L @)
LeX', || L|lx/<1 H95||X

]l x

Remark A.43. This corollary is especially useful for LP spaces.

Theorem A.44 (Banach—Steinhaus). Let X, Y be Banach spaces and let
{La}aer be a family of linear continuous operators Lo : X — Y such that

sup || La (2)|ly < o0
a€el

for every x € X. Then
sup || Lal| £(x,yy < o0
acl

Definition A.45. Let X andY be normed spaces with norms ||-|| y and ||-||y .
A continuous linear operator L € L (X;Y) is said to be compact if it maps
every bounded subset of X onto a relatively compact subset of Y.

In particular, if L is compact then from every bounded sequence {z,} C X
we may extract a subsequence {x,, } such that {L (x,, )} converges in Y.

Definition A.46. We say that the normed space X is embedded in the
normed space Y and we write
XY

if X is a vector subspace of Y and the immersion

1: X =Y,

T T,
s continuous.

Note that since the immersion is linear, in view of Proposition A.41 the
continuity of i is equivalent to requiring the existence of a constant M > 0
such that

l|lz|ly, < M ||z[|y forallze X.

We say that X is compactly embedded in Y if the immersion 7 is a compact
operator. Compact embeddings will play an important role in the study of
Sobolev spaces in [FoLel0].



560 A Functional Analysis and Set Theory
A.1.5 Weak Topologies

Given a locally convex topological vector space X, for each L € X’ the func-
tion pr, : X — [0,00) defined by

pr () :=|L(x)], zeX, (A.2)

is a seminorm. In view of Theorem A.29, the family of seminorms {pz},
generates a locally convex topology o (X, X’) on the space X, called the weak
topology, such that each pr, is continuous with respect to o (X, X’). In turn,
this implies that every L € X' is o (X, X’) continuous.

Theorem A.47. Let X be a locally convex topological vector space and let
E C X. Then

(i) E is bounded with respect to the (strong) topology if and only if it weakly
bounded;
(i1) if E is convex then E is closed if and only if it weakly closed.

Definition A.48. Given a locally convex topological vector space X, a se-
quence {x,} C X converges weakly to x € X if it converges to x with respect
to the weak topology o (X, X').

We write x, — z. In view of Theorem A.29 and (A.2), we have the fol-
lowing result.

Proposition A.49. Let X be a locally convex topological vector space. A se-
quence {x,} C X converges weakly to x € X if and only if

lim L (x,) =L (z)

n—oo
for every L € X'.

Similarly, given a locally convex topological vector space X, for each z € X
the function p, : X’ — [0, 00) defined by

p. (L) :==|L(z)], LeX, (A.3)

is a seminorm. In view of Theorem A.29, the family of seminorms {p.},c y
generates a locally convex topology o (X', X) on the space X', called the weak
star topology, such that each p, is continuous with respect to o (X', X).

Definition A.50. Let X be a locally convex topological vector space. A se-
quence {L,} C X' is weakly star convergent to L in X' if it converges to L
with respect to the weak star topology o (X', X).

We write L, — L. In view of Theorem A.29 and (A.3), we have the
following result.
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Proposition A.51. Let X be a locally convex topological vector space. A se-
quence {L,} C X' converges weakly star to L € X' if and only if

lim L, (z) =L (x)

n—oo
for every x € X.

Theorem A.52 (Banach—Alaoglu). If U is a neighborhood of 0 in a locally
convez topological vector space X, then

K:={Le X" :|L(x)|<1 for everyx €U}
is weak star compact.
Corollary A.53. If X is a normed space then the closed unit ball of X',
[LeX': L]y <1},
is weak star compact.

If X is separable, it actually turns out that weak star compact sets are
metrizable, and thus one can work with the friendlier notion of sequential
compactness.

Theorem A.54. Let X be a separable, locally convex topological vector space
and let K C X' be weak star compact. Then (K,o (X', X)) is metrizable.

Hence, also in view of the Banach—Alaoglu theorem, we have the following:

Corollary A.55. Let U be a neighborhood of 0 in a separable locally convex
topological vector space X and let {L,} C X' be such that

|Ly, ()] <1 for every x € U and for all n € N.

Then there exists a subsequence {Ly, } that is weakly star convergent. In par-
ticular, if X is a separable Banach space and {L,} C X' is any bounded
sequence in X', then there exists a subsequence that is weakly star convergent.

For Banach spaces the converse of Theorem A.54 holds:

Theorem A.56. Let X be a Banach space. Then the unit ball B (0;1) in X'
endowed with the weak star topology is metrizable if and only if X is separable.

Proposition A.57. Let X be a Banach space. If a sequence {L,} C X' con-
verges weakly star to L € X', then it is bounded and

1l < liminf [ Lo,

Proposition A.58. Let X be a Banach space. If X' is separable then so is
X.



562 A Functional Analysis and Set Theory

The converse is false in general (take, for example, the separable space
L' (RY) and its dual L* (R")).

We now study analogous results for the weak topology. An infinite-
dimensional Banach space when endowed with the weak topology is never
metrizable. However, we have the following:

Theorem A.59. Let X be a Banach space whose dual X' is separable. Then
the unit ball B (0;1) endowed with the weak topology is metrizable.

Definition A.60. Let X be a locally convex topological vector space. A set
K C X is called sequentially weakly compact if every sequence {x,} C K has
a subsequence converging weakly to a point in K.

Theorem A.61. Let X be a Banach space. If K C X is weakly compact then
it is weakly sequentially compact.

Using Banach—Alaoglu’s theorem one can prove the following theorem:

Theorem A.62 (Eberlein-Smulian). Let E be a subset of a Banach space
X. Then the weak closure of E is weakly compact if and only if for any se-

quence {x,} C E there exists a subsequence weakly convergent to some element
of X.

As an immediate application of the Hahn—-Banach theorem we have the
following:

Proposition A.63. Let X be a normed space and consider the linear operator
mapping J : X — X" defined by

J(x)(L):=L(x), LeX'.

Then ||J (x)||x» = |lzllx for all x € X. In particular, J is injective and
continuous.

Definition A.64. A normed space X is reflexive if J (X) = X".
In this case it is possible to identify X with its bidual X".

Theorem A.65 (Kakutani). A Banach space is reflexive if and only if the
closed unit ball {x € X : ||z|| < 1} is weakly compact.

In view of the previous theorem and the Eberlein-Smulian theorem we
have the following corollary:

Corollary A.66. Let X be a reflexive Banach space and let {x,} C X be a
bounded sequence. Then there exists a subsequence that is weakly convergent.

Proposition A.67. A normed space X is reflexive if and only if X' is reflex-
1e.
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The following proposition is used throughout the text, sometimes without
mention.

Proposition A.68. Let X be a Banach space. If a sequence {x,} C X con-
verges weakly tox € X, then it is bounded and

|lz]| < liminf ||a,||.
n—oo

An important family of reflexive Banach spaces that includes LP (RN ),
1 < p < o0, is given by uniformly convex Banach spaces.

Definition A.69. A normed space X is uniformly convex if for every e > 0
there exists § > 0 such that for every x, y € X, with ||z|| <1, |ly|| < 1, and
[z —yll > e,

r+y

H<1d

Theorem A.70. Let X be a uniformly convexr Banach space. Then

(i) (Milman) X is reflexive;
(i) if {xn} C X converges weakly to x € X and

limsup ||z, || < ||z||,

n—oo

then {x,} converges strongly to x.

A.1.6 Dual Pairs
In Chapter 6 we will use the notion of dual pairs.

Definition A.71. Given two vector spaces X, Y, a duality pairing between
X andY 1is a bilinear map

<~7~>X7Y X XY >R
with the following properties:

(i) for all z € X \ {0} there ezists y € Y \ {0} such that (z,y)x y # 0;
(i) for all y € Y \ {0} there exists x € X \ {0} such that (z,y)x y # 0.

The triple (X7 Y, <~,~>X7Y) s called a dual pair. For simplicity we will
refer to (X,Y) as a dual pair.

Given a dual pair it is always possible to endow X and Y with locally
convex topologies as follows: for every y € Y consider the seminorm

, reX.

Py (@) = |(@ 1)y
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By Theorem A.29, the family of seminorms {py}er generates a locally con-
vex topology on X, denoted by o (X,Y). Note that a sequence {z,} C X
converges to some element € X with respect to the topology o (X,Y) if and
only if

Jim (e y)xy = (@ )y

for every y € Y. Similarly, for every x € X consider the seminorm

pe (y) := ‘<x, y>x,y’ , yeY.

Then again by Theorem A.29 the family of seminorms {p,},. y generates a
locally convex topology on Y, denoted by o (Y, X), and a sequence {y,} CY
converges to some element y € Y with respect to the topology o (Y, X) if and
only if
nlgr;o <x»yn>x,y = <$»y>X,Y

for all z € X. The importance of duality pairs is given by the following
theorem.

Theorem A.72. Let (X, Y, () Y) be a dual pair. Then the topological dual

of (X,0(X,Y)) is Y, that is, for every functional L : X — R linear and
continuous with respect to o (X,Y) there exists a unique y € Y such that

L(z)= <x;y>x,y
for all x € X. Similarly, the topological dual of (Y,0 (Y, X)) is X.

The proof of the previous theorem is hinged on the following auxiliary
result.

Lemma A.73. Let L,Lq,...,L, : X — R be linear functionals on a vector
space X. Then there exist scalars ty,...,t, € R such that

L= z”: t;L;
i=1

if and only if

ﬂ ker L; C ker L.
i=1

Proof. If L = ZZL:l t;L; for some t1,...,t, € Rand if x € ﬂ?:l ker L;, then
L (.Z') = ZtiLi (.Z’) = 0,
i=1

so that = € ker L. Thus ()}, ker L; C ker L.
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Conversely, assume that ()}, ker L; C ker L and define the linear operator
T:X — R" by

T(z):= L1 (x),..., Ly (x)), xz€X.

On the range of T define the linear functional @ : T'(X) — R by

& (Ly(x),...,L, (x)):=L(z).
Note that @ is well-defined since (;_, ker L; C ker L. Extend & to all of R™.
Then there exist scalars tq,...,t, € R such that

D (Y1, s Yn) =t1y1 + -+ toyn
for all y € R™. In particular, if y € T (X) then we may find 2 € X such that
y =T (x), so that

L(z)=® (L1 (x),....,Ly(x)) =t1L1 (x) + ...+t Ly (T).
This shows that L = il tiL;.
We now turn to the proof of Theorem A.72.

Proof (Theorem A.72). Since L is continuous at zero, given € = 1, by Theorem
A.29 there exist k € N and y1,...,y, € Y such that for all z € X with
Dy, (z) = ‘(x,yﬁxyl < 4 foralli=1,...,nwehave |L(z)| < 1. Define the
linear functionals Ly,..., L, : X — R by

Li(z) = (z,yi)xy, T€X,

i=1,....,n. If 2 € N]_;kerL; and ¢ > 0, then p,, (tz) = 0 < + for all
i=1,...,n, and so

t|IL(z)| <1
for all ¢ > 0, which implies that L () = 0. Thus (;_, ker L; C ker L, and so by
the previous lemma there exist scalars tq,...,t, € Rsuch that L = Z?:l tiL;.
Define .

Y= Z tiYi-

i=1
Then
L(z) = ZtiLi (y) = Zti (@,9i) xy = <$aztz‘yi> =(*,Y)xy
i=1 i=1 i=1 XY

forall z € X.

To prove uniqueness assume that there exists y; # y such that

L(z) = (z,y1)xy

for all # € X. Then (z,y —y1)xy = 0 for all z € X, which contradicts the
definition of duality.
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The previous theorem helps to explain why the topologies o (X,Y") and
o (Y, X) are still referred to as the weak and weak star topologies.

Ezample A.74. (i) The most important example of a dual pair is given of

course by taking a normed space X and by taking as Y its dual, with
(A.1) as duality pairing.

(ii) Given an open set 2 C RY with the Lebesgue measure as underlying
measure, in Section 6.4.5 we will also use the duality pair

(L' (2;R™),Co (£2;R™))
under the duality

(u, 0) L (@ mm) Co(mm) = /n wodr
for u € L' (£2;R™) and Cj (£2;R™), as well as

(M (2;R™), Co (R™))
under the duality

A 0) miamm), co(mm) = /Q vaA

for A € M (£2;R™) and Cp (£2;R™).

A.1.7 Hilbert Spaces

Definition A.75. An inner product on a vector space X is a map
(L) X xX—->R

such that

(i) (x,y) = (y,x) for allx, y € X;

(ii) (sx +ty,z) = s(x,z) + t(y,2) forallx,y, z€ X and s, t € R;
(iii) (x,x) > 0 for every x € X, (x,x) =0 if and only if x = 0.

If for every x € X we define

]| := (2, z),

then X becomes a normed space. We say that a normed space X is a Hilbert
space if it is a Banach space.

Theorem A.76. Let (X, ||-]|) be a normed space. Then there exists an inner

product (-,-) : X x X — R such that ||z|| = /(z, ) for all x € X if and only
if |||l satisfies the parallelogram law

2 2 2 2
2+ yll” + llz —ylI” = 2]z + 2|y
forallz, ye X.
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Remark A.77.1f ||-|| satisfies the parallelogram law, then the inner product in
the previous theorem is defined as

1 2 2
(2.9) 1= 1 [lo +yll* = llz = oIF’

for all z, y € X.

A.2 Wellorderings, Ordinals, and Cardinals

(by Ernest Schimmerling)
We give an overview of some basic results from set theory and we state spe-
cific theorems that are used in the text, namely Propositions A.82 and A.84.
Consider an arbitrary set X and a binary relation < on X. We call (X, <)
a linear ordering if

(i) < is transitive on X:
forall z, y, z € X, if t <y and y < z then = < z;
(ii) trichotomy holds:
for all z, y € X we have that z <y or y < x or x = y;
(iil) < is irreflezive:
for all x € X the property « <  does not hold.

Some authors call this a strict linear ordering to distinguish it from the
associated relation <, whereby

for all z, y € X we have that x < y if and only if x <y or x = y.

We say that (X, <) is a wellordering if it is a linear ordering and < is well-
founded on X:

for every F C X with E # () there exists x € F
such that x < y for all y € E.

The element x is called the <-least element of S. The property that there is
no infinite descending sequence

R P S O o T i)

is equivalent to wellfoundedness. The usual proofs by induction and recursive
definitions may be extended to wellorderings in the following way.
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Proposition A.78 (Proofs by induction). Let (X, <) be a wellordering.
Let P(x) be a statement about a variable x. Suppose that for all y € X,

if P(x) holds for all x <y then P(y) holds.

Then P(y) holds for ally € X.

Proposition A.79 (Recursive definitions). Let (X, <) be a wellordering.
Let F: X xG — Y be a function such thatY is a set and G is the family of all
partial functions from X to Y. Then there is a unique function G: X — Y
such that

Gly) = Fly, Gl{z € X : z <y}))

forally e X.

The function F' : X x G — Y in Proposition A.79 tells us how to define
G(y) based only on the knowledge of y and of the function x — G(z) for
T <y.

Define X to be a transitive set if every element of X is also a subset of X,
that is,

for all y € X and for all x € y we have z € X.

We say that « is an ordinal if « is a transitive set and («, €) is a wellordering.
It is a fundamental assumption of mathematics that € is wellfounded; this is
called the foundation aziom in set theory. Therefore, « is an ordinal if and
only if « is a transitive set and («, €) is a linear ordering. Starting from 0,
we use the operation a + 1 := aU {a} at successor stages and take unions at
limit stages to generate all the ordinals beginning with the natural numbers
0:=0,1:={0}, 2:={0,1}, 3:={0,1,2}, etc. The next ordinal after all the
natural numbers is the set of nonnegative natural numbers?,

w:=40,1,2,... }.
After w come

w+1:={0,1,2,...,w},
w+2:={0,1,2,...,w,w+ 1},
w+3:={0,1,2,...,w,w+ 1,w+ 2},

etc., followed by
wHw:=4{0,1,2,...,w,w+1Lw+2,...},

w+w+1:={0,1,2,...,w,w+Lw+2,...,w+w},

2 We say that g is a partial function on X if ¢ is a function with domain contained
in X.
3 In the text w is denoted by No.
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etc. Notice that € coincides with the usual ordering < on the natural num-
bers. For this reason, when it comes to ordinals, we often write o < 3 instead
of a € B. It is also worth mentioning that addition, multiplication, and ex-
ponentiation on w lift to operations on the class of ordinals. We do not give
the details, but we remark that care is needed in ordinal arithmetic, since, for
example, 1 +w = w # w + 1. The relationship between ordinals and arbitrary
wellorderings is summarized by the following result.

Proposition A.80. Let (X, <) be a wellordering. Then there is a unique or-
dinal o and a unique order isomorphism (X, <) ~ (a, €).

Another fundamental assumption of mathematics is that for every set X,
there exists a binary relation < on X such that (X, <) is a wellordering.
This is the aziom of choice (AC) in set theory. By Proposition A.80, AC is
equivalent to the statement that for every set X, there exists an ordinal «
and a bijection f : a — X. In plain language, this says that we can list the
elements of X as

FQ0), fD), - f(w), flw+ 1),

where « is the length of the list.
The power set of X, written P(X), is defined to be the set of all subsets
of X. In other words, P(X) :={Y : Y C X}.

Proposition A.81 (Cantor). For all X, there is no surjection from X to
P(X).

We call a set X countable if either X is finite or X is in one-to-one cor-
respondence with w. It is a corollary to Proposition A.81 that P(w) is un-
countable and that R is uncountable since R and P(w) are in one-to-one
correspondence. From this and what we said about Proposition A.80 and AC,
it follows that there are uncountable ordinals, that is, infinite ordinals that
are not in one-to-one correspondence with w. The least uncountable ordinal is
called wy. Note that the ordinals w+1, w+w, w-w, w*, etc., are all countable
and hence strictly less than w;.

The following versions of Propositions A.78 and A.79 for w; are used in
the text. They are easy consequences of the general theory we have outlined.

Proposition A.82 (Proofs by induction). Let P(«) be a statement about
a variable o. Suppose that for all B < w1,

if P(a) holds for all o < B then P() holds.
Then P(3) holds for all § < wy.

Remark A.83.1f a and B are ordinals and f = «a + 1, then [ is called a
successor ordinal. Nonzero ordinals that are not successor ordinals are called
limit ordinals. Often, in applications, the verification of the hypothesis of
Proposition A.82 is broken up into three cases: 6 =0, 3 = a+ 1, and 3 a
limit ordinal.
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Proposition A.84 (Recursive definitions). Let F' : w; x G — Y be a
function, where Y is a set and G is the family of all partial functions from wy
to Y. Then there is a unique function G : w1y — Y such that

G(B)=F(B3,G|p)
for all B < wi.

Remark A.85. Often, in applications of Proposition A.84, the definition of
F(f,-) is broken up into three cases: 3 =0, f = a+ 1, and  a limit ordinal.

Given a set X, the least ordinal in one-to-one correspondence with X is
called the cardinality of X, which is written card X. An ordinal « is a cardinal
if and only if card o = av. Clearly, w is a cardinal because it is the least infinite
ordinal. When we think of w as a cardinal, we may call it Ng. It is also clear
that w; is a cardinal because it is the least uncountable ordinal. When we
think of w; as a cardinal, we may call it X;. In general, if o is an ordinal,
then R, := w, is the ath infinite cardinal. The distinction between w, and
N, is nonmathematical (they are equal), but it is useful nonetheless because
cardinal arithmetic is different from ordinal arithmetic. A few examples suffice
to give the flavor of cardinal arithmetic, which does not play an explicit role
in the text:

Ry = cardw = card (w + 1) = card (w + w) = card (w - w) = card w®
and
Ny = cardw; = card (w; + wy) = card (w; - wy) = cardwi™.

In the examples above, we mean ordinal arithmetic inside card (). Cardinal
exponentiation is defined so that

2card X — card{f : f: X — {0,1}} = card P(X).

To see that this makes sense consider the case in which X is a natural number:
there are 2™ subsets of n = {0, ..., n—1}. Cardinalities of sets that are familiar
to analysts include:

Ng = card N = card Z = card Q,

2% = card R
=cardC
= card{ B C R: B is a Borel set}
=card{f: f:N— R}
=card{f : R — R : f continuous},

and
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22" = card PR) =card{f: f: R — R}.

From Proposition A.81, we know that 2% > R,. However, by deep results of
Kurt Gédel and Paul Cohen, the value of o such that 2% = R, cannot be
determined from the underlying assumptions about mathematics used in this
textbook except in the unlikely event that these underlying assumptions are
inconsistent. Collectively, these underlying assumptions are called Zermelo—
Fraenkel set theory with the axiom of choice or ZFC. For more on this, see
[Ku83] or [DW8T].
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Notes and Open Problems

Unfortunately what is little
recognized is that the most
worthwhile scientific books are
those in which the author clearly
indicates what he does not knows;
for an author most hurts his
readers by concealing difficulties.

Evariste Galois

Chapter 1

For more information on abstract measure theory and for the proofs omitted
in this chapter we refer to [AliBo99], [AmFuP00], [DB02], [DuSc88], [Ed95],
[EvGa92], [Fe69], [Fol99], [GiMoSo098|, [Rao04] [Ru87]; [Z67]. The reader
should be warned that in several of these books (e.g., [DuSc88], [EvGa92],
[Fe69]) outer measures are called measures.

Section 1.1

Section 1.1.1: For more information on measures with the finite subset prop-
erty we refer to [Rao04] and [Z67]. Theorem 1.12 is due to Hewitt and Yoshida
[He-Yo52]. The present proof is due to Heider [Hei58|. Exercise 1.18 is taken
from [Fol99]. In the literature there are different definitions of atoms (see
Remark 1.19). The proof of Proposition 1.20 has been taken from a paper
of Farkas [Fa03]. Proposition 1.22 is due to Johnson [J70] (although with a
different definition of atoms).

Section 1.1.2: The standard proof of Proposition 1.52 is based on the Riesz
representation theorem in Cy (see [Fol99], [Ru87]). The approach followed here
is from [Coh93]. Exercises 1.58 and 1.61 are taken from [Fol99] and [AliBo99],
respectively. The De Giorgi-Letta theorem in this version may be found in
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[AmFuP00], [BrDF98], and [Bu89]. Theorem 1.64 is due to Fonseca and Maly
[FoMy97].
Section 1.1.3: The proof of Proposition 1.87 is adapted from a paper of
Buttazzo and Dal Maso [BuDMS83]. Corollary 1.90 is due to Alberti [A193],
while Proposition 1.91 is taken from a paper of Halmos [Hal48].
Section 1.1.4: The proof of Step 3 in the Radon—Nikodym theorem is taken
from [Rao04], to which we refer for further extensions. Lemmas 1.102, 1.103,
1.113 and Theorem 1.114 are due to De Giorgi (see [M096]). The proofs pre-
sented here have been obtained in collaboration with Massimiliano Morini.
Proposition 1.110 and Theorem 1.111 are taken from [Rao04], to which we
refer for more information on localizable measures. Theorem 1.118 is due to
Maynard [May79].
Section 1.1.5: Proposition 1.128 is due to Luther [Lu67], while Theorem
1.130 is due to Mukherjea [Muk73].

# Find necessary and sufficient conditions for the validity of Fubini’s and
Tonelli’s theorems. See [Muk72], [Muk73] for some partial results.

Section 1.1.6: Theorem 1.133 is taken from [Rog98], while the remaining
proofs are taken from a paper of Leese [LeeT78].

Section 1.2

Section 1.2.1: The Morse covering theorem was originally proved by Morse in
[Mor47] (see also the Errata in the paper of Bledsoe and Morse [BleMor52]).
The current proof is a modified version of the one presented in a paper of
Bliedtner and Loeb [Bli-L0o92]; in particular, it avoids transfinite induction.
We thank Danut Arama for useful discussions on this part.

Section 1.2.2: The proof of the Besicovitch derivation theorem is an adap-
tation of the one due to Ambrosio and Dal Maso [AmDM92] (see also
[AmFuP00]).

Section 1.3

Sections 1.3.1-1.3.3: Some of the material in these sections is taken from
[AliB099], [DB02], and [DuSc88].
Section 1.3.4: Some of the material in this section is taken from [AmFuP00]
and [Bi99]. We thank Gordan Zitkovic for useful conversations on this part
and for suggesting Exercise 1.211.

Chapter 2

For more information on LP spaces and for the proofs omitted in this chapter
we refer to [AmFuP00], [Bar95], [DB02], [DuSc88], [Ed95], [EvGa92], [Fol99],
[Ru87], [267].

Section 2.1
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Section 2.1.1: Theorem 2.5 is due to Subramanian [S78] (see also the papers
of Romero [R83] and of Villani [Vi85]). We thank Peter Lumsdaine for a clean
proof of Step 3 of Theorem 2.16.
Section 2.1.2: The decomposition lemma was originally proved by Kadec’
and Pelcin’ski [KP65]. The present proof may be found in a paper of Delbaen
and Schachermayer [DS99] (see also the paper of Fonseca, Miiller, and Pedre-
gal [FoMuPe98]). We thank Gordan Zitkovic for bringing the reference [DS99]
to our attention.
Section 2.1.3: The proof of Theorem 2.34 is due to W. Rudin (see [Le56]).
Theorem 2.35 is due to Leach [Le56]. The Riesz representation theorem in L'
is due to Schwartz [Sc51], while the proof of Corollary 2.41 may be found in
[Rao04] and [Z67]. Exercise 2.43 is taken from a paper of Farkas [Fa03]. The
Riesz representation theorem in L is due to Hewitt and Yoshida [He-Yo52]
(see also [H94] and [Rao04]).
Section 2.1.4: The proof of the Dunford—Pettis theorem in this generality is
due to Ambrosio, Fusco, and Pallara [AmFuP00] except for Step 4.

Theorem 2.59 is due to Dal Maso (see [Am89]).
Section 2.1.5: For alternative proofs of the biting lemma and for historical
background we refer to [BaMu89], [GiM0S098], [Pe97]. Exercises 2.64 and 2.69
are taken from a paper of Ball and Murat [BaMu89]. Proposition 2.71 may
be found in a paper of Miller [Mu90].

& Find an appropriate version of the biting lemma in the case in which the
measure g is infinite.

Section 2.2

Section 2.2.2: The proof of Theorem 2.88 is taken from a paper of Serrin
[Ser62].
Section 2.2.3: The material in this subsection is taken from [Ste70], [Ste93].

Section 2.3

With the exception of the proof of the Riesz representation theorem, all the
material in this section is taken from [DuSc88|, [DieU77], [Ed95], and [SYO05].

Chapter 3

For more information on the material of this chapter we refer to [BrDF98],
[Br02], [Bu89], [CaDA02], [DM93], [GiM0S098]. The reader should be warned
that we use here a different definition of coercivity.

Chapter 4

For more information on the material of this chapter we refer to [AliBo99],
[CaDAO2], [CasVa77], [Clar90], [Dac89], [EkTe99], [Roc97], [RocWe98].

Section 4.1
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The proof of Proposition 4.7 is taken from [Bo].
Section 4.2

The proofs in this section are taken from [Bo].
Section 4.4

Remark 4.31 may be found in a paper of Artola and Tartar [ArtTa95]. Theo-
rem 4.32 in this generality is due to C. Pucci (see [DB02]); see also the papers
of McShane [Mc34] and Kirszbraum [Kir34] for the Lipschitz case.

Section 4.5

Theorem 4.36 is well known. The present proof, which provides an explicit con-
stant, may be found in a paper of Ball, Kirchheim, and Kristensen [BaKiKr00].
Theorem 4.56 is taken from a paper of Bauschke, Borwein, and Combettes
[BBCO1]. Proposition 4.64 was first proved by Marcellini [Mar85].

Section 4.6
The material of this section is taken from [Roc97], [RocWe98].
Section 4.7

Theorem 4.79 is due to De Giorgi [DG68|(see also the paper of Gori and
Marcellini [GorMar02]). We thank Virginia De Cicco for bringing the reference
[DG68] to our attention

& Theorem 4.79 provides an explicit formula for the affine functions approx-
imating a given convex function f. Does an analogous formula hold for
convex functions f : R™ — (—o00, 00]?

Section 4.8

Exercise 4.94, as well as Theorem 4.98 and Proposition 4.100 in Section 4.8, is
due to Carbone and De Arcangelis [CaDA99] (see also [CaDA02]). Proposition
4.102 is due to Ambrosio [Am87]. The proof of Theorem 4.103 presented here
is due to Kirchheim and Kristensen [KiKr01].

Section 4.9
Theorem 4.107 may be found in a paper of Toranzos [T67].

Chapter 5
Section 5.1

Theorems 5.1 and 5.6 have been adapted from a paper of Marcus and Mizel
[MarMi79]. We thank an anonymous referee for significant simplifications of
the original proof and for Lemma 5.2.
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Section 5.2

Section 5.2.2: The blowup method was introduced in a paper of Fonseca and
Miiller [FoMu92] (see also the paper of Fonseca and Maly [FoMy97]). The first
part of the statement of Proposition 5.16 may be found in two papers due to
Toffe [I077], [Io77al], while inequality (5.20) is due to Giuseppe Savaré. The
necessity part of Theorem 5.17 seems to be new.

Section 5.2.3: Theorem 5.27 and the necessity part of Theorems 5.19, 5.25
seem to be new.

#® Prove a suitable version of Theorem 5.27 when E is unbounded. Note that
in this case the dual of Cy, (E;R™) is the space of regular finitely additive
measures rba (E; Rm), where it is known that Radon—Nikodym theorem
fails.

Section 5.3

The proof of Theorem 5.29 is taken from a paper of Buttazzo and Dal Maso
[BuDMS83] (see also [Bu89)]).

Section 5.4

Section 5.4.1: The proof of the second part of Theorem 5.32 has been
adapted from the work of Carbone and Dearcangelis [CaDA96], [CaDA99]
(see also [CaDAOQ2]). Exercise 5.35 may be found in [CaDA96] and [CaDA02].
Section 5.4.2: The proof of Theorem 5.36 draws upon a paper of Goffman
and Serrin [GoSer64] (see also the paper of Serrin [Ser61]).

#® Is the function A in Theorem 5.36 the recession function of the function
g?
Section 5.5

Theorem 5.38 is due to Friesecke [Fri94], while Theorem 5.40 seems to be new.

Chapter 6
Section 6.1

For more information on multifunctions we refer to [AliBo99], [CasVaT77].
Section 6.1.1: The proof of Theorem 6.9 is taken from a paper of Leese
[Lee78], while Theorem 6.13 may be found in a paper of Valadier [Va71].
Section 6.1.2: The material of this subsection is due to Michael [Mi56],
except for Theorem 6.18, which is taken from a paper of Fathi [F97].

Section 6.2

For more information on integrands we refer to [Bu89], [EkTe99], and [Roc76].
Section 6.2.1: Proposition 6.24 is due to Buttazzo and Dal Maso [BuDMS3|.
Section 6.2.2: The material of this subsection is taken from [Bu89], [EkTe99],
and [Roc76].
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Section 6.2.3: Theorem 6.36 is due to De Giorgi (see [GorMar02]). Theorem
6.40 was proved in a paper of Dal Maso and Shordone [DMSb95]. Proposition
6.42 is due to Ambrosio [Am87] (see also the paper of Fonseca and Leoni
[FoLe00]). Proposition 6.43 may be found in [Roc76].

& Under the hypotheses of Proposition 6.42 one can prove the existence of
two sequences of continuous functions

a; : F— R, b; : E — R™,

such that

f(, %) = sup {ai(x) + bi(z) - 2}

ieN

for all x € E and z € R™. On the other hand, if we assume that f is also
real-valued, then De Giorgi’s theorem allows one to give an alternative
approximation in which the functions a; and b; are now given by the
explicit formula (6.26). Under the hypotheses of Proposition 6.42 and when
f is real-valued, are the functions (6.26) continuous?

Section 6.3
Subsection 6.3.1: Theorem 6.45 is due to Alberti [A193].

& Prove the analogue of Theorem 6.45 for sets E with infinite measure. What
happens if the Lebesgue measure is replaced by an arbitrary measure?
& Prove the analogue of Exercises 5.5 and 5.8 for integrands f = f (z, 2).

Section 6.4

& Throughout this section the underlying measure is the Lebesgue measure.
Most of the proofs can be carried out for non atomic Radon measures. But
what happens when the underlying measure has atoms? See the papers of
Bouchitté and Buttazzo [BouBu90] and [BouBu92] for some results in this
direction.

Section 6.4.1: Theorem 6.49 is due to Alberti [A193].

Section 6.4.3: Theorem 6.54 is due to Ioffe [Io77], [Io77a]. The sufficiency
part of the proof is adapted from a paper of Fonseca and Miiller [FoMu92]
(see also the paper the paper of Fonseca and Maly [FoMy97]). Step 1 of the
necessity part of the proof is taken from [Bu89]. We thank Giuseppe Savaré
for simplifying the proof of Step 2.

Section 6.4.5: The material of this subsection is taken from a paper of Bou-
chitté and Valadier [BouVa88] (see also the paper of Ambrosio and Buttazzo
[AmBu88] and [Bu&9]).

& Condition (6.95) in Theorem 6.57 is not necessary. Find a necessary and
sufficient growth condition from below. That is, find the analogue of the
growth conditions in Theorems 5.19 and 5.25 in Section 5.2.3.
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& Without the growth condition (6.95) is (6.96) still valid? If not, what is
the right formula?

& Characterize the class of integrands f for which condition (6.96) holds.

& Prove the analogue of Theorem 5.27 for integrands f = f (z, 2).

Section 6.5

Theorem 6.65 and Exercise 6.66 are taken from a paper of Buttazzo and Dal
Maso [BuDMS3].

Section 6.6

Section 6.6.1: The second part of Theorem 6.68 has been adapted from the
work of Carbone and Dearcangelis [CaDA96], [CaDA99] (see also [CaDA02]).

& What happens in Theorem 6.68 when the growth condition (6.145) is re-
placed by the growth condition (6.49)?

Section 6.6.2: Theorem 6.70 is due to Bouchitté and Valadier [BouVa88]
(see also the paper of Ambrosio and Buttazzo [AmBu88] and [Bu89]).

& If the coercivity condition (6.150) is replaced by the hypothesis that f > 0
what is the relation between the integrands h and f in Remark 6.71(i)?
Does h still coincide with the function f defined in (6.151)?

& More generally, what happens in Theorem 6.70 when the growth condition
(6.150) is replaced by the growth condition (6.49) for p = 17

& What is the analogue of Theorem 5.38 for integrands f = f (x, 2)?

Chapter 7
Section 7.3

Section 7.3.2: Theorem 7.5 and Lemma 7.7 (except for Step 4) are due to
Toffe [Io77].

& Find a simpler proof of Lemma 7.7.
& What is the analogue of Theorem 6.57 for integrands f = f (z,u, 2)?

Section 7.4

Proposition 6.44 is taken from [Bu89], while Exercise 7.14 is from a paper of
Marcellini and Sbordone [MarSh80].

& What is the analogue of Theorem 6.70 for integrands f = f (z,u, 2)?
& What is the analogue of Theorem 5.38 for integrands f = f (x,u, 2)?

Chapter 8

For more information on Young measures we refer to the monographs [Mu99],
[Pe97], [Ta79], [Y69], as well as to the papers of Ball [Ba89], Berliocchi and
Lasry [BerLa73|, and Tartar [Ta95].
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Appendix

Basic references for the appendix are [AliBo99], [Bre83], [DuSc88], [Ru91],
[Yo95].



Notation and List of Symbols

e N = the set of positive integers, Ny = N U {0}; R = real line; R :=

[~00,00] = the extended real line; if z € R, then % := max{z,0},
x~ :==max{—=z,0}, |z| ;== 2" + 27, [z] = the integer part of z.

e RY = the N-dimensional Euclidean space, N > 1; for = (x1,...,zy) €
RN

)

o = (@) + ..+ (@n)

2 = open set of RN (not necessarily bounded); By (z,7) (or simply
B (z9,7) whenever the underlying space is clear) = open ball in RV of
center xg and radius r;

ntaon s (53)"

(or simply @ (g, 7) whenever the underlying space is clear); SV~ = unit

sphere in RY; for a multi-index a = (ay,...,ay) € (NO)N,
o« Hled
%—m, |O{|—(X1++O{N,

C™ (§2) = the space of all functions that are continuous together with
their partial derivatives up to order m € Np;

€= (@)= ) €™ ();
m=0
C' (£2) and C° (£2) = the subspaces of C™ (£2) and C* ({2), respectively,
consisting of all functions with compact support.

e X, Y usually denote sets or spaces, card X = the cardinality of a set X,
P (X) = the family of all subsets of a set X; F, G family of sets or of
functions;

e A, U usually denote open sets, K a compact set; B a Borel set, C' a closed
or convex set or an arbitrary constant; 7 = topology;
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M, N = algebras or o-algebras; M @ N = product o-algebra of M and N
(not to be confused with 9t x M); B (X) = Borel o-algebra;

w, v, v = (positive) finitely additive measures or positive measures; v L u
means that u, v are mutually singular measures; v < g means that the
measure v is absolutely continuous with respect to the measure p; g—; is
the Radon—Nikodym derivative of v with respect to u; supp p support of
a Borel measure; p* outer measure;

| = restriction;

dist = distance; diam = diameter;

[|-|| norm or total variation; ||-||,, norm in L? spaces;

E, F, G usually denote sets; OF = boundary of E; co (E) = convex hull of
E; aff (E) = affine hull of F; ri,g (E) = relative interior of E with respect
to aff (E); rbag (E) = the relative boundary of E with respect to aff (E),
E°° = the recession cone of F, ker £ = kernel of a set;

X = characteristic function of the set E; Ir = indicator function of the
set F;

u, v, and w usually denote functions or variables, z usually denotes an
element of R™;

fy 9, v, ¥, ¢ usually denote functions; supp f = support of the function f;
dom, f = effective domain of the function f; Lip f = Lipschitz constant of
the function f; 0f (z) = subdifferential of f at z; osc (f; F) = oscillation
of f on F; f* = the recession function of f; C f = the convex envelope
of f; f* = the polar or conjugate function of f; f** = the bipolar or
biconjugate function of f'; f * ¢ = convolution of the functions f and g;

LY = Lebesgue outer measure, LY = Lebesgue measure;

ay =LY (B(0,1));

|E| := LY (E) for E C RY Lebesgue measurable;

M (u), Mg (u) denote various types of maximal functions,

det = determinant of a matrix or a linear mapping;

(-,)x,y = duality pairing;

A, ¢ usually denote signed measures or finitely additive signed measures;
M (X;R) = space of all (signed) finite Radon measures;

ba (X,9) = space of all bounded finitely additive signed measures;
rba (X, 9) = space of all regular bounded finitely additive signed mea-
sures; ba (X, 9, 1) = space of all bounded finitely additive signed measures
absolutely continuous with respect to p;

B (X,9) = space of all bounded measurable functions;

C (X)) = space of all continuous functions; Cy, (X) = space of all continuous
bounded functions; Cy (X) = space of all continuous functions that vanish

! Unless otherwise specified, Cf (z,-), f* (z,-), f** (z,-), and Isc f (z, -) stand for the

convex envelope, polar, bipolar, and lower semicontinuous envelope, respectively,

of f(z,-).
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at infinity; C. (X) = space of all continuous functions whose support is
compact;

LP (X, 9, u), LP (X, u), LP (X) are various notations for LP spaces; p’ =
Holder conjugate exponent of p;

spaces (P := LP (N, P (N), counting measure);

L? (X;Y) = LP space on Banach spaces; L2, (X;Y’) = LP space of weakly
star measurable functions;

— denotes weak convergence; — denotes weak star convergence; b denotes
biting convergence;

I usually denotes an interval, a function, or a functional, epi I = epigraph
of the function I; Isc I = lower semicontinuous envelope of the function I;
slsc I = sequentially lower semicontinuous envelope of the function I; &,
&, = types of relaxed energy of the function I;

I' = multifunction, GrI" = graph of the multifunction.
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